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The ability to correlate and predict the solubility of solids in supercritical fluids is important in
the design and evaluation of supercritical extraction processes. However, a review of the literature
reveals that solid solubility data obtained by different investigators often do not agree within
the reported uncertainties of the measurements. We have shown previously that a simple theory
of dilute solutions can be used to check the consistency of supercritical CO2-solid solubility
data and also that such data can be reduced to a single straight line over a significant range of
solvent density and temperature. In the present work, we first show that our binary solution
model is applicable to systems in which the solvent is not CO2. We then extend the approach to
ternary cosolvent systems and show that data over a range of temperatures, pressures, and
cosolvent concentrations can be correlated within experimental error using a single equation.
The new model has three parameters that are independent of temperature, pressure, and
cosolvent concentration. The approach may therefore be used to extrapolate limited data sets
over a range of these variables.

Introduction

Knowledge of the solubility of solids in supercritical
fluids is essential for evaluating the feasibility of
supercritical separation processes and for establishing
optimum conditions of operation. Solubility measure-
ments have therefore received considerable attention in
the literature, as evidenced by the fact that more than
4500 data have been published for CO2-solid solute
systems.1 The reliability of the data, however, is some-
times difficult to establish, and it is not uncommon to
find measurements by different investigators that dis-
agree by more than the reported experimental uncer-
tainties. This is demonstrated in Figure 1 in the case
of the solubility of n-octacosane in carbon dioxide.2-5

Although the four sets of data shown in the diagram
follow a common trend, some data points at the same
conditions disagree by more than (25% when the
reported uncertainties of the data are (5%. In some
systems, published data even exhibit different trends
with respect to temperature or pressure as shown for
the solubility of n-tetracosane in carbon dioxide in
Figure 2. These two examples clearly demonstrate the
need to establish the reliability of solid solubility data.

Thermodynamic models that employ equations of
state, lattice gas equations, or expanded liquid models
have been proposed to describe the solubility behavior
of solids in compressed gas solvents.1 However, these
models require several adjustable parameters to cor-
relate data, and they can seldom be used for extrapola-
tion. Often, the adjustable parameters in the models
depend not only on the temperature but also on the
particular set of data chosen for study. In many of these
models, physical properties of the solute (such as vapor
pressure, critical temperature, critical pressure, and

sublimation pressure) must be estimated, because these
properties are rarely available for the solute. As a result,
these thermodynamic models are of limited utility in
separation process design.

In 1990, Harvey8 proposed a simple theory of dilute
solutions, which demonstrated that solid solubility data
(plotted in terms of an effective Henry’s constant) could
be reduced to a single straight line over a range of
temperatures. The linear range was limited to low
densities and to temperatures not far from the critical
point of the solvent. More recently, we have demon-
strated9 that the solubility of solids in supercritical
carbon dioxide can be plotted on a single straight line
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Figure 1. Solubility of n-octacosane in carbon dioxide at 308 K.
Data of Smith et al.2 (0), McHugh et al.3 (4), Reverchon et al.4
(2), and Chandler et al.5 ([).

Figure 2. Solubility of n-tetracosane in carbon dioxide. Data of
Smith et al.2 at 310 K (0), Schmitt and Reid6 at 310 K (]), and
Yau and Tsai at 308 K (2).
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over a wide range of temperatures and densities. Devia-
tions from this linear behavior occur only at densities
greater than twice, or less than half, the critical density
of the solvent. In this paper, we briefly outline the
application of dilute solution theory to solvents other
than carbon dioxide. We then derive an extended theory
for ternary mixtures, where the third component is a
cosolvent.

The presence of a third component has been shown
to have a dramatic effect on the solubility of solids in
supercritical fluids.10-12 In most cases, the cosolvent or
cosolute enhances the solubility of the solid in the
supercritical solvent.10,11 However, there are cases when
there is a decrease in the solubility.12 An extended
theory that accounts for this behavior is therefore of
great practical significance in the design of supercritical
separation processes.

Theory of Dilute Solutions

The theory of dilute solutions has been studied
extensively by a number of investigators.13-16 It is based
on a Taylor expansion of the Helmholtz energy about
the critical point of a solvent and leads to simple
expressions for many thermodynamic properties of
dilute near-critical binary mixtures. In particular, a
simple linear expression is obtained for the effective
Henry’s constant of a solid in a supercritical solvent8

as follows:

where f1 is the fugacity and F and Fc are the density
and critical density of the solvent at a given temperature
T and pressure P. H2,1

eff is an effective Henry’s constant
of solute 2 in solvent 1 defined by

Here, y2 is the solubility of the solute, v2 is the solid
molar volume, and P2

s is the sublimation pressure of
the (solid) solute. Harvey8 applied these equations to
systems consisting of naphthalene in carbon dioxide,
naphthalene in ethylene, and hexachloroethane in eth-
ylene and showed that the theory is valid for these
systems over a limited range of conditions. For example,
naphthalene in carbon dioxide data followed a linear
trend from a solvent density of about 5 up to 14 mol/L
(with Fc ) 10.63 mol/L). At higher densities, the
relationship was no longer linear. As a result, the theory
could not be used to extrapolate Henry’s constants (and,
therefore, solubilities) to high densities from low-density
data. Harvey also obtained the following relationship
by substituting eq 2 into eq 1:

Furthermore, he showed that when the enhancement
factor is defined as E ) y2P/P2

s, eq 3 reduces to

Harvey suggested that the solubility plotted as T ln E
vs the density of the solvent would yield a single line if
the last two terms in eq 4 could be neglected. However,
he did not test this hypothesis, perhaps because of the
limited range of applicability found for the Henry’s
constant expression.

Solubility Model for Binary Systems

We have shown in our previous work9 that eq 4 can
be approximated by

and have successfully modeled the solubility of numer-
ous solids in supercritical carbon dioxide using this
expression. We have also shown that solubility data for
binary systems over an extended temperature and
density range can be reduced to a single straight line
when plotted in terms of T ln E vs the density of the
solvent. The lower density limit of this linear behavior
is about half the critical density of the solvent. Fur-
thermore, there is apparently no upper density limit,
although the maximum density of the data used to test
the expression was about twice the critical density of
the solvent. It was also shown that the model can be
used to determine the self-consistency of solubility data.
Moreover, a thermodynamic consistency test was de-
veloped by noting that the slope D in eq 5 is related to
the limiting slope of the critical locus in the binary
system and the limiting slope of the vapor pressure
curve of the solvent as follows:

Unfortunately, critical loci for systems of interest in
supercritical fluid technology are seldom available. We
have, therefore, developed a consistency test based on
critical loci of homologous series of solutes, as discussed
elsewhere.17

Equation 5 was also tested with other solvents such
as methane and ethane and found to be valid for these
systems. Figure 3 shows a plot of the solubility of
diamantane in ethane and confirms that linear behavior
is not limited to carbon dioxide systems.

New Model for Cosolvent Systems

We have extended the binary solubility model to
incorporate cosolvent concentration effects as described
below. In this derivation, subscript 1 refers to the
solvent, subscript 2 refers to the solute, and subscript
3 refers to the cosolvent. For component 2 in a mixture,

T ln(H2,1
eff

f1
) ) A + B(F - Fc) (1)

H2,1
eff )

P2
s

y2
exp[v2(P - P2

s)
RT ] (2)

ln y2 ) -[A + B(F - Fc1
)]/T + ln f2 - ln f1 (3)

T ln E ) -[A + B(F1 - Fc1
)] +

v2(P - P2
s) - T ln φ1 (4)

Figure 3. Solubility of diamantane in ethane. Data of Smith and
Teja18 at 318 K (0) and 333 K (4).
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Henry’s law constant is given by

where the fugacity coefficient is given by the thermo-
dynamic expression

At a given T and P, the molar volume of a mixture can
be written in terms of the partial molar volume vj2 as
follows:

which may be differentiated to give

The first three terms in eq 10 sum to zero according to
the Gibbs-Duhem equation. Also, for a ternary mixture

which may be differentiated with respect to x2 to give

At infinite dilution of component 2, x1 + x3 approaches
1 and x2 approaches zero. We may also assume that the
ratio of the mole fraction of component 1 to that of
component 3 remains constant as x2 approaches zero.
Thus

and

Combining eq 14 with eq 12 gives

Substituting eq 10 into eq 8, we get

which may be combined with eq 15 and the identity

to obtain the following expression for the fugacity
coefficient:

At infinite dilution of component 2

Equation 18 then becomes

The second integral of eq 20 corresponds to the fugacity
coefficient of the mixed solvent and therefore

where φs is the fugacity of the mixed solvent.
If we perform a Taylor expansion on the Helmholtz

energy derivative about the binary system (x3 ) 0), we
obtain

We have shown previously9 that the first term on the
right-hand side of the above equation (the binary
solution term) can be approximated by

If we further assume that the second term on the right-
hand side can be approximated by F′x3, then eq 22 can
also be written as follows:

Substituting eq 23 into eq 7

where fs ) φsP is the fugacity of the mixed solvent.
The use of eq 7 to obtain Henry’s constant of a solid

solute in a supercritical fluid is not straightforward,
because the equilibrium fugacity (f2) is fixed at a nonzero
value by the presence of the pure solid.8 However, an
effective Henry’s constant can be defined by relaxing
the infinite-dilution condition as

H2,m ) lim
x2f0(f2

x2
) ) lim

x2f0(x2φ̂2P
x2
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where f2 is given by

Combining eqs 24-26 leads to the following expression:

Substituting E ) y2P/P2
s,

It can be assumed that the dominant terms in eq 28
are the density and the cosolvent concentration (see
discussion below). The other three terms can, therefore,
be combined into a single (constant) term to give

where T is the temperature, E is the enhancement factor
of solute 2, F1 is the pure solvent density (cosolvent and
solute free), and x3 is the cosolvent mole fraction (solute
free).

Results

Equation 29 shows that, at a fixed cosolvent concen-
tration, data over a range of temperatures can be
reduced to a single line when plotted as T ln E vs the
density of the solvent. An example is illustrated in
Figure 4 where the solubility of benzoic acid in CO2 +
5% n-hexane is plotted as a function of pressure. Note
that all isotherms for a fixed cosolvent concentration
can be represented within experimental error, so that
the data are internally consistent.

Equation 29 was also used to model the solubility of
benzoic acid in carbon dioxide + n-hexane at several
hexane concentrations using the data of Mendez-San-
tiago.1 We were able to correlate all data in this system
with an average absolute deviation of 6.22%, which
compares well with experimental uncertainty. The data
covered a temperature range of 308-338 K, a pressure
range of 15-35 MPa (or a solvent reduced density range
of ∼1-2), and a cosolvent concentration range of 2.3-7
mol %. The regressed values of the parameters in eq 29
are G′ ) 1500, H′ ) 108 154, and J′ ) 39.91 (with F in
mol/ml, P in bar, and T in K). Figure 5 illustrates the

results and shows the ability of the model to correlate
data over a range of temperatures, solvent densities,
and cosolvent concentrations. Because all three param-
eters in eq 29 were found to be independent of the
conditions (at least over the range of temperatures,
pressures, and cosolvent concentrations studied), the
model can be used to predict data.

In the derivation of eq 29, it was assumed that the
last two terms of eq 28 could be essentially neglected.
To verify this assumption, estimates of these two terms
were obtained. Because only 1 order of magnitude
estimates are needed, the fugacity of the mixed solvent
(fs) was assumed to be approximately equal to the
fugacity of carbon dioxide (at the same temperature and
pressure) and calculated using an equation of state for
carbon dioxide.19 Also, the molar volume of the benzoic
acid (v2) was assumed to be 96.5 mL/mol.20 For each
data point, the variation of the sum of these two terms
was compared to the contribution of the other terms in
eq 28. It was determined that the contribution of these
two terms was approximately 2.9% of the total contribu-
tion. Approximating eq 28 with eq 29 does not, therefore,
introduce any significant errors into the model.

Conclusions

A simple theory of dilute solutions was used to model
the solubility of numerous solids in supercritical fluids.
It was demonstrated that, for most systems, solubility
isotherms collapse to a single straight line when plotted
as T ln E vs the density of the pure solvent. This
behavior was observed from a density of about half the
critical density of the solvent to about twice its critical
density. Modeling solid-fluid equilibria with this very
simple theory provides several advantages over more
conventional models such as equations of state. Only
two parameters, independent of temperature and pres-
sure, are needed to model data over a wide range of
conditions. This allows for prediction of the solubility
at conditions where limited experimental data are
available. Furthermore, the linear behavior allows for
the self-consistency of the data to be evaluated.

The binary dilute solution model was also extended
to cosolvent mixtures in this work. This allows the
correlation and extrapolation of limited data sets using
a single equation. The new model requires three pa-
rameters, which were shown to be independent of
pressure, temperature, and cosolvent concentration.
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Nomenclature

a ) Helmholtz energy
A, B, C, D ) constants
D′, E′, F′ ) constants
E ) enhancement factor, y2P/P2

s

fi ) fugacity of pure component i
f̂i ) fugacity of component i in a mixture
fs ) solvent fugacity
H2,m ) Henry’s constant of component 2 in a mixture
P ) pressure
Pi

s ) sublimation pressure of component i
R ) ideal gas constant
T ) temperature
V ) total volume
v ) molar volume
vji ) partial molar volume of component i
xi ) mole fraction of component i
yi ) mole fraction solubility of component i
φ̂i ) fugacity coefficient of component i in a mixture
φi ) fugacity coefficient of pure component i
Fi ) density of compound i

Subscripts/Superscripts

1 ) solvent
2 ) solute
3 ) cosolvent
c ) critical value
eff ) effective value
s ) solid phase
v ) vapor phase
∞ ) infinite dilution
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