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Abstract: A method is presented to predict diffusion coefficients in polyolefins using stochastic modelling.
A large number of experimental diffusion coefficients, published in the literature as one dataset, was used
to derive probability distributions of diffusion coefficients in the polymers low-density polyethylene and
linear low-density polyethylene, medium- and high-density polyethylene, and polypropylene. An equation
is proposed to describe the diffusion coefficient as a function of the molar mass of the migrant. Model
parameters and standard deviations are predicted by minimizing the sum of squared errors and the
residuals are used to check the assumed types of probability distribution. The experimental data can be
described by a log—normal distribution. It is shown how the derived probability distributions can be used
as input for migration predictions. The method presented provides information about the most likely
migration results for a given packaging—food simulant combination. This is important for prediction of
the probability that a given migration limit may be exceeded.
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INTRODUCTION

Research during the second half of the nineteenth and
first half of the twentieth century, as reviewed by Crank
and Park,! shows that the transport of small molecules
through polymers can be described as a diffusion
process. This rate of this process depends on the value
of the diffusion coefficient and the distribution of the
small molecular compound between the polymer and
the contacting phase (usually expressed as a partition
or solubility coefficient). This was later shown also to
be the case for migration of larger molecules (such
as monomers and additives) from plastic packaging
materials to foods or food simulants.?~> By using
an appropriate diffusion model, it is possible to
predict migration as a function of time. Such models
are useful for predicting exposure risks of toxic
compounds in packaging materials and may in some
cases replace time-consuming and expensive migration
experiments currently required for demonstrating
compliance with food packaging regulations. The
key question, however, is how to obtain values
for the model parameters that are characteristic of
each combination of migrant, packaging material
and food simulant. 4 priori prediction from physical
properties alone is impossible, since the precise
factors determining migration are not known. The

use of semi-empirical relationships derived from
experimental data is therefore inevitable.

A relatively simple migration model is given by a
solution of Fick diffusion equations containing two
model parameters: a diffusion coefficient (D) and
a partition coefficient (K). The diffusion coefficient
represents the migration rate in the polymer and
the partition coefficient represents the distribution
of migrant over packaging and food simulant at
equilibrium. Empirical relations for the diffusion
coefficient as a function of the molar mass of the
migrant and temperature have been proposed.®” The
latter used a ‘worst-case’ approach based on a large
number of experimental diffusion coefficients found
in the literature. This equation has been shown
to overestimate migration from polyolefins in most
cases.?° However, the disadvantage of a ‘worst-case’
approach is that no information is obtained about the
uncertainty of the prediction. Using the large number
of experimental data available, stochastic modelling
can be applied to determine probability distributions,
ie curves that show the probability of finding a given
diffusion coefficient. From the probability distribution
of the diffusion coefficient (and if available the
partition coefficient), the probability of exceeding a
certain migration limit can be calculated. Probability
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distributions of migration are also needed as input
in stochastic models that predict exposure from
food packaging based on the concentration of a
toxic compound in the food, food consumption and
absorption by the body.!°

The goals of this paper are to show (1) how prob-
ability distributions can be derived for diffusion coef-
ficients of migrants in polyolefins, and (2) how these
distributions can be used for migration prediction.

THEORY

Migration of a compound from plastic to a contacting
food simulant is often calculated as a function of time
by solution of the second diffusion equation of Fick.
This analytical solution is given by:!!
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where Mg, is the migrant mass in the food simulant
(kg) after time ¢ (s), Mp o the initial migrant mass in
the polymer (kg), D the diffusion coefficient (m?s~!),
L the polymer thickness (m), o« = Vs/(Vp - K)(—), Vp
and Vs are the volumes of plastic and food (m?),
K = Cp/Cgp(—) is the partition coefficient, Cp and
Cr are the migrant concentrations in the plastic and
food at equilibrium (kgm™>) and g, are the non-zero,
positive roots of equation tan («) = —g,o where #n is
an index variable.

Equation (1) assumes that (1) the migrant is homo-
geneously distributed in the polymer, (2) there is no
mass transfer resistance at the interface between poly-
mer and solvent, (3) there is no diffusion from the
polymer surface that is not in contact with the food
simulant, (4) the food simulant is well mixed, and
(5) the polymer matrix does not change (no swelling).

EXPERIMENTAL DATA

In this study, we used the diffusion -coeffi-
cient values at 23°C collected from literature
by Mercea!? for the groups of polymer types
LDPE [low-density (< 0.925gcm™3) polyethylene]
and LLDPE (linear low-density polyethylene), MDPE
[medium-density (0.926—0.940 g cm>) polyethylene]
and HDPE [high-density (>0.940gcm™>) polyethy-
lene], and PP (polypropylene). The diffusion coef-
ficient values have been measured by a number of
different researchers during the past four decades
using different measurement methods. They were
either measured directly at 23°C or extrapolated by
Mercea'? to 23 °C from other temperatures.

DIFFUSION COEFFICIENTS AND MOLAR MASS
The first step was to find a relationship between
the diffusion coefficient and properties of additive
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and polymer. A polymer matrix can be regarded as
a network of polymer molecules containing holes
with different sizes and shapes. The diffusion rate
in this matrix depends on the size and shape of
the migrants and on the size and shape of the
holes. The size and shape of the holes in a polymer
will depend on properties like chemical structure,
density, temperature and orientation of the polymer
chains. The smaller the molecule, the higher the
chance of finding a hole that is large enough
for it to pass through and thus the higher the
diffusion coefficient.!®> Similarly, the smaller and less
frequent the holes, the smaller the diffusion coefficient.
According to the free-volume theory of diffusion,!*
the diffusion rate of a migrant is proportional to
the probability of finding a neighbouring hole with
a volume equal to or larger than the volume of the
migrating molecule. This probability is a negative
exponential function of the molecular volume of the
migrant and the available space.!> An exponential
dependency of the diffusion coefficient as a function
of molecular diameter or volume has been confirmed
by direct measurements.!%17 In migration predictions
the volume is often replaced by the molar mass for
simplicity.®17-18

The free-volume theory motivated us to assume
the following semi-empirical relationship between the
diffusion coefficient (cm?s~!) and molar mass:

b
D= aexp [— (%) ] @)
0

where M is the molar mass (gmol™!), M, is a reference
value of 1 gmol™! and a and b are model parameters.
This expression resembles the free volume equation
(Duda and Zielinski,!> p 145). However, an extra
parameter, b, was introduced since this improves the fit
with the experimental data. Because the hole frequency
in the polymer matrix depends on polymer properties
such as density and crystallinity, a and & differ for
different polymers.

STOCHASTIC MODEL

In any set of experimental data there will be a
distribution around a mean. In this case, differences
between experimental diffusion coefficient values
and the mean diffusion coefficient as calculated by
equation (2) depend on two types of errors. The first
type is experimental measurement error and variation
in experimental set-up (method, temperature, etc).
The second type is caused by physical variation due
to small differences in the properties of additive,
polymer and food simulant, such as in polarity,
density, crystallinity and shape. The approach in
stochastic modelling is to assume that the diffusion
coefficient is a random variable with a given
probability distribution. Assuming that this is a normal
distribution, parameters a and b of equation (2) were
estimated from the experimental data for LDPE and
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Figure 1. Result of minimization procedure of diffusion coefficient with experimental data for polymer group LDPE and LLDPE assuming a normal
distribution of errors: (a) experimental data shown by ‘x’ and best fit by a solid line; (b) residuals.

LLDPE by minimizing the sum of squared errors given
by
N
S§§ = Z(Dexp,i - pred,i)2 (3)

=1

where N is the number of experimental data.
A Simplex iteration method was used for the
minimization procedure.!® The smallest SS was found
for a equal to 2.0 x 107% and & equal to 0.36. With
these values equation (2) is plotted in Fig 1(a) together
with the experimental data. Figure 1(b) shows that
the residuals, calculated as the difference between
experimental and predicted diffusion coefficients,
depend on the molar mass of the migrant. The
residuals are larger for smaller than for larger migrants.

Taking the natural logarithm of the diffusion
coefficient values makes the residuals approximately
independent of molar mass [see Fig 2(b)]. Ln(D)
is assumed to be normally distributed, from which
it follows that the diffusion coefficient itself has a
log—normal distribution.?° Parameters a and b were
determined from the experimental data by minimizing
the sum of squared errors, now given by

N
8S =) (In Dexp.i — In Dyreq.i)? (4)

=1

The best fit is shown in Fig 2(a) together with the
experimental data; values of the parameters a and b are
given in Table 1. Figure 2(c) shows the histogram of
the residuals, derived by classification of the residuals
by size and counting the number of times that the
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Table 1. Estimated model parameters a and b in equation (2) and
standard deviation s for different groups of polyolefins

Polymer group a b S

LDPE and LLDPE 1.2 x 1076 0.37 1.3
MDPE and HDPE 7.2 %1077 0.39 1.6
PP 1.9 x 1078 0.36 2.0

residuals fall within a given bin in a range of bins
with defined edges. The histogram was normalized
by dividing the frequency counts by the total number
of experimental values and by the bin size, to enable
comparison with the predicted (normal) probability
distribution (shown by a solid line). The histogram
shows that the residuals approximately follow a normal
distribution. A log—normal distribution therefore
seems to be a reasonable assumption.
The standard deviation (o) is estimated by?°

N
Z (ln Dexp,i —In Dpred,z')2

=1
N 2
- |:Z(11’1 Dexp.i —In Dpred,i)i|
=1

(5)

N -1

and is shown in Table 1.

The 95% confidence limits were approximated by
Duean £ 20 2! and are shown in Fig 2(a) by dotted
lines. The probability that a diffusion coefficient lies
within the interval defined by these limits is about
95%. In a worst-case approach, the upper limit curve
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Figure 2. Result of minimization procedure of diffusion coefficient for experimental data for LDPE and LLDPE polymers assuming a log—normal
distribution of errors: (a) experimental data shown by ‘x’, best fit by a solid line and the 95% confidence limits (see text) by a dotted line;
(b) residuals; and (c) histogram of the residuals (bars) and normal curve with zero mean and o equal to 1.3 (solid line).

(@ 107 T T (b) 5 : ; (©) i
o + . 04} .
4 - m
108 E + |
0.35¢ 1
3t * -
10° 3 +
ol % ¥ | o o3} |
e . <
10710 {3 i 8
5 1rdae 1 & 025¢ | T
@ =) o Tt S ]
[ = -Hi =}
£ -11 i = 1 o
s 10 5 O e o2} \ ]
° S ala g \
. ] 2 T 1 =
1072 E g * g 015f i |
ol F + ] o
2 £ o4 . c A
10-13 E + 01F H
-3t ¥ |
. < o+t 1
. t i
-14 L Noox + L 4
10 . 7Y i 0.05 |
10_15 L L -5 L L 0 L -’-H
0 500 1000 0 500 1000 -5 0 5
M (g/mol) M (g/mol) In(D exp)-In(D pred)

Figure 3. Result of the minimization procedure of diffusion coefficient for experimental data for polymer group HDPE and MDPE assuming a
log—normal distribution of errors: (a) experimental data shown by ‘x’, best fit by a solid line and the approximate 95% confidence limits (see text)
by a dotted line; (b) residuals; and (c) histogram of the residuals (bars) and normal curve with zero mean and o equal to 1.6 (solid line).

(or a limit given by any other probability value) can
be used for the prediction of an upper value of the
diffusion coefficient.

For the polymer groups MDPE and HDPE, and
PP, probability distribution models were determined
in the same way. Figures 3 and 4 show the results,
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and values for a, b and s are given in Table 1. Also for
these polymer groups, the assumption of a log—normal
distribution of the diffusion coefficient is reasonable.
A closer look at the experimental data in
Figs 2(a), 3(a) and 4(a) shows that most values of
the migrant molar masses lie in the range from 0 to

F Sci Food Agric 85:909-916 (2005)
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Figure 4. Result of the minimization procedure of diffusion coefficient for experimental data for polymer group PP assuming a log—normal
distribution of errors: (a) experimental data shown by ‘x’, best fit by a solid line and the approximate 95% confidence limits (see text) by a dotted
line; (b) residuals; and (c) histogram of the residuals (bars) and normal curve with zero mean and o equal to 2.0 (solid line).

200gmol~!. This is because most research on dif-
fusion in polymers has been carried out with small
molecules. However, most polymer additives have a
molar mass between 300 and 1000 gmol~!. Equations
for estimating diffusion coefficients for migration cal-
culations based on literature data therefore extrapolate
to high molar masses. Some additives are used more
often for research than others. For example, many data
points for a migrant molar mass of 521 gmol~! are
available in all polymer groups. This is the antioxidant
Irganox 1076, which is frequently used in polyolefins
and also in experiments to determine diffusion coef-
ficients. The large variation in the values of this
component shows that the experimental method and
the conditions of measurement have a large influence
on the diffusion coefficient.

MIGRATION SIMULATIONS
Finally, the probability distributions of the diffusion
coefficients were used for migration prediction. The
partition coefficient was assumed for simplicity to
have one value with no error. According to Baner,??
the partition coefficient, defined as the ratio of
concentration in packaging to concentration in food
simulant, is 1 for migrants with a high solubility in the
food simulant and 1000 for a low solubility.

To obtain migration probability distributions we
used a Monte Carlo procedure with the following
steps:

(1) select a molar mass of the migrant;

(2) calculate the mean diffusion coefficient using
equation (2) and corresponding parameter values
for a and b from Table 1;

F Sci Food Agric 85:909-916 (2005)

(3) draw a random diffusion coefficient from the prob-
ability distribution given by the mean diffusion
coefficient and s using

In D = In Dyyean, + SR (6)
where R is a random number from a normal
distribution with zero mean and standard deviation
equal to 1;

(4) calculate the migration using equation (1);

(5) repeat steps 3 and 4 a large number of times (here

10 000 times);
(6) plot a histogram of the obtained migration values.

To illustrate the method, the migration of Ultranox
640 (PM/REF 95270) with a molar mass of
450 gmol~! from a 200 um thick PP polymer film at
23°C is calculated. The initial additive concentration
is assumed to be 500mgkg~! and the dimensions
of a standard EC packaging (6 dm? contact area
per kg food) are used. Polymer density is assumed
to be 0.95kgdm™> and food simulant density
1kgdm ™. The specific migration limit of Ultranox
640, according to EC Directive 90/128/EEC and its
amendments,?? is 2mgkg ™! food. Test conditions are
officially 10days at 40°C, but since our model is
only applicable at 23 °C, we arbitrarily assumed test
conditions of 20 days at 23 °C.

Figure 5 shows the results of the Monte Carlo
procedure for a fatty food simulant (K = 1). The
distribution of migration values is broad, which
means that both low and high migration values
are possible. This is due to the large variation in
the experimental diffusion coefficients (included in
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Figure 5. Probability distribution of the migration of Ultranox 640 from a PP polymer film at 23 °C during 20 days of incubation (see text for

further details).
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Figure 6. Probability of finding a migration value less than or equal to the migration value given on the x-axis for the migration situation described
in the text and shown in Fig 5. The arrows indicate the probability of finding a migration value less than 2mgmi~".

the standard variation). According to the results, a
migration value in the range 0—1mgkg ' is most
likely to be found. However, higher migration values
are possible. The shape of the curve results from the
log—normal distribution of the diffusion coefficient.
If the partition coefficient in equation (1) was also
provided with a probability distribution, then another
distribution of migration values may be found. The
peak at 5.9 mgkg ! is due to the fact that the maximal
concentration in the food simulant (according to the
thermodynamic equilibrium) has already been reached
for all of the highest diffusion coefficient values.

914

The cumulative of the frequencies shown in Fig 5
gives the probability of finding a migration value less
than or equal to a given limit (Fig 6). In our example,
the probability that the migration is less than or equal
to 2mgkg ! is 0.86, which corresponds with a chance
of 0.14 of exceeding this limit.

In principle, the estimated parameters a and b also
have an uncertainty, which may be included in the
predictions by introducing a probability distribution
for each parameter as well. A method to include
uncertainty in the parameters is given in Press er a/'°
(p 689).

¥ Sci Food Agric 85:909-916 (2005)



DISCUSSION

The derived probability distributions are for a
temperature of 23 °C. To include other temperatures,
there are two options. The first is to collect diffusion
coefficients at another temperature, for example
40°C, and again derive the parameters a and b
and standard deviation s. The other is to include
a temperature dependency in equation (2) or use
another expression for the diffusion coefficient as a
function of temperature. However, this requires many
experimental diffusion coefficient values of different
migrants at different temperatures. Sufficient values
have not yet been measured, especially at higher
temperatures and for higher molar masses, to allow
this type of stochastic approach.

The choice of a type of distribution is the most
important and difficult part of stochastic modelling,
since this determines the probability of a given
diffusion coefficient. The log—normal distribution
gives a reasonable, although not perfect, fit of the
experimental data. Itis important to remember that the
diffusion coefficients have been determined by many
different methods and under very different conditions.
Since the available data are rather noisy, it does not
seem worthwhile to apply more complex distributions,
or even different distributions for each polymer group,
until this is justified by more experimental data.

An approach to reducing the variation in predicted
diffusion coefficients is to sort the diffusion data of the
various polymer into more classes as has been done
in this research. In particular, using more specific
information on the molecular structure differences
might reduce the scattering of the reported diffusion
coefficients. However, due to a lack of information on
these properties in the reported diffusion coefficients
this was not possible at this point.

Since the migration rate depends not only on the
value of the distribution coefficient but also on the
value of the partition coefficient, a similar treatment of
the effects in variation in predicted partition coefficient
would be justified. For this it is required to have
models relating the value of the partition coefficient
to a molecular property of the migrant. Few attempts
on this have been presented in literature.?* These are
based upon the polarity (log P) of compounds,?® or
provide only a rough separation?? in two catagories
with high (1000) or low (1) values for the partition
coefficients. A more systematic investigation into
measuring and modelling partition coefficients is
required for this purpose.

CONCLUSIONS

The purpose of this paper has been to show how
stochastic modelling can be applied to derivation of
probability distributions of diffusion coefficients of
migrants in polyolefins based on results of diffusion
experiments reported in the literature. The probability
distributions can be used to simulate migration
processes and predict the probability of exceeding
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a given migration limit. The model presented can be
used for migration prediction in polyolefins at 23 °C.
More experimental data may allow extension to other
temperatures and to a more justified choice of type of
probability distribution.

ACKNOWLEDGEMENTS

The authors wish to thank Professor Tiny van Boekel
(Wageningen University) for critically reading the
manuscript.

REFERENCES

1 Crank] and Park GS (eds), Diffusion in Polymers. Academic
Press, London (1968).

2 Moisan JY, Diffusion des additifs du polyethylene—1I: influence
de la nature du diffusant. Eur Polym ¥ (1980). 16:979-987.

3 Reid CR, Sidman KR, Schwope AD and Till DE, Loss of
adjuvants from polymer films to foods or food simulants,
effect of the external phase. Ind Eng Chem Prod Res Dev
(1980). 19:580-587.

4 Figge K and Hilpert HA, Proofs for a general validity of
the proportionality between the quantity of a migrated
component and its concentration in polymeric packaging
material, Part 1: contract condition 10 days/40°C. Deutsche
Lebensm-Rundschau (1990). 86:111-116.

5 Figge K and Hilpert HA, Proofs for a general validity of
the proportionality between the quantity of a migrated
component and its concentration in polymeric packaging
material, Part 2: contract condition 2hours/70°C. Deutsche
Lebensm-Rundschau (1990). 86:142—146.

6 Limm W and Hollifield HC, Modelling of additive diffusion in
polyolefins, Food Addit Contam (1996). 13:949-967.

7 Piringer O-G and Baner AL (eds), Plastic Packaging Materials
for Food. Barrier Function, Mass Transport, Quality Assurance
and Legislation, Wiley-VCH, Weinheim (2000).

8 O’Brien A, Goodson A and Cooper I, Polymer additive migra-
tion to foods—a direct comparison of experimental data
and values calculated from migration models for high
density polyethylene (HDPE). Food Addit Contam (1999).
16:367—-380.

9 O’Brien A and Cooper I, Polymer additive migration to
foods—a direct comparison of experimental data and values
calculated from migration models for polypropylene. Food
Addit Contam (2001). 18:343-355.

10 Petersen BJ, Probabilistic modelling: theory and practice. Food
Addit Contam (2000). 17:591-599.

11 Crank J, The Mathematics of Diffusion, 2nd edn. Clarendon Press,
London (1975).

12 Mercea P, Diffusion data for low molecular weight organic
substances in polyethylenes, Appendix I, Tables 1 and 2 and,
in polypropylenes, Appendix I, Table 3, in Plastic Packaging
Materials for Food. Barrier Function, Mass Transport, Quality
Assurance and Legislation, ed by Piringer O-G and Baner AL.
Wiley-VCH, Weinheim, (2000).

13 Brydson JA, Plastics Materials, 6th edn. Butterworth Heine-
mann, Oxford (1995).

14 Cohen MH and Turnbull D, Molecular transport in liquids and
glasses. ¥ Chem Phys (1959). 31:1164—1169.

15 Duda JL and Zielinski JM, Diffusion in Polymers, ed by Neogi P.
Marcel Dekker, New York (1996).

16 Berens AR and Hopfenburg HB, Diffusion of organic vapors at
low concentrations in glassy PVC, polystyrene and PMMA.
F Membrane Sci (1982). 10:283.

17 Reynier A, Dole P and Feigenbaum A, Diffusion coefficients
of additives in polymers. I. Correlation with geometric
parameters. § Appl Polym Sci (2001). 82:2434—-2443.

18 Piringer O-G, Evaluation of plastics for food packaging. Food
Addit Contam (1994). 11:221-230.

915



E Helmroth, C Varekamp, M Dekker

19 Press WH, Teukolsky SA, Vetterling WT and Flannery BP,
Numerical Recipes in C: the Art of Scientific Comput-
ing, 2nd edn. Cambridge University Press, Cambridge
(1994).

20 Papoulis A, Probability, Random Variables, and Stochastic
Processes, 3rd edn. McGraw-Hill, Singapore (1991).

21 Miller JC and Miller JN, Statistics for Analytical Chemistry, 3rd
edn. Ellis Horwood, Clinchester (1993).

22 Baner A, Brandsch J, Franz R and Piringer O, The application
of a predictive migration model for evaluating the compliance
of plastic materials with European food regulations. Food
Addit Contam (1996). 13:587-601.

916

23 Commission Directive 2001/62/EC of 9 August 2001 amending
for the 6th time Commission Directive 90/128/EEC relating
to plastic materials and articles intended to come into
contact with foodstuffs. Off ¥ Eur Commun 17 August (2001).
L221/18-36.

24 Helmroth E, RijkR, Dekker M and Jongen W, Predictive
modelling of migration from packaging materials into food
products for regulatory purposes. Trends Food Sci Technol
(2002). 13:102-109.

25 Dekker M, van Willige RWG and Linssen JPH, Modelling the
effects of the food matrix on flavour absorption. Food Addit
Contam (2003). 20(2):180-185.

F Sci Food Agric 85:909-916 (2005)



