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H ydrostatic  pressure applied to  the system  n-perfluoroheptane-2,2,4-trim ethylpentane, raises the critical tem perature 
for the appearance of the liqu id -liqu id  interface a t  a  uniform  rate  of 0.06656° per atm osphere betw een 1 and 64 atm ospheres. 
In  the system  perfluorom ethylcyclohexane-carbon tetrachloride, the rise through the sam e in terval is 0.03875° per atm os­
phere. C entrifugal fields raise the ap p aren t critical tem perature lin early; a t  an acceleration o f 10s cm. sec. ~ 2 a  rise of 10° 
was found in the case of the form er system  and 7.7° for the latter. Subtraction  of the h yd rostatic  pressure upon the inter­
face from  the centrifugal w eight o f liquid “ a b ove”  it  leaves, in the case of the form er system , a  rise of 1.9° a t  this acceleration 
to be attribu ted  to  a  sedim entation effect arising from  the large difference, 1,017, in the densities of the pure com ponents at 
25°. In  the case of the la tter system , where the den sity  difference is on ly 0.180, the residual effect is n ot more than 0.2°, 
which lies w ithin the lim its o f error of the experim ent.

One of usla not long ago described a hypothetical 
picture of the micro-effects of changing tempera­
ture in the critical region, and added: “ If this is a 
reasonably accurate description of the process, 
there would seem to be room for slight disagree­
ment as to the precise value of the critical tempera­
ture, particularly if we remember that we are ob­
serving,”  in the appearance of an interface, “ the 
effects of small differences in density, which depend 
upon the gravitational field, and could be mark­
edly changed in a centrifugal field.”  This paper 
describes an experimental study of the effects of a 
centrifugal field, which may be called a sedimenta­
tion effect, upon two different non-polar liquid pairs.
One pair consisted of n-perfluoroheptane and 2,2,4- 
trimethylpentane (“ isooctane” ) whose densities,
1.707 and 0.690, respectively, at 25°, are very dif­
ferent; the other was perfluoromethylcyclohexane 
and carbon tetrachloride, whose densities, 1.795 and 
1.615, are near together. The liquid-liquid curve 
for the former system was determined by Hilde­
brand, Fisher and Benesi,2 the latter by Hildebrand

(1) (a) J. H. Hildebrand, J. Colloid Sci., 7, 551 (1952). See also (b)
G. Jura, D. Fraga, G. Maki and J. H. Hildebrand, Proc. Natl. Acad.
Sci., 39, 19 (1953).

(2) J. H. Hildebrand, B. B. Fisher and H. A. Benesi, J. Am . Chem.
Soc., 72, 4348 (1950).

and Cochran,3 and with great precision by Zimm.4
The Effect of Hydrostatic Pressure.— Two non­

polar liquids which differ sufficiently in their in­
ternal attractive forces to yield two liquid phases 
normally mix with considerable expansion and heat 
absorption,lb because the mixing process substi­
tutes contacts between unlike molecules for con­
tacts between like molecules, with a weakening of 
the internal forces, because the attraction between 
unlike molecules is normally closer to a geometric 
than to an arithmetic mean. In the case of the 
first pair, the expansion is as much as 4.9 cc. per 
mole of mixture, according to unpublished measure­
ments kindly put at our disposal by Professor Rob­
ert Dunlap, of the University of Maine. The hy­
drostatic pressure of the liquid “ above”  the inter­
face (in the sense of the centrifugal field) will add 
its component to the expected sedimentation effect, 
therefore one of us (Alder) measured, in the absence 
of a centrifugal field, the change in the critical 
temperature of the interface caused by hydrostatic 
pressure.

A mixture of the critical composition, 55.0 vol­
ume per cent, of isooctane for the former system,

(3) J. H. Hildebrand and D. R. F. Cochran, ibid., 71, 22 (1949).
(4) B. H. Zimm, T his J ournal, 54, 1306 (1950).
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56.0 volume per cent, of CCU for the latter, was con­
fined over mercury in the closed limb of a V-shaped 
tube. Air pressure, measured by a Bourdon gage,5 
was applied to the mercury in the other limb, and 
the temperature observed at which the interface 
just appeared. The liquid mixture could be stirred 
when necessary by a steel pellet moved by an exter­
nal magnet. The results are given in Table I. 
The rise in the critical temperature is quite linear 
with pressure as shown by the correspondence be­
tween observed and calculated temperatures for 
the simple relations given.

T a b l e  I
E ff ect  o f  H y d ro static  P r e ssu r e  upon  t h e  C r it ic a l  

T e m p e r a t u r e  o f  I n te r f a c e s  
C7F16—f-C:8Hl8 O7F14—CCI4

tc tcP, atm. Obi. Calcd. F, atm. Obs. Calcd.

1.00 22.30 1.00 26.21
9.25 22.85 22.87 11.60 26.63 26.62

20.50 23.60 23.60 21.00 26.99 26.99
33.80 24.48 24.48 39.15 27.69 27.69
64.05 26.51 26.49 64.60 28.70 28.67

At/AP 0.06656°/atm. 0.03875°/atm.
In the case of C7F14-CCh, our value for t:c at :

atmosphere is lower than those previously reported 
for this system. This may be the result of the 
care we took to purify our CCh from traces of 
CS2, which raises tc, as might be expected. The 
behavior of these two-component systems under 
hydrostatic pressure is analogous to that of a one- 
component system, where Schneider and Hab- 
good6 found that the form of the liquid-vapor co­
existence curve is very dependent upon the height of 
the column above the meniscus.

Volume Change upon M ixing.—The change in 
volume upon mixing can be related to the shift of 
the interface temperature with pressure by aid of 
the equations of regular solution theory which, al­
though ignoring the clustering in the immediate 
vicinity of the critical point, have been used suc­
cessfully to calculate critical compositions and tem­
peratures.7

0 5 10 15 2 0  2 5  3 0  3 5  4 0  4 5

io - 4 n 2 .
Fig. 1.— E ffect of rotor speed upon lc for different liquid 

depths, in mm.

(5) For details regarding the pressure system see E. W. Haycock, 
B. J. Alder and J. H. Hildebrand, J. Chem. Phys., 21, 1001 (1953).

(0) W . G. Schneider and M . W . Habgood, ibid., 21, 2080 (1953).
(7) J. H. Hildebrand and G. R. Negishi, J. Am. Chem. Soc., 59, 

339 (1937); J. H. Hildebrand, ibid., 59, 2083 (1937); J. H. Hildebrand 
and R. L. Scott, “ Solubility of Nonelectrolytes,”  Reinhold Publ. Corp.,
New York, N. Y ., 1950, Chap. XVI.

Including the Flory-Huggins expression for en­
tropy in the equation for activity, and setting its 
first and second derivatives with respect to compo­
sition equal to zero, yielded the following equations 
for critical composition and temperature

<pi
<P2

l/i
(D

R TC = 2<3i2F i(i52 — 5,) (2)

Here the <j>’s denote volume fractions, the F ’s molar 
volumes, the 5’s solubility parameters. This per­
mits us to write

V is partial molar volume. We have found by ex­
periment that R Tc =  A +  BP, hence, by equation 
2

and thus, F2 — F2 =  (B/2) (V2/Vi). Calculating 
the volume change upon mixing from AFM = 
B /2 (Vi(F i/F 2) +  X2(F2/ F i) we obtain for the sys­
tem C7F16-f-C 8H18 at the maximum, 2.6 cc. per mole 
of mixture, rather less than the value calculated 
from Dunlap’s densities. For C7F14-CCI4 it is 1.5

The effect of centrifugal fields was investigated 
by Beams and Dixon at the University of Virginia 
in the vacuum contained centrifuge there de­
veloped.8 It is hardly necessary to repeat here 
any details of its construction and operation, except 
as follows. Rotor speeds were determined to at 
least 0.5%. Temperatures, measured before and 
after each run, seldom differed by more than 0.1° 
because of the large heat capacity of the Duralu­
min rotor.

The separation into two phases starts at the 
“ bottom” or peripheral end of the rotor cell, where 
the pressure is highest. It is observed as a sharp 
line of separation between the liquids both directly 
and by the sc.hlieren optical method. The latter is 
more sensitive, but both give essentially the same 
results. When using the schlieren method, one 
notices as the rotor speed is slowly increased, with 
temperature constant, that within one or two r.p.s. 
turbulence begins in the cell and the liquids sepa­
rate near the periphery of the cell. If, now, the ro­
tor speed and temperature are held constant, the 
line of separation stays at a constant radial dis­
tance near the periphery. If, next, the rotor speed 
is increased, the line of separation moves toward the 
axis of rotation, and if the rotor speed is continu­
ally increased the interface moves upward.

The relation between rotational speed, N, in revo­
lutions per second, and the observed tempera­
tures of separation is shown in Fig. 1 for different 
depths of liquid in the cell, AR. It is to be seen 
that the centrifugal fields applied produce changes 
of many degrees in the temperature of separation.

Now there are two obvious ways to subtract the 
hydrostatic contribution in order to verify the exist­
ence of a pure sedimentation effect. The former is 
given by 2-r2pW2(i?p2 — Ra-), where p is the density

(8) J. W . Beams, J. Wash. Acad. Sci., 37, 221 (1947).
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of the liquid above the interface, Rs the radial dis­
tance to the surface, and Rv, the radial distance to 
the periphery, 6.20 cm., where the interface first 
appears. The value of p cannot be fixed with any 
certainty. According to the measurements of 
Dunlap, its value for a mixture of the composition 
we used should be close to 1.10 at 25°, but since 
the denser component has separated below the in­
terface when this becomes visible, this may be re­
garded as a maximum value. If we calculate the 
hydrostatic pressure when Rp =  7.2 cm. and Ra =
6.55 cm. and N 2 = 30 X 104 sec.-2, assuming p = 
1.10, we obtain 57.9 X 106 dynes cm.-2 or 57.2 
atmospheres. This alone, at the rate of 0.06656°/ 
atm., would give a rise of 3.8°. The rise observed 
under these conditions was 5.3°, leaving 1.5° as 
the contribution of the sedimentation effect. The 
maximum in the solubility curve might be shifted by 
pressure to a different composition, but it is hardly 
to be expected that any such shift could be very 
far, and if it occurs it would have affected the static 
and centrifuge results nearly equally, except that 
the centrifugal field gives rise to a density gradient 
according to which the above difference could be 
regarded as a minimum.

Another, and we believe preferable, method of 
separating the sedimentation effect is to extrapo­
late to zero height above the interface. Figure 2 
shows Rp2 — Rs2 plotted against Atc for five differ­
ent values of A 2. The intersections of these lines 
with the zero ordinate may be taken as the value of 
the sedimentation effect at different centrifuge 
speeds. The dotted line in Fig. 2 represents this 
effect. Its value at N 2 =  30 X 104 is 1.9°, agree­
ing satisfactorily with the above minimum of 1.5° 
for the same speed of rotation.

The same method of extrapolation applied to the 
system C7F14-CCI4, whose components differ much 
less in density, gives intercepts amounting to not 
more than 0.2°, well within the experimental lim­
its of uncertainty, and we have not thought it nec­
essary to plot them. In this case, the rise found in 
the centrifuge corresponds closely with the rise 
calculated for the hydrostatic pressure alone. In 
the critical mixture, the density, calculated on an 
additive basis, is 1.67 at 25°. The actual value for

0 1 2 3 4 5 6 7 8 9  
A t c .

F ig. 2.— Extrapolation  of A t o  zero liquid depth for con­
stant rotor speeds: system  C 7F i6- i - C 8H i8.

the upper phase is doubtless smaller. When N 2 = 
30 X 104, AR = 1.35 cm., the calculated hydro­
static pressure is 173 atm., and the calculated rise is 
6.7° (also a maximum). The rise observed was 
6.6°.

Discussion.— If these mixtures, in the region of 
light scattering, corresponded to ordinary emul­
sions, with globules of one density dispersed in a 
medium of different density, the sedimentation 
could be analyzed after the manner used by Perrin. 
These mixtures differ from true emulsions, how­
ever, in that they have a cell-like structure, made up 
of micro-regions which contain the components in 
different proportions, separated by density gradi­
ents instead of abrupt boundaries. The compo­
nents of a critical mixture are present in nearly 
equal volume,2'3 and the regions cannot properly 
be regarded as, respectively, outer and inner. As 
the temperature is lowered, the “ cells”  become 
larger and the composition gradients steeper, and 
eventually yield interfaces sharp enough to reflect 
light. Separation into upper and lower phases is 
brought about by the action of gravity or of a cen­
trifugal field upon the regions of different density.

We have no desire to monopolize the theoretical 
analysis of these observations, and invite the at­
tention of the investigators now interested in criti­
cal phenomena.

This work was supported, in part, by the Atomic 
Energy Commission.
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By Charles P. Smyth

D ep a r tm en t o f  C h em istry , P r in c e to n  U n iversity , P r in ce to n , N . J .
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A lthough the dielectric relaxation tim e of a  liquid  tends to increase w ith increase in the measured or m acroscopic viscosity, 
it  is m uch sm aller th an  the valu e calculated from  the v iscosity  and m olecular radius, probably, because the m olecular m otion 
in volved in dipole orientation requires m uch less translational m otion of the m olecules than th a t occurring in viscous flow. 
T h e  relaxation tim es of n early  spherical molecules, which can rotate  w ith little  or no displacem ent o f their neighbors, are 
found to show little  dependence on the v iscosity  of the medium, in con trast to unsym m etrical m olecules which displace their 
neighbors when th ey  rotate. T h e  van  der W aals radii of six substituted m ethanes, which have nearly spherical molecules, 
have been calculated from  atom ic radii and bond lengths and used w ith the values of the critical w ave length to calculate the 
internal or m icroscopic v iscosity  which hinders dipole orientation. T h e values calculated for the m icroscopic v iscosity  from  
the critical w ave lengths are on ly 0.008 to 0.06 of the m acroscopic. Low ering of the m olecular relaxation tim e b y  the inter­
nal field m ay lower the m icroscopic v iscosity  b y  a factor of abou t 0.7 for all of these liquids b u t dibrom odichloroethane. 
T here appears to be little  parallelism  betw een the m icroscopic and the m acroscopic viscosities and, indeed, a crystalline solid 
consisting of nearly spherical m olecules m ay have a  m icroscopic v iscosity  lower than th a t of the liquid state.

The directly observed dielectric relaxation time 
contained in the expressions for the real and imagi­
nary parts of the dielectric constant is

Wra 6it x 10“ v '
where com is the critical angular frequency, for which 
the loss factor e" is a maximum, and Xm is the corre­
sponding critical wave length. In the original 
equations of Debye,2 this macroscopic quantity 
was replaced by a molecular or microscopic relaxa­
tion time

l + 2  1 . .T = -eo “T A o)m

where is the optical or infinite frequency dielec­
tric constant and eo is the static dielectric constant. 
In early work, the relaxation time used was the 
microscopic given by eq. 2, which is based on the 
Lorentz internal field, but, in view of the inade­
quacy of this expression for the internal field in 
polar liquids, the macroscopic relaxation time given 
by eq. 1 has been generally used in recent years. 
Powles3 has proposed a reasonable, though approxi­
mate, expression for the internal field in a dielectric 
subjected to an alternating electric field, which 
leads to

2eo +  <oo 1 /,,,T = --- q---------- (3)

This gives only a small difference between the 
microscopic and the macroscopic relaxation times, 
the microscopic never being less than 2/ 3 of the 
macroscopic, while eq. 2 would require the micro­
scopic relaxation time of water to be only about 
Vwth of the macroscopic.

Debye assumed the relaxing or orienting dipolar 
molecule to be a sphere of radius a moving in a 
continuous viscous fluid possessing a coefficient of 
internal friction y and obtained

r  =  4:irr)a3/ k T  (4)

It has been customary to use for p the experimen­
tally measured macroscopic viscosity instead of the 
unknown microscopic internal friction coefficient.

(1) This research has been supported in part by the ONR. Repro­
duction, translation, publication, use or disposal in whole or in part by 
or for the United States Government is permitted.

(2) P. Debye, “ Polar Molecules,”  Chemical Catalog Co., New York, 
N Y., 1029, Chap. V.

(3) J. G. Powles, J. Chem. Phys., 21, 633 (1953).

With reasonable values for a, Mizushima and De­
bye2 were able to represent the dispersion and ab­
sorption of several alcohols satisfactorily, but it was 
pointed out that to do so for glycerol required the 
use of a radius value 0.35 A., which is far too small.

Oncley4 has used the macroscopic relaxation time 
given by eq. 1 for dilute solutions of proteins in 
water and alcohols and has found the values of the 
relaxation times to be of just the magnitudes to be 
expected from the values of molecular weight, asym­
metry and hydration determined by other methods. 
In other words, the differences between the micro­
scopic and macroscopic relaxation times are small 
in spite of the large static dielectric constant val­
ues, which would give a maximum difference be­
tween the macroscopic value from eq. 1 and the 
microscopic from eq. 2. This would seem to jus­
tify the neglect of any distinction between the mac­
roscopic and the microscopic relaxation times, but 
the force of this evidence is weakened by *he fact 
that Kirkwood and Shumaker6 have shown that 
dipole fluctuation arising from the mobile distribu­
tion of protons in the molecules can give rise to a 
dielectric increment and a relaxation time of the 
order observed for typical proteins. The relaxation 
times of the large protein molecules show approxi­
mately the proportionality to viscosity required by 
eq. 4 even when the macroscopic viscosity is used, 
presumably, because the solvent molecules sur­
rounding those of the solute are so small in compar­
ison with the large solute molecules as to give an 
approximation to the homogeneous fluid postulated 
in the derivation of eq. 4. Such a proportionality 
would seem impossible in the case of molecules 
whose dielectric relaxation times arose from mobile 
distribution of protons in the molecule.

The lack of proportionality between the relaxa­
tion times for small molecules and the macroscopic 
viscosities is evident in the results of a number of 
early measurements. For example, twelve sets of 
measurements6 by various investigators on nitro­
benzene in various solvents gave relaxation times 
from which eq. 4 gave apparent radiusovalues for 
the molecule varying from 0.25 to 2.4 A. It is to

(4) J. L. Oncley, in “ Proteins, Amino Acids and Peptides,” by E. J. 
Cohn and -T. T. Edsall, Reinhold Puhl. Corp., New York, N. Y ., 1943, 
Chap. 22.

(5) J. G. Kirkwood and J. B. Shumaker, Proc. Natl. Acad. Sei., 38, 
855 (1952).

(6) F. H. Müller, Ergeh, exakt. Naturw., 17, 164 (1938).
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be noted, moreover, that taking the cube root in 
calculating a does a great deal to reduce discrepan­
cies. A convenient way of avoiding this ironing 
out of discrepancies is to calculate the hypothetical 
volume Fd of the N molecules in a mole from the 
relation7

Fd = - 3 -  = 3>r (5)
Values of F d obtained for a variety of liquids were 
commonly only 10 to 20% of the directly measured 
molar volume, F  =  M/d, where M  is the molecular 
weight and d the density, while if the liquid were a 
system of close-packed molecular spheres, the ratio 
of the actual volume of the spheres to the total vol­
ume of the liquid would be 0.74. The values of F d 
for the straight-chain alkyl bromides8 rise continu­
ously from a value of 8.19 cc. at 25° for ethyl bro­
mide to 13.84 cc. for n-hexyl bromide and then 
decrease to 8.55 cc. for n-hexadeeyl bromide, a 
value less than 3%  of M/d. Although the relaxa­
tion times increase with increasing chain lengths for 
these straight-chain molecules, it appears that ori­
entation of the extended molecule by turning 
around its long axis and increased opportunity for 
orientation by twisting around the C-C bond, 
probably, cause the increase in relaxation time to 
fall farther and farther behind the increase in vis­
cosity. The influence of at least one of these two 
factors is evidenced by the fact that the relaxation 
time 8.6 X 10-u  sec. at 25° for a-bromonaphtha- 
lene, which has a somewhat flat, rigid molecule, is
2.5 times the value 3.4 X 10-11 for n-dodecyl bro­
mide,8 which has the same number of carbon atoms 
arranged in a long flexible chain, while the viscos­
ity, 4.52 centipoises, of a-bromonaphthalene is 
only 1.25 times the value 3.60 of n-decyl bromide.9

The viscosities of a variety of fatty acid esters 
are slightly lower than those of alkyl bromides of 
approximately the same molecular length, but the 
critical wave lengths are only about half as large.10 
The rate of increase of the critical wave length with 
increase in viscosity is much less for the esters than 
for the alkyl bromides.

The results which have been discussed as typical 
indicate that the molecular or microscopic viscosity 
in eq. 4 is much smaller than the directly meas- 
sured or macroscopic viscosity which is available 
for calculating the molecular radius. This is not 
surprising when it is considered that the process 
of viscous flow used in measuring the macroscopic 
viscosity involves both translational and rotational 
motion of the molecules, while dipole orientation 
which determines the dielectric relaxation time pri­
marily involves only molecular rotation, which 
may, however, necessitate some displacement and, 
hence, translational motion of the neighboring 
molecules.

The molecules of methyl and halogen-tetrasub- 
stituted methanes have the shape of a tetrahedron

(7) W . P. Conner and C. P. Smyth, J. Am. Chem. Soc., 65, 382 
(1943).

(8) E. J. Hennelly, W . M. Heston, Jr., and C. P. Smyth, ibid,., 70, 
4102 (1948).

(9) W. M. Heston, Jr., E. J. Hennelly and C. P. Smyth, ibid., 72, 
2071 (1950).

(10) P. L. McGeer, A. J. Curtis, G. B. Rathmann and C. P. Smyth, 
ibid., 74, 3541 (1952).

with rounded corners and indented edges. Their 
roughly spherical symmetry makes possible the 
orientation of their dipoles by molecular rotation 
in the crystal lattice. For such molecules in a liq­
uid eq. 4 should be at its best. For several of 
them, Table I lists the observed critical wave 
length given by eq. 1, the value of the internal 
field factor in eq. 3, the apparent value of the 
radius a of the molecule given by eq. 4, the value av 
of the van der Waals radius calculated from bond 
lengths and the van der Waals radii of atoms and 
groups, the measured macroscopic viscosity y used 
in calculating a, and a microscopic viscosity rim 
calculated by putting in eq. 4 the value of r given 
by eq. 1 and the value of aY for a.

T a b l e  I

C r it ic a l  W a v e  L e n g t h s  (Cm.), V is c o s it ie s  (C p s .)  an d  
R a d ii  ( A .)  o f  L iq u id s  w it h  N e a r l y  S p h e r ic a l  M o l e ­

c u l e s  a t  2 0 0
2«0 + €co

Am 3 to a Ov V 7?n
(CH,),CC1" 0.9 0.73 1.42 3.55 0.53 0.034
(CH,),CCl2'2 0.9 .72 1.12 3.55 1.09 .034
(CHsICCls12 1.1 .76 1.19 3.55 1.12 .042
(CH,),CBr8 1.2 .73 1.33 3.7 0.81 .040
CBrsCh'8 0 .7 .99 0.74 3 .7 2.90 .024
(CHjHCINOj) ! '2 (2.5) (60°) .69 1.24 3 .5 2.23 .100

In spite of the reduction of the discrepancies as 
a result of the cube root relation, the apparent 
radii d calculated by means of eq. 4 are only 0.2-0 4 
of the van der Waals radii av. For all of the mole­
cules but dibromodichloromethane, the discrep­
ancy would be slightly increased by calculating 
the relaxation time with eq. 3 and considerably in­
creased by calculating it with eq. 2. The discrep­
ancy is greatest for dibromodichloromethane, 
which has a much higher macroscopic viscosity and 
smaller dipole moment,13 0.26 X 10~18, than the 
methyl halogen-substituted methanes, which have 
moments 1.8-2.2 X 10-18. The calculated micro­
scopic viscosities show discrepancies with the meas­
ured macroscopic viscosities analogous to those 
between the apparent volumes F d calculated by 
means of eq. 5 and the measured volumes. How­
ever, while the apparent volumes F d are significant 
mainly in showing the extent of the deviation from 
the calculated behavior, the values of the micro­
scopic viscosity rjm should have a real, though ap­
proximate, physical significance. The obvious 
physical significance is that the resistance to ro­
tation of the nearly spherical molecules is very 
much smaller than the resistance to translational 
motion, since the microscopic viscosities in Table I 
are only 0.008 to 0.06 of the macroscopic, which in­
volve both kinds of motion. There appears to be 
little parallelism between the values of the micro­
scopic and the macroscopic viscosities, which latter 
tend to increase with increasing molecular polariza­
bility, but do not evidence an effect of molecular 
moment, except, perhaps, in the case of 2,2-dini- 
tropropane. The microscopic viscosities calculated 
with eq. 1 and 4 show a small value for dibromodi­
chloromethane, which has a very small dipole mo-

(11) A. J. Curtis, P. L. McGeer, G. B. Rathmann and C. P. Smyth, 
ibid., 74, 644 (1952).

(12) Unpublished measurements by Mr. R. S. Holland.
(13) Unpublished measurements by Dr. R. C. Miller.
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ment, somewhat larger values for the four methyl 
halogen-tetrasubstituted methanes, which have 
good-sized moments, and a considerably larger 
value for 2,2-dinitropropane, which has a large mo­
ment, about 4 X 10~18, acting near the outer end 
of the molecular radius. If, however, the relaxa­
tion times are calculated by means of eq. 3 instead 
of eq. 1, the values of are decreased by the factors 
(2e0 +  e»)/3e0, which reduces or eliminates the 
differences between the four methyl halogen-tetra­
substituted methanes and dibromodichlorometh- 
ane, but still leaves the value for 2,2-dinitropropane 
much higher. The use of eq. 2 to calculate the 
relaxation time would leave the value of for 
dibromodichloromethane practically unchanged, 
but would lower the values for the other five tetra- 
substituted methanes to 0.012-0.016. As the 
measurements on 2,2-dinitropropane are at 60°, 
its viscosities, both microscopic and macroscopic, 
would, doubtless, still be highest of all, if extrapo­
lated down to 20°.

Solutions of the three methylchloromethanes in 
heptane and in a viscous paraffin oil were investi­
gated11’12 in the belief that the critical wave lengths 
of the nearly spherical molecules would show little 
dependence upon the viscosity of the medium. This 
was borne out by the result that the critical wave 
lengths and, consequently, the microscopic viscosi­
ties, increased only 50% from heptane to nujol, 
although the macroscopic viscosity increased 257- 
fold. The long, flexible molecule of n-tetradecyl 
bromide gives much longer critical wave lengths 
than these spherical molecules, the values at 20° 
being 12.3 cm. in the pure liquid, 4.1 in heptane, 
and 19 in nujol.10 The almost fivefold increase 
from heptane to nujol solution, still very small in 
comparison to the 257-fold increase in macroscopic 
viscosity, is attributable to the fact that dipole 
orientation involving either the entire molecule or 
a molecular segment should require some displace­
ment of the surrounding molecules and, hence, 
greater dependence upon the macroscopic viscosity. 
The somewhat flattened, rigid molecule of a-chloro- 
naphthalene gives a sixfold increase in critical wave 
length from heptane to nujol.11 The departure

of the molecules from spherical form evidently 
causes or increases translational motion of the sur­
rounding molecules when dipole orientation occurs 
and, consequently, increases the microscopic vis­
cosity and decreases somewhat the great difference 
between it and the macroscopic viscosity.

The tendency of the critical wave length of the 
pure polar liquid to be considerably longer than 
that of a dilute solution of the same substance of 
about the same viscosity has been attributed11 to 
hindrance of molecular rotation by dipole-dipole 
interaction, which is present in the pure liquid and 
largely absent in the dilute solution. These dif­
ferences in the relaxation times are reduced when 
they are calculated by eq. 3 and still more reduced 
when they are calculated by eq. 2, which, probably, 
effects too great a reduction in the values for the 
pure liquids. While the increase of the critical 
wave length and macroscopic relaxation time of the 
dielectric by the internal field would seem to be a 
general phenomenon, its exact interpretation is 
somewhat obscured by uncertainty as to the in­
ternal field. The results obtained with the reason­
able approximation for the effect of the field given 
by eq. 4 indicate that the molecular or microscopic 
relaxation time is reduced by the occurrence of di­
pole-dipole interaction.

The reductio ad absurdum of the use of the mac­
roscopic viscosity as determining dielectric relaxa­
tion time occurs in the case of solids in which molec­
ular symmetry around one or more axes permits 
dipole orientation by molecular rotation. In sev­
eral of the substituted methanes, which have been 
considered, the dielectric relaxation time is actually 
shortened by solidification of the liquid.14 In fact, 
the almost negligible loss and the high dielectric 
constant at 3.22 cm. of solid ¿-butyl chloride for 
some distance below the melting point show that 
this short wave length is still far above the critical 
wave length. It is evident that a crystalline solid 
consisting of nearly spherical molecules may have 
a microscopic viscosity lower than that of the liquid 
state.

(14) J. G. Powles, D. E. Williams and C. P. Smyth, J. Chem. Phys., 
21, 136 (1953).
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T H E  E L E C T R O K I N E T I C  P R O P E R T IE S  O F  D IL U T E  M O N O D IS P E R S E
S U L F U R  H Y D R O S O L S

B y  R obert H . Smellie, J r ., and Victor K .  La M er 
D ep a r tm en t o f  C h em istry  o f  C olu m bia  U n iversity , N ew  Y o rk , N . Y a n d  T r in i ty  C ollege, H a rtfo rd , C onn .

R ece iv ed  A p r i l  19, 1 93 4

M onodisperse sulfur hydrosols prepared b y  the reaction o f v e ry  dilute acid and thiosulfate consist of p o sitiv e ly  charged 
particles, in contrast to  the n egatively  charged particles reported p reviou sly b y  a ll who have used more concentrated re­
agents or other m ethods. These p ositive ly  charged particles have an isoelectric poin t (pH  4), which is higher than for me­
chanical dispersions of solid (rhom bic) sulfur particles (pH  2.7). T h e positive charge observed for sols prepared from  very  
dilute reagents persists on ly in the absence of significant ( 1 0 -6 M )  am ounts of p olythionate, thus allow ing the less strongly 
adsorbed H + to be effective. T h e  addition  of pentathionate (1 to 5 X  10 ~5 m ole/1.) reduces or even reverses the positive 
charge. A t  higher in itia l th iosulfate  concentrations p olyth ionate is form ed as a by-prod uct in the reaction and the positively  
charged particles are converted to negative during the developm ent. Sulfite ion is responsible for the negative charge a t  high 
pH . P o sitive ly  charged sols were also prepared b y  adding w ater to sulfur in dilute solutions in e th yl alcohol or acetone. 
T races o f acetic acid are necessary for the production of a positive charge in these sols. M echanism s b y  w hich H  + ion could 
be exchanged on the surface of the particles are discussed. T h e  sm all distribution in m obility  (charge) of the particles was 
com parable w ith  the know n sm all distribution ( a  =  10 % ) in radii of particles prepared b y  these m ethods. T h e  surface 
charge den sity  appears to  be uniform  and the particles m ay be considered to be monodisperse. both in respect to  charge as 
well as radius a t  high positive and negative charge b u t not near the isoelectric point.

Introduction
The development of methods for preparing1 

monodisperse sulfur sols has resulted in the solu­
tion of a number of problems previously unattain­
able with polydisperse sols.1“ 5 The electrokinetic 
behavior of a sol is an important factor when con­
sidering stability and coagulation,6-8 but had not 
been studied in any of our previous investigations.

Under the proper conditions a reliable estimate 
of the magnitude of the charge,7-9 the specific 
adsorption of certain ions and their effect on the 
charge may be determined by this method.

The results of previous investigations of the elec­
trokinetic behavior of sulfur hydrosols cannot be 
utilized in considering the behavior of sulfur in our 
dilute monodisperse sols. The earlier studies were 
made on sols originally prepared from concentrated 
reagents, and were confined primarily to the effect 
of salts10'11 on concentrated sols.

In these cases repeated purification by dialysis12 
(or electrodialysis) would reduce the ion concen­
trations only to a point which is still much greater 
than in the sols prepared by La Mer and collabora­
tors. In fact, attempts to dialyze these sols lead 
to partial dissolution of the particles and coagula­
tion. The reason is now apparent.13 As dialysis 
proceeds, the pH of the sol is raised to such a value

(1) (a) V. K. La Mer and M. Barnes, J. Colloid Sci., 1, 71 (1946);
(b) M. Barnes, A. Kenyon, E. M. Zaiser and V. K . La Mer, ibid., 2, 
349 (1947); (c) E. M. Zaiser and V. K. La Mer, ibid., 3, 571
(1948).

(2) I. Johnson and V. K. La Mer, J. Am. Chem. Soc., 69, 1184 
(1947).

(3) H. Reiss and V. K. La Mer, J. Chem. Phys., 18, 1 (1950); H. 
Reiss, ibid., 20, 482 (1952).

(4) M . Kerker and V. K. La Mer, J. Am . Chem• Soc., 72, 3516 
(1950).

(5) V. K. La Mer and R. H. Dinegar, ibid., 72, 4847 (1950).
(6) F. Powis, J. Chem. Soc., 109, 734 (1916).
(7) J. Th. G. Overbeek, “ Advances in Colloid Science,” Vol. I ll, 

Interscience Publ., Inc., New York, N. Y ., 1950, pp. 97-134; “ Col­
loid Science,” (Kruyt), Vol. I, Elsevier Press, Houston, Texas, 1952, 
Chap. V.

(8) J. Th. G. Overbeek, ibid., Chap. V, VII.
(9) H. A. Abramson and H. Muller, Phys. Rev., 41, 386 (1932).
(10) H. Freundlich and P. Scholz, Kolloid-Beih., 16, 234 (1932).
(11) S. Oden, “ Der Kolloide Sehwefel.”
(12) W . Pauli, J. Colloid Sci., 2, 333 (1947),
(13) R. H. Dinegar and R. H, Smellie, ibid., 7, 370 (1952).

that H S03 is converted to S03-  and the reaction
s + so2- = s,o3-

proceeds at a rapid rate dissolving much of the sus­
pended sulfur.

Measurements were made on growing sols by 
microelectrophoretic methods in order to correlate 
the electrokinetic behavior with chemical and phys­
ical evidence obtained under the same conditions. 
The excellent reproducibility of these sols with re­
spect to particle size and number means reproduci­
bility of surface area. Thus one of the major uncer­
tainties usually associated with electrokinetic in­
vestigation was eliminated. The possibility of cor­
relating electrophoretic behavior with particle ra­
dius or area was thus indicated.

However, since these dilute sols could not be 
safely dialyzed, the independent action of certain 
electrolytes and non-electrolytes could not be 
studied with sols prepared from thiosulfate and 
acid. Such information could be obtained by using 
alcohol-sulfur-water sols.5

In the study of proteins, acidimétrie titration 
determines the amount of H + ion bound. The 
amount of bound ion often parallels the charge as 
determined by electrophoresis.14 Acidimétrie ti­
trations could not be utilized for this purpose 
in the present investigation. However, other valu­
able information was obtained.

Experimental
I. Preparation and Reproducibility of S o ls .— D ilu te  

monodisperse sols were prepared b y  adding sodium  th io­
sulfate and hydrochloric acid to  distilled w ater according to 
the methods of L a  M er and collaborators.1 These sols were 
grown in a therm ostat at 25 ±  0.03°. O rganosulfur-w ater 
sols were prepared b y  adding distilled w ater to  alcohol or 
acetone solutions of su lfur.5

T h e reproducibility of th iosulfate-acid  sols was estab­
lished b y  particle size and num ber m easurem ents using a 
B eckm an spectrophotom eter.1 T h e num ber of particles 
per cc. w as also determ ined b y  direct counting under the 
microscope in the electrophoresis cell. T h e particles were 
counted in several different sections of the cell after th ey  all 
had settled to  the bottom  using a calibrated net reticule 
visible under dark field illum ination. K n ow ing the average 
num ber of particles in the field, the area of the field, and the

(14) R. K. Cannan, A. Kibrick and A. H. Palmer, Ann. N. Y. Acad. 
Sci., 41, 243 (1941); J. Biol. Chem., 142, 803 (1942).
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S ID E  VIEW  OF C H AN N EL

X ___________________/ -----------
_____ / -----------------------X _____

F ig. 1.-— -Electrophoresis cell: B , glass reinforcing bars; D , ground glass caps; E , electrode com partm ents; G , ground glass
joints; S, sintered glass discs.

height of the cell, the num ber of particles per cc. of sol can 
be calculated.

T h e  results of these counts showed excellent agreem ent 
(see T ab le  I)  w ith  those previously obtained w ith the B eck ­
man spectrophotom eter and offer a further dem onstration 
of the reliability  of the m ethod.

T able  I

C omparison of N umber of P articles (106/C m .s) by  
D irect M icroscopic C ount and by  Spectrophotometry1“ 

N a 2S20 3 =  0.0020 M

HC1, M
Hours after 

mixing
No. of particles (10 

Direct
"•/cm.8) 
Ref. 1c

0.002 4 2 .7 2 .7
.002 24 1 .7 - 2 .2
.003 4 5 .5 5 .4 4

II. M ethod and Apparatus.— T h e m icroelectrophoretic 
m ethod w as m ost suitable for the following reasons: (a) A  
m acro m ethod requires too long a period of tim e for a single 
observation. A  detailed stud y of the variation  of electro­
phoretic m obility  w ith  particle grow th could not be made b y  
such a m ethod, (b) D ilu te  sols such as these should not be 
subjected to  extended electrophoresis, since the great m o­
b ility  of H + ion could produce disturbances in ionic distribu­
tion. N o appreciable effect should be noted in the short 
tim es required for a single observation b y  the m icro m ethod 
(5-20 seconds). T h e reversal of p olarity  after each obser­
vation , assures the uniform  distribution of ions, (c) D irect 
observation of the velo city  distribution am ong the particles 
is possible, (d) T h e  num ber of particles m ay be counted 
sim ultaneously w ith  observations of the electrophoretic 
m obility.

T h e  m ost reliable typ e  of cell is one containing a  rectangu­
lar cross-section in the region of observation.16 In addition, 
the sam ple of sol should m ake contact w ith  the electrode 
com partm ent only through conducting barriers to  prevent 
m ixing of electrolytes w ith  the sam ple. T h e electrode- 
electrolyte com bination w as of the reversible ty p e , i . e . ,  C u; 
C u S 0 4.

A  cell m eeting these requirem ents was m anufactured b y  
th e Pyrocell M fg . C o ., N ew  Y o rk  (F ig . 1 ) . T h e  top  glass 
in the rectangular section w as about 0.2 m m . th ick . W ith  
the rectangular channel of the cell about 0.6 m m . deep, it  is

(15) D. C. Henry. J. Chem. Son., 997 (1938).

possible to  use a 44 X  objective on the m icroscope since the 
tota l distance th a t m ust be penetrated is about 0.8 m m . 
W ith  a  thicker top  glass it  would n ot be possible to  focus on 
the bottom  of the cell w ith  this ob jective . T h e  advan tage  
to  be gained b y  using an ob jective of such high pow er is 
discussed below.

T h e cell was cleaned w ith 9 5 %  alcohol to  rem ove sulfur 
and flushed w ith w ater, allowed to  stand in chrom ic a c id - 
sulfuric acid solution for several hours, rinsed w ith  distilled 
w ater, and dried in the oven.

In filling the cell, the detachable electrode com partm ents 
containing the copper electrodes and 0.5 M  copper sulfate 
solution were p u t in place and the cell filled w ith  sol through 
one of the tubes D  (F ig . 1), while rocking to  rem ove air 
bubbles. T h e ground glass caps were then carefully  put 
into place. I f  th e sol particles are large (radius ca . 0.4) th ey  
settle rap id ly. A  fresh sample of the sol can be q u ick ly  in ­
troduced through D , thus restoring the particle distribution. 
T h e whole cell assem bly was set in a  carriage on the m icro­
scope stage for horizontal support. p H  m easurem ents were 
m ade w ith  a  glass electrode.

A fter the cell had been assem bled, filled and placed on the 
m icroscope stage, th e copper electrodes were connected to  
a  source of d .c . potential ranging betw een 90 and 250 vo lts . 
T h e sources were a  series of 45 v o lt “ B ”  batteries or a full 
w ave rectifier pow er supply w ith variable  ou tp u t. T h e 
current w as measured to  ca . 0 .5 %  b y  m eans of a sensitive 
m illiam m eter. T h e  potential source (w ith  th e m illiam m e- 
ter in series) w as connected to  a  double pole-double throw  
sw itch to  allow reversing the p olarity  a t the copper elec­
trodes. W ith  applied potentials betw een 90 and 250 v o lts  
the currents draw n were v e ry  sm all, ranging betw een 0.02 
to  1 .5  milliam peres.

T h e room  tem perature w as adjusted to  25 ±  1°  and the 
tem perature of the sol in the electrophoresis cell did not v a ry  
from  25° b y  more than a  few  tenths of a  degree.

III. Optical R equirem ents.— D a rk  field illum ination 
m ust be used for reliable results. A  substage condenser 
w ith  a central opaque disc provided a satisfactory  dark  field 
for observing th e sol particles. A  w hite ligh t or a  G ates 
sodium  lam p w as used as a  source of illum ination. T h e 
latter is m onochrom atic and w as th e m ost satisfactory  for 
observing sols containing v e ry  sm all particles.

F o r accurate focusing an ob jective w ith a  sm all depth of 
focus m ust be used. E m ployin g a  44 X  ob jective , focusing 
is accurate to  ± 2  m icrons, as determ ined b y  observation. 
O bjectives of lower pow er are u su ally  used w ith  m icroelec­
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trophoresis cells . 16 T h e accuracy of focusing is im portant 
since the m obility  of the particles varies w ith position in the 
cell according to the relationship derived b y  Sm oluchow­
sk i , 17 and modified b y  K o m a g a ta . 18 19 T o  provide hom ogene­
ous imm ersion, the bottom  of the cell was brought into con­
tact w ith the condenser b y  means of a film of imm ersion oil. 
B y  a com bination of 44 X  ob jective, 10 X  ocular, and dark 
field illum ination, the particles were easily observed.

IV . M obility  M easurem en ts— T h eory .— T h e m obility, 
v, of a particle under the influence of a potential gradient X  
is given by

V =  X D ^ / A rri  ( 1 )

where D is th e dielectric constant, 77 the v iscosity  (both 
w ithin the double layer) and f  is the so-called zet.a or 
electrokinetic p o ten tia l . 18 T h e utilization  of this equation 
has been the subject of m uch d isp ute . 8 H enry 8’ 20 has con­
cluded th at the thickness of the double layer and the radius 
of the particle will determ ine w hether the value 4 m ay be 
used in the denom inator. A nother factor is the m agnitude 
of the con du ctivity  of the particles compared to th at of the 
liqu id . 8- 20

T h e m ost satisfactory m ethod for obtaining the potential 
gradient is one in which the current passing through the 
cell and the specific resistance c f  the sol are m easured . 21 

K now ing the cross-sectional area of the rectangular part of 
the cell in addition to  the other tw o quantities, the poten­
tial gradient m ay be calculated a 3

X  =  R l/q  (2)

where
X  =  potential gradient in v./cm .
R  =  specific resistance of sol (in ohm -cm .)
I  =  current in amperes
q =  cross-sectional area in cm . 2

In m obility  m easurem ents the tim e required for a particle 
to traverse a known distance is determ ined. A  net reticule 
in the eyepiece of the microscope is calibrated b y  means of 
a stage m icrom eter, thus giving the value of each unit of the 
reticule in term s of absolute distance. T h e m obility  in 
term s of cm . 2 v o lt - 1  sec . - 1  m ay be calculated from  the m eas­
ured m obility and the potential gradient.

Variation of M obility  with Position in the Cell and the 
D eterm ination of the T rue M ob ility .— D ue to the electro- 
osmotic flow of the liquid at the upper and lower walls of 
the cell and the return flow through the center of the cell, 
the observed m obility of the particles will v ary  w ith  their 
position w ith  respect to  these w alls , 17 as shown b y  E llis . 22  

T o  obtain the true m obility, observations m ust be m ade at 
different levels w ithin the cell and the true value deter­
mined b y  in tegration . 2 2 ’ 23

W hen the ratio of the cell w idth to depth is very  large a 
more convenient m ethod m ay be em ployed which requires 
m aking measurem ents on ly a t the so-called station ary levels, 
approxim ately 0.2 and 0.8 of the depth of the cell. A t 
these levels the true velo city  of the particles m ay be ob­
tained, b y  utilizing the equation of Smoluchowski for the 
flow of liquid betw een tw o parallel p la tes . 17

A nother relationship which m ay be derived from  Sm oluch- 
ow ski’s equation also gives the true m obility. In  this case 
measurem ents are m ade a t levels ' / 6 and 'A  of the thickness 
of the channel, i . e .

V = l  7 . / «  +  \ V i/ .,  ( 3 )

T his relationship was used when tiie  m obilities a t the 0 . 2  and 
0.8 levels were too sm all for accurate m easurem ent. Figure 
2  shows th at the m obility  vs. level varies in accordance w ith

(16) See H. A. Abramson, “ Electrokinetic Phenomena and Their 
Application to Biology and Medicine/’ Chemical Catalog Company, 
New York, N. Y ., 1934.

(17) M. Smoluchowski, “ Graetz Handbuch/’ Vol. II, p. 366.
(18) S. Komagata, R esea rch es  E lec tro tech . L a b ,, T o k y o , No. 348 

(1933).
(19) M. Smoluchowski, B u ll . A ca d . S c i . C racovie, 182 (1903).
(20) D. C. Henry, P r o c .  R o y . S oc . {L o n d o n ), A 1 33 , 106 (1931).
(21) H. A. Abramson, J. G en . P h y s io l ., 12, 469 (1929); H. A. 

Abramson and E. B. Grossman, ib id ., 14, 563 (1931).
(22) R. Ellis, Z. phy& ik. C h em ., 78, 321 (1912).
(23) A. W. Thomas, “ Colloid Chemistry,”  McGraw-Hill Book Co.,

Inc., New York. N. Y ., 1934, pp. 212-217.

theory w ith a m axim um  in the center of the cell. Com ­
parison of the m obility obtained b y  direct m easurem ent at 
the station ary levels w ith integration and b y  means of eq. 3 
shows agreem ent w ithin 5 % . B etw een 5 and 8 observations
were taken a t each level.

F ig. 2.— V ariation  of n egative particle v elo city  w ith  position 
in the electrophoresis cell.

T h e m ajority  of the observations were m ade at the sta­
tion ary or a t the '/ 6 and 1/t levels. A t  least 10 and in most 
cases 20-25 observations were m ade. T h e spread in ve­
lo city  distribution varied som ewhat depending upon the 
order of m agnitude of the m obility. In m any cases the 
m axim um  deviation from  the average valu e was less than 
5 %  and in others as m uch as 30 -40 % . W here a large 
spread was observed, at least 25 observations were m ade. 
T h e average of all the values was close to  the average of 
the extrem e values. F or sols in which the particles settle 
rap id ly, the m obility  m easurements m ay be m ade as the 
particles reach the lower station ary level.

D irect m easurem ent of the particle size distribution was 
not m ade on the sols em ployed, bu t indirect m ethods, based 
on the sharpness of the red-green ra tio2 and polarization 
ra tio4 of the higher order T yn d all spectra, which sols pre­
pared in this manner exhibit, lead uniform ly to  the conclu­
sion th at the standard deviation from  the mean radius is 
of the order of 10 to 20 % .

T his conclusion from  the higher order T yn d all spectra has 
been confirmed b y  a m ethod of direct photography of m ono­
disperse aerosols b y  P . K .  Lee ( J .  S c i. In s t r .,  in press).

Since deviations in surface area will be tw ice the devia­
tions in radius it would appear th a t the surface charge den­
sity  on the particles a t higher charge b u t not near the iso­
electric point is reasonably constant and th at the distribu­
tion in m obility  under these conditions arises prim arily 
from  distribution in radii. F or the alcohol-w ater sols of 
radius 0.5 ft, the electrophoretic m obility  a t pH  6.9 was 
— 1.3 ±  0.3 ii/sec./v ./cm ., corresponding to a calculated 
charge of 1500 electrons per particle or a surface density of 
23 abs. e .s.u . c m .-2.

Discussion of Experimental Results24 
I. Acid-Thiosulfate Sols.— To determine the 

mobility of sol particles in the medium in which
(24) These experiments were completed in 1950. Mr. Anthony J. 

Petro of the Trinity College Laboratories has since confirmed some 
of them and is studying the effect of particle size and sulfite ion con 
centration on mobility at high pH.
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Fig. 3.— Variation of m o bility  w ith  tim e in growing sols; initial, concentration given. Sol A  (data  from  7 sols). HC1 
0.0020 M ,  N a 2S 20 3 0.0020 M .  Oi, sample from  top of volum etric flask; 0 2, sample from  middle of flask; Os, contents of 
flask shaken before tak in g  sample. B  (d ata  from  2 sols). HC1 0.0030 M ,  N a 2S 20 3 0.0020 M . C  (data  from  2 sols). HC1 
0.0020 M ,  N a 2S 20 3 0.0030 M .

they are growing, the mobility was measured with­
out adjustment of the ionic strength or pH. The 
results as a function of time are shown in Fig. 3.

For sols in which the initial thiosulfate concentra­
tion is 0.002 M  or less, the charge on the particles 
is positive and remains so for at least 24 hours. 
However, in a sol in which the initial thiosulfate 
concentration is 0.003 M  (0.002 M  H +), the parti­
cles are positively charged during the first few 
hours of growth, and pass over to a negative charge 
which increases with time.

Data on panicle number and radii as a function 
of time for these concentrations are to be found in 
ref. lc, pp. 587-589, where a similar behavior was 
noted as a result of polythionate formation at 
higher thiosulfate concentrations. (See ref. 25, 
Table II, for recalculation of polythionate concen­
trations based on data of ref. lc, using a better value 
of the second dissociation constant of H2S03.)

T a b l e  II

E f f e c t  of  A d d itio n  o f  So d iu m  P e n t a t h io n a t e  on  th e  
E le c tr o p h o r e tic  M o b il it y  o f  M o n o d is pe r se  S H y d r o ­

so l

Initial concentrations; HC1 =  0.002 M ;  N a 2S20 3 =  0.002 M .

Time after 
mixing, hr. r. m

Added
NaîSiOs X 10s, 

mole/1.
Mobility, 

cm.2 v .-1 sec.
4 3.35 0 +0.65
4 .35 1 + .26
4 .35 2 -  .02
7 .42 4 -  .53“

“ Shifts to — 0.71 in one-half hour following addition. 
M easurem ents made im m ediately after polythionate addi­
tion.

(25) R. H. Dinegar, R. H. Smellie and V. K. La Mer, J. Am. Chem. 
Soc.. 73, 2050 (1951).

That positively charged particles could be pro­
duced in sols prepared from thiosulfate and acid is 
contrary to expectations based upon studies by all 
previous workers, of sols prepared from concen­
trated solutions of the same reagents. The negative 
charge on the particles of these concentrated sols 
has been attributed to pentathionate ion attached 
to the surface of the sulfur particles.26

Using acidimetric and iodine titrations Dinegar, 
Smellie and La Mer26 have demonstrated that in 
these dilute sols the concentration of polythionate 
calculated as pentathionate was always less than 
10-6 M  within 24 hours after mixing the reagents. 
Since the pentathionate ion concentration is ex­
tremely small, other species can determine the 
charge in these dilute sols, H+ ion is the predomi­
nant species, thus accounting for the positive charge 
observed on the particles.

Sodium pentathionate was prepared by the 
method of Kurtenacker and Fluss.27 To samples of 
a sol prepared from 0.002 M  H+ ion and 0.002 M 
S20 3- , sodium pentathionate in varying amounts 
was added so that final concentrations between 1-5 
X  10-5 M  were obtained. The results are shown 
in Table II.

In all cases the original positive mobility was 
immediately lowered. When the concentration 
of pentathionate was 2 X 10-6, the mobility of a 4- 
hour sample was reduced from +0.65 X 10-4 cm.2 
volt-1 sec.-1, its original value, to a small negative 
value. Oiher concentrations have a corresponding 
effect on the charge. The addition of pentathio­
nate to a 7-hour sample immediately produced a

(26) C. H. Freundlich and P, Schulz, ref. 10; also ref. 12.
(27) A. Kurtenacker and W . Fluss, Z. anorg. Chem., 210, 125 (1933)
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negative charge which increased with time. These 
experiments demonstrate that the concentration of 
pentathionate in the original sol never exceeded 
10-5 M for at least 24 hours after mixing reagents.

When the pH of a sol containing positively 
charged particles was increased by addition of 
NaOH, the particles showed a decrease in charge, 
passed through an isoelectric point at pH 4, and 
then attained a negative charge at higher pH. 
Figure 4 shows the variation of mobility with pH 
for three sols. In these experiments the pH was 
varied by dropwise addition of 0.1 N sodium hy­
droxide to 50- or 100-cc. samples of the sol. The 
volume change was less than 2%, and ionic strength 
remains essentially constant up to pH 7-9. Buffer 
solutions were not used because of the danger of 
specific adsorption of anions in the buffer. The vari­
ation of mobility with pH is similar to that found 
for proteins and other amphoteric substances.

F ig. 4.— V ariation  of m obility  w ith pH : A, 4-hour sol:
H C1 0.0020 M ,  N a 2S2 0 3  0.0020 M ,  particle radius 0.35 
m icron. B , 4-hour sol: H C1 0.0020 M ,  N a 2S2 0 3  0.0010 M ,  
particle radius 0.35 micron. C, 8-hour sol: H C l 0.0020 M , 
N a 2S20 3  0.0020 M ,  particle radius 0.42 micron.

Other interpretations of this type of mobility- 
pH curve are possible. Competitive adsorption 
between a positive and a negative ion or an ex­
change process at the surface of the sulfur particles 
are possibilities. In any case hydrogen ion is fun­
damentally responsible for the production of a 
positive charge. Figure 5 shows the data of 
Fig. 4 (for pH values below 4) plotted as an+/u vs.
« H + .

One of the sols definitely exhibits a linear de­
pendence. The data for the other two sols are not 
sufficient to unequivocally demonstrate a linear 
dependence in these cases. An equation of the 
form aH+ / «  =  a +  /3cm+ could be interpreted by 
any one of the following assumptions: (1) The

Fig. 5.— D a ta  of F ig. 4 plotted  as a u+ / u  vs. a n + : an+ = 
a ctiv ity  of hydrogen ion in solution; u =  m obility  of 
particles.

charge is due to adsorption of H+ ion. The 
amount of negative ions adsorbed is insignificant.
(2) Hydrogen ion is transferred to the surface of 
the particle by a neutral carrier, such as weak acid. 
A neutral molecule could approach and interact 
with the surface of the particles with less difficulty 
than a hydrated proton. (3) An amphoteric sub­
stance resides at the surface of the particles.

To demonstrate that these interpretations lead 
to essentially equivalent expressions, it is necessary 
to find a relationship between electrophoretic veloc­
ity and surface charge by combining the funda­
mental equation of electrokinetics (eq. 1) with some 
form of the Debye-Hiickel theory. The validity of 
this procedure is dependent upon a number of fac­
tors, which have been treated in detail by Over- 
beek.7'8

When the electrokinetic potential (f) is very 
small7

Q  =  D fa ( 1 +  k a )  (4)

where
Q  =  charge on particle 
D  =  dielectric constant 
f  =  zeta potential 
a =  radius of the particle

and k  is the characteristic thickness of the ionic at­
mosphere.

For the sols considered here k ~  2.5 X 106 cm.-1, 
the radius of the particles is about 0.4 10-4 cm. and 
the value of na is 100. In this case na >  >  1 and

Q =  D fr a 2 (5)

For a spherical particle, surface area = 4-7rft2 and 
the surface charge density a, when «a > >  1 is given 
by

a =  £>pc/4ir (6)

When Ka is very large, the relation between f  and 
mobility is correctly given by eq. 1.7 Therefore

V —  a X  /  KTj ( 7)
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and the velocity in terms of unit potential gradi­
ent, u, is given by

U  =  <J /  K t] (8 )

Considering the possibility of adsorption, the 
amount of H + adsorbed per unit area will be pro­
portional to the charge density.

By employing the Langmuir adsorption isotherm
ArtH*

1 + Ban* and u = J_r Aa-g* ~1 
mffil +  5ch+J (9)

A and B are constants. This gives upon rearrange­
ment

~  = a + (3an+ (10)
where

a  — ktj/A  and /3 =  arjB fA

In case 2 a mechanism is considered whereby neu­
tral molecules of a weak acid can transfer H+ ion 
to the surface of the particles. This may be formu­
lated as follows

S +  H A  ^  SH +  +  A -

[S H + H A -]
[S] [HA]

Here
[S] =  surface conon. of sites on particle
[S H +] =  surface concn. of positive charges 
[HA] =  concn. of weak acid m olecules in soin.
[A - ] =  concn. of A -  ions in soin.

Let [S]0 =  the concentration of sites on the bare 
surface, which will be a constant for the same sur­
face material. Then

and

[S] =  [S]„ -  [SH+] 

[S H +] [A —]

[ [S] o — [SH +]][H A]

[SH+]
K [S]„[H A ] 

[A -] +  A  [HA]

Letting [T] =  total concentration of weak acid, and 
using the relations

[T] = [HA] +  [A - ]

and
[ H I  [A -] 

[HA]

it can be shown that

Ki

and

and

[HA]
[T] [H +] 

K i  +  [H+]

[A“] g,[T]
K i  +  [H+]

[SH+] =
g [ S ] 0[H +] 

K i  +  A'[H+]

Identifying [SH + ] with a and using eq. 8
1  f  A '[S W  1 
kv LA. +  K'an+J

In the third case, it may be assumed that the 
amphoteric substance on the surface is a neutral 
(adsorbed) molecule which reacts as follows

A  + H + ^ ± ; A H  + 

A  B -  +  H  +

where
A  denotes neutral m olecules at the surface 
H +, the hydrogen ion in solution 
A H +, the positively  charged surface com plex, and 
B  the n egative ions on surface produced b y  (Association 

of A

If the concentration of B~ is negligible, then the 
charge is given by the concentration of AH+. This 
is similar to case 1 and leads to eq. 10.

In Fig. 5, sol A exhibits a linear relationship. 
The data for sols B and C also seem to be linear, but 
the data for sols B and C are not yet sufficient to es­
tablish whether or not the behavior is in complete 
conformity with eq. 10. The mobility values for 
sol C are considerably lower than those of sols A 
and B for all pH values studied. The difference 
between the mobility values of sols A and C is es­
sentially the same at all pH values between 2.7 and
3.9, and the isoelectric point for sol C is lower by 
about 0.4-0.5 pH unit than the isoelectric point of 
sol A. Since the ionic strengths of these two sols 
are the same within 2%, the lower mobilities and 
the lower isoelectric point for sol C cannot be rea­
sonably accounted for by any factor, except possi­
bly the specific adsorption of a significant amount 
of a negative ion, thus reducing the effective posi­
tive charge. In sol C the samples were taken after 
eight hours of growth, compared with four hours for 
sol A. In sol C the total sulfite concentration and 
the particle radius are greater than in sol A. If 
polythionates were also formed in the chemical 
reaction, the amount present after eight hours of 
sol growth, although very small, might be sufficient 
to cause a reduction in the positive mobility of the 
particles as compared to those of sol A. Some ad­
sorption of bisulfite ion, due to the presence of a 
greater concentration of this ion in solution after 
eight hours, may also be a possibility. Further 
consideration is given to the influence of certain 
negatively charged species in the sections which 
follow.

Mobility Measurements at High pH.— A few
minutes after the adjustment of the pH of sol A to 
pH 10.4 the mobility was found to have a value of 
—1.2 X 10-4 cm.2 volt“ 1 sec. _1 (Fig. 4). However, 
the negative mobility decreased more rapidly with 
time (Fig. 6), than can be attributed to the de­
creases in pH (less than 0.1 unit in 45 minutes). 
Other measurements between pH 10.3 and 10.7 
showed that the mobility was the same immedi­
ately after pH adjustment.

A reasonable explanation for this behavior is 
that S03= ion is the charging species at high pH. 
Dinegar and Smellie13 have demonstrated that at 
pH =  4 the growth of the particle ceases; instead 
they dissolve at a rate dependent upon the pH. 
They have shown that the dissolution of the parti­
cles is related to the diffusion of S03”  ion to the 
surface. The primary reaction producing sulfur

S 20 3"  +  H +  =  S +  H S 0 3-  

is reversed above pH 4 by the reaction 
S +  so3- =  S20 3"

Since the last reaction consumes S03”  ion, the 
variation of mobility can be ascribed to a reduction 
of the concentration of this ion leading to a corre-
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Fig. 6.— V ariation of negative m obility  w ith tim e a fter first observation following adjustm ent of pH  to  10.47, for a 4-hour
sol prepared as in A , F ig. 4.

sponding reduction of the concentration on the 
surface of the particles.

It can be shown that any reduction in mobility 
due to changes in size alone would be small, since 
the radius decreased from 0.35 to about 0.2 p, cor­
responding to a change in mobility of less than 
10%.7'20

Sols in which the Charge Becomes Negative 
during Growth.— In the case of a sol prepared from 
0.002 M  HC1 and 0.003 M  sodium thiosulfate, 
the initial positive charge on the particles changes 
to a negative charge within a few hours. This be­
havior might be associated with the production 
of some species, such as polythionate, in sufficient 
quantity to cause charge reversal. In sol A, Fig. 3, 
the charge decreases with time but the sign is not 
reversed. Experiments cited (Table II) have 
shown that added pentathionate ion can produce 
reversal of charge. However, this does not prove 
that the species responsible for reversal (or reduc­
tion) is pentathionate ion.

Preliminary experiments in which sodium sul­
fite was added to the sols (at pH 2.7-2.9) showed 
no appreciable effect on the original mobility of the 
particles indicating lower adsorption for HS03“  as 
contrasted with S03=.

The rate of adsorption may be very important 
when ions are added to the sols. Equilibrium may 
not be established immediately and studies as a 
function of time should be made. This is especially 
true when the concentrations are in the order of 
10-5 M. During the growth of particles the rela­
tive rates of production and/or adsorption of charg­
ing species may be changing so that equilibrium 
may not be established with respect to particle 
charge.

The Effect of Agar.—While experimenting with 
agar gel barriers in the electrophoresis cell, it was 
found that a negative charge was produced on 
particles of a sol in which the charge was originally 
positive. The direct addition of agar to the sols 
produces the same effect. The mobility was re­
duced in all cases to the same value —1.2 X 10~4 
for several sols of different age and particle size.

The agar evidently coats the particles producing a 
uniform negative charge. No change in the origi­
nal mobility was observed with gelatin barriers.

II. Alcohol-Sulfur-W ater and Acetone-Sulfur- 
Water Sols.— In sols prepared by adding water to 
alcohol or acetone solutions of sulfur which had 
been heated, the particles had isolectric points at 
pH values between 5.8 and 6.0. At higher pH 
values the particles exhibited large negative 
mobilities which increased with increasing pH. At 
pH values below about 6 the charge was positive. 
The mobilities at pH 2.7 were 1.78 for an alcohol- 
water sol and 1.74 for an acetone-water sol in J 0 4 
unit.

However, in sols prepared by dissolving sulfur in 
cold absolute alcohol and adding water the charge 
on the particles was negative even at pH 2.7. Po- 
tentiometric titration of these sols having posi­
tively charged particles indicated the presence of a 
weak acid. Acetic acid was suspected as responsi­
ble for the positive charge.

To test this assumption, sols were prepared by 
dissolving sulfur in absolute alcohol solution in the 
cold, diluting with water, HC1 was then added to a 
final pH of 2.76. The measured mobility of —0.88 
X 10“ 4 unit remained constant for more than an 
hour. Another sol was prepared in which 0.05 
mole/1. of acetic acid was also added (pH =  2.75). 
The particles now had a positive charge with a 
mobility of 10“ 4 unit. (See Table III for summary 
of results.)

T a b l e  III

A lco h ol- W a t e r  H y d r o s o l s . E ff e c t o f  M e th o d  of

P r e p a r a t io n

104 mobility,
Preparation pH cm.2 volt-1 sec. -1

Alcohol heated 6.0 Zero-isoelectric
2 .7 4 -1 .7 8
6 .9 - 1 . 3

Alcohol cold 2 .7 N egative
2 .76 - 0 .8 8
2 .7 5 4 -1 .0 “

M echanically dispersed sulfur 2 .7 Zero31
a A cetic acid (0.05 M )  added.
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The mobility should be dependent upon the 
conductivity of the particles as compared to that of 
the liquid.20 In several instances the mobility 
was lower when the sulfur particles were formed in a 
solution containing HC1 (pH 2.7) than in the case 
where the HC1 was added after the sol had been 
formed. The drop in mobility of about 40% may 
be due to incorporation of ions within the particles, 
thus increasing their conductivity. All sols com­
pared exhibited the same bulk conductivity and 
p H .

According to Henry,20 the electrophoretic mobil­
ity is related to the conductivity of the liquid K, 
and to the conductivity of the particles K ' in the 
following manner for spherical particles

The quantities D, X, f  and r¡ have the same mean­
ing as in eq. 1.

This equation becomes identical with eq. 1 if 
K »  K'. If Kt; is comparable to K, the mobility 
will be reduced. The relatively low mobilities of 
sulfur particles in a dilute thiosulfate-acid sol may 
be due at least in part to the conductivity of the 
particles themselves. Pauli12 claims that his par­
ticles consist of drops of supercooled liquid sulfur 
mixed with thiosulfuric acid1’ 12 and possible water. 
If the surfaces of the particles are polarized, they 
should behave as insulators.28 Emulsions of water 
(containing electrolytes) in organic solvents showed 
zero or extremely low mobilities.29 30 In these cases 
the specific conductance of the water droplets is 
much greater than that of the organic liquid, i.e., 
K ' »  K, and therefore v is very small.

In the positively charged alcohol-sulfur-water 
and acetone-sulfur-water sols a plot of an+/u vs. 
(Ih + (for pH values below 5) is linear. The data of 
Hazel and Ayers80 for a hydrous ferric, oxide sol 
are also linear when plotted in the same way for 
pH values below 8. The isoelectric point for this 
sol is approximately pH 8.6. Some of their data 
are plotted on Fig. 7. A plot of — (log intercept of 
eq. 10) i.e., —log a vs. (pH of the isoelectric point)

F ig. 7.— P lo t of c h + / u  v s . an+ for the data  of H azel and 
A yers for a hydrous ferric oxide sol.

(28) H. Bull and K. Sollner, Kolloid-Z., 60, 203 (1032).
(29) A. Gyamant, Z. physik. Chem., 102, 74 (1922).
(30) F. Hazel and G. H. Ayers, T his Journal, 35, 2931 (1931).

is linear for thiosulfate-acid, alcohol-sulfur-water 
sols and the data of Hazel and Ayers80 for a hydrous 
ferric oxide sol. A plot of (slope of eq. 10)~1 i.e., 
(3~l vs. (pH of the isoelectric point) is also essen­
tially linear (Fig. 8).

Miscellaneous Observations.— In sols prepared 
from thiosulfate and acid the mobility of the par­
ticles was dependent upon the position in the flask 
from which the sample was taken. After a period 
of about 20 hours, mobilities of particles in samples 
taken from the top of the flask differed consider­
ably from the mobilities in samples taken from the 
bottom. Shaking the flask to redistribute the 
particles produced a uniform charge on their sur­
face, since the particles now exhibited the same 
mobility.

Observations of mobility near the isoelectric 
point showed particles both positively and nega­
tively charged. These particles could be made to 
collide and sometimes stick together by careful 
manipulation in the electrophoresis cell.

Sols in which the charge on the particles reverses 
during growth exhibited some coagulation ten or 
more hours after the charge reversal. In several 
cases as many as five or six elementary particles 
were joined together. These combinations exhib­
ited no charge. Binary combinations of element­
ary particles were observed in large numbers. These 
combinations showed a lower mobility than the 
elementary particles.

V. Conclusion.—The isoelectric point of me­
chanically dispersed rhombic sulfur is at a pH of 
approximately 2.7.31 Obviously, since the parti­
cles in the dilute thiosulfate-acid sols are posi­
tively charged at this pH and the isoelectric point 
is at a pH of approximately 4, the surfaces in each 
case cannot be the same. It seems likely, there­
fore, that the production of a positive charge on the 
surface of dilute monodisperse particles is not due 
to hydrogen ion adsorption alone but involves one 
of the other possible mechanisms discussed under 
“ Acid-Thiosulfate Sols.”  The fact that acetic acid 
is necessary to produce a positive charge in sols 
prepared from alcohol-sulfur solutions and water 
lends support to an exchange mechanism by means 
of the weak acid molecule. If this mechanism were 
operative in the dilute thiosulfate-acid sols, the 
weak acid, H2S03, could be responsible for deposit­
ing H+ ion on the particles below pH 4.

Meyer32 found that dilute selenium hydrosols 
prepared from sodium selenosulfate were positively 
charged at acid pH values and negatively charged 
in the alkaline pH region. The behavior of these 
sols is similar to that described here and indicates 
that in this case also no strongly adsorbable nega­
tive ions are present at acid pH values.

Since sulfites are produced in the reaction be­
tween the selenosulfate and H + ions, sulfurous acid 
will also be present. The exchange mechanism 
might also be possible in this case. Further inform­
ation could be obtained by studying the effect of 
weak acids with different dissociation constants at 
constant ionic strength. The value of the disso­
ciation constant should influence the magnitude of

(31) J. Perrin, chim. phys., 2, 601 (1904).
(32) J. Meyer. Z. Elektrochem... 25, 80 (1919).
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Fig. 8.— Shows a plot, of — log a  vs. (pH  of the isoelectric point) (line A ) and a plot of vs. (pH  of the isoelectric point) 
(line B ). O, data of sol A  (Fig. 5); ©, data  of alcohol-su lfur-w ater sol containing acetic acid; data  of H azel and A vers 
(Fig. 7).

the mobility in the acid pH region as shown by the 
theoretical developments under “ Acid-thiosulfate.” 
If weak acids with about the same values for the 
dissociation constant are chosen, the effect of the 
respective anions may be determined.

Pauli12 has taken exception to the belief that 
pentathionate ion is responsible for the production 
of a negative charge in the more concentrated thio­
sulfate-acid sols. He considers that thiosulfate 
ion is responsible for this charge. The present inves­
tigation demonstrates that his view is not correct.

The addition of very small amounts of pentathio­
nate ion (2 X 10~6 M ) to dilute sols reverses the 
charge. However, the thiosulfate concentration is 
2 X 10” 3 M  yet a positive charge on the particles is 
observed. It is demonstrated in the present in­
vestigation that, when pentathionate is present, it 
will be more effective than thiosulfate in determin­
ing the charge on the particles.33'34

(33) M. Choucroun, private communication.
(34) H. V. Tartar and H. H. Garretson, J. Am. Chem. Soc., 63, 808 

(1941).
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T h e potentials of mean force of sets of n  ions, averaged over the configuration space of all other ions in the system , are 
expanded as pow er series in a  charging param eter £. E quations are derived relating coefficients of the various powers of £ in 
these expansions, using the m ethod of sem i-invariants. T h e  v a lid ity  of the linearized P oisson -B oltzm an n  equation for 
the coefficient of the first pow er of £ in the expansion of the potential of mean force of an ion pair, when ion size is neglected, 
is dem onstrated. T h e v a lid ity  of the D eb y e -H ü ck e l lim iting law  is thus shown in an unam biguous w ay. A  system atic 
procedure of obtaining the coefficients of higher powers of £ is outlined. W hen ion size is considered, the linearized integral 
equation for the potential of average force of a pair of ions possesses oscillating solutions at high ionic strength, corresponding 
to stratifications of average space charge of altern ating sign in the neighborhood of each ion.

Introduction
The Debye-Hückel1 theory of solutions of strong 

electrolytes remains one of the outstanding achieve­
ments of modern theoretical chemistry. Not only 
does it provide a general understanding of the

(1) P. Debye and E. Hückel, Physik. Z., 24, 185 (1923).

unique aspects of electrolyte solutions, arising from 
the long range Coulomb forces between the ions, 
but all experimental evidence appears to confirm 
its limiting laws, as the ionic strength approaches 
zero, as rigorously exact quantitative relationships. 
However, although the validity of limiting laws is
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seldom seriously questioned any longer, their pre­
cise theoretical foundation leaves something to be 
desired. As R. H. Fowler2 pointed out, the Pois­
son-Boltzmann equation on which the Debye- 
Hiickel theory is based is not consistent with the 
exact principles of statistical mechanics, and this is 
reflected in the failure of the mean electrostatic 
potentials calculated by the theory to satisfy the 
conditions of integrability as functions of the ionic 
charges. Nevertheless, the solutions of the lin­
earized Poisson-Boltzmann equation, upon which 
the limiting laws are based, do satisfy the conditions 
of integrability, which is presumptive evidence 
that only the non-linear terms are in error. On- 
sager3 and Kirkwood4 carried out detailed analyses 
of the problem along similar lines and reached a 
provisional conclusion that departures from the 
principle of superposition, upon which the Poisson- 
Boltzmann equation is based, lead to errors in the 
potential of mean force between an ion pair, which 
is of the same order in the ionic charges as the non­
linear terms in the Poisson-Boltzmann equation. 
The principle of superposition states the average 
force acting upon a third ion in the neighborhood 
of an ion pair is the sum of the average forces which 
would act upon it if each ion of the pair were pres­
ent alone. Their arguments, justifying the valid­
ity of the linearized Poisson-Boltzmann equation 
and the limiting laws, were, however, incomplete in 
the sense that it was necessary to employ the 
principle of superposition in order to estimate the 
error introduced into the Poisson-Boltzmann equa­
tion by departures from superposition. Therefore, 
it was only demonstrated that the use of the ap­
proximate principle of superposition was consistent 
with the rigorous validity of the linearized Pois­
son-Boltzmann equation, not that this equation 
was in fact valid. More recently, Mayer6'6 has 
presented a theory of strong electrolytes, based 
upon a cluster development of the partition func­
tion of the type used in the theory of imperfect 
gases and solutions. After forcing converge of the 
cluster sums with factors e~~aR in the Coulomb po­
tentials of the ions, he was able to obtain the De- 
bye-Hückel limiting law by the summation of 
selected terms in the cluster development, corre­
sponding to ring graphs alone. However, explicit 
proof that clusters corresponding to graphs of 
more complex topological types do not contribute 
terms of the same order as the limiting law is, to 
say the least, not transparent and obvious.

For these reasons, it seemed to us worthwhile to 
re-examine the statistical mechanical basis of the 
Debye-Hückel theory by means of a systematic de­
velopment of the potentials of average force in sets 
of n ions, in power series in the ionic charging par­
ameters, along the lines of the earlier work of On- 
sager and Kirkwood. In this manner, we shall be 
able to demonstrate the validity of the linearized 
Poisson-Boltzmann equation for the coefficient of 
the first power of the development of the potential

(2) R. H. Fowler, “ Statistical Mechanics,”  Cambridge University 
Press, New York, N, Y ., 1929, Chap. X III.

(3) L. Onsager, Chem. Revs., 13, 73 (1933).
(4) J. G. Kirkwood, J. Chem. Phys., 2, 767 (1934).
(5) J. E. Mayer, ibid., 18, 1426 (1950).
(6) J. Poirier, ibid., 21, 965 (1953).

of average force of an ion pair in a power series in 
the charging parameter of either ion, when ion size 
is neglected, and thus to demonstrate the validity of 
the Debye-Hiickel limiting law in an unambiguous 
fashion. A systematic method for determining the 
coefficients of higher powers of the charging param­
eters is outlined. When ion size is taken into ac­
count in a symmetrical manner for both ions of a 
pair, the linearized integral equation for the poten­
tial of average force cannot be converted into a 
Poisson-Boltzmann equation, but is equivalent to a 
differential-difference equation which possesses os­
cillating solutions at high ionic strength, corre­
sponding to stratifications of average space charge 
of alternating sign in the neighborhood of each ion, 
simulating the types of radial distribution to be ex­
pected in concentrated solutions and in molten 
salts.

I.
We shall find it profitable to begin with a brief 

review of some of the general relationships between 
the excess electrical chemical potentials of 
the ions of the several types a = l...v, present in an 
electrolyte solution, the mean electrostatic poten­
tial \pa in the neighborhood of an ion of type a, 
carrying a fraction of its full charge, and the ra­
dial distribution functions gap ) of ion pairs, one 
of which carries a fraction ¿1 of its full charge. The 
mean electrostatic potential 1¡/a{R) at a distance R 
from an ion of type a, satisfies the exact Poisson 
equation

47r
~D 2_, —

0=i
gm3(2) = e-WapM/kT (1)

where WaP } is the potential of mean force acting 
on an ion pair of type a(3. Equation 1 is valid by 
definition of the radial distribution functions 
gap(2>, which are so defined that N^gâ 2)/v is the 
average particle density of ions of type ¡3 at a dis­
tance R from an ion of type a. The excess electri­
cal chemical potential may be determined in several 
equivalent ways.

â(e) _  (>a I ipct(£l)d£l
(2)

M«(e) = ¿ 7  f 1 f h a / 1 W 2)(|1, F )  -  l]d»d&
0 = 1 v Jo J

where Val3a) is the electrostatic energy of an ion pair 
of type af3, and the volume integral extends over 
all relative configurations of the pair, while the in­
tegrals over the charging parameter |i, of one ion of 
the pair extend from zero to unity, all other ions 
in the system remaining fully charged (Guntelberg 
path). As alternative methods, the Debye charg­
ing process, in which all ions are charged simultan­
eously, may be employed, or the general expres­
sions for the chemical potentials of the components 
of a solution of Kirkwood and Buff7 may be used. 
If the exact potentials or radial distribution func­
tions !7a0(2) are employed, all methods of determin­
ing the chemical potential are consistent and lead 
to the same result. The Poisson-Boltzmann equa-

(7) J. G. Kirkwood and F. P. Buff, ibid., 19, 774 (1951).



Aug., 1954 M echanics of the Debye-H uckel Theory of Strong Electrolytes 593

tion of the Debye-Huckel theory is obtained from 
eq. 1 with the use of the approximation

WaP(-2) = etfa (R) ( 3 )

An analysis of the hmit of validity of this approxi­
mation will be the special subject of this investi­
gation.

II.
We suppose that the potential, F n, of the inter- 

molecular force acting on a system of N ions occu­
pying a volume v may be expressed in the form

N
Fn = £  Fiji 

i<j = 1
V i ,  =  Vi,(°> +  V i , » )  ( 4 )

where Fij(0) is the potential of the short range inter- 
molecular force, van der Waals and repulsive, act­
ing between the ion pair ij and Fi;(1) is the potential 
of the long range Coulomb force. If the system of 
ions is immersed in a solvent, for example water, 
the potential F n is to be interpreted as the poten­
tial of mean force, arising both from other ions and 
the solvent molecules, averaged over all configura­
tions of the solvent molecules in a canonical en­
semble. The Coulomb potential F,ja) may be de­
fined as

ViF e,e;
DR\i (5)

where e\ and e, are the charges of the respective 
ions, A,, the distance between them, and D the 
macroscopic dielectric constant of the solvent, if we 
agree conventionally to absorb effects of departures 
of the local dielectric constant from D in the short- 
range part Fij(0) of the potential. That such de­
partures contribute only short-range terms, dimin­
ishing more rapidly than R\j~3 requires separate 
proof which will not be given here. We shall also 
neglect departures from superposition, implicit in 
eq. 4, arising from the polarization of each ion by 
the total electric field of all others.

We now assign to each ion i a charging parame­
ter, £i, ranging from zero to unity and introduce the 
potential F n(£i •. - In) for the system, in which each 
ion carries the charge lie,, a fraction of its full 
value

N
V„(€i • ■ . In) = Fn“» + £  €if,V ¡¡(1) 

i<j = 1
N

F n“» = £  Fi,«> (6)
i<:, =1

Fij(1) = e m / D R n

where F n<0) is the potential of the short-range in- 
termolecular forces.

The potential of mean force IFn(,i) (1 ■ . .n) for a 
set of n ions, averaged over the configuration space 
of the other N — n ions is given by the theory of the 
canonical ensemble in the following form

0-/9 . .  n) =  vn -¿[¿n-F n«)]
}

N
n  d»j

= tt + 1

0  =  1 / k T

(7)

where the integration extends over the configura­
tion space of the residual set of N — n ions, and it 
is understood that 1F n(,i), A n and F n depend upon 
the charging parameters of eq. 6. For brevity, 
the coordinates of the n ions are denoted by 1, 2, . .
n. Properly the potentials of average force should 
be labeled with the ion types of the set n. How­
ever, to avoid excessive complication in notation, 
this labeling will be introduced explicitly only in our 
final equations. We now select any one of the 
ions, say ion 1, of the set n and write
¿4n — F n =  4̂n(0) — F n(0) +  —

n
6  £ i i F i F >  -  | , F 1(I)N - n  

; = 2 
N

Fi. £  fjF¡,(1> (8)
J = n + 1

where A n(0) and F n(0) are the Helmholtz free 
energy and potential of intermolecular force when 
|i is equal to zero, ion 1 uncharged, nie the electro­
static contribution to the chemical potential of ion 
1, equal to A n — A n(0), and Vu N-n(1) is the 
electrostatic energy arising from the interaction of 
fully charged ion 1 and the N — n ions of the resid­
ual set. Introduction of eq. 8 into eq. 7 leads to 
the expression
0 -/3WN(n)(l • • n) =

efi I JWM>(1 • • n) -£, 2 £jFu<»J <e-'3flF‘.N-»'1>>ii = 0

/’ S '
e -WiF.,N-T,I1>g-iiAN(0) -  Vn(0)] 0  ¡\v .

i  =  n + 1f / i Ng/3[AN(o) -  fn(0)j n dw,
j = n  +  l

(9)

where IFN(n>0) (1 . . n) is the potential of average 
force acting on the set n, when ion 1 is discharged, 
|i =  0, and the averages are to be calculated in an 
ensemble in which ion 1 is discharged.

By the theory of semi-invariants,8'9 * * we may write

2 v „)
< e - « i F , lN— » " >> { l  = 0 =  e» =  l S'

£  (i Z { y , (n)A fr-.(n) =  M .W ; s = 1, • • • co
r =  1

M .M  =

f  f
n  dwj

i—n + l
/3[An(0) -Fn(0)] n dv, 

3 = n-\-1
Ai(n) =  M i (n)

A2(») = Af2<**> -  M i(nn 
A3<") =  M 3<"> -

(10)

where the quantities Ms,n) are the moments of
F i.n- F 15, the electrostatic energy of interaction 
of ion 1 with the N — n ions of the residual set.

(8) H. Cramer, “ Mathematical Methods of Statistics,”  Princeton 
University Press, Princeton, N. J., 1946, p. 185.

(9) A similar expansion recently has been used by R. W. Zwanzig
in the formulation of a general statistical mechanical perturbation
theory, J. Chem. Phys. (in press).
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Equations 9 and 10 lead to the following expres­
sions for the potentials, ITN(n)
IFn^ U  . . . « )  =  1Fn("'0)(1 . . . » )  +

? > £ * Wu1» +  -  A„<»] (11)
3 = 2 8 = 1 S-

as power series in the charging parameter & of ion 1. 
Therefore, we may write

TFN<n)(l ■ ■ ■ ») = TFn'"'»)(1 • • • n) + E  Îi*fFN<n'*>(l . .. n)
5 = 1

IFN<n'» (l . . . « )  = ( - 0 ) * _t [A,<"> - A a<‘>] +

* . i  E  ( 1 2 )

y-2
Is =  1)
Is =  0)

as the desired power series. Although the quanti­
ties A3(re) do not converge individually for Coulomb 
forces, they may be made to converge by replacing 
1/Rii by e~aRi</Rj-, where a is a positive real num­
ber. The differences As(,!) — AS(I) do converge in 
the limit a =  0, and are properly defined as such 
limits.

We now proceed to consider the first of the set of 
eq. 12, determining I T n <" ,1) (1  ■ ■ . n ) ,  the coefficient 
of the linear term in £i, which assumes the form

1Fn(».‘)(1 ... n) = E  iiiffijO) -  Fi|<‘>] +
3 =  2

j = n + l V J
e-pwN(».»>ay)]d»i

F.jO) = ¡, J "Vume-l3^ ‘’0>(Wdvi (13)

The effect of the short-range interactions of un­
charged ion l with the other ions of the system 
may be taken into account by a Mayer cluster 
expansion, which with the neglect of terms of order 
l/v, yields

n
IFN<»+1 .0 ) ( 1  . . . n j )  =  W W " > (2  . . .  n j ) +  E

1=3, 2
(14)

where TTn- i('i) (2 . . .nj) is the potential of average 
force acting on the set of n ions, 2 . . . nj, in a system 
of N — 1 ions, from which ion 1 is absent. With 
the neglect of short-range cluster contributions, we 
may therefore write eq. 13 in the form

n
wv».»(i . . . » )  = E  iiH V» -  tv »]

j  = 2

+  £ !  r v Ij(»e~3v„«o)X

[6-^[irN_,PO(2..nj)~W;N-i^-1H2..n)] -  \]dv. (15)
Jf we now expand ? n - i ( ,)  (2 . . nj) in the power 
series
1Fn - i("!(2 . . n j)  =  lF N-,<".»>(2 . . n j )  +

i ilF N_ ,<".»(2 . . n j)  +  0 a , 2) 

1F n- i<" ’0)(2 . . . n j )  =  TFn- 2 (" “ » (2 . . .  w] +

£  T V 0) (16)
1 = 2

in the charging parameter & of ion j and ignore 
terms J F n c' i) — U n - P 1 and TTn- iu_1) — 
TFN-*<B-l), which bear a ratio of order 1 /'N to 
terms retained, we obtain the following integral 
equations

TFn<-‘.»(1 . . . n )  =  Y  i j ( T i j (1) -  Gi<») +  
3 - 2

p 2 Fil«) — 
1 = 2 l ]  dt>j (1G

which are valid with the neglect of terms of the or­
der in the exponential of the integrand
on the right-hand side of eq. 12. If the short-range 
intermolecular forces are idealized as those acting 
between rigid spheres of equal diameter a, and the
charging parameters are subject to the restraint 

v
of electro-neutrality, E  £iei = 0, eq. 17 simplifies

3 =  1
to the form

TFn<"’»(1 ■ ■ n) = E  +
3 =  2

* t. rv
E  -  F , i < » [ e - « / W rN < » . » ( 2 . . n j )  -  l ] d i  j ( 1 8 )

j  = n  +1 V J  w n

where the region a>„, bounded by n spheres of radius 
a, concentric with each of the ions of the set n, is 
excluded from the domain of integration over the 
coordinates of each ion j  of the residual set, N — n. 
Although there is no difficulty in principle in creat­
ing more complicated short-range forces, we shall 
henceforth restrict ourselves to the case of rigid 
spheres for the sake of simplicity. If the size of 
ion 1 is neglected in eq. 18, and only w„_i, the re­
gion of repulsion of ions 2, . . .  n, is excluded "from 
the domain of integration of ion j, eq. 18 may be 
transformed into the Poisson-Boltzmann equation 
by taking the Laplacian of both sides 

N  j.
Vi2TFn<n,1) = -  4*- E  W i e-«ArN«“'1»(i2..n) (19)• i , Dv 

3 =  n  +1
However, neither eq. 18 nor eq. 19 with the neglect 
of the size of ion 1, is a valid equation for W N(n,I), 
since terms of order £j2TT(,i'2) have been discarded 
in the exponential appearing in the integrand on the 
right-hand side of eq. 15. We are therefore only 
justified in keeping linear terms in £j the expansion 
of the exponential
g - 0 [ W n-  i(n)(2..7tj) — Wn-  i(n_1)(2” ??.)I 

n

-p  2 W«»
= e i = 2 [1 — |8{jlFN_i<’,>»(2 • ■ nj) +  0(tj2)] (20)
With the linearization of the exponential of eq. 18 
according to eq. 20, we obtain the following linear 
integral equations for the ITn(,1,i), valid to terms 
of the order of £j3 in the charging parameters of the 
ions of the residual set, N — n

n

IFn("'»(1. ■ «) = E  f i V 1’ -
3 =  2

|3 E  — P ’ l V ' W W a  . . n j ) l v i  (21)
7 = 71 +  1 v  ■ /“ »
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The linear equations 21 constitute a self-consistent 
set of integral equations, closed for each ion set n, 
while the non-linear equations, eq. 18, are inconsist­
ent with the exact statistical mechanical theory in 
retaining some terms of order £j3 and higher, but not 
all, since terms of the order £j3Wn(,i'2) are neg­
lected. This does not mean that the non-linear 
equations 18 and 19 may not provide a useful ap­
proximation, but accounts for the fact that their 
solutions fail to satisfy the rigorous criterion of in- 
tegrability.

In order to proceed to the next higher approxi­
mation, terms in IFn("'2) and TTn (,1’1)2 must be 
retained in the expansion of the exponential, eq. 20, 
and the second of eq. 12 must be employed to de­
termine ITn("’2)

... n) = -
R *  £.2 C'
2  j = n +1 V J

Y j  f  f '  Fjj( 1>r1;''l'[e_30FN"l+1)(2..7uj')-
¿ t + i  "  w N‘»-‘>(5..n)] -  e-iW 'N ^O '/jjdrjdrj'

(22)

+  f [ W r » ( * - , , ( l  n) -  Y  £ j l h i (1> ] 2 

i  =  2
where terms of negligible order have been neglected 
and the short-range forces are assumed to be those 
between rigid spheres as in eq. 18 and 21. A 
rather tedious analysis leads to the following ap­
proximation to TTn<'1’2), valid to terms in £j4 
IFn(“ '2,(1 . . .  n )  =

f  £  v  P  F„<» W » . » ( 2 . . n j ) d»j (23)
41 j-n  + l V

If terms to the order £j4 are retained in the expan­
sion of the exponential in the integrand of eq. 17, 
and short-range forces are idealized as those be­
tween rigid spheres, eq. 14 becomes

n

U V " ’ ‘>(1 . . n )  =  Y  « T V 0 (24)

v J = 2
- / »  Y  ,7 P ( f j 2 T I i ' » l F N < » ' 1' ( 2  . . .  nj)

y = n+1 un
-  Si3Fij<1> [jp F N <'’ '» 2 -  1F n<",2>] [ th'j

Simultaneous solution of eq. 23 and 24 would yield 
a consistent approximation to ITNire) (1 . . n) to 
terms of order £j3, and would provide correct ex­
pression for the terms proportional to c log c in the 
excess chemical potential of an unsymmetrical elec­
trolyte present in solution at concentration C. The 
solution of eqs. 23 and 24 will be reported in a later 
article. Extension of the method outlined to the 
determination of higher approximations to the po­
tentials of mean force could be made in a syste­
matic way, but would be lengthy and tedious.

We now return to the linear integral equations, 
eq. 21. The integrals on the right-hand converge 
in the limit of zero ion size a, and the equations be­
come

... n) = y  «a v 0-1 = 2
0 Y  —  P T i j(I)T'FN<" '" ( 2  . . ry)chj (25)

/=«+! V J

Equations 25 may be exactly solved by superpo­
sition in the following form

]^N(»,n(X . . n) = Y  ws(n’l)( Ij) 
j  — -

w ^ d j )  = tiT,/« -
V

„ " » » « '" '" ( i i ) * !  (26)

w N(>M)(ij) =  IF n-  u+2<2,1)( l i )

" v “ <12> -  t .m --  *••*<*>*<

Thus we observe that the entire set of linear integral 
equations 25 are rigorously solved by the superposi­
tion principle, which was implicit in the original 
Poisson-Boltzmann equation of the Debye-Hückel 
theory, if ion size is neglected.

It is of interest to investigate the solutions of eq. 
21 for ion pairs, n  = 2, without the neglect of ion 
size. For this purpose we introduce the more ex­
plicit notation Wafl{2-ll(Rr2) for two ions of types 
a and /3, where it is to be understood that there are 
AT, Ni . . .  N,  ions of the several types \ . . .  v pres­

ent in the volume v, with N = Y  Na, and Rn is the
a = 1

distance between the pair of ions. Equations 5 and 
21 then lead to the following system of integral 
equations for the functions W when all %■> are 
set equal to unity, corresponding to full charge for 
all the ions except ion 1
Wak^KRu) =

e.aep N ye ye a C v W f f y ^ i R n )  .
l ) R n  ^  D v k T  J ulliM1 R n  tte*

a , (3 =  1 , . . v

(27)

where on3 and w23, spherical regions of radius a ,  con­
centric with ions 1 and 2 are to be excluded from 
the domain of integration in the space of ion 3. 
The system of eq. 27 may be solved in the form

Wâ \R n) = *<*„)

<p(R) =  1 -  /c2 K (R ,r )< p (r )d r  

K ( R ,r )  =  R ;  a  <  R  <  r — a

=  2  (R  +  r  — a ) ;  r — a <  R  <  r +  a  (28) 

=  r ; r +  a <  R  <  oo

2 = 4̂  A  Nyfy2 
D k T  ¿-C v7 =  l

after the introduction of dipolar coordinates, Rn 
and Rm in the integration over the configuration 
space of ion 3, where k is the familiar Debye- 
Htickel parameter, proportional to the square root 
of the ionic strength. The integral equation for 
<p(R) may be solved by the method of Laplace trans­
forms

G(z) = |e-- 'V(/ i ) ' fR

z2 —  C- c.osh za 
B(:)  = z — k*G(0) -  zV(z)
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o-(z) = <p(R )A R

j :
k (R  — r)<p(r)dr =  f ( R ) ;  0 <  R  <  a 

: -  k2G(0)t /* c -H co

i r  c+*
4(0

Z2 — K2 cosh za

0 e zt

z 2 — k2 cosh za

e zR(\z (29) 

d/

where the path of integration is to be taken along a 
line parallel to the imaginary axes with the constant 
C lying between zero and the least positive real 
part of the zeros of the function z2 — k2 cosh za. 
The function <p(R) is then given by the expression

_ JL Cc+ic° ,1,
‘  ~  2 id  J c_ ioo z2 -  k2 cosh za

<p(R) =  X )  R  >  a  (30)
n =  1

=  - R ( - Z n)_____
° 2z„ — d a  sinh z„ a

zn2 — k2 cosh z„a =  0

where the sum extends over all zeros of z2 — k2 cosh 
za with positive real part. The explicit determin­
ation of the coefficients A  „ may be carried out after 
numerical solution of the fifth of eq. 29, an integral 
equation for <p{R) on the finite interval 0 <  R <  A. 
Since we desire only to discuss the general proper­

ties of the function <p(R), this calculation will not 
be presented here.

If we examine the roots zn of the equation
z 2 — k2 cosh za  =  0

Zn = <*„ ±  i/3n (31)
we find that if a is set equal to zero, there is only 
one root Zi = k with positive real part, and the 
solution, eq. 27 for <p(R) reduces to the Debye- 
Hiickel first approximation e~*R. For finite a and 
small K.a there are two positive real roots, the smaller 
one approximating k at low ionic strengths, which 
makes the dominant contribution to <p(R), so that 
<p(R) resembles the Debye-Hiickel form. As the 
ionic strength increases, the two real roots approach 
equality, become equal at xa = 1.03 and then move 
into the complex plane as complex conjugates. For 
values of tea greater than 1.03, <p(R) exhibits the os­
cillations characteristic of the potentials of mean 
force in the liquid state, and around each ion there 
develops a statistical stratification of the average 
space charge due to the other ions with alternating 
zones of excess positive and excess negative charge. 
It is attractive to consider the application of these 
ideas to an elucidation of the structure of concen­
trated electrolyte solutions and fused salts, al­
though it would no doubt be necessary to go beyond 
the linear approximations, eq. 24 to the potentials 
of mean interionic forces in order to obtain more 
than a qualitative description.
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T h e chem ical p oten tial of w ater in aqueous solutions of potassium  and sodium  p rim ary and secondary phosphates and ar­
senates and in equim olal m ixtures of the secondary and tertiary  salts a t  25° w as determ ined b y  isotonic com parison with 
sodium  chloride solutions from  0.1 to 1.1 M  N a C l. T h e  osm otic coefficients are expressed as the D eb ye-H iick el term  and 
L aM er-G ro n w ab -G reiff second term  for a  size of 5.35 A. plus a  term  B c/ {  1 +  D c ) ,  in which B  and D  are specific param eters. 
T h is perm its a n alytic  expressions for the a c tiv ity  coefficients. T h e  coefficients of the tern ary salts are com puted b y  the 
specific ion interaction  assum ption th a t vB  and D  are linear functions of the equ ivalen t fraction. T h e a c tiv ity  and osm otic 
coefficients of the prim ary sodium  salts are less negative than those of the potassium  salts, the coefficients of the sodium 
secondary and tertiary  salts are more negative. T h e  coefficients of the arsenates are less n egative than those of the corre­
sponding phosphates. T h e  basis of B ronsted ’s th eory of specific ion interaction  is reexam ined, and the th eory  is used to 
determ ine the coefficients in m ixtures and specific effects on chem ical equilibria.

Our interest in aqueous solutions of sodium and 
potassium phosphates was aroused by the fact that 
sodium phosphate buffers are much more acid than 
potassium buffers of the same ratio of acid to base.2 
The effect may be as great as one pH unit in one 
molal solution. Measurements of the osmotic 
coefficients also permit a continuation of the com­
parison of the individual salts started by Scatchard 
and Prentiss.3

(1) Adapted from the Ph.D. Thesis of Robert G. Breckenridge,
1942.

(2) E. J. Cohn, private communication (about 1938).
(3) G. Scatchard and S. S. Prentiss. J. Am. Chem. Soc., 56, 807 

(1934).

Experimental
T h e apparatus used was th at of Scatchard, H am er and 

W ood,4 and the only change in procedure w as th a t tw o  of 
the cups contained the reference sodium  chloride solutions, 
and each of the other four contained a  solution of a  sa lt being 
studied. T h e  four prim ary and secondary phosphates were 
studied together in one series, the corresponding four arsen­
ates in another, and the four secon d ary-tertiary  m ixtures 
in a third series.

T h e  salts used for this study were prepared in this Labora­
to ry  and a t the H arvard M edical Sch ool. T h e sodium  chloride 
was prepared b y  precipitation by hydrogen chloride gas from  
a saturated solution of M allinckrodt C .p . a n alytical reagent 
sodium chloride in con du ctivity  w ater. T h e  product w as

(4) G. Scatchard, W . J. Hamer and S. E. Wood, ibid., 60, 3061 
(1938)
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dried a t 300° for 24 hours, recrystallized once from  conduc­
tiv ity  w a-er and again dried at 300° for 48 hours. I t  was 
pulverized in an agate m ortar, air dried at room tem perature 
and then stored over calcium  chloride.

T he prim ary and secondary phosphates were prepared 
b y  D r. T .  L . M cM eekin  in the L aboratory of Physical 
C hem istry a t  the H arvard  M edical School. Pure prim ary 
phosphates were m ade as described b y  Sdrensen5 6 and these 
were converted to the secondary salts b y  adding the proper 
am ounts of pure hydroxides. F or these measurem ents, the 
potassium  dihydrogen phosphate was dried a t 120° for 24 
hours, then pulverized, air dried and stored over calcium  
chloride.

Prim ary sodium phosphate crystallizes as a hyd rate, so 
this salt was made up as a stock solution in con ductivity  
water and its concentration determ ined b y  precipitating 
the phosphorus as m agnesium  ammonium phosphate and 
weighing as magnesium  pyrophosphate.6 T h e secondary 
salts were received as solutions and were used w ithout fur­
ther treatm ent, the concentrations being determ ined by 
analysis as for the prim ary sodium phosphate.

T h e  prim ary and secondary arsenates were made b y  adding 
the calculated am ount of M allinckrodt C .p . hydroxide to a 
sample of M allinckrodt analytical reagent arsenic oxide and 
recrystalhzing the salt thus obtained. T h e sodium salts 
were recrystallized three tim es. Since these are obtained 
as hydrates, stock solutions were m ade up and the concentra­
tions determ ined b y  precipitation of the arsenic as m agne­
sium am m onium  arsenate and weighing as magnesium pyro- 
arsenate. T h e prim ary potassium  arsenate was recrystal­
lized five tim es from  con d u ctivity  w ater and dried a t 120° 
for 48 hours. T h e salt was then powdered, air dried and 
stored as before. T h e  secondary potassium  arsenate was 
prepared b y  adding pure hydroxide to the pure prim ary 
salt and recrystallizing tw ice. T he salt w as used from  a 
stock solution sim ilar to the sodium salts.

T h e m ixtures of secondary and tertiary  salts were pre­
pared b y  adding the calculated am ount of pure alkali h y ­
droxide to  a solution of the corresponding secondary salt. 
H ighly concentrated solutions c f M allinckrodt C .p . h y­
droxide were prepared in con du ctivity  w'ater. A fter several 
hours digestion on a steam -bath th ey were filtered through 
hardened paper from  the insoluble carbonate.7 T h e fil­
trates were diluted w ith carbon dioxide free con du ctivity  
water to about 2.4 norm al and stored in paraffined bottles 
equipped w ith  dispensing burets and soda lim e guard tubes. 
These solutions were standardized against prim ary-standard 
grade potassium  acid phthalate th at had been dried for 12 
hours a t 120°. T hree or four stock solutions of each m ix­
ture were m ade b y  weighing the proper am ount of each 
solution, and the ratio of to ta l cation concentration to total 
anion concentration was determ ined for each stock solution.

Results
The results of the isotonic measurements are 

given in Table I as the equilibrium concentrations, 
and the values of M<t>, in which M  is the total num­
ber of moles of ions per kilegram of water, and 4> 
the osmotic coefficient, <f> = (In a0)/0.01816M, ao is 
the activity of the water. The values of the os­
motic coefficient of sodium chloride were calculated 
from the equation which corresponds to that for the 
activity coefficient given by Scatchard, Batchelder 
and Brown8

0 =  1 -  ( A / a )  Z ( x )/2 +  0.0126m +  0.0141m 2 (1)

in which
A  =  e 2/ k T D 0 (2)

a  =  a(87riVe2po/1000 /cTD,)1/* (3)
x  =  a(2 im iZ iV 2 )‘/2 (4)

Z  =  [1 +  x  — 1/ (1  +  x )  — 2 In (1 +  x ) ] / x 2 (5)

(5) S. P* L. Sorensen, Compt. rend. trav. Lab. Carlsberg, 8, 1 (1909); 
Biochem. Z . ,  21, 131 (1909); 22, 352 (1909).

(G) F. F. Treadwell and W. T. Hall, Analytical Chemistry, John 
Wiley and Sons, Inc., New York, N. Y., 1935.

(7) J. B. Niederl, “ Micro-Quantitative Organic Analyses by the 
Method of Pregl,”  John Wiley and Sons, Inc., New York, N. Y ., 1938.

(8) G. Scatchard, A. C. Batchelder and A. Brown, J. Am. Chem. 
Soc., 68, 2320 (1946).

and e is the protonic charge, k is Boltzmann’s con­
stant, T is the absolute temperature, N is Avoga- 
dro’s number, D0 and p0 are the dielectric constant 
and density of the solvent, zx is the valence of the 
species i, and a is the nearest distance of approach of 
two ions. For water at 25°, A is 2.342 X 10s and

T a b l e  I

I so to n ic  R a tio s

NaCl KH2PO4
-------Phosphates, m--------
NaHjPOi K2HPO4 NajHPO, ' Mtf>

1.95289 1 .2 5 4 1 4 1 .1 6 7 8 6 0 .8 7 2 8 7 0 .9 9 1 4 3 1 . 7 7 9 4

.92773 1 .2 1 1 5 4 1 .1 3 0 4 8 .8 4 4 9 6 .9 6 0 4 4 1 .7 3 1 0

.89267 1 .1 5 6 1 9 1 .0 8 7 0 8 .81181 1 .6 6 3 6

.88989 1 .1 5 3 5 0 1 .0 7 9 2 0 .8 0 9 5 0 .9 1 0 8 4 1 .6 5 8 2

.79265 1 .0 0 1 0 9 0 .9 4 2 5 5 .71311 .78756 1 .4 7 2 8

.78377 0 .9 8 7 6 4 .93161 .69869 .77661 1 .4 5 5 9

.7 7 1 9 8 .96882 .92395 .69160 1 .4 3 3 5

.7 2 0 9 3 .89257 .84678 .6 3 9 6 0 .6 9 9 2 0 1 .3 3 6 8

.6 9 5 1 2 .85528 .81201 .6 1 2 9 4 .66951 1 .2 8 8 1

.6 1 9 0 2 .7 4 3 7 4 .7 1 3 9 0 .53961 .57979 1 .1 4 4 4

.6 0 7 8 6 .7 3 0 7 7 .52691 .56745 1 .1 2 3 5

.6 0 1 1 5 .72163 .68806 .52661 .5 6 1 8 6 1 .1 1 1 3

.5 5 4 1 0 .65576 .63224 .47941 .5 1 0 3 4 1 .0 2 3 4

.54381 .64174 .61672 .49806 1 .0 0 2 9

.4 8 1 1 4 .55594 .53736 .4 0 7 9 4 .42892 0 .8 8 7 6

.4 6 1 1 4 .53097 .51426 .4 0 7 2 8 .8 5 0 5

.4 4 4 5 2 .50715 .49313 .3 7 5 7 9 .3 9 0 4 5 .8 2 0 5

.4 2 8 4 4 .48849 .47391 . 7900

.40561 .45757 .3 4 1 9 4 .3 5 2 7 5 .7 4 7 8

.3 8 2 6 4 .42976 .41913 .31915 .3 2 9 6 1 .7 0 5 4

.37021 .41453 .3 0 5 9 7 .3 1 4 5 3 .6825

.3 2 8 6 2 .36330 .35475 .26985 .27747 .6 0 6 0

.2 4 4 4 5 .26331 .25964 .19786 .2 0 0 1 6 .4 5 1 5

.2 0 4 9 4 .21872 .21513 .16452 .16467 .3 7 9 2

.1 9 0 8 5 .2 0 2 1 8 .19933 .1 5 1 8 3 .15253 .3 5 3 4

.1 8 4 4 0 .1 9 5 4 8 .19285 .14636 .14731 .3 4 1 4

.1 2 9 9 2 .13535 .13383 .1 0 1 2 9 .10115 .2 4 1 8

.1 1 5 5 3 .1 2 0 1 8 .0 8 9 4 7 .0 9 0 0 2 .2 1 5 4

A
NaCl KHîAsO, NaH^AsOi KaHAsCL Na2HAs(>4

1 .1 0 0 9 1 1 .3 8 5 1 5 1 .2 8 6 0 2 0 .8 8 6 4 6 1 .0 2 9 1 0 2 .0 6 5 5
1 .0 5 9 5 3 1 .3 3 1 7 1 1 .2 3 6 2 8 .85201 0 .9 8 5 1 7 1 .9 8 4 1
0 .9 4 7 2 2 1 .1 6 6 8 4 1 .0 8 8 4 9 .75837 .8 6 3 3 6 1 .7 6 8 5

.9 0 4 5 2 1 .1 0 4 2 3 1 .0 3 3 9 1 .7 2 3 6 8 .81780 1 .6 8 6 5

.8 7 1 4 0 1 .0 6 0 3 0 0 .9 9 2 7 0 .69447 .78341 1 .6 2 3 0

.8 3 9 3 8 1 .0 1 0 7 5 .9 5 2 8 4 .6 6 8 7 8 .7 5 3 8 5 1 .5 4 7 1

.76296 0 .9 0 9 1 2 .8 5 6 0 6 .6 0 5 5 8 .67167 1 .4 0 4 8

.71489 .84383 .79636 .56473 .62295 1 .3 1 6 0

.66215 .77330 .72935 .52417 .56957 1 .2 1 5 4

.61583 .71072 .6 7 5 6 0 .4 8 4 3 4 .52613 1 .1 2 7 7

.6 0 0 4 8 .6 8 9 4 9 .6 5 5 9 4 .47161 .51041 1 .1 0 4 8

.5 8 3 4 4 .67013 .63707 .4 5 6 0 4 .49363 1 .0 7 8 9

.52662 .59678 .5 7 1 1 9 .4 1 1 3 0 .4 4 1 0 3 0 .9 7 2 9

.5 2 4 6 9 .59387 .56771 .4 0 9 8 2 .4 3 9 5 0 .9 6 8 6

.5 1 9 1 0 .58436 .55621 .4 0 3 6 2 .42755 .9 5 8 4

.4 6 1 2 0 .5 1 5 2 0 .4 9 2 6 8 .3 5 5 2 2 .37976 .8 5 0 6

.4 2 6 7 0 .47451 .45236 .3 3 0 7 6 .3 4 8 7 8 .7 8 6 8

.4 2 5 7 8 .47147 .45179 .32942 .3 4 6 6 6 .7851

.3 1 3 8 0 .3 3 9 0 4 .32708 .32740 .24892 .5787

.29636 .3 2 0 0 6 .30785 .22601 .23449 .5467

.28545 .30649 .29819 .21645 .22463 .5267

.2 4 1 4 2 .25765 .2 4 9 4 0 .18247 .18803 .4460

.2 3 2 5 0 .24666 .23956 .17347 .1 8 0 3 0 .4 2 9 7
21205 .22398 .21845 .1 5 8 9 8 .1 6 3 5 8 .3 9 2 2

.15172 .15898 .11193 .11283 .11481 .2 8 1 7
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T a b l e  I ( C ontinued ,) 
S econ d ary-tertiary  mixtures,

A
B
C

= 2.4915 
= 2.4917 
= 2.4976

D = 
E = 
F =

2.5311 
2.5198 
2.5043

G = 2.5063 
H = 2.5710 
I = 2.5026 
J = 2.4820

K
L
M

= 2.4558 
= 2.5355 
= 2.4990

NaCl K2HP04+ K3PO4 NasHPO* + NaiPO. KîHAaCX + KaAsOi Na2HAs04 + NasAsOi M (f)
1.11186 0.77710 I 2.0870
1.03158 .72088 1 1.9313
0.94722 .65683 G 1.7885

.90449 .63352 I 1.6902

.88199 0.68282 A 0.85427 D 0.76524 K 1.6433

.83248 .65152 A .79448 I) .71218 K 1.5486

.77602 .60347 A .72586 D .65819 K 1.4412

.76745 .53357 1 1.4249

.76296 .53371 G 1.4178

.73128 .56599 A .67221 D .61054 K 1.3564

.70575 .54340 A .63981 D .58785 K 1.3081

.66215 .45787 H 1.2270

.63814 .48890 A .56679 D .52108 K 1.1807

.63755 .48697 C .57167 F .44975 J .51547 M 1.1796

.57209 .43590 A .49551 D .45770 K 1.0570

.55756 .42412 C .48517 F .39194 J .44355 M 1.0299

.51910 .35098 H 0.9584

.42884 .32087 C .35368 F .29912 J .32966 M . 7953

.42670 .28980 H .7868

.42578 .28729 H .7850

.37610 27952 B .30027 E .28286 L .6934

.33784 24878 C .26710 F .23050 J .25187 M .6230

.32829 .24097 a .25825 F .24421 M . 6053

.29881 .21807 c .23411 F .20569 J .22056 M .5512

.24142 .15609 H .4459

.24114 . 17328 a .18125 F .15883 J .17352 M .4455

.21892 .15608 B .16032 E .15563 L .4048

.15172 .093837 H .2817

.14437 .09997 B .10138 E .09860 L .2685

.14143 09732 C .09976 F .08968 J .09722 M .2629

.11444 07762 a .07894 F .07117 J .07664 M .2134

.10975 .07752 c .07894 F .06475 H .2047
a / a  = 0.3281 X 108. For sodium chloride we mined by graphical integration. Table II con-
used a = 4.72, a =  1.55.

To obtain an analytical expression for the phos­
phates and arsenates we used the method of 
Scatchard and Epstein9 to determine a size a  =  
5.33, a = 1.75 for all the salts. Then we used the 
more general expression
0 = 1 — (A/a)Z(x){'S,imiZiï)/2{Xim\)

— ( A  /  aY[Xï{z) /2 — 2F2(æ)](2iOTi2:i3)2/(Simi)(2i?niZi)2 
+  B c/(1 +  D e )  (6)

with c the equivalent concentration, to determine 
the specific parameters B and D. The second term 
in this expression is that of LaMer, Gronwall and 
Greiff,10 who tabulate values of [X2(x)/2 — 2T2- 
(z)] up to x =  0.4. We used values up to x =  3.2. 1

tains, for steps in x of 0.2 from 0.4 to 3.2, the values 
of

- 1 0 2 [ X 2( x )/ 2  -  r 2(x)] and - 1 0 2 [ X 2(z)/2  -  2 Y 2( x ) }

which are the combinations most used in In y and 
in <j>. For a single salt, with cation 3 and anion 4

(Zi»(i2i2)/(2i?n;) = — ZiZt,
and q2 =  ( S im iii3) / ( S imiz i2) =  zs +  z„

which is zero for symmetrical salts.
T a b l e  II

E le c tr o st a tic  I n te r a c t io n  T erm s

A',(x) =  -
1 X2 ( 1  +  x.y- 

ri ( x )  =  J ; Jo ti3X i (u )d u

d» (7)

(8)

X 2 was calculated from elementary functions and 
tables of the exponential integral. F2 was deter-

(9) G. Scatchard and L. F. Epstein, Chem. Revs., 30, 211 (1942).
(10) V. K. La Mer, T, H. Gronwall and L. J. Grieff, T his Journal, 

35, 2245 (1931).

X -  102[ AV 2 - -  10!Y,][X,/2 - 2  Y,] X -  102 _ 102 [ X1/2 -  y2][AV2 -  2f2
0.4 0.4324 0.0982 2.0 0.2159 -0.1062

.6 .4575 .0548 2.2 .1913 -  .1103

.8 .4370 .0140 2.4 .1702 -  .1120
1.0 .3975 -  .0240 2.6 .1520 -  .1122
1.2 . 3547 -  .0528 2.8 . 1360 -  .1116
1.4 .3138 -  .0741 3.0 . 1223 -  .1100
1.6 .2769 -  .0891 3.2 .1103 -  .1079
1.8 .2442 -  .0996

The parameters B and D are listed in Table III
which includes values for the ternary phosphates 
and arsenates extrapolated on the assumptions that
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vB and D are linear functions of the equivalent 
fraction. These assumptions will be discussed 
later.

T a b l e  III

S pe c ific  C o e ff ic ie n t s
Salt — B D Salt D

k h 2p o 4 0 .3 0 3 0 .6 3 9 K 2H A s0 4 0 .0 8 4 0 .4 3 6
N a H ,P 0 4 . 256 .767 N a2H A s0 4 .1 5 4 .3 5 2
K ,H P O , .2 6 0 .9 6 6 K H 2A sG 4 .2 6 2 .7 6 2
X a 2i II’Oj .2 5 6 .503 N a H 2A s 0 4 .1 3 9 .3 3 5
k 3p o 4 . 162 .8 8 9 K 3A s0 4 .042 .7 7 6
N a 3P Q 4 .263 .465 N a 3A s 0 4 .2 3 4 .6 3 2

Equation 6 represents the results within the scat­
ter of the measurements for the primary and sec­
ondary salts, and for the mixtures of secondary and 
tertiary salts above 0.1-0.15 m. In dilute solu­
tions of these mixtures the measured osmotic coef­
ficients are consistently high and appear to extrapo­
late to a limit greater than unity. For both of the 
sodium salts and for the potassium phosphates the 
maximum discrepancy is 2%. For potassium ar­
senate, however, it reached 8% and the measure­
ments in more concentrated solutions scatter ab­
normally. There seems to have been an impurity

T a b l e  IV

O sm otic  C o e ff ic ie n t s

m Debye
Prim ary Salts 

KH 2PO4 NaH2P 04 KHaAsO, NaHjAsO.
0.1 0 .9 3 7 0 .9 0 9 0 .9 1 3 0 .9 1 3 0 .9 2 4

.2 .9 2 8 .8 7 5 .8 8 4 .883 .9 0 2

.3 .9 2 5 .8 4 8 .8 6 2 .861 .8 8 7

.4 .923 .826 .8 4 4 .8 4 2 .8 7 4

.5 .9 2 2 .807 .8 2 9 .827 .8 6 2

.6 .921 .7 9 0 .816 .813 .8 5 2

. 7 .921 .7 7 4 .8 0 4 .801 .8 4 2

.8 .9 2 0 .7 6 0 .7 9 4 .7 9 0 .833

.9 .921 .7 4 8 .7 8 4 .781 .825
1.0 .921 .7 3 6 .7 7 6 .7 7 2 .8 1 7
1 .1 .921 .725 .7 6 8 .6 7 4 .8 0 9
1 .2 .921 .7 1 5 .761 .757 .8 0 2
1 .3 .9 2 2 .706 .755 .7 5 0 .7 9 6

m Debye
Secondary Salts 

K2HPO4 Na2HPC>4 K2HAs0 4 NaaHAsO,

0.1 0 .8 4 9 0 .8 0 5 0 .8 0 2 0 .8 3 3 0 .8 2 0
.2 .8 3 9 .7 6 4 .7 5 4 .811 .7 8 5
.3 .8 3 9 .7 3 9 .7 2 0 .7 9 9 .761
.4 .8 3 9 .7 2 2 .6 9 3 .7 9 0 .7 4 2
.5 .8 4 0 .7 0 8 .6 7 0 .7 8 4 .7 2 6
.6 .843 .6 9 8 .651 .7 7 9 .7 1 2
.7 .8 4 5 .6 9 0 .6 3 4 .7 7 5 .7 0 0
.8 .8 4 7 .6 8 4 .6 2 0 .771 .6 8 9
.9 .8 4 9 .679 .6 0 8 .7 6 9 .6 7 9

1.0 .851 .6 7 4 .5 9 6 .7 6 6 .6 7 0
1 .1 .853 .671 .586 .7 6 4 .663

m Debye
T ertia ry  Salts 

KsP04 NasPCb K 3ASO4 NaaAsCL

0.1 0 .7 4 8 0 .7 0 9 0 .6 7 8 0 .7 3 8 0 .6 8 9
,2 .7 4 2 .6 7 8 .6 1 8 .7 2 4 .6 4 0
.3 .746 .665 .5 7 9 .7 2 4 .6 1 2
.4 .7 5 2 .6 5 8 .5 5 0 .726 .5 9 3
.5 .7 5 9 .655 .527 .7 3 0 .5 7 9
.6 .766 .6 5 4 .5 0 8 .7 3 4 .5 6 9
.7 .7 7 2 .6 5 3 .4 9 2 .7 3 8 .561

which contributed about 0.003 to M  (0.012 for po­
tassium arsenate) for any value of M. This type 
of behavior would result from the hydrolysis or from 
the absorption of carbon dioxide from the atmos­
phere, but the amount seems very large. We have 
ignored the measurements in very dilute solutions. 
The results for the mixtures are therefore uncertain 
to about 0.003/ilf (0.012/M for potassium arsen­
ate). The extrapolated values for the tertiary salt 
have about twice this uncertainty in addition to 
any uncertainty in the assumptions.

Table IV contains the osmotic coefficients, and 
Table V the activity coefficients, as 1 +  log y, cal­
culated from these parameters. The equation for 
the activity coefficients which corresponds to 
equation 6 is
In y *  =  z + Z - { A / a ) x /2 ( l  +  x )  +  z + z - ( z +  +  z ~ ) 2( A / a ) 2 
IXM/2 -  Y 2( x ) ] +  ( B / D ) In (1 +  D e )  +  B c/ (  1 +  D c )

0»
Since the experimental work of this paper was 

completed, Stokes11 has published the results of iso­
tonic (isopiestic) measurements on sodium and po­
tassium primary phosphates. Her results for the

T a b l e  V

A c t iv it y  C o e f f ic ie n t s  as  1 +  log  y

Prim ary Salts
m Debye KH*PO, NaHaPO, KIIaAsO. NalLABO,

0 . 1 0 .8 9 7 0 .8 7 1 0 .8 7 6 0 .8 7 5 0 .8 8 5
. 2 .873 .8 2 4 .833 .8 3 2 .8 5 0
. 3 .858 .7 8 9 .801 .7 9 9 .8 2 4
. 4 .8 4 8 .7 5 9 .775 .773 .8 0 4
. 5 .839 .7 3 2 .7 5 2 .7 5 0 .7 8 6
.6 .833 .7 0 9 .7 3 2 .7 3 0 .7 7 0
.7 .8 2 8 .6 8 8 .7 1 5 .7 1 2 .7 5 5
.8 .823 .6 6 8 .6 9 8 .6 9 5 .7 4 2
.9 .819 .6 5 0 .6 8 4 .6 8 0 .7 3 0

1 .0 .815 .633 .6 7 0 .6 6 6 .7 1 8
1 .1 .8 1 2 .6 1 8 .6 5 7 .653 .7 0 7
1 .2 .809 .603 .6 4 5 .641 .6 9 7
1 .3 .807 .5 8 9 .6 3 4 .6 3 0 .687

Secondary Salts
m Debye KjHPO, NaaHPO. KaHAsO, NaaHAsO,

0 .1 0 .7 2 2 .0683 .0681 .0 7 0 9 0 .6 9 7
.2 .671 .6 0 0 .5 9 3 .6 4 4 .6 2 2
.3 .6 4 2 .5 4 6 .5 3 2 .6 0 6 .5 7 2
.4 .6 2 2 .5 0 4 .4 8 4 .5 7 6 .5 3 3
.5 .6 0 7 .471 .443 .553 .5 0 0
.6 .5 9 6 .4 4 4 .4 0 8 .5 3 3 .4 7 2
.7 .586 .4 2 0 .3 7 7 .517 .447
.8 .5 7 8 .3 9 8 .3 4 9 502 424
.9 .571 .3 8 0 .2 3 4 .4 8 9 .4 0 4

1 .0 .5 6 5 .3 6 3 .301 .4 7 7 .3 8 5
1 .1 .5 6 0 .3 4 8 .2 7 9 .4 6 7 .3 6 7

T ern ary  Salts
m Debye K iPO, NajPO. K îAsO, Na,As04

0 . 1 0 .5 2 9 0 .4 9 4 0 .4 6 7 0 .5 2 0 0 .4 7 5
. 2 .4 4 9 .3 8 8 .3 3 5 .4 3 2 .353
. 3 .4 0 6 .3 2 4 .2 4 7 .3 8 3 .275
. 4 .3 7 7 .279 .1 8 0 .3 5 0 .217
. 5 .3 5 6 .2 4 4 .1 2 6 .3 2 6 .171
.6 .3 4 0 .2 1 6 .0 7 9 .3 0 6 .133
.7 .3 2 8 .1 9 3 .0 3 9 .2 9 0 .100

(11) J. M. Stokes, T ra n s . F a ra d a y  S o c ., 41, C85 (1945).
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sodium salt average 0.4% higher than ours, for the 
potassium salt hers are 0.1% lower. Only in the 
dilute solutions is the difference from this average 
greater than 0.2%.

Discussion
The comparison of the osmotic coefficients may 

be made without involving any theory except that 
necessary for interpolation, and it makes but little 
difference which concentration is chosen for the 
comparison. The osmotic coefficients are all 
smaller than those calculated from electrostatic 
theory. The primary phosphates have the small­
est coefficients of any salt of the same cation and a 
univalent anion listed by Robinson and Stokes.12 
Primary sodium arsenate also lies below any other 
sodium salt, but potassium primary arsenate has 
a larger coefficient than the nitrate or bromate. 
The coefficient of every arsenate is larger than that 
of the corresponding phosphate, and the difference 
is such that the smaller arsenate coefficient is 
nearly the same as the larger phosphate coefficient. 
For the primary salts the coefficient of the potas­
sium salt is smaller than that of the sodium salt, 
for the secondary salts the coefficient of the potas­
sium salt is larger. The difference between the 
primary arsenates is somewhat less than that for 
the nitrate, chlorate and perchlorate ions, and 
that for the phosphates is very much less.

Scatchard and Prentiss3 divided the alkali salts 
of univalent anions into three classes: the first 
includes the halides except the fluorides and their 
osmotic coefficients decrease with increasing size of 
the cation; the second includes the hydroxides, 
fluorides and salts of carboxylic acids and their os­
motic coefficients increase with increasing size of 
the cation; the third consists of salts of oxygenated 
anions such as the nitrates, chlorates and perchlor­
ates, and the order is the same as in the first, but 
the salts of larger cations have very much smaller 
osmotic coefficients. The difference between the 
third and first class is less marked at 25° than at 0°, 
but is still significant.

The primary phosphates and arsenates appear to 
combine the characteristics of the second and third 
classes. The potassium salts behave like the ni­
trates and perchlorates, the sodium salts have an 
additional factor reducing their osmotic coefficients, 
which is greater for the phosphate than for the ar­
senate. The primary phosphate ion is the weaker 
base, so the basic strength cannot explain quantita­
tively the behavior of class two. Perhaps the 
smaller size of the phosphate ion is more important 
in its interaction with sodium ion than in that with 
a proton. This fact is brought out even more 
clearly, however, by a comparison of the hydroxide 
and fluoride ions.

Our knowledge of the alkali salts of bivalent and 
trivalent anions is much more limited than that of 
the salts of univalent anions, but the same factors 
are obviously operative. For the potassium salts 
<f>"' decreases continuously as the valence of the 
anion changes, and for the sodium salts it increases, 
though to a smaller extent. The phosphates al­
ways have larger values than the arsenates.

(12) R. A. Robinson and R. H. Stokes, T ra n s. F a ra d a y  S o c ., 45,
642 (1949).

Salt Mixtures
To relate our results to the pH measurements, or 

to any study of chemical equilibria, it is necessary 
to consider the activity coefficients of salts in salt 
mixtures. We use essentially the “ specific ion in­
teraction”  theory of Bronsted.13 If we expand 
the term Be/ (1 +  Dc) in equation 6 for the osmotic 
coefficient, it becomes

B e  —  B D c 2 F — — — —
This corresponds to a virial expansion, so for mix­
tures the first term must be at most a quadratic 
function of the composition and the second a cubic. 
Then our parameters must have the forms

B = Xidbi/c F 2jjCiCj&ij/2c2 (10)
D  = XiCidi/c (1 1 )

in which is the equivalent concentration of species 
i, c =  Si+Ci = 2j~c, is the total equivalent concentra­
tion and vc =  '¿xC\v\ =  2¡toi =  SWi/FoWo, if 2i + is 
the sum over all cations and 2 ,~~ the sum over all 
anions. The parameter b-, corresponds to the inter­
action of the ion i with the solvent, and may be 
interpreted as a chemical solvation or as a change 
in the association of the solvent. The parameter bn 
corresponds to the interaction of an i ion with a j 
ion. Bronsted called bid the salting out term, and 
bnac-Jc the interaction term. The specific ion 
interaction theory is merely the statement that &ij 
is zero if the product of the valences z\z-} is positive. 
It is powerful enough, however, to determine the 
osmotic coefficient and the mean activity coef­
ficient of any salt in any mixture of salts of the same 
valence type from the osmotic coefficients or the 
mean activity coefficients of the single salts. For 
mixtures of different valence types a further as­
sumption is necessary. Since ternary collisions be­
tween ions, and therefore the third virial coef­
ficient, must involve at least two ions of the same 
sign, Bronsted’s theory is obviously limited to the 
second virial coefficient. However, since D for a 
mixture can also be derived from those of the com­
ponent salts solutions, there is no loss of power in 
the extended equation, although there is consider­
able loss in convenience.

To save space we will derive immediately the 
expression for the general case, without Bronsted’s 
theory, and derive the simpler cases from the gen­
eral expression.

We will use the superscript ' to denote the De- 
bye-Hiickel approximation, " to denote the Gron- 
wall -La Mer second term, and to denote the 
short range term in solutions so dilute that D c «  1.

For a single salt with cation 3 and anion 4
(<p"'/c)u — B ii = 63 F 64 F 634/̂ 34 F (633 F bu)/2.V,4 (12)

In 734’ ” = 2B34 (13)
In any salt mixture
v<t>'"/c =  vB  =

F 2 ++ iix iX j[(& i -  &0("j -  vi)/2 F (26i j -  bn -  6is)/4] 
F 2 iji/ij/j[(¿>i 6j)(>>i ('¡)/2 F (2&ij 6ii 6j,-)/4]

(14)
( (̂ln v » ' " ) / c  = 2+iX^uBu F 2~jt/j><3jB3j

F 2+iXi[(&3 -  &i)(»-i -  (-3) F (2b,i -  633 -  6u)/2 
F 2 - ii/j[(&4 — 6j)(j'j — V4) F (2&4j — bn — 6,0/2] (15)

(13) J. N. Bronsted, J. Am. Chem. Soc., 44, 877, 938 (1922); 
45, 2898 (1923).
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T h e  parts o f  equ ation  6 w h ich  correspon d  to  <j>' 
and <j>" and  the part o f  equ ation  10 w h ich  corre­
sponds to  In 7 34' a p p ly  eq u a lly  to  m ixtures, b u t, if 
there is m ore  than  one va len ce  typ e , In 734" is 
changed. In  general

In 734' = z%Zi{Ala)xl2{\ +  x) (16)
in 7 3 4" =  zzZmKA/ocY [X2(x)/2 -  F2(x)]

+  232432(23 +  Zi — 3 2)(A /a )2F2(x) (17)
Specific Ion Interaction

B ron sted ’s th e o ry  m akes each  term  bn, bn, bn in 
equ ation  14 equal to  zero. T h e  sam e resu lt m ay  
be  ob ta in ed  b y  the less drastic, th ou gh  perhaps n ot 
m ore p robab le , assu m ption  th at each  bn is the aver­
age o f the correspon d in g  bn and  bn- W ith  either as­
su m ption , the term s in v o lv in g  (2bn — bn — bn) in 
equ ation s 14 and  15 are zero. I f  all salts are o f  the 
sam e va len ce  ty p e  each  (vj — v)  is zero for  either 
cations or anions, and  on ly  the term s in Bn  rem ain. 
T h e y  can  be determ ined  from  m easurem ents on  the 
single salts. In  this case the assum ption  o f equal 
collision  diam eters a leads to  e lectrostatic term s in­
depen den t o f  the com p osition . In  a b in ary  m ixture 
w ith  a com m on  ion , say  34 and  54, the osm otic  
coefficient is a linear fu n ction  o f th e  com p osition , 
w ith  slope (jBm — £ 34) c and  th e  logarithm  o f the 
m ean a c tiv ity  coefficien t o f  an y  salt w ith  an ion  4 
and  ca tion  o f the sam e va len ce  as 3 and  5, has this 
sam e slope. T h e  m ean a c tiv ity  coefficien t o f 34  in  
54 is the sam e as th at o f  54 in 34.

(In 734,, ,)64 =  (In 754,, ,)34 =  (S 34 +  Bi,i)c (18)
B ron sted 13 derived  th is relation  and  illustrated  it 
w ith  a figure (J. A m .  Chem. Soc., 45, 2902 (1923 )). 
In  a m ixture w ith ou t a com m on  ion , <p is n o  longer 
linear, th ou gh  each  In y ± " '  is linear, and  is deter­
m ined  from  th e  recip roca l salt pa ir (In 734" ' )m — 
( £ 36 +  B m ) c . F o r  salts t o o  in solub le  fo r  the d irect 
determ ination , £  m a y  b e  determ ined  from  the solu ­
b ility  in  a solu tion  o f a salt w ith  a com m on  ion  as 
(In 7AgCl"')AgN03 =  (£AgCl +  £AgN03)c.

T h e  fu n dam en ta l assum ption  o f B ron sted  can not 
b e  universal. I t  m u st fa il b a d ly  fo r  in teractions 
such as th at o f  C N -  w ith  F e (C N )3~, F e (C N )4~ and 
F e (C N )6=, and  m a y  fa il less drastica lly  in  other 
cases. I t  is, h ow ever, extrem ely  useful.

B ron sted  m ade an error in  neglecting  the e ffect o f 
bi on  th e  a c t iv ity  coefficien t o f  species i in an y  solu­
tion . H ow ever, th is error affects on ly  his results 
fo r  m ixtures o f  d ifferent va len ce  typ es  and  fo r  single 
ion  activ ities  becau se he app lied  it  t o  m ixtures o f 
the sam e va len ce  ty p e  b y  a th erm odyn am ic 
m eth od  w hich  corrected  the error. G u ggen h eim , 14 
w h o repeats the figure and  prop erly  credits it to  
B ronsted , avoids the th erm odyn am ic error b y  the 
usually  im p robab le  assum ption  th at e v ery  b-, is 
zero. G iin te lb erg 16 credits B ronsted  on ly  w ith  the 
results G iin telberg  g o t b y  a pp ly in g  B ron sted ’s as­
sum ptions in a w ay  w hich  d id  n o t correct the error, 
and  credits G uggenheim  w ith  equ ation  18. H arned 
and O w en 16 repeat th is error and also g ive  a slope 
o f <f> d ifferent from  th at o f In 7 ±  fo r  b o th  B ronsted  
and G uggenheim .

(14) E . A . G uggenheim , P h il .  M a g . ,  [7] 19, 588 (1935).
(15) E . G iintelberg , “ Studier o v er  E lek trolyte— A ctiv ite ter  I 

V andige O pl0sninger,”  G . E . C . G ads, C openhagen, 1938.
(16) H . S. H arned and B. B . O w en, “ T h e  Physical C h em istry  of 

E lectro ly tic  Solutions,”  R einhold  P u bl. C orp ., N ew  Y ork , N . Y .,  1943.

Solvation and Salting Out
M ixtu res o f  salts o f  d ifferent va len ce  ty p e s  re­

quire m ore careful consideration . S ca tch a rd 17 cor­
related the osm otic  coefficients o f the alkali hal­
ides w ith  the assum ption  th at every  b, is zero. T h e  
usual treatm ent o f h yd ra tion  attribu tes all b u t the 
D e b y e -H tick e l in teraction  to  th is term . T h e  cor­
rect com prom ise m ust be  th at the so lva tion  o f an 
ion  affects other ions o f  th e  sam e sign, b u t  n o t  as 
m u ch  as it a ffects ions o f  the op posite  sign, or that 
there are 6; term s, b u t th ey  d o  n o t a ccou n t fo r  all 
o f  the salting out.

F o r  the com plex  an ions such  as the phosphates 
and  arsenates, h yd ra tion  sh ou ld  be  sm all because 
the first shell o f the central ion  is a lready  fu ll. T h is 
corresponds to  th e  fa ct th a t th e  n on -e lectrostatic 
effects are n egative fo r  these salts. W e  shou ld  ex­
p ect, m oreover, th a t the h yd ra tion  per m ole  is 
greater the higher the va len ce, so  th at the difference 
in  th e  h yd ration  per eq u iva len t m a y  b e  v e ry  sm all. 
W e  m a y  assum e th en  w ith ou t to o  m u ch  error that 
(bi — bj) is zero fo r  the an ions in  these system s. T h is  
is the assum ption  w hich  w e m ade in  extrapolatin g  
to  the param eters for  the tertia ry  sa lts .18

Chemical Equilibria
W e  w ill illustrate th e  trea tm en t o f  chem ical 

equ ilibria  b y  the d issociation  o f th e  p rim ary  p h os­
ph ate ions. T h e  con cen tra tion  o f h yd rogen  ion  is 
g iven  in term s o f the bu ffer ra tio  b y  
In (H+) -  In (U -/D -)  -  In K = In Tu/YdTh =

2 In Y3U — 3 In Yhsd (19)
I f  U ~  represents H 2P O 4- , I ) = represents H P O 4“  
and  3 is a u nivalent ca tion  oth er th an  I I - . F or  a 
solu tion  in  w hich  (K + ) =  xc, (N a +) =  (1 — x)c, 
(D - ) =  yc, and  (U _ ) =  (1 — y)c, B ron sted ’s th e ­
o ry  states that
(2 In 73U"' -  3 In 7H3d" ' ) / c =  -  2(1 -  y)Bw  -  |j/Bhd 

+  2 [(1 — x)Bn»u +  xBkd] — 3 [(1 — x)Bn»d +  xBkd]

=  —  2 -B h U  +  2 B N aU —  3 -B N aD  +  —

+  [2(J3ku — Bn»u) — (3(Bkd — Bnsd)]£ (2 0 )
O ur m easurem ents d o  n o t in clude  the equ ilibrium  

constant, K ,  or £ hu or £ hd, so th e y  can not tell the 
h ydrogen  ion  con cen tration  at an y  bu ffer  ratio, its 
change w ith  to ta l con cen tration  at con stan t bu ffer 
ratio, or the e ffect o f changing the bu ffer ratio. 
B u t th ey  d o  g ive  the e ffect o f  rep lacing  sod iu m  b y  
potassium  at an y  bu ffer ratio . F or  this su bstitu ­
tion  the ion ic  strength is u nchanged , and th ere­
fore  the e lectrostatic term  is u nchanged . Since, 
(6 d  — bv) ( vd — vv) is in dependent o f the cation  
an y  error due to  h ydration  also cancels in this d iffer­
ence.

O ur values o f  the constants y ie ld
[d In (H +)/dx] = —0.082c for phosphates 

= —0.456c for arsenates
(1 7 ) G . S c a tc h a r d , Chem. Revs., 19, 3 0 9  (1 9 3 6 ) .
(1 8 )  F o r  m ix tu re s  in  w h ic h  th e  s o lv a t io n -s a lt in g  o u t  te r m  p re ­

d o m in a te s  i t  is  m o re  a c c u r a te  t o  ta k e

<t>'"/c = B = S + _ijXiXjB'ij +  2  + _ ijxiyj[6 ij(l/i' — 1/mj) —
(bn  +  by,)/2vi{\ +  Z  +  + ijX i.T j bv, +  2 “ i jV iV j6 i j ) /2 i «  

a n d  t o  a ssu m e  t h a t  a ll  b u t  th e  firs t  te rm  v a n is h e s . T h e  co r re s p o n d in g  
t r e a tm e n t  o f  a c t iv it y  c o e ff ic ie n ts  e l im in a te s  t h e  bj ’s  o f  th e  s o lv e n t  sa lts, 
b u t  n o t  bt a n d  &4.
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T h e  difference betw een  the tw o salts m a y  be  exag­
gerated  b y  th e  fa ct  th at each depends u pon  fou r  
m easurem ents. T h e  change is in the d irection  o f 
the change in “ a c t iv ity ”  o f the h ydrogen  ion  as 
m easured  w ith  a saturated potassium  ch loride 
bridge.

Single Ion Activities
W e  w ill define single ion  activ ities  as those m eas­

ured  w ith  a use o f  a saturated  potassium  ch loride 
bridge. “ Such  a defin ition  does n ot con tra d ict any 
m easurem ents or theories w h ich  d o  n o t in v o lv e  
single ion  a ctiv ities .” 19 W e  w ill assum e th at equ a­
tions sim ilar to  15, 16 and  17 ap p ly  to  these single 
ion  activ ities, w ith  th e  clear u nderstanding that 
this assu m ption  is o f  a v e ry  different sort from  those 
we h ave m ade h ith erto . I t  leads to  the results

-In  V  = - Zk>(A/a)x/ ( l  +  x) (21) 
- I n  7k" =  -  zJqJU/aYlX^x)/2 -  F2(z)]
—Zk2qi(zk — q.)(A/a)2Y2(x) (22)

In 7 ]/"  =  SiCi(&i -j- bkvi/vk bik/vi) (23)
in  w h ich  B ron sted ’s specific ion  in teraction  th eory  
says th at 5;k is zero if  z,Zk is p ositive . In  the salt ij
(In 7 k" ' ) / c  =  (6 i  +  6 j)  +  5k(x i  +  v i )/ v k  +  ( b ik  +  bkj )/vk

(24)
and either 5jk or 6kj is zero. T h e  coefficien t o f  5k 
depends on ly  u p on  the va len ce  ty p e  o f th e  salt.

I f  we consider the change in the a c t iv ity  co e f­
ficient o f h ydrogen  ion  in  go in g  from  a sod ium  p h os­
ph ate bu ffer tc  a potassium  ph osphate bu ffer of 
the sam e bu ffer ratio and  con cen tration , the change 
in  In 7 h ' " / c  is 5x  — 5Na- I f  there is u n ivalent anion 
X  such th at 5k x  =  5xax , (5k — 5Na) =  (<f>k x  — 
«¿N ax)/c. I t  is n ot to o  im p robab le  th at th e  ch lo ­
ride ion  fulfills this con d ition . I f  so (5k  — 5Na) =  
— 0.04, w h ich  correspon ds to  a b ou t tw o  m ore  m oles 
o f w ater com bin in g  w ith  sod ium  ion  than  w ith  p o ­
tassium  ion . I t  increases th e  e ffect o f changing 
ca tion  on  p H  m easurem ents.

F rom  equ ation  23 w e see th at fo r  th e  single salt 
34 the ratio o f  the in d iv idua l ion  a ctiv ities  to  the 
m ean a c tiv ity  is
(In 7 3 / 7 3 i )" '/ c  ~  {bwi/vz — 54) T  (>34(^4 — vz)/v%(vz -|- vi)
(In 74/734)////c =  (bivs/vi —  63) +  5.34(443 —  Vi)/vi(vi +  va)
F or a sym m etrica l salt, vs =  vit the differences re­
du ce to  (53 — 54) and (54 — 53). B ro n ste d 13 and 
G u ggen h eim 14 define in d iv idua l ion  activ ities  as 
equal t o  m ean activ ities. T h is  fo llow s from  G u g­
gen heim ’s assum ption  th at all the 5i’s are zero. I f  
we assum e th at 5; =  5; fo r  potassium  ch loride, and 
that 5ij is the sam e for  the alkali ch lorides and  for  
h ydrogen  ch loride
5nk —  5ci =  5n » —  5k  =  (<5NaCl"' —  </>KCl " ' )/ c  =

g(ln 7NaC1 —  In 7 k c i"')A'

T hus, the logarithm  o f the a c t iv ity  o f  ch loride 
ion  in  sod ium  ch loride is the m ean o f the logarithm s 
o f  the m ean activ ities o f sod ium  ch loride and o f p o ­
tassium  ch loride, and sim ilarly fo r  h ydrogen  ch lo ­
ride. T h is  latter result o f our assum ptions m a y  be

(1 9 )  G . S c a tc h a r d , S c i e n c e , 95, 2 7  (1 9 4 2 ) .

(¡02

com pared  w ith  the m easurem ents o f S ca tch a rd 20 
w ith  h yd roch lor ic  acid  and a saturated  potassium  
ch loride bridge. T h e  agreem ent is better than  it  is 
w ith  the other assum ptions w hich  h ave been  m ade, 
b u t n ot m u ch  better.

More Concentrated Solutions
E q u a tion  6 m a y  be  used for  salt m ixtures w ith

B = 2°’ ¡jZii/jXijBjj/v
and

D =  X+iXid, +  = '2 + ~ijXiXjDij
b u t the term  in In y ' " ,  like the long  range term s, 
requires m od ification .

T h e  va lu e o f the free en ergy  w h ich  correspon ds 
to  this osm otic coefficient m a y  be  w ritten

G'"/RT = qN jN ]vv,BvJ vwj In [ 1X+iN-,di/vi +  2 jNjdj/vj
(2 + i  N A / vi +  S y iiVj< y x i ) /A W o ]  (2 5 ) 

T h e correspon d in g  a c tiv ity  coefficients are g iven  b y
V3 In 7s"' = (2 iym B,,/D) In (1 +  Dc)

+  {vBd3/D2)\Dc/{\ +  Dc) -  In (1 +  Dc)] (26) 
vì In 7 4 " '  = (X+iXiViiBu/D) In (1 +  Dc)

+  {vBdt/D2)[Dc/{ 1 +  Dc) -  In (1 +  Dc)] (27)
(443 In 73'" 444 In 74’’’)/4434 —

[ ( 2  + ìX ì v u B u  2 jX3jB,3j ) /vnD] In (1 4- Dc)
+  ( vB D . . ì / v m D 2) [ D c / { \  +  Dc) -  In (1 +  Dc)] (28)

E quation  28 is to o  in tricate for  m u ch  sim ple general­
ization . F or  th e  sam e va len ce ty p e , if  th e  D ’s are 
all equal b u t D c  is n o t negligible relative to  u n ity , 
the sam e sim ple relations h o ld  as w hen D c  is negli­
g ib le  excep t th at the slope o f In y  w ith  com p osition  
is no longer p rop ortion a l to  c. I f  the D ’s are v e ry  
different, b u t B c / (  1 +  Dc)  is n early  the sam e, the 
slope o f the tw o  m ean  a c tiv ity  coefficien t curves 
m a y  h ave  op posite  signs. E ven  in  th is case, h ow ­
ever, each slope is nearly  in depen den t o f  the com ­
position , th at is the H arned  rule holds to  a g ood  ap ­
prox im ation  in  cases fo r  w h ich  the other sim ple re­
lations fail bad ly . T h is  one add ition a l term  is su f­
ficient to  im itate  m an y  o f the experim ental results, 
b u t this fa ct does n ot show  th at it is sufficient to  
explain  them .

T o  explain  th e  discussion  o f B ron sted ’s theories 
a t the celebration  o f D e b y e ’s b irth d a y  one m u st g o  
back  to  1921-1923, and  p icture the effects on  stu ­
dents o f e lectro ly te  solutions o f  the im pacts in rapid  
succession  o f L ew is ’ use o f  exact th erm odyn am ics 
cu lm inating in Lew is and R andall, B ron sted ’s th e ­
ory  o f  reaction  rates, B ron sted ’s th eory  o f specific 
ion  in teraction , and  the D e b y e -H iick e l th eory . A ll 
b u t the specific io n  in teraction  have rece ived  am ple 
recogn ition . Y e t  th is th eory , paired w ith  th at o f 
D e b y e  and H iickel, can be  so useful th at th ey  sh ou ld  
be  in cluded  in  the undergraduate cu rricu lum . F or  
this purpose the L a M e r -G ro n w a ll-G re iff secon d  
term  and the th ird  viria l coefficient m a y  w ell be  
om itted , and  th e  specific ion  in teraction  th eory  m ay  
be  presented as an approx im ation  w h ich  m a y  b e ­
com e w orse as the solu tion  becom es m ore  co n ce n ­
tra ted , 17 b u t  m a y  h o ld  u p  to  h igh con cen tration s.

(2 0 )  G . S c a tc h a r d , J .  Am. Chem. Soc., 4 7 , 6 9 6  (1 9 2 5 ) .
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SOLUBLE CRYSTALLINE POLYPHOSPHATES-THEIR PURIFICATION,
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Application of tracer techniques has shown that sodium pyrophosphate is readily obtained in 99.9% purity, but that so­
dium triphosphate is not easily obtained in higher than 99% purity, the chief impurity being pyrophosphate formed during 
the triphosphate recrystallizations. While some orthophosphate is probably also formed during triphosphate purification, 
it is eitner more readily removed than pyrophosphate or formed in lesser quantities; at any rate the orthophosphate content 
of a quadruply recrystallized triphosphate seldom exceeds 0.1% as Na2HP04. The purity attainable for the newly-dis­
covered, crystalline hexaguanid;nium tetraphosphate has not been so extensively investigated, but is probably at least 95%, 
and may be as high as 99%. The hexaguanidine salt, derived from the easily available tetrametaphosphate, provides the 
tetraphosphate in stable and convenient form, ready for instant use in any situation where a tetraphosphate ion is desired. 
Methods of analysis have been developed recently which are specific for individual polyphosphate species. The most ver­
satile cf these is based on paper chromatography studies in Canada and in France. Chromatography is capable of deter­
mining ortho-, pyro-, tri-, tetra-, trimeta- and tetrametaphosphates in the presence of one another and is also capable of 
extension to other condensed phosphates. In our own laboratories certain specific analytical methods have been developed. 
For commercial sodium tripolyphosphate (or triphosphated detergents) isotope dilution methods specific for pyro- and for 
triphosphate have been developed. They are based on the isolation of the “ pure” sodium salts as already indicated. At­
tempts to obtain a pure pyrophosphate by precipitation with zinc ions in the presence of triphosphate, or to obtain a pure 
triphosphate by precipitation with tris-(ethylenediamine)-cobalt(III) ion in the presence of pyrophosphate, failed because 
either polyphosphate tends to cocrystallize with the other. In spite of such difficulties it was possible to develop a colori­
metric method for triphosphate in commercial triphosphate or triphosphated detergents, using the tris-(ethylenediamine)- 
cobalt(III) ion. When samples are available in crystalline form, e.g., commercial tripolyphosphate, analysis by X-ray dif­
fraction gives the polymorphic distribution in addition to an estimate of triphosphate content. The stability of polyphos­
phates toward hydrolysis in solution decreases in the order pyro-, tri-, tetraphosphate. In the hydrolysis or reversion of 
triphosphate there is an important difference between solution hydrolysis and that which accompanies the dehydration of the 
hexahydrate Na5P3Oio-6H20. In the former, all evidence is consistent with cleavage of triphosphate to give equimolar 
amounts of pyro- and orthophosphate. In the latter, considerably more than a mole of pyrophosphate is often found for 
each mole of orthophosphate. This fact necessitates a revision of the hexahydrate hydrolysis reaction offered by Raistrick 
and supported by Thilo and Seeman, namely, Na5P3Oio-6H20  -»■ Na4P20 7  +  NaH2P04 +  5H20. Some additional reaction 
must be invoked which produces more pyrophosphate, e.g., 2Na5P3Oi0-6H2O -> Na4P20 7 +  2Na3HP20 7 +  11H20. A com­
bination of the two can explain the observations below the temperature of recondensation (120°). Above 120° both simple 
dehydration directly to Na6P3Ci0 (II) and formation of Na5P3Oi0 (II) by recondensation (reversal of above reactions) occur, 
the one which dominates depending on the speed of escape of the water. The interaction of calcium and triphosphate ions 
in solution is briefly discussed.

In trodu ction
C ondensed  sod ium  phosphates have received 

considerable attention  in recen t years, w ith  the re­
sult th at m ost o f the crystallizable species have now  
been  fa irly  w ell characterized. T h e  present survey 
deals w ith  recent progress in  characterizing the 
soluble crystalline p o lyp h osp h a tes : p y ro -, tr i- and 
tetraphosphate.

P rior to  th e  classic w ork  o f P artridge, H ick s and 
S m ith , 1 little  phase in form ation  was availab le  on 
the occu rren ce o f sod ium  triphosph ate N a 6P 3O i0 and 
still less on  th at o f sod ium  tetraph osph ate  N a 6P 40i3. 
T h is stu d y  and  th at o f  Ingerson  and M o r e y 2'3 
d em on strated  fo r  th e  N a 20 - P 20 6 system  th at Nas- 
P 3Oio is stable b e low  a tem perature o f a b ou t 620° 
and  th at N a 6P 40 j3 does n ot occur, a m ixture of 
N a 5P 3Oio plus N a 3P 30g alw ays being fou n d  in w ell- 
crystallized  sam ples o f the tetraph osph ate com p osi­
tion . T h is w as con firm ed b y  oth er less extensive 
stu d ies .4-7

In  th e  N a 20 - P 205- H 20  system  n ot on ly  is the 
tetraph osph ate unstable, b u t so a lso are th e  triphos­
ph ate and  pyrop h osph ate , as show n b y  num erous 
studies o f  th e  h ydrolysis o f  th e  latter tw o  ph os-

(1 )  E . P . P a r tr id g e , V . H ic k s  a n d  G . W . S m ith , J. Am. Chem. Soc., 
63, 4 5 4  (1 9 4 1 ) .

(2 )  E ,  I n g e r s o n  a n d  G . W . M o r e y ,  Am. Mineral., 28, 4 4 8  (1 9 4 3 ) .
(3 )  G . W .  M o r e y  a n d  E . In g e r s o n , Am. J. Sei., 242, 1 (1 9 4 4 ) .
(4 )  K .  R .  A n d re s s  a n d  K . W ü s t ,  Z.  anorg. allgem. Chem., 237, 113 

(1 9 3 8 ).
(5 )  O . T .  Q u im b y , u n p u b lis h e d  s tu d ie s  (1 9 3 8 -1 9 4 0 ) .
(6 )  P .  B o n n e m a n -B 6 m ia , Ann. chim., 1 6 , 3 9 5  (1 9 4 1 ).
(7 )  A .  E .  R .  W e s t m a n , A .  E . S co ^ t a n d  J . T .  P e d le y ,  Chemistry in 

Canada, 3 5  (1 9 5 2 ) .

phates8-13 in aqueous solutions. Ingerson  and 
M o re y ,2 h ow ever, state th at the norm al p y rop h os­
ph ate N a 4P 207 is th erm od yn am ica lly  stable in  cer­
tain  parts o f the N a 20 - P 20 5- H 20  system .

In  spite o f its lack  o f th erm od yn am ic stab ility  
the tetraph osph ate can be  prepared in  aqueous solu­
tions b y  m ild  alkaline h ydrolysis o f cy c lic  sod ium  
tetram etaph osphate, another m etastable  substance. 
T h is has been  accom plish ed  b y  three groups o f in­
vestigators ,7'14-16 bu t n one o f th em  su cceeded  in 
isolating a crystalline tetraph osph ate. T h ilo  and 
R a tz 14 ob ta ined  insoluble calcium , silver and  zinc 
tetraphosphate precip itates, all o f w h ich  w ere am or­
ph ous to  X -ra y s . W estm an, et ed.,7,16 and E b e l16 
obta ined  tetram etaph osphate h ydrolysates, the 
bu lk  o f w hose ph osphate ions differed ch rom ato - 
graph ica lly  from  the com m on  ph osphate species, 
nam ely, ortho, pyro , tri, trim eta  and tetram eta , in 
ju st th e  w ay  one w ou ld  expect fo r  tetraph osph ate  
ions.

W h ile  the data  sum m arized b e low  em phasize (1) 
purification  and analysis o f sod ium  triphosphate, 
and (2) isolation  and  purification  o f crystalline te t-

(8 )  S. J . K ie h l a n d  W . C . H a n se n , J. Am. Chem. Soc., 48, 2 8 0 2  (1 9 2 6 ).
(9 )  J . M u u s , Z .  physik. Chem., 1 5 9 A , 2 6 8  (1 9 3 2 ).
(1 0 )  S . J. K ie h l a n d  E . C la u sse n , Jr., J. Am. Chem. Soc., 57, 2 28 4  

(1 9 3 5 ).
(1 1 ) R .  W a tz e l ,  Die Chemie, 55, 3 5 6  (1 9 4 2 ).
(1 2 )  R .  N . B e ll ,  Ind. Eng. Chem., 3 9 , 136  (1 9 4 7 ) .
(1 3 )  J . R .  V a n  W a z e r ,  E . J . G r if fith  a n d  J . F . M c C u l lo u g h ,  J. Am. 

Chem. Soc., 74, 4 97 7  (1 9 5 2 ) .
(1 4 ) E .  T h i lo  a n d  R .  R a t z ,  Z .  anorg. Chem., 260, 2 5 5  (1 9 4 9 ).
(1 5 )  A .  E .  R .  W e s t m a n  a n d  A .  E . S c o t t ,  Nature, 168, 7 4 0  (1 9 5 1 ).
(1 6 )  J . P .  E b e l,  Bull. soc. chim., 9 9 1 , 1 0 8 5  (1 9 5 3 ) .
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raphosphates o f  organ ic bases, properties o f b o th  
polyph osphates and analyses fo r  pyroph osph ate  
ions also receive attention .

Triphosphate (and Pyrophosphate) 
Purification

T h e  com pou n d  X aThO io was m ade as early 
as 1895, as dem onstrated  b y  the op tica l p rop ­
erties reported  b y  S ch w arz . 17 H ow ever, lack  of 
a d equ ate  m eth ods o f analysis has until recently  
preven ted  a critical exam ination  o f m eth od s o f 
pu rification . B y  using tracer m eth ods to  fo llow  
the pu rifica tion  o f triphosph ate , 18 it has been  fou n d  
th at com m ercia l triphosph ate o f 8 5 -9 4 %  p u rity  
expressed as N a 6P 3Oio can  be  b rou gh t to  a pu rity  of 
9 9 %  (an h ydrous basis) b y  three to  five crystalliza­
tions from  w a ter-e th a n ol m ixtures at room  tem ­
perature, fo llow ed  b y  air dry ing . O ccasion al sam ­
ples o f  9 9 .5 %  pu rity  have been  obta ined .

NUMBER OF CRYSTALLIZATIONS.
Fig. 1.—Removal of added impurity (Na2HP32C>4 or 

Na3P 323 0 9) from sodium triphosphate (STP) by fractional 
crystallization; phosphate/water ratio 1 g./8 ml., ethanol/ 
water volume ratio 1/4, room temperature 25-35°.

Method.—The method of purification is simple. One 
makes an aqueous solution containing 12-15% of commer­
cial triphosphate (usually 85-94% NasPsOio), filters to re­
move any insoluble matter, and precipitates most of the 
triphosphate as hexahydrate NasPsOioT^O by adding eth­

(1 7 )  F . S c h w a r z , Z. anorg. Chem., 9 , 2 4 9  (1 8 9 5 ).
(1 8 )  O . T .  Q u im b y , A . J . M a b is  a n d  H . W . L a m p e , Anal. Chem., 

2 6 ,  6 6 1  (1 9 5 4 ).

anol slowly with stirring until the ratio of ethanol to water 
is about V, by volume. After a total of 30 minutes of stir­
ring the hexahydrate crystals are filtered off and washed 
twice with 1:1 mixtures of ethanol and water, using an as­
pirator to remove most of the adhering liquid. The damp 
crystals are then redissolved in the minimum amount of 
water and the process repeated. If the original purity was 
below 90% the sample is given four or five crystallizations; 
if the original purity was above 90% one less crystallization 
is needed. Finally the crystals of hexahydrate are air- 
dried at room temperature, preferably at relative humidities 
of 40-60%. Heat should not be used in any part of the 
process; drying of the crystals is to be avoided in intermedi­
ate stages, as is vacuum-drying on the final stage. The 
yield of purified NasPsOio is usually 40—45% of the weight 
of commercial triphosphate taken.

Removal of Ortho- or Trimetaphosphate.— W h en  
1 0 %  orth o - or trim etaph osphate, tagged  w ith  P 32, 
is a dded  to  pu re in active  triphosph ate and  th e  m ix ­
ture purified  b y  recrystallizations sim ilar to  the 
m eth od  described  above , the added  im p u rity  is 
readily  reduced to  a level o f  0. 1%  or less, as illus­
trated  b y  F ig. 1. F or  the orth oph osph ate  this has 
been  con firm ed b y  oth er m eth od s17 on  in a ctive  tri­
ph osphate preparations. S ince these im purities 
are u su a lly  present in  m u ch  sm aller quantities than 
10% , it is apparent th at im pu rity  levels be low  0 .1%  
can be ach ieved  easily  b y  the recrysta llization  
m ethod .

Removal of Pyrophosphate.— W h ile  tagged  p y ro ­
ph osphate is less readily  rem oved  (F ig . 2 ), never-

Fig. 2.—Removal of added pyrophosphate impurity 
(Na/P^Cb) from STP by fractional crystallization; phos­
phate/water ratio 1 g./8 ml., ethanol/water volume ratio 
1/4, except for curve B where it was 1/5, room temperature 
25-35°.

theless on e sees th at fou r crysta llization s bring 
the added pyrop h osph ate  to  a level o f 0 .5 %  or less 
p rov id ed  the original sam ple con ta in ed  n o  m ore 
than  20 g. o f  N a4P 207 to  80 g. o f  N a 6P 3O 10. T h a t 
the total pyroph osph ate  is n ot necessarily  reduced  to  
this level is show n b y  a reverse experim ent in w hich  
1 0 -3 0 %  tagged  triphosphate, purified b y  a process
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sim ilar to  the a b ove , is added  to  in active  p y rop h os­
phate, and  the p yrop h osph ate  purified b y  the sam e 
process excep t th at m ore  w ater is required to  d is­
so lve  the ph osp h ate . 18 A s expected  the a c t iv ity  
falls rap id ly  during the first few  crysta llizations 
(F ig . 3) becau se tagged  triphosph ate is bein g  lost.

NUMBER OF CRYSTALLIZATIONS.
Fig. 3.—Removal of added triphosphate impurity 

(Na.-,P32jOio) from sodium pyrophosphate (SPP) by frac­
tional crystallization; phosphate/water ratio 1 g./14 ml., 
ethanol/water volume ratio 1/4, room temperature 25-35°.

H ow ever, all o f  these cu rves even tu a lly  level ou t 
because the tagged  triphosph ate conta ins tagged  
p yroph osph ate  (usually  a b o u t 1 % )  w hich  is, o f 
course, retained b y  the p yroph osph ate . F or exam ­
ple, a m ixture su pposed ly  conta in ing  7 0 %  N a 4P 20 7 
+  3 0 %  N a 6P S230io acts as if  it con ta in ed  7 0 %  
N a 4P s0 7 +  0 .3 %  N a 4P 3220 7 +  2 9 .7 %  N a 6P 323O 10. 
T hus, add ition a l pyrop h osph ate  is form ed  during 
the purification  o f triphosphate. C alcu lations 
based on  the solu tion  h ydrolysis rate g iven  for  
room  tem perature in the “ H y d ro lys is ”  section  show  
that h ydrolysis w ou ld  n ot a ccou n t fo r  so m u ch  new  
pyroph osph ate . P ossib ly  the explanation  is that 
the p y rop h osph a te  im p u rity  form ed  during tri­
p h osphate purification  arises from  surface d ecom ­
p osition  o f h exah ydrate  crystals during drying.

A t least this w ou ld  n o t be  surprising in v iew  o f the 
labile nature o f the h exah yd rate .6’ 19~21

Critical Ratio of N a 5P 3Oi0 to N a 4P 20 7.— F or iso­
lation  o f pure sod ium  triphosph ate from  a m ixture 
con ta in ing  b o th  p y ro - and triphosphate, the initial 
w eight ratio N a 6P 30io /N a 4P 20 7 m u st exceed  7 / 3 , 
p referab ly  be 4 /1  or g rea ter .18 T h is  is readily  ap­
parent from  the fraction a l crysta llization  data o f 
F ig . 4. In  like m anner this ratio m ust be  less than 
7 /3 , preferab ly  less than 3 /2 , in order to  y ie ld  pure 
pyrophosph ate.

% STP IN PHOSPHATE MIXTURE.
Fig. 4.—Purification diagram for sodium triphosphate— 

sodium pyrophosphate mixtures by fractional crystalliza­
tion; phosphate/water ratio 1 g./14 ml. for less than 70% 
STP in mixture, 1 g./8 ml. otherwise, ethanol/water volume 
ratio 1/4, room temperature 25-35°.

Analysis
U ntil recen tly  the availab le  so lu tion  m eth ods for 

determ ining triph osph ate22’23 w ere in d irect and 
hence su b ject to  interference from  oth er p o ly p h os­
phate ions. A ccord in g ly  several a ttem pts have 
been  m ade to  d evelop  m eth od s specific fo r  the tri­
phosphate ion.

X-Ray Diffraction.— M eth od s  based  on  m easur­
ing intensities o f d iffraction  peaks h ave been  in 
use fo r  som e tim e . 19’24 T h e y  are especia lly  useful 
w hen  in form ation  is desired on  th e  p o ly m orp h ic  
nature o f  a solid  sam ple, fo r  th ey  p rov id e  a co n v e ­
n ient w ay  o f estim ating relative am ou n ts o f  tri­
ph osphate present as P hase I, P hase I I  and hexa­
h ydrate . Som e exam ples are g iven  on  com m ercia l 
sod ium  triphosph ate in T a b le  I  w here the co m p o ­
nents listed have been  a d ju sted  to  a to ta l o f  100% . 
Such  sam ples m a y  also con ta in  sm all am ou n ts o f

(1 9 )  B . R a is t r ic k ,  Roy. Coll. Sci. J., 1 9 , 9  (1 9 4 9 ).
(20) E . T h i lo  a n d  H . S e e m a n , Z. anorg. allgem. Chem., 267, 65 

(1951).
(21) O . T .  Q u im b y , Chem. Revs., 4 0 , 141 (1947). (S e e  a lso  th e  se c ­

t io n  b e lo w  o n  d e c o m p o s it io n  a c c o m p a n y in g  d e h y d r a t io n  o f  N asPsOio-G- 
H 20 . )

(22) R .  N . B e ll, Ind. Eng. Chem., Anal. Ed., 19, 97 (1947).
(23 ) B . R a is t r ic k ,  F . J . H a rr is  a n d  E .  J . L o w e , Analyst, 76, 230 

(1951).
(24) A .  J . M a b is  a n d  O . T .  Q u im b y , Anal. Chem., 25 , 1814 (1953).
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orth oph osph ate  a n d /o r  trim etaph osphate, b u t their 
sum  seldom  exceeds 2 % . S ince com m ercia l tri­
ph osphate conta ins n o  h exahydrate as m ade, X -  
rays m a y  be  used to  determ ine the progress o f  h y ­
d ra tion  from  exposure to  hum id  a tm osphere. Such 
a m eth od  show s n ot on ly  th e  a m ou n t o f  h exah y ­
drate  p rod u ced  at an y  stage, b u t in d icates that 
P hase I  h ydrates faster than  P hase I I .

T able I
X -R ay A nalyses of Some Commercial T riphosphates

%  T r ip h o s p h a te  p r e s e n t  as
S a m p le Na&P30io ( I ) N aePÆ ho ( I I ) N a tP a O w O fU O N tuIT O ?, %

A 65.5 29 None 5.5
B 9.5 83 None 7.5
C 27.5 58.5 None 12

W h ile  th e  X -r a y  m eth od  is specific fo r  triphos­
ph ate , it is n o t a general-purpose to o l fo r  quantita ­
tiv e  analysis, becau se it requires th at th e  sam ple be 
solid  and  fu lly  crystallized . T h e  im p ortan ce  o f 
this is show n in th e  analyses o f  partia lly  deh ydrated  
h exah ydrate  discussed in  the later section  on  stabil­
ity  o f  NasPaOio-ôEUO.

O n  w h olly  crysta llized  sam ples, the X -r a y  d if­
fra ctom eter m eth od  in vo lv in g  an internal stand­
a rd 24 g ives a to ta l triphosph ate determ in ation  w ith  
an average d ev ia tion  o f ± 3 %  absolu te  if the tri­
p h osphate is present in  one form  and o f ± 5 %  if 
all th ree form s are present.

T h is  m eth od  is o f  course n ot lim ited  to  deter­
m in in g  the triphosph ate species, fo r  p yroph osph ate  
as crysta lline N a 4P 20 7 can also be  determ ined  w ith 
sligh tly  greater p recision .24 I t  w ill be  seen from  
T a b le  I  th at pyrop h osph ate  is the ch ief im pu rity  
in com m ercia l sod ium  triphosphate. O ther crys­
talline species, such as trim etaphosphate, m ight 
also be  determ ined  b y  the X -r a y  m eth od  if present 
in sufficient con centration .

Precipitation by Zinc.— T h e  B ell m eth od  o f 
analysis has never been  cla im ed to  g ive  high pre­
cision  in determ in ing either tri- or p y rop h osp h a te ; 
fo r  even  the author used the w ord  “ estim ation ”  
rather than  “ determ in ation ”  in  the title  o f his pa ­
p er .22 N evertheless, it  is true th at th is m eth od  
o ften  gave a fair estim ate o f triphosph ate con ten t—  
n o m ean ach ievem en t in the light o f the m utual 
in terferences revealed  b y  P 32 tracer stu d ies25 to  be 
d iscussed below .

T h e  B ell m eth od  was deve lop ed  b y  m od ify in g  
the older m eth od  o f B ritzke and  D ra g u n o v 26 for  d e ­
term in ing pyrop h osph ate  b y  titra ting  the h yd rogen  
ions liberated  b y  add in g  excess zinc ion  at p H  3.8. 
B u t since b o th  p y ro - an d  triphosph ate liberate 
h ydrogen  ions, it w as necessary to  ob ta in  an in de­
pen den t m easure fo r  one o f them  and th is w as done 
b y  w eighing the pyrop h osph ate  as the zinc salt 
a fter tw o  precip itations.

W h ile  the precip ita tion  o f p y rop h osph a te  b y  zinc 
a t p H  3.8 is qu antita tive  in absence o f triphos­
phate, tracer studies show ed that, in the presence o f 
triphosph ate, ( 1 ) the p recip ita tion  is in com plete  
in b o th  the first and  the secon d  p recip ita tion ; (2) 
b o th  precip ita tes are con tam inated  w ith  triphos­
p h a te ; (3) repeating the p recip ita tion  as m an y  as

(2 5 )  O . T .  Q u im b y  a n d  PL W . M c C u n e ,  u n p u b lis h e d  re su lts .
(2 6 )  E . V . B r itz k e  a n d  S . S. D r a g u n o v , J .  Chem. Ind. (Moscow), 4, 

29  (1 9 2 7 ) .

fou r tim es continues to  reduce, b u t does n o t elim i­
nate, such contam ination . (4) F recip ita tion  o f 
zinc p yroph osph ate  fails to  occu r  in  th e  presence o f  
m assive am ou n ts o f triphosphate. F o r  the case o f 
the tw o  precip itation s called for  b y  :he m eth od , the 
w eight y ie ld  o f zinc precip ita te  is usual1' T equal to  
or slightly  higher than  th at expected  ft qu an tita ­
tiv e  precip ita tion  o f the p yroph osp lia te  alone, p ro ­
v id ed  the w eigh t ratio o f N a 5P 3O io /N a 4P 207 =  3 or 
less. T hus, the net effect o f  the tw o  precip ita tion s 
is that the p yroph osph ate  rem aining in  solu tions is 
fu lly  or a little  m ore than  com pen sated  w eight-w ise 
b y  the triphosph ate con tam ination  o f th e  zinc p y ­
rophosphate precip itate. T a b le  I I  g ives exam ples 
o f the recovery  o f P 32 p u t in as p yroph osph ate . 
N o te  that at w eight ratios o f  9 or h igher p y rop h os­
phate o ften  does n o t precip itate  at all, an observa ­
tion  also recorded  b y  o th ers .27’28

T able II
Pyrophosphate R ecovery in B e a , M ethod

%  3 f t o t a l  p y r o  f o u n d
W t .  Z n C o u n t ­

P h o s p h a t e  c o m p o s it io n p r e c ip it a t e in g  P s2

10% Na5P3Oio +  90% Na4P2320 7 :oi 95
25% NasPsOio +  75% Na4P232 0 7 95 90
50% Na5P3O]0 +  50% Na4P232 0 7 :08 97
75% Na5P3O10 +  25% Na4P232 0 7 99 84
90% Na5P3Oio +  10% Na4P232 0 7 No pptn.

In  v iew  o f the uncerta in ties in the p yroph osph ate  
precip ita tion  and  the fa ct th a t p yroph osph ate  
con tribu tes tw o m oles o f  H + to  app rox im ate ly  one 
H +  fo r  the triphosphate, it is rem arkable th at the 
m eth od  has g iven  such  reasonable estim ates o f 
triphosph ate con ten t, based  on  the a c id ity  n ot 
accou n ted  fo r  b y  the p yroph osph ate  as ca lcu lated  
from  the w eigh t o f  zinc precip itate . H ow ever, 
w hen p yroph osph ate  fails to  precip ita te  the titra ­
tion  is all ca lcu lated  to  triphosph ate and g ives im ­
p ossib ly  h igh values.

I t  is possib le  th at a m eth od  fo r  determ in ing p y ro ­
ph osph ate  m ight still be  e v o lv ed  b y  m od ify in g  the 
B ell procedu re . F or  instance, b y  using a lim ited  
excess o f zinc at p H  3.8 one cou ld  estim ate p y ro ­
ph osphate b y  centrifuging off th e  precip ita te  and 
determ in ing the excess o f  zinc in th e  supernatant. 
B y  su itable con tro l o f N a 6P 3O io /N £ 4P 207 ratio  and 
b y  m akin g  ca libration  cu rves in  such a w ay  as to  
correct fo r  triphosph ate interferenc 3, a reliable de­
term in ation  o f p y ro - in  the presence of triphosphate, 
m a y  y e t  result, a fter the m anner o f the cob a lt  
m eth od  deve lop ed  for  triphosph ate b y  W eiser29 as 
in d icated  in the next section.

Precipitation by Tris-(ethylenediamine)-cobalt-
(III) Ion .— F rom  solutions conta, n ing o n ly  tri­
ph osph ate  ions at p H  3 -4  the co b a lt  reagent pre­
cip itates triphosph ate (p ractica lly  q u a n tita tiv e ly ) 30 
as C o (e n )3H 2P 3O i0-2H 2O . T h is  is saow n  in F ig . 5, 
wrhich  also show s th at pyrop h osph ate  b y  itself does 
n o t precip ita te  under these con d itions. N ev erth e -

(2 7 ) A . B . G e rb e r  a n d  F . T .  M ile s , Ind. Eng. Jhem., Anal. Ed., 13, 
4 0 6  (1 9 4 1 ).

(2 8 )  H . S c h m id  a n d  W . D e w a ld ,  Fette u. Seif en, 05, 19 (1 9 5 3 ) .
(2 9 )  H . J . W e ise r , u n p u b lis h e d  re su lts , M e t h o d s  D e v e lo p m e n t  

G r o u p , C h e m ic a l  D iv is io n ,  T h e  P r o c t e r  & G a m b le  C o m p a n y .
(3 0 )  H . W . M c C u n e  a n d  G . J . A r q u it ,  p r e s e n te d  b e fo r e  t h e  D iv is io n  

o f  P h y s ic a l  a n d  I n o r g a n ie  C h e m is tr y  o f  th e  A m . C lie in . S o c .  a t  C h ic a g o ,  
S e p te m b e r , 1953 .
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less, tracer stu d ies30 (cf. a lso  T a b le  I I I '  h ave  show n 
th at a sim ilar p recip ita te  from  a m ixture o f p y ro - 
and triphosph ate ( 1 ) does n o t con ta in  all o f the 
tr iph osph ate ; (2) is con tam inated  b y  p y rop h os­
p h a te ; (3 ) con ta in s less p y rop h osph a te  w ith  each 
succeeding  p ^ ip i t a t io n ,  b u t  requires m a n y  precip ­
ita tion s (6—10) fo r  p rod u ction  o f a triphosphate 
o f  9 9 %  pu rity , and  (4) is n o t p recip ita ted  at all if 
the ratio o f  p y r o - to  triph osph ate  is to o  high.

T able  III
P recipitation  of C o(en)3H 2P3O10 in P resence of P yro­

phosphate

pH M o la r  r a t io  
t r i / p y r o

P p t .  y ie ld , 
%  o f  th e o r y

C o n ta m in a t io n  as 
%  C o ( e n ) a H P « ,0 ;

3.5 6.5/1 100 2.7
3.5 1.08/1 101 10.6
3.5 1/3.23 73 15.5
2.5 4/1 104 6.9
3.0 4/1 107
4.0 4/1 106 8.1
4.5 1/2 34 24

T hus, the b eh a v ior  w ith  the cob a lt  reagent is a 
replica o f th at w ith  zinc ions, excep t th at p y ro - and 
triphosphate h ave  exchanged  roles. T hese  tw o  
condensed  phosphates are so sim ilar in  structure 
th at each  is pron e to  enter a  crysta l lattice  o f  the 
other. I t  is therefore  d ifficu lt t o  ob ta in  a  pure p y ­
rophosphate or a pure triphosph ate precip itate , if 
the other species is present even  in  sm all quantities.

In  spite o f  th e  p yroph osph ate  interference w ith  
the triphosph ate precip ita tion  b y  C o (e n )3+ 3, W e i- 
ser29 w as ab le  to  d eve lop  a  co lorim etric m eth od  for  
determ ining triphosph ate in m aterials such  as 
com m ercia l triphosph ate an d  triphosph ated  deter­
gents, b o th  o f w h ich  con ta in  p yroph osph ate . H e 
accom plish ed  this b y  preparing a ca libration  cu rve  
using m ixtures o f  purified p y ro - and  triphosphate. 
T o  either such a  k n ow n  m ixture or th e  sam ple an 
excess o f  the co b a lt  reagent is added , the precip ita te  
is rem oved  b y  filtration  and  the excess o f  reagent 
in  th e  filtrate is m easured  w ith  a  colorim eter. 
T ranslation  o f the colorim eter reading in to  triphos­
phate con ten t b y  m eans o f the special calibration  
cu rve  p roved  to  b e  an effective  w a y  o f correctin g  for  
the p yroph osph ate  con tam in ation  o f the precip i­
tate. R ep lica te  analyses sh ow ed  an  average d ev i­
ation , expressed as parts per hundred parts o f  tri­
phosphate, o f  0 .5  in com m ercia l triphosph ate and 
o f 0 .6  in triphosp h ated  detergents. T h e  uncer­
ta in ty  in th e  true va lu e  is som ew h at larger since the 
triphosph ate used  fo r  ca libration  p ro b a b ly  had a 
pu rity  near 9 9 %  rather than  the assum ed 100% .

T h e  presence o f  1 0 %  tetraphosphate or o f as lit­
tle as 2%  sodium  polyp h osp h ate  glass prevents 
com p lete ly  the precip ita tion  o f tr is-(ethylened iam - 
in e )-cob a lt d ih vd rogen  triphosph ate in th e  co lori­
m etric m e th o d .29 Sm aller am ou n ts interfere, caus­
ing the triphosph ate analysis t o  com e ou t low . T h is 
m a y  som etim es be  overcom e b y  add in g  som e pure 
triphosph ate to  reduce the con tam inan t to  tr iph os­
phate ratio.

Isotope Dilution.— T h e  fastest approach  to  a  pure 
tri- or  p yrop h osph a te  phase k n ow n  a t present o c ­
curs u p on  recrysta lliza tion  o f the sod iu m  salts 
from  aqueous m edia . A s in d ica ted  in the section  on

pH OF PRECIPITATION.
Fig. 5.—Effect of pH on precipitation of Co(en)3+3 by 

pure tri- or pyrophosphates; concentration of phosphate 
0.02-0.05 M, Co reagent used in 6-20% excess.

pu rification  o f triphosphate, this w as accom plish ed  
a t room  tem perature b y  adding  eth an ol to  an aqu e­
ous tri- or p yroph osph ate  solu tion  to  in du ce crys­
ta llization  as N a 5P 3Oio-6H20  or N a 4P 2O 7 l 0H 2O. 
I f  th e  in itia l w eight ratio o f  N asP 3Oio to  N a 4P 20 7 
is less th an  3 /2  fou r  crysta llization s u n der the con d i­
tions recom m en d ed 18 reduces th e  triphosph ate  im ­
pu rity  to  less than  0 .5 %  as N a 5P 3Oio. Sim ilarly, 
w hen  th is ratio  is 4 /1  or  greater, fo u r  crysta lliza ­
tion s reduce the p y rop h osph a te  orig inally  present 
as such  to  an insignificant level. U n fortun ately , 
how ever, som e p y rop h osph a te  is m ade in the 
recrysta llization  process ,18 so th at it is d ifficu lt to  
redu ce the p yrop h osph a te  con ten t o f  the an hydrou s 
salt b e low  1 %  as N a 4P 20 7.

S ince a reprodu cib le  state o f p u r ity  is attainable 
fo r  b o th  species, it is th erefore  possib le  to  utilize 
the recrystallization  process as th e  basis fo r  deter­
m ination  o f b o th  p y ro - an d  triphosph ate b y  isotop e  
d ilu tion . 18 T h e  results h a v e  a precision  o f 1 -1 .5 %  
absolu te  on  such sam ples as com m ercia l tr ip o ly ­
phosphate and syn th etic  detergents con ta in ing  tri­
phosphate. T h e  m eth od  has th e  advan tage  o f b e ­
in g  specific fo r  the species being determ in ed. H o w ­
ever, w hen  either the p y ro - or  triphosph ate  con ten t 
o f  th e  ph osphate is less than  20%  th e  relative error 
becom es rather large becau se  o f th e  n ecessity  o f 
adding  pure in active  p y ro - or triphosph ate  fo r  ratio 
ad justm ent.

Chromatography.— T w o  laboratories7’16 h ave re­
cen tly  developed  paper ch om a tog ra p h y  to  the 
p o in t w here qu an tita tive  analyses can  be  m ade for  
each  o f the fo llow in g  ph osph ate  species: orth o , 
p y ro , tri, tetra, trim eta  and tetram eta . I t  in­
v o lv es  an unam biguous separation  o f  th e  species, 
fo llow ed  b y  determ ining the to ta l phosphoru s in 
each  separated ph osphate. T h e  accu ra cy  is o f  the 
order o f 3 -5 % . A n  advan tage o f  th e  ch rom a to ­
graph ic m ethod , as app lied  to  determ in ation  o f 
p y ro - and  triphosphates for  exam ple, is th at tetra - 
and  higher polyph osphates d o  n o t interfere p ro­
v id ed  the con d ition s o f experim ent (p H , tem pera­
ture, e tc .) are chosen  so as to  m ake negligible the
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p rod u ction  o f th e  low er m em bers b y  h yd rolysis  o f 
the higher polyp h osp h ates.

Solubility
T a b le  I V  con ta in s phase d a ta  on  the m etastable  

b in ary  system  N a 6P 3O io-H 20 .  T h ese  w ere o b ­
ta in ed  a t th e  A rm ou r R esearch  F o u n d a tio n ,31 using

T a b l e  IV
Heterogeneous Equilibria i n  the System NaiPsOio- 

H20  at 0 to 50°
(Data of Jones, Cook and McCrone31)

T e m p . , N a iP iO io , T im e C r y s ta l
° C . w t . % a llo w e d , h r. p h a se

-0 .4 5 3.03 F.p. detn. Ice
-0 .7 4 5.54 F.p. detn. Ice
-0 .9 3 7.36 F.p. detn. Ice
-1 .0 8 8.91 F.p. detn. Ice
—  1 . 1 1 9.44 F.p. detn. Ice
- 1 . 2 2 10.45 F.p. detn. Ice
-1 .3 3 12.13 F.p. detn. Ice
-1 .4 1 13.92 F.p. detn. Ice very near 

euctectic
0 . 0 0 13.98 50 N a3P 3O 10 ■ 6 H2O
9.04 13.19 5.5 N a s P  3O 10 • 6 H2O

14.70 13.00 116 Na5P 3Ol0-6 H2O
17.82 13.02 53.5 Na5P3 0 io-6 H20

2 0 . 1 0 12.92 143.2 Na5P3 0 io-6 H20

24.78 12.97 F.p. detn. Na5P30io'6H20
24.87 12.96 51 NaoP3 0 io'6 H20

25.00 12.96 219 N a 5 p 3 0 i o - 6 H 20

29.84 13.02 72 Na5P3 0 io-6 H20

30.00 13.06 74.8 Na5P3Oio-6H20
30.01 13.23 75 N slsP 3O10 • 6H20
30.51 13.26 67 Na5P30io-6H20
30.81 13.26 3 Is a5P 3O]0'6 H2O
30.87 13.30 3 N a 5P s O io - 6 H 20

30.93 13.26 3.5 N a s P  3O 1 0 6 H 2O

31.11 13.44 2 1 . 1 N a5P 3O10 • 6H20
31.31 13.28 67 N a5P 3O10 • 6H20
31.81 13 48 26 N a&P 3O10 -6H20
32.39 13 32 3.5 Na5P3Oio-6H20
33.95 13.30 77.2 N a5P 3Oio-6H20
34.83 13.38 66.5 Na5P3 0 io*6 H20

35.03 13.50 3.5 Na5P3Oio-6H20
39.83 13.57 65.8 Na5P3Oio‘6 H20

40.06 13.68 3.0 Na5P30io-6H20
44.97 14.02 3.0 Na5P 3O jo' 6 H 20

44.98 13.85 67 N a s P  3O io- 6 H 20

50.07 14.34 1 . 0 Na5P3Oio-6 H20

sodium triphosph ate from  com m ercia l tr ip o lyp h os-
ph ate w hich  had been  purified b y  fou r crystalliza­
tions sim ilar to  those described  under “ P urifica­
t io n ,”  excep t th at a larger ethanol : w ater vo lu m e 
ratio  (1 :3 )  w as used. W h ile  the purified triphos­
phate w as n ot analyzed  b y  the m ore reliable m eth ­
ods, the p u rity  expected  from  the m eth od  o f purifi­
cation  w ou ld  be  9 8 -9 9 % . T h e  so lu b ility  increases 
s low ly  w ith  tim e and  reaches the saturation  value 
in a d a y  or tw o  a t 0 ° , and  in a few  hours at 4 5 -5 0 ° . 
S ince hydrolysis, detected  b y  analysis fo r  orth o ­
ph osphate, also causes an  increase in so lu b ility  w ith  
tim e, th e  equ ilibrium  so lu b ility  w as recogn ized  as a

(31) S. P. Jones, J. W. Cook and W. C. McCrone, research project at
Armour Research Foundation, Chicago, Illinois, sponsored by the
Procter & Gamble Co.

stead y  state  betw een  tw o  periods o f  increasing so lu ­
b ility . B ecause o f th is lim itation  the data  g iven  
at 5 5 °  and  higher are n ot tru stw orth y ; sign ificant 
h yd rolysis  occu rred  before  so lu b ility  equ ilibrium  
was attained . A pp rox im ate  va lu es at 55 an d  7 0 ° 
w ere 14.8 and  16 .5 % , respectively .

A t  tem peratures be low  4 0 °  the data  o f  T a b le  IV  
agree reason ably  w ell w ith  the “ a pprox im ate  so lu ­
b ility ”  data  reported  graph ica lly  b y  V an  W a ze r ,32 
b u t differ from  them  in show ing  a shallow  m ini­
m u m  at a b ou t 20 °.

Stability
Since triphosph ate is m etastable  in  co n ta ct  w ith  

w ater, it  is o f  in terest to  exam ine its rate o f h y d ro ly ­
sis u n der variou s cond itions.

Hydrolysis in Aqueous Solutions.— I t  has been  
show n th at triphosph ate h yd ro lyzes  first to  a m ix ­
ture o f  o r th o - and  p yroph osph ate , an d  u ltim a te ly  
to  orth oph osph ate . A t  room  tem perature, h ow ­
ever, the h ydrolysis is rather slow  as sh ow n  b y  the 
data  fo r  three con cen tration s and  three m eth ods 
o f analysis in T a b le  V . T h e  con cen tra tion  d e ­
creases linearly  w ith  tim e, i.e.,  appears to  fo llo w  a 
zero-order law . In  150 days th e  exten t o f  d e ­
com p osition  was so slight th at the p H  rem ained 
p ractica lly  unch an ged  at a va lu e  near th at fo r  pu re 
N a 6P 3Oio, nam ely, 10.0. T hu s, at p H  va lu es o f

T a b l e  V
H y d r o l y s i s  o f  S o d i u m  T r i p h o s p h a t e  ( S T P )  i n  A q u e o u s  

S o l u t i o n s  a t  25-28°
In it ia l c o n c n .

0.1 g . /1 0 0  m l. 
A n a l, f o r  p y r o  

b y  is o . d i ln .°
C a lc d .  
%  o f  
t o ta l  
S T P  
re -

T im e , Na4P2C>7, m a in -
days % ing

0 0.37 99.5
9 .49 99.3

20 .40 99.4
43 .77 98.9
76 .92 98.7

103 1.2 98.5
146 3.3 95.5
k  = 0.010%

in it ia l  c o n c n . 
0 .7  g . /1 0 0  m l. 

A a a l.  f o r  tr i 
b y  C o  m e t h o d  &

T o t a l
S T P

T im e , re m a in in g , 
d a y s  %

0 98.9,98.6 
7 99.1 

14 98.6 
35 98.0 
70 97.0 

106 97.55 
146 97.25 
k  =  0.013%

I n i t ia l  c o n c n .
1 0  g . /1 0 0  m l. 
A n a l,  f o r  tri 

b y  G—M  t i t r n . c

T im e ,
T o t a l  S T P  

re m a in in g ,
d a y s %

0 99 (assumed)
14 98
41 1 0 0

70 1 0 0

78 98
1 2 1 92
148 94.5
k = 0 . 0 2 %

Na5P30io/day NadPAWday Na5P3Oio/day 
a Analysis made for pyrophosphate by inverse isotope 

dilution18 and calculating the triphosphate assuming one 
mole of triphosphate disappeared for each mole of pyro­
phosphate formed. Initial orthophosphate content = 
0.15% as Na2HP04. Thus, 100 -  0.37 -  0.15 =  99.48% 
Na5P3 0 io present initially. 6 Analysis made by the Weiser29 
colorimetric cobalt method. • Analysis made by a modified 
Gerber-Miles titration. 27

9 -1 0  and at con cen tration s o f  0.1 to  10.0 g ./m l . the 
in itial specific reaction  rate k corresponds to  the 
disappearance o f 0.01 to  0.02%  o f the to ta l tr ip h os­
ph ate per d ay . T h e  specific reaction  rate appears 
to  increase som ew hat w ith  increasing con cen tra ­
tion , a trend  con trary  to  that p rev iou sly  reported  
b y  G reen 33 on  v ery  dilute solu tions (6 .5  to  65 
p .p .m .) a t p H  9 and 190°F . (88°C .) , based  on  rate

(3 2 )  J . R .  V a n  W a z e r , “ E n c y c lo p e d ia  o f  C h e m . T e c h n o lo g y , ”  
V o l .  X ,  e d it e d  b y  K ir k  a n d  O th m e r , In te r s c ie n c e  P u b lis h e r s , I n c . ,  
195 3 , p. 4 13 .

(3 3 )  J . G re e n , Ind. Eng. Chem., 4 2 ,  1 54 2  (1 9 5 0 ) .
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o f appearance o f orth oph osphate. P rob a b ly  this 
sim ply m eans th at dependence o f rate on  con cen ­
tration  can not be determ ined from  the data  o f T a ­
ble V , prim arily  becau se o f the use o f  an alytica l 
m ethods o f w idely  d iffering a ccu racy . T h e  least 
accu rate rate, i.e., th at dependen t on  the titration  
m ethod , m a y  be  in error b y  a fa ctor  o f  tw o . Suffice 
it to  say  th at the w idely  d ifferent m eth ods have 
given  about the sam e h ydrolysis rate.

I t  is well know n th at rate o f h ydrolysis  o f  an y  
condensed  ph osphate increases rap id ly  w ith  in ­
creasing tem perature. F o llow in g  the disappearance 
o f triphosph ate at 180°F . (8 2 °C .) b y  m eans o f the 
cob a lt m e th o d 29 in a solu tion  in itia lly  con ta in ing  
10 g. o f  N asP3Oio per 100 m l. gave the data o f T ab le
V I . A ga in  the in itial decrease o f  triphosphate con ­
centration  w ith  tim e is approx im ately  linear and 
the specific reaction  rate derived  from  this part o f 
the cu rve  corresponds to  disappearance o f abou t 
4 0 %  o f the triphosph ate during the first d a y  ( 1 .7 % /  
h r.). T h is  ca lcu lation  ignores an y  e ffect o f the 
change in  p H  w hich  had  fallen  to  a b ou t 7.5 b y  the 
end o f th e  first day . T h e  2 ,000- to  4 ,000 -fo ld  in ­
crease in rate resulting from  raising the tem pera­
ture from  27 to  8 2 ° corresponds to  a 4 - to  4 .5 -fo ld  
increase for  each 10° rise in tem perature. F or  com ­
parison, it m ay  b e  n oted  th at the a b ov e  va lu e ap ­
pears consistent math the higher rate (5 .8 % /h r .)  
reported  b y  G reen 33 fo r  triphosph ate at a con cen ­
tration  o f 65 p .p .m ., con tro lled  p H  o f 7, and tem ­
perature o f  190 °F . (88 °C .) . B oth  the low er aver­
age p H  and the higher tem perature used b y  G reen 
w ou ld  increase the rate. V an  W azer and co -w ork - 
ers13 reported  an even  faster rate (1 4 % /h r .)  a t a 
still h igher tem perature (9 0 °) fo r  a 1 .2 9 %  N a 6P 3Oio 
solu tion  held  at p H  7. A llow in g  for  the sm all e f­
fe ct  o f  the tem perature difference, the rates deter­
m ined b y  G reen  and b y  V a n  W azer still differ 
m arkedly  fo r  som e u nk n ow n  reason.

T a b l e  VI
H y d r o l y s i s  o f  S o d i u m  T r i p h o s p h a t e  (STP) i n  A q u e o u s  

S o l u t i o n  a t  180°F. (82°C.)

T im e , hr.
I n it ia l  c o n c n . 10  g . /1 0 0  m l.

T o t a l  S T P  re m a in in g ,

0 98.6, 98.9
4 91.4
7 . 5 84.9

16 72.0,69.2
24 51.1,52.9
40 29.7
48 21.1
64 6.3
72 4.0

Initial fc = 1.7%/hr.

Hydrolysis during Dehydration of Hexahydrate 
Crystals.— It  has b ecom e  increasingly ev id en t6’19-21 
th at hexahydrate does n o t lose w ater at an y  tem ­
perature b elow  som e p o in t in the in terval 130 -140° 
w ith ou t undergoing  m ore  or less h ydrolysis. A t 
120° the am ou n t o f  h ydrolysis  is rela tive ly  sm all if 
a shallow  layer o f  h exahydrate crystals is q u ick ly  
brou gh t to  tem perature an d  the w ater vap or 
pu m ped  off or sw ept a w a y ; h ow ever, in an ord i­
n ary  oven  the escape o f w ater v a p o r  is so delayed  
that a lm ost com p lete  d ecom position  in to  o rth o -

and pyrophosph ates occurs. A t  9 5 -1 0 5 °  there is 
m u ch  h ydrolysis  regardless o f  h ow  fast the w ater is 
rem oved . In  one room  tem perature experim ent 
nearly  h a lf o f  the w ater w as rem oved  from  hexa­
h ydrate  in a v a cu u m  over P 20 5; the p H  o f the 
p rod u ct (1 %  solu tion  in C 0 2-free w ater) fell from
10.0 to  8 .4 an d  a b o u t 4 0 %  o f the triphosph ate was 
con verted  to  a m ixture o f  o rth o - and  p y rop h os­
phates. B ecause o f th is ten d en cy  to  h yd ro lyze  it 
is im possib le to  obta in  sa tisfa ctory  equ ilibrium  
m easurem ents o f  the partial pressure o f  w ater v a ­
p or over h exahydrate crysta ls ,31 even  a t relatively  
low  tem peratures o f  4 0 -5 0 ° . Surface h ydrolysis 
alw ays m odifies the system  so th at one a lw ays has 
m ore than  the three phases dem an ded  b y  the equ a­
tion

Na6P3Oio-6H20  NasP,Oio(II) +  6H20  (a)
Such  surface h ydrolysis becom es appreciab le  at 
7 0 -8 0 °  and qu ite  rapid at 9 0 ° as dem on strated  b y  
the w eight-loss data  o f B on n em a n -B ém ia .6

F rom  studies o f  the deh ydration  o f h exah ydrate  
in open  containers at tem peratures near 100°, 
R a istr ick 19 and T h ilo  and  S eem an 20 con clu d e  that 
w hat happens is
Na5P3O,0-6H2O — > Na4P20 7 +  NaPLPO, +  5H,0 (b)
A ccord in g  to  T h ilo  and Seem an, h eatin g  the result­
ant equ im olar m ixture o f  p y ro - and orth oph osphate 
fo r  a long  tim e at the sam e tem perature, or better 
fo r  a shorter tim e at a slightly  h igher tem perature, 
e.g., 1 0 5 -1 2 0 °, sim ply  results in recon densation  thus

Na4P20 7 +  XaH2P04 — > Na3P3Oio +  H20  (c)

L ook in g  first a t th e  recon densation  reaction  (c ) , 
experim ents were m ade w ith  equ im olar m ixtures o f 
pure N a 4P 20 7 and pure N a H 2P 0 4 to  see w hether 
an y  triphosph ate form s at 10 5 -1 2 0 °. In  on e case 
the m ixture was put in to  solu tion  and  spray-dried  
to  ensure an in tim ate m ixture in th e  solid  sta te ; 
the on ly  phase revealed  b y  X -r a y  d iffraction  was 
N a 4P 20 7, b u t diffuse halos in d icated  the presence 
o f am orphous m aterial. U p on  analysis fo r  tri­
ph osphate it  was fou n d  to  con ta in  essentially  no 
triphosph ate (T ab le  V I I ) .  F urtherm ore, heating 
this spray-dried  m ixture for  6 hours at 120° caused 
the appearance o f N a 2H P 0 4 in th e  X -r a y  pattern ,

T a b l e  VII
A t t e m p t e d  C o n d e n s a t i o n  o f  a n  A p p r o x i m a t e l y  E q u i ­

m o l a r  M i x t u r e  o f  Ka4P20 7 a n d  NaH2P04

T r ip h o s .  as 
N asPaOio,

%»

L oss  
in  o v e n  

h tg .,
%  w t.

T o t .  
H *0  
(ign . 

l o s s ) ,  %

p H  o f  
p r o d .  
( 1 %  

s o in .)

A. Prod. htg. hexa­
hydrate, 12 hr., 95°

B. Prod. htg. hexa­
34, 35, 30 (12.8) 11.50 8.11

hydrate, 72.5 hr., 95° 
C. Mech. mixt. 0.98

5 18.1

mole Na2H2P04: 1.00 
Na4P20 7 7.66

D. Prod. C spray- 
dried from solution

E. Prod. D heated 6
2,0 8.87 7.42

hr. at 120° 2, 2,1 (2.8) 6.22 7.23
“ By colorimetric Co(en)3+3 method of Weiser.29 Results

of 2% or less are probably not significantly different from 
zero.
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T a b l e  V ili
R o u g h  A n a l y s e s  o f  P r o d u c t s  o f  H e a t i n g  Vs t o  ‘ A I n c h  L a y e r s  o f  H e x a h y d r a t e  i n  O p e n  D i s h e s

S a m p le
O v e n

te m p .,  ° C .
H e a t in g ,

hr.
HaO

loss, %

P r o d u c t  
p H  in  

1 %  so in .
M o ly b d .

to ta l

P 20 8, w t. 
C o lo r  
o r th o

%
B ell
p y ro

B ell
tr i

M o le s  p y r o  
M o le s  o r th o

2 0 - 7 7 R.T. None None 1 0 . 0 4 5 . 6 N.F. 4 4 . 2

28-3A 95 6 10.5 8 . 5 4 17 25 2

28-3 E 95 20 19.0 7 . 7 5 14 34 3 1 . 2

28-3J 95 69 19.9 7 . 7 9 17 34 10 1 . 0

28-3N 95 162 19.6 7.82 16 39 3 1 . 2

20-80A 105 0.5 1.8 9.73 4 4 . 1 1 6 39
20-80B 105 1 2.9 9.51 46.3 3 11 32 2

20-80C 105 2 3.6 9.22 46.4 3 11 32 2

45-24A 105 2.5 13.0 51.9“ 8 246 17 1 . 5

45-24B 105 24 19.4 57.6“ 16 38“ 0 1 . 2

20-80F 105 70 20.1 8.23 56.3 13 42 6 1 . 6

20-80G 120 0.5 9.3 8.78 7 13 28 9 . 9

20-80H 120 1 17.2 8.23 54.4 1 2 36 6 1 . 3

20-801 120 2 19.6 8.00 54.4 1 2 36 6 1 . 3

20-80L 120 70 20.5 8.20 57.0 1 0 41 7 2

28-5 120 6 18.5 7.9 1 1 39d 7 1 . 8

45-11 120 6 19.9 7.95 55.6 8 40* 3 2 . 5

° Two end-point determination of total P2O5, cf. Andrews. 36 6 Quantitative X-ray analysis18 (BeO internal standard) 
revealed 23% KajPeOi, 19% Na5P3Oio-6H20, no Na6P3Oio or orthophosphate. 'X -R a y  analysis (BeO): 41% Na4P20 7, 
nothing else crystalline. d After 2.5 years aging in bottle, X-ray analysis (BeO) revealed 28% NaiPsO? +  a larger amount 
of Na3HP20 7 -H2 0 , but no Na5P3Oio or orthophosphate. '  X-Ray analysis (BeO): 43% Na4P20 7, nothing else crystalline.

T a b l e  I X

R o u g h  A n a l y s e s  o f  P r o d u c t s  o f  H e a t i n g  V a r i o u s  D e p t h s  o f  H e x a h y d r a t e  a t  9 5 °  i n  O p e n  D i s h e s

Sample
Depth 

of cryst. 
layer, in.

Heating,
hr.

HaO 
loss, %

Product pH in 1% soin. Molybd.
total

-------P2O5, wt.Color in 
ortho

/0Bell
pyro

Belf
tri.

Moles pyro 
Moles ortho

28-3 A ‘A 6 10.5 8.50 4 17 25 2

28-3B 6 A 6 3.4 9.00 4 7 . 0 0 2 41
28-3 C 2 6 0.5 9.47 0 0 44
28-3 D 8 6 1.3 8.91 4 5 . 7 0 . 5 3 41
28-3 E ‘A 20 19.0 7.75 14 34 3 1 . 2

28-3F •A 20 17.5 7.75 27“ 32 3 0 . 6

28-3 G 2 20 17.5 8.01 5 4 . 6 4 41 9 5
28-3 H 8 20 11.0 7.98 50.7 14“ 41 5 1.5
28-31 Vs 69 19.9 7.79 17 34 10 1 . 0

28-3J Vs 69 19.1 2.65 21 36 1 0 . 9

28-3K 2 69 17.8 8.03 6 43 3 4

28-3 L 8 69 16.7 7.91 10 44 1 2

28-3 M Vs 162 19.6 7.82 16 39 3 1 . 2

28-3N Vs 162 19.5 7.71 18 38 2 1 . 1

28-3 P 2 162 17.5 8.06 5 46 2 5

28-3 R 8 162 16.7 7.90 10 43 3 2

“ Ortho content probably too high because sum of ortho +  pyro +  tri-P20 5 exceeds the total P20 5.

b u t n o  form ation  o f triphosphate. T hu s, recon den ­
sation  to  triphosph ate is u n im portan t at 120 ° or 
below . In  fa ct, there was p rob a b ly  som e h y d ro ly ­
sis o f the pyroph osph ate , becau se b o th  the spray­
d ry in g  and the further heating at 120 ° caused the 
0 .9 8 :1 .0 0  m olar m ixture o f  N a H 2P 0 4 and N a 4P 207 
to  drop  in p H  (T a b le  V I I ) .

T urn ing  b ack  to  the in itia l d ecom position , w hich  
is said to  occu r a ccord in g  to  reaction  (b ) , one can 
say  th at it is q u a lita tive ly  adequ ate, b u t is really  
an oversim plification . I t  calls fo r  a p rod u ct w ith  a 
p H  o f 7 .6 -7 .7 , as com pared  w ith  h exahydrate de­
com p osition  produ cts h avin g  a p H  o f 7 .7 -8 .2  
(T a b les  V I I I  and I X ) .  E qu ation  (b ) calls fo r  a 
w ater loss o f  18 .9 % , as com pared  w ith  observed  
losses u p  to  2 0 .5 % , depend ing  on  d ep th  o f hexahy­
drate  crystals, tem perature and  tim e o f heating. 
I t  also calls fo r  a p rod u ct con ta in ing  an equ im olar

m ixture o f p y ro - and orth oph osphate, whereas hex­
ah ydrate d ecom position  prod u cts  m ade at 9 5 -1 2 0 °  
u sually  conta in  rela tively  m ore p yroph osph ate  
even  in  the early stages as show n b y  the ap p rox i­
m ate analyses in T ab les V I I I  and  I X .

O ne rem arkable fa ct  a b ou t such  p rod u cts  o f  de­
h ydratin g  hexahydrate at 9 0 -1 2 0 °  to  a stead y  state 
is th at the X -r a y  d iffraction  pattern  show s sharp 
lines for  b u t one species, nam ely, N a 4P 20 7 . T h is  o b ­
servation  has been reported  b y  oth ers . lf’20 A t ­
tem pts to  m ake the orth oph osphate  ev iden t b y  
slurrying such  produ cts w ith a little  w ater, a llow ing 
them  to  d ry  slow ly  at room  tem perature, and  re- 
X -ra y in g  the air-dried p rod u ct fails to  reveal o rth o ­
phosphate in the vast m a jor ity  o f  cases. P rod u ct 
28-5 o f  T a b le  V I I I ,  like so m an y others w ith  an oven  
w ater loss o f  1 7 -2 1 %  and a p H  o f 7 .7 -8 .2 , in itia lly  
gave sharp d iffraction  lines for  N a 4P 2C>7 on ly , plus
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the usual b road  halo show ing the presence o f  con ­
siderable m aterial am orph ou s to  X -ra y s . A fter 
aging 2.5 years in  a screw -capped  b ottle , qu an tita ­
tive  analysis b y  X -r a y  d iffra ction 24 show ed 2 8 %  
N a 4P 20 7 p lus w h at appeared  to  be  an appreciab ly  
larger am ou n t o f N a 3H P 20 7-H 20 ; n o  orth op h os­
phate wTas d e te cte d ; in fa ct, all lines were accou n ted  
for  b y  N a 4P 20 7 and N a 3H P 20 7 H 20 .  U pon  slurry­
ing the aged 28-5 w ith  w ater and a ir-drying, the 
sam ple n ow  show ed on ly  d iffraction  lines fo r  N a 4- 
P 20 7 - 10H 2O ; again  n o  orth oph osph ate  w as ev iden t. 
On the other hand, syn th etic  m ixtures m ade from  
pure N a 4P 20 7 and  N a H 2P 0 4 or from  pure N a 3H P 20 7 
and N a 2H P 0 4 in 1 : 1  m olar ratio, slurried w ith  w a­
ter and air-dried at room  tem perature or oven -dried  
alw ays show ed  N a 3H P 20 7-H 20 +  N a 2H P 0 4 a n d /o r  
N a 2H P 0 4-2H 20 .  T hu s, qu a lita tive X -r a y  ev i­
dence says th at orth oph osph ate  is usually  present in 
con cen tration s b e low  th at called  fo r  b y  equ ation  (b ).

T h e  rough  analyses fo r  p y ro - and orth oph osphate 
in T ab les  V I I I  and  I X  tell a sim ilar story . T h e  
p yroph osph ate  analyses are the m ore n early  correct 
the closer the triphosph ate com position  approaches 
zero, bu t are p ro b a b ly  h igh b y  n o  m ore than  5 %  rel­
a tive  error in an y  case. T h e  orth oph osphate  data, 
obta in ed  b y  a co lorim etric  m o ly b d a te  determ ina­
tion  w ith ou t separation  from  the condensed  ph os­
phates, are p ro b a b ly  a little  high due to  h ydrolysis 
o f condensed  phosphates during the d evelopm en t of 
the blue co lo r ; in th e  case o f p rod u cts  28-3 F  and 
28 -3H  in  T a b le  I X ,  the orth o  P 20 5 appears to  be 
sign ificantly  high because to o  m u ch  P 20 5 is a c­
cou n ted  for. I t  is p robab le  th at the p y r o /o r th o  
ratios g iven  in  T a b le  V I I I  are a p prox im ately  cor­
rect in  m ost cases. T h is  ratio  u su a lly  exceeds 1 :1 .

T a b l e  X

T r a c e r  A n a l y s e s  o f  a  P r o d u c t  M a d e  b y  H e a t i n g  a  

V s- I n c h  L a y e r  o f  H e x a h y d r a t e  C r y s t a l s  f o r  T w o  

H o u r s  a t  105°
P h o sp h a te

sp ecies
R e p o r t e d

as W t . % M e t h o d  o f  an a l.

Tri N a ¿ P  3O 10 24 Isotope diln.18
Pyro N a ^ P o C ^ 58 Inverse iso. diln.18
Ortho N a 2 H P O i 19 Extractive colorim.31
Moles pyro/moles ortho 1.6

m uch  m ore  d ecom p osed  than  sam ple 20 -80C  in 
T a b le  V I I I  or sam ple 10-105B  in T a b le  X I  is not 
kn ow n , b u t all three sam ples clearly  sh ow  a m olar 
p y r o /o r th o  ratio m u ch  greater than  1 / 1 .

A n oth er  series o f  partia lly  deh ydrated  sam ples 
w as prepared  at 9 5 -1 4 0 °  b y  ch oosin g  a tim e o f heat­
in g  th at w ou ld  y ie ld  a p ro d u ct a b o u t to  -/% de­
com posed . T h e  prod u cts w ere an a lyzed  fo r  p y ro - 
and triphosph ate b y  a m od ified  G erber and  M iles  
titra tion  m eth od ,27 fo r  orth oph osphate  b y  the M a r ­
tin  and  D o t y  extractive  p roced u re , 34 and fo r  tota l 
P 2O 5 b y  the tw o -en d -p o in t m e th o d . 36 T h e  results 
(T a b le  X I )  show  th at at all tem peratures a b ove  
9 5 ° th e  m olar ratio o f  p y ro - to  orth oph osph ate  is 
greater than  1.00. T h is  is tru e  even  a t 150° where 
appreciable  recon densation  even tu a lly  takes place 
as in d icated  b y  rise in p H  and b y  increase in  in ten ­
sity  o f  N asP sO iofll) d iffraction  lines if  the heating is 
prolon ged .

I t  is therefore ev iden t b y  a v a r ie ty  o f  m eth ods 
th a t p rod u cts  o f  deh ydratin g  h exahydrate at 9 0 -  
12 0 ° are exten sively  d ecom p osed  in to  p y ro - and  or­
th oph osphates, bu t, un lik e the so lu tion  h ydrolysis  
o f  triphosphate, th ey  o ften  con ta in  m ore  m oles o f 
pyrop h osph ate  than orth oph osphate. I t  therefore 
seem s h igh ly  p robab le  th at at least tw o  m echanism s 
are in vo lved  in th is solid  sta te  h yd rolysis  o f  tr i­
phosphate. O ne p rob a b ly  is the sim ple h y d ro ly tic  
cleavage o f the triphosph ate ion  eq u iva len t to  equ a­
tion  (b ) and  the in itial step can  b e  represented thus

O“
o p o - 0 -

O H OPO-
o p o -  +  O 0  0 -

O H —-> OPO“ +  OPO H
o p o - O 0 -

0 - H

T h is  m a y  be  fo llow ed  b y  a secon d  reaction  such as
Na3HP20 7 +  Na2HP04 — >  Na4P20 7 +  NaH2P04 (e)

B u t som e oth er reaction  capable  o f  g iv ing  m ore 
pyrop h osph ate  m u st be  in vo lved . C o n ce iv a b ly  it 
cou ld  be som e such  reaction  as

2Na5P3Oio +  H20  — s- Na4P20 7 +  2Na3HP20 7 (f)

Ign orin g  the qu estion  o f m echanism  o f such  a reac-

T a b l e  X I

T i t r a t i o n  A n a l y s e s  o f  P r o d u c t s  o f  H e a t i n g  V 2- I n c h  L a y e r s  o f  H e x a h y d r a t e  i n  O p e n  D i s h e s

S a m p le
O v e n

te m p .,  ° C .
T im e  o f  

h tg .

P r o d .
H 20

c o n te n t
P r o d . p H  
1 %  so in .

T o t a l  
2  E P

— -----------P 2O 5,
C o lo r im .

o r th o

w t . % ------------
T itrn .
p y r o

T itrn .
tr i

M o le s  p y r o  
M o le s  o r t h o

10-29 A 9 5 7 hr. 19.0 8.6 4 7 . 4 4 . 2 6 . 9 36.3 0.82
10-105A 9 5 12 hr. 11.5 8.1 51.3 1 0 . 8 2 0 . 8 19.7 0.95
10-105B 105 2 hr. 14.0 8.4 49.4 6 . 1 17.8 25.5 1.47
10-24B 105 2.5 hr. 13.5 8.1 49.4 9 . 2 23.8 16.4 1.29
10-24C 120 50 min. 12.8 8.3 51.3 7 . 1 17.8 26.4 1.25
10-105C 150 20 min. 5.3 8.3 54.7 7 . 2 20.5 26.8 1.42
10-24D 150 25 min. 4.7 8.0 55.4 1 1 . 3 29.2 14.9 1.29

A s a further ch eck  a sam ple m ade b y  heating hex­
ah ydrate for  tw o  hours at 105° w as an alyzed  b y  
recen tly  d eveloped  m eth ods k n ow n  to  be  b o th  reli­
able and specific fo r  the species be in g  deter­
m ined. 18.34’35 W h y  this sam ple (T a b le  X )  is so

(3 4 )  J . B .  M a r t in  a n d  D . M .  D o t y ,  Anal. Chem., 2 1 , 9 6 5  (1 9 4 9 ).
(3 5 )  H . W . L a m p e , u n p u b lis h e d  w o rk , R e s e a rc h  D e p a r tm e n t ,  C h e m i­

ca l  D iv is io n ,  T h e  P r o c t e r  & G a m b le  C o .

tion , one finds th at it  is reason ab ly  consistent w ith  
the observed  fa cts  as fo llow s

( 1 ) T h e  N a 4P 20 7 phase is alw ays detected  b y  X -  
rays and orth oph osph ate  is not. R eca ll th at oven  
dry in g  a 1 /1  m olar m ixture o f X a 4P 20 7 and N a H 2- 
P 0 4 or o f  N a 3H P 20 7 and N a 2H P 0 4 fails to  give

(36) J. T. R. Andrews, J. Am. Oil Chem. Soc., 31, 192 (1954).
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N a 4P 20 7 +  am orp h ou s b u t show s N a 3H P 20 7 H 20  
an d  N a 2H P 0 4 b y  X -r a y  d iffraction .

(2) T h e  m aterial am orph ou s to  X -ra y s  m a y  well 
b e  largely N a 3H P 20 7 w h ich  is k n ow n  n ot to  crysta l­
lize readily . A lso  recall th at an aged d ecom posi­
tion  p rod u ct (28-5 in T a b le  I X )  con ta in ed  m uch  
N a 3H P 207-H20 . Som e am orph ou s N a 2H P 0 4 a n d / 
or  N a H 2P 0 4 is p rob a b ly  present also.

(3) E q u a tion  (f) togeth er w ith  (b ) or (d ) ac­
cou n ts fo r  wa*er losses betw een  5 and 5.5 m oles 
qu ite  as w ell as the recondensation  hypothesis 
(equ ation  ( c ) ) .

(4) T h e  range o f p H  values 7 .7 -8 .3  is better a c­
cou n ted  fo r  b y  a com bin ation  o f equ ation s (f) 
w ith  (d ) or  (b ) than  b y  (b ) a lone (T a b le  X I I ) .  
R eca ll th a t heating a 1 /1  m olar m ixture o f  N a 4P 20 7 
and N a H 2P 0 4 a ctu a lly  pushed the p H  dow n w ard  
from  7.6 (T a b le  V I I ) .

T a b l e  XII
S o m e  P e r t i n e n t  pH V a l u e s

M o la r p H  o f
S a lts  m ix e d r a t io 1 %  so in .

Na4P20 7 +  NaH2P04 1 : 1 7.63
Na3HP20 7 +  Na2HP04 1 : 1 7.63
Na4P20 7 +  Na3HP20 7 1 : 2 8 . 1 1

(5) M o s t  o f  th e  m olecu lar w eigh t data  o f T h ilo  
and  Seem an 20 are a ccou n ted  fo r . T h u s, h exah y- 
drate sam ples w hich  h ave been  heated  at 9 5 -9 8  ° so 
as to  lose 5 m oles o f w ater g ive  m olecu lar w eights 
close to  the 193 dem an ded  b y  equ ation  (b ) or (d ). 
T h ose  w hich  h ave been  heated  at 1 0 0 -1 2 0 ° so  as to  
lose 5 to  5 .5  m oles (1 8 .9 -2 0 .8 % ) o f  w ater h ave m o­
lecu lar w eights betw een  193 and  251, the latter 
va lue correspon d in g  to  com plete  con version  via 
equ ation  (f ) . O n ly  w hen h exahydrate is h eated  so 
th at m ore than  5.5 m oles o f  w ater is lost does one 
h ave  to  in vok e the recondensation  to  triphosphate 
via equ ation  (c) or (g ) .

Na4P20 7 +  2Na3HP20 7 — 2Xii5P3Oio T  H2O (g)
R econ d en sation  has been  detected  at tem peratures 
a b ov e  120° b y  X -ra y s . T hu s, p rod u cts  m ade b y  
heating h exahydrate for  y 2 h ou r at 150° show  little  
or no N a 5P 30i3( I I ) ,  besides the N a 4P 207 p lus am or­
p h ous m aterial. B u t sim ilar p rod u cts  heated  for  a 
m u ch  longer tim e, e.g., 70 hours, at 150° reveal an 
increase in  N a 5P 3O i0(I I )  con ten t b y  X -ra y s . Such 
sam ples have lost at least 5.5 m oles o f  w ater and 
their p H  has risen from  a m inim um  near 8.0 ( l/2 
hour) to  8 .4 -8 .6  (20 hr. or m ore ). T hu s, in  d eh y ­
drating triphosphate h exahydrate the tem perature 
120 ° causes on ly  h ydrolysis, b u t higher tem pera­
tures m a y  cause appreciable recondensation  after 
the in itial extensive h ydrolysis.

L est it b e  supposed  th at reaction  (a) is never a 
fa cto r  another set o f  experim ents m ust be m en­
tioned . A t  13 5 -2 3 0 ° N a 6P 3O io(II) is form ed  if the 
w ater is q u ick ly  flashed out. A s an exam ple o f 
this, h exahydrate in l/ 2-inch  depth  in a 10-m m . test- 
tu b e  w as heated su dden ly  to  tem perature (o il-b a th ), 
h e ld  there fo r  10 m inutes to  a llow  the w ater vap or 
to  escape in to  the la b ora tory  atm osphere, and  the 
sam ples chilled b y  m eans o f an ice -bath . B y  X -r a y -  
in g  at room  tem perature it  w as show n th at such 
p rod u cts  h eated  at 7 0 -1 2 0 °  were largely  hexahy­
drate, an d  one heated at 135° still conta ined  at least

som e hexahydrate in add ition  to  considerable N a 6- 
P 3O io(II), b u t at 1 5 0 -2 3 0 ° N a 6PsOi0(I I )  w as the 
on ly  crystalline species ev iden t. N o n e  o f these 
produ cts had a p H  below  9.4. A  som ew hat sim ilar 
p ro d u ct ,35 m ade b y  heating h exahydrate fo r  tw o 
hours in an oven  at 200°, gave th e  fo llow in g  an a ly ­
sis

94% Na5P30 iC (isotope dilution18)
5.2%  Na4P20 7 (inverse isotope dilution18)
1.8% Na2HP04 (Martin and Doty34)

A n  alternative m echanism  o f triphosph ate d e ­
com position  m ight be  a d isproportion ation  in 
w h ich  b o th  m ore and  less con densed  phosphates 
are form ed. T h e  on ly  slight in d ica tion  o f such  a 
reaction  is the failure o f  h exahydrate decom p osi­
tion  prod u cts  to  g ive  a precip ita te  w ith  tris -(e th y l- 
e n ed ia m in e )-cob a lt (III) ion  under the con d itions 
specified b y  W eiser .29 T h e  in h ib itory  e ffect is 
large enough  to  p reven t precip ita tion  w hen  1-2  g. 
o f pure triphosph ate is added  to  each  gram  o f d e­
com position  p rod u ct and  a su itable a liquot o f the 
resulting solu tion  taken  fo r  the test. W h ile  this 
does n ot p rove  the presence o f  higher p o ly p h o s ­
phates, it is true th at th ey  can prevent p recip ita tion  
o f C o (e n )3H 2P 3Oio, and therefore such com pou n ds 
m a y  be present. H ow ever, the am ou n t o f  m ore 
con densed  phosphate need  n o t be large. H ence, 
d ecom position  o f h exahydrate at 9 0 -1 2 0 °  should  
be  regarded  as due m ain ly  to  reactions such  as (b ) 
and  (f ) .

Reaction with Calcium Ions in Dilute Solutions
F or d ilute system s con ta in ing  C a C l2 and  N a 5P 3-  

O 10 the b ou n d a ry  betw een  hom ogen eous and  h etero­
geneous regions at 6 0 ° is show n in F ig . 6 ; it  was d e ­
term ined tu rb id im etrica lly37 a fter atta in m en t o f 
steady  state, w h ich  o ften  required on ly  10 -30  m in­
utes, b u t  som etim es required 1 -3  hours. T h e  heter­
ogeneous region  is rather v id e  and  com es close  to  
the ca lcium  axis, so that the area o f  clear solu tions 
is v ery  narrow  on this side (F ig . 6A ). O f m ore  in ­
terest is the beh av ior on  the other side D E  w here, in 
general, m ore  than  a m ole  o f  triphosph ate  per m ole  
ca lciu m  is required to  p reven t p recip ita tion  (F ig. 
6B ). T h e  right bran ch  D E  o f th is c u m  shifts to  
the right as sod iu m  salts are added  to  the solu tions 
(T a b le  X I I I ) ,  th a t is, m ore  sod iu m  triphosphate is 
required to  clarify  the sod iu m  rich  solu tions. T h is  
rightw ard shift increases w ith  increasing con cen tra -

T a b l e  XIII
E f f e c t  o f  S o d i u m  S a l t s  o n  S o l u b i l i t y  o f  C e r t a i n  C a l ­

c i u m  T r i p h o s p h a t e  P r e c i p i t a t e s

Kind of 
Na salt

Concn. of Na salt, 
g./l.

Ca +2 concn.,
mmoles/I.

P3O10-6 concn. 
mmoles/1. 
required to 

suppress pptn.
None 1.2 1.2
Na2S04 5 1.2 1.5
Na2S04 10 1.2 2 . 0
None 3.6 4. 0
Is a2S04 2.5 3.6 5 . 5
Na2S04 5.0 3.6 8 . 0
NaCl 10 3.6 14.0

(37) J. A. Gray and K. E. Lemmerman, unpublished results, Re­
search Department, Chemical Division, The Procter & Gamble Com­
pany.
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A .  B.

TRIPHOSPHATE ION CONCENTRATION, M lLLIM O LES/L ITER .

Fig. 6.—Region of calcium triphosphate precipitation at 60° in the system CaCb-NasPjOio-HîO. Solid curve CDE 
obtained turbidimetrically; dashed curve FG, saturated solutions obtained from compositions between dotted line and 
curve DE.

tion  o f sod iu m  salt and  also b ecom es m ore m arked  
th e  h igher th e  ca lciu m  level. T hese  observations 
suggest th a t th e  precip ita tes a lon g  the right b o u n d ­
ary  o f th e  h eterogen eous region  con ta in  sod ium , an 
in ference verified  b y  sem i-qu an tita tive  sp ectro­
scop ic  analyses o f  a few  o f the precipitates.

I n  the v e ry  d ilute region  near the m in im um  D  in 
the a b o v e  cu rve  con d u ctom etric  ev iden ce  was 
fo u n d  w h ich  is con sistent w ith  the ex istence o f  a 
solu ble  1 :1  ca lc iu m : triphosph ate com p lex  C a P 3-
Oio-3 . T h e  con d u ctom etric  m easu rem en ts37 were 
m ade b y  th e  J o b 38 m eth od  o f con tin u ou sly  vary in g  
the C a + 2:P 3Oio-6 ratio , the con cen tra tion  being 
d e libera te ly  ch osen  so low  th at n o  precip ita te  
cou ld  form  a t a n y  ratio.

Search in  th e  long  u ltrav io le t region  (availab le  
range 21 0 -4 0 0  m/z) show ed  n o  ch aracteristic ab ­
sorp tion  fo r  C a +2 o r  P 80 io ~6 ion s , 39 hence n o  e ffort 
was m ade to  in vestigate  ca lciu m  triphosph ate solu ­
b le  com plexes spectroscop ica lly .

W h ile  fu rth er s tu d y  m a y  w ell reveal m ore than 
on e solu ble  ca lciu m  triphosph ate com plex , as has 
b een  observed  for  certain  m etals w ith  p y rop h os­
p h a te ,40 nevertheless, it has been  ten ta tive ly  as­
sum ed th at C a P 3Oio-3 is th e  on ly  one in v o lv ed  in 
the reg ion  o f  th e  clarification  poin ts a lon g  the right 
b ran ch  o f the cu rve  in  F ig . 6 . I ts  d issociation

(3 8 )  P . J o b ,  Ann. chim., [1 0 ] 9 , 113  (1 9 2 8 ) .
(3 9 )  H .  V . M e e k , u n p u b lis h e d  resu lts , R e s e a rc h  D e p a r t m e n t ,  

C h e m ic a l  D iv is io n ,  T h e  P r o c t e r  &  G a m b le  C o m p a n y .
(4 0 ) L .  B . R o g e r s  a n d  C . A . R e y n o ld s ,  J. Am. Chem. Soc., 7 1 ,  2081

(1 9 4 9 ).

con stan t K u  has been  estim ated  from  m easure­
m en ts37 o f  the clarification  o f ca lciu m  oxa late  sus­
pensions b y  sod ium  triphosphate, g iv in g  2.1 X  
10-7  a t 6 0 ° and  3.1 X  10-7 a t 3 0 °. T h e  latter 
va lu e  is near th at reported  b y T o p le y 41fo r 2 5 ° . A p ­
paren tly  tem perature has negligible e ffect on  stabil­
ity  o f  the com p lex  w ith in  the range tested.

T h e  b ou n d a ry  betw een  heterogen eous and  h om o­
geneous com position s a long the h igh triphosph ate 
branch  has also been  determ ined  b y  analysis (F G , 
F ig . 6), using rad ioactive  tracers C a 46 a cetate  and 
N a 5P 323Oio. T o ta l com position s betw een  the right 
bran ch  D E  o f the cu rve  and  the d o tted  line in  F ig. 
6 w ere m ade. A fter  equ ilibration  at 6 0 ° th e  preci­
p itates w ere filtered off and  the saturated solutions 
an alyzed  for  C a  and  for  triphosph ate b y  counting. 
T h e  to ta l a ctiv ity  was determ ined  first, then  the 
P 323O io was determ ined b y  in terposing betw een  
solu tion  and  cou nter an a lum inum  fo il th ick  
en ough  to  absorb  the less pow erfu l b e ta  radiation  
from  C a 46 and  ca lcium  was determ ined  b y  d iffer­
ence betw een  the to ta l a c t iv ity  and  th at du e to  P 32. 
I t  w ill be  seen th at these so lu tion  com position s fall 
to  the right o f  th e  tu rb id im etric cu rve, th e  m ore so 
the higher the ca lciu m  level. T h e  su bstitu tion  o f 
acetate fo r  ch loride p rob a b ly  had  little  effect. M ore  
im portan t is the fa ct th at each  com p osition  from  
w h ich  precip ita tion  to o k  p lace con ta in ed  m ore 
N a +  than  the saturated solu tion  and  hence m ore 
N a + than  the corresponding p o in t on  th e  tu rb id i-

(4 1 ) B . T o p le y ,  Quart. Revs., 3 ,  3 4 5  (1 9 4 9 ) .
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m etric curve D E  (cf. F ig. 6 and T a b le  X I I I ) .  T his 
a lone p rob a b ly  accou nts fo r  the observed  difference.

T h e  precip itates w ithin  the heterogeneous region 
o f F ig . 6 h ave been  ch aracterized37 b y  X -r a y  p a t­
tern  and approxim ate analyses, b u t n ot su fficiently 
to  allow  a com plete  definition  o f the equilibrium  
solid  phases. M o s t  precip itates m ade from  com ­
positions to  the left o f the d otted  line o f F ig. 6 are 
am orphous to  X -ra y s  and in air-dried form  conta in  
2 0 -2 1 %  HoO, while those from  com position s to  the 
right o f this line are crystalline and  in air-dried form  
con ta in  1 6 -1 7 %  H 20 .  A b b rev ia ted  a ttem pts to  
determ ine their com position  b y  the tracer m eth od  o f 
analysis a lready described in d icate  great variation  
in  com position  in b o th  regions, higher C a /P 3O i0 ra­
tios  u sually  being fou n d  in  the form er than in the 
latter. H ow ever, occasional reversals were en­
countered w ith  respect to  all three properties. T h e  
crystalline patterns were in general sim ilar, b u t 
scarcely  an y  tw o were identica l suggesting that 
m ixtures o f crystalline species were in volved . 
W h eth er this variab ility  o f com p osition  is due solely 
to  properties o f the m ixed  N a +- C a +2- P 3Oio“ 6-  
acetate-H oO  system  or to  som e therm al d e com p o­
sition  (h ydrolysis) o f the triphosph ate during the 
on e-h alf to  three hours equ ilibration  at 6 0 0 was n ot 
determ ined.

B ecause the p H  is observed  to  drop  during pre­
cip itations in ca lcium -rich  com position s, the possi­
b ility  o f a basic precip itate  such as C a 3(P 3O i0) 
(O H ) 5H 20  m ust be  considered. In  the region  to  
the right o f the d o tted  line o f F ig . 6 , the p recip i­
tates o ften  conta in  significant am ounts o f sodium , 
b u t frequ en tly  n ot enough  to  correspon d  to  the salt 
N a C a 2P 3O i0-4H 2O reported  b y  B on n em an -B ém ia 6 
as the p rod u ct o f  room -tem peratu re precip ita tion  
betw een  C a C l2 and  N a 6P 3O ioator near the 1 :1  m olar 
ratio.

W h ile  the m ain  outlines o f the in teraction  o f C a +2 
and P 30 i(T5 ions are n ow  eviden t, m u ch  rem ains to  
be  done before  a com plete  descrip tion  can  be  given.

T etraphosphate
W h ile  sod ium  tetraph osph ate  is clearly  m etas­

table in  the N a 20 - P 20 6- H 20  system , nevertheless it 
can b e  prepared  in aqueous solutions at low  tem ­
peratures b y  alkaline h ydrolysis thus

0  0

NaOP—O—PONa

i  i  +  2NaOH — >

NaOP—O—PONa
I [

6  0
T etrametaphosphate

0 0 0 0
1 I I I

N aO—P—O—P—0 —P—0 —P—ONa
! I [ I

0  0  0  0
Na Na Na Na 

Tetraphosphate

T h ilo  and  R a tz 14 carried out the h ydrolysis at 40°, 
using exa ctly  tw o m oles o f N a O H  per m ole  o f  te ­
traph osph ate. W h ile  th ey  claim ed com plete  con ­
version  to  tetraphosphate in 100 hours, their ev i­

dence was largely qualitative. T hus, im purities 
were rem oved  b y  repeated aceton e  precip ita tion  
o f the tetraphosphate as a v iscou s  liqu id . T h e  v is­
cous solu tion  gave a N a : P  ratio o f 6 :4  and  an am or­
phous precip itate  w ith  calcium , silver or zinc. T r i­
or p yroph osph ate  gives crystalline precip itates w ith  
zinc and frequ en tly  also w ith  calcium . W estm an , 
et al, , 7’ 16 used a h igher hydrolysis tem perature (7 0 °) 
and after 2 hours fou n d  6 0 %  o f the phosphoru s in 
tetraph osph ate form , based on  colorim etric P  de­
term ination  after chrom atograph ic separation  o f 
phosphate species. T h e  rem ainder was largely  
present as tetram etaphosphate, b u t som e w as pres­
ent as low er phosphates, tending to  sh ow  that h igher 
tem peratures are un favorab le  to  obta in ing  h igh 
y ields o f pure tetraphosphate. T h is  has been  con ­
firm ed b y  our ow n experience, in som e prelim inary 
experim ents in w hich  con cen trated  N a O H  was used 
to  open the tetram etaphosphate ring. T h is  w as 
tried because, w hen a m oderate ly  con cen tra ted  
solu tion  o f trim etaphosphate N a 3P 309 is treated  
w ith  con cen trated  sod ium  h yd rox id e  (3 0 -4 0 % ), 
the phosphate can be  precip itated  alm ost qu anti­
ta tive ly  as the hexahydrate o f triphosphate, N a 5- 
P 30 io-6H 20 .  T h e  con version  o f trim eta - to  tri­
ph osphate is fast at tem peratures o f  5 0 -7 5 ° , being 
com plete  in  a b ou t an hour. B u t w hen the analo­
gous reaction  is tried w ith  tetram etaph osphate at 
tem peratures o f  5 0 -1 0 0 ° , any crystalline produ cts 
precip ita ted  alw ays proved  to  be  som e one o f the 
k n ow n  sodium  phosphates (X -r a y  p a tte rn ), usu a lly  
N a 4P 2C>7 a n d /o r  N a 6P 3Oio. In  one case the p rod ­
u ct  was largely  an hydrou s sod ium  triphosph ate 
N a 6P 3O 10( I I ) .

Bell, A udrieth  and H ill42 w ere unab le  to  detect 
tetraphosphate in the produ cts o f  solu tion  h y d ro ly ­
sis o f  tetram etaphosphate. T h is  m ay  h ave been  due 
partia lly  to  their use o f high tem perature ( 100° ), 
w h ich  m ay  n ot a llow  the tetraph osph ate con cen tra ­
tion  to  b ecom e large, b u t p ro b a b ly  m ore to  their 
m eth od  o f analysis (c /. B e ll11), w h ich , as th ey  
poin t ou t, cou nts tetraph osph ate as triphosph ate, 
and hence gives no w ay  to  detect tetraph osph ate.

P urification

Starting Material.—Our own efforts to obtain a pure 
tetraphosphate followed similar lines. The starting mate­
rial was a technical grade sodium tetrametaphosphate Na<- 
Pj0i2-4H20  obtained from the Victor Chemical Works, 
Chicago, Illinois. It was purified by two crystallizations 
from water at room temperature by adding ethanol as non­
solvent (300 g. of crude Na3P4 0 i2-4 H20 , 2 kg. of FLO, 1 1. of 
ethanol in the first crystallization, cct. 245 g. of NaiPPir 
4H20 , 1 kg. of HoO and 500 ml. of ethanol in the second 
crystallization). Both the first and the second crop of 
crystals were washed first with 20% ethanol, then with 
50% ethanol. The yield of crystals, air-dried to constant 
weight, was 232 g. of NaiPiO^-IHoO. By acid-base titra­
tion it was found that the spread between the pH 4-5 and 
the pH 9-10 end-points decreased to the expected zero value 
in the two crystallizations

M l.  0 .1  N  N a O H  p e r  g  
a ir -d r ie d  p r o d u c t

Orig. material 4.67
After 1st crystn. 0.58
After 2nd crystn. 0.00

(4 2 )  R .  N . B e ll, L . F . A u d r ie t h  a n d  O . F . H ill ,  Ind. Eng. Chem., 4 4 , 
5 6 8  (1 9 5 2 ) .
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The product was further characterized as follows
F ou n d  T h eory  for 

Na4P40i2*4H20
pH of 1% solution, COs-free, 253 6.4, 6.5
% P20 5 by titration method36 59.5, 59.2 59.17
% Volatile, 2 hr., 4000 15. 6 ,  15. 4 15.00
Its X-ray pattern was identical to that of Bell, Audrieth 
and Hill42 for Na,I\Oi2'4H/) (low-temperature form).

Conversion to Sodium Tetraphosphate.—Since prelimi­
nary experiments had demonstrated that the tetraphosphate 
decomposes rapidly at elevated temperatures in aqueous 
systems, solutions of the sodium salt (11.5%) were prepared 
at room temperature 25-28°, usually with a 100% excess 
of NaOH for retarding the subsequent hydrolysis of the tetra­
phosphate. In one such solution titrations of excess base at 
intervals showed that the theoretical 2.00 moles of NaOH had 
been used up in three weeks and that only 0.15 mole more 
NaOH consumption had occurred in six months. Thus, 
the further hydrolysis (degradation of the tetraphosphate) 
is quite slow at room temperature. Once the tetraphos­
phate solution is made, it can be kept for six months with 
little decomposition, especially if stored in the refrigerator.

F rom  the a b o v e  11 .5 %  solu tion  a con cen trated  
v iscou s so lu tion  (co. 4 4 %  NasPiOio) can  be  m ade b y  
adding  1 vo lu m e  o f eth an ol fo r  each  vo lu m e  o f w a­
ter. T h ilo  and  R à tz 14 g o t  a sim ilar con cen trate , 
using a ceton e  instead o f ethanol. Im p u rities  in ­
cluding the excess o f N a O H  are largely elim inated 
b y  tw o  such precip ita tion s. T w o  such con cen ­
trated  solutions gave  average chain  lengths o f
4.02 and  3.95, respective ly , as determ ined  b y  the 
m eth od  o f S am u elson 43 or V an  W a ze r .44

A ll a ttem p ts to  crysta llize  an d  p u rify  the tetra ­
ph osphate started  from  the 11 .5 %  so lu tion  (the 
N aO H  was alw ays neutralized  ju st before  use) or 
from  the 4 4 %  con cen trate . A  w ide v a rie ty  o f  tests, 
paralleling th e  a ttem pts b y  T h ilo  and R à tz , 14 
fa iled  to  in du ce crysta lliza tion  o f  sod ium  tetra­
phosphate itself. A fter  the d iscov ery  th at hexa- 
guanidin ium  tetraph osph ate  cou ld  be  crystallized  
from  form am ide-rich  m ixtu res o f  form am ide w ith  
w ater a lone (or  w ith  w ater and  eth an ol), sim ilar 
attem pts were m ade on  the sod ium  salt w ith ou t su c­
cess, excep t th at a trace o f  c lou d  form ed  in  one 
solu tion  con ta in ing  form am ide, eth an ol and w ater; 
a fter standing fo r  a m on th  at 0 °, a v e ry  few  crys­
tals were obta in ed  w ith  an X -r a y  pattern  differing 
from  patterns o f  k n ow n  sodium  phosphates. T his 
approach  is far less a ttra ctive  th an  th at in vo lv in g  
the gu anid in ium  salt. E ven  if the sod ium  salt is 
even tu a lly  crysta llized , it will be  h ygroscop ic  and 
hence n ot generally  usefu l as a source o f  tetraph os­
phate reagent.

Metal Ion Tetraphosphates.— A ttem p ts  to  find a 
m etal ion  w hose tetraph osph ate  is crysta lline and 
has so lu b ility  characteristics fa vorin g  purification  
were unsuccessful. M eta l ions such as A g, B a, 
C a  and  Z n  n ot on ly  g ive  rather insoluble  am orph ou s 
precip ita tes as reported  b y  T h ilo  and  R à tz , 14 b u t 
also precip ita te  the low er phosphate im purities and 
hence are n ot useful for  purification .

L ith ium  was tried  because certain  lithium  phos­
phates h ave a rather loiv so lu b ility  (e.g ., L i3PC>4). 
In  this case,the free te traph csph oric acid , prepared 
b y  ion  exchange, was neutralized w ith  L iO H  and 
unsuccessful attem pts were m ade to  precip ita te  the 
Li salt. B ecause o f its high w ater so lu b ility  th e  Li

(43) O. Samuelaon, Svensk. Kem. Tid., 56, 343 (1944).
(44) J. R. Van Wazer, J. Am. Chem. Soc., 7 2 , G47 (1950).

tetraph osph ate cou ld  be  recovered  on ly  as a con ­
cen trated  and extrem ely  v iscou s  so lu tion  w hich 
dried  at room  tem perature to  an am orph ou s solid .

T ris -(e th y Ie n e d ia m in e )-co b a lt(III ) ion  did  not 
g ive  a precip ita te  w ith  tetraph osph ate at an y  pH  
tried  (2 .5  to  10).

Tetraacridinium Tetraphosphate.— In b ioch em i­
ca l studies a crysta lline acrid ine salt o f adenosine 
triphosph oric acid  has served  as (a) a d eriva tive  o f 
definite m elting p o in t fo r  id en tifica tion 45 purposes, 
(b ) a m eans o f pu rify ing  the adenosine triphos­
p h a te ,46 and  (c ) a reagent stable  on  stora g e .46 It 
th erefore seem ed desirable to  see w hether a crysta l­
line acrid inium  tetraph osph ate cou ld  be prepared.

Since d ou b le  d ecom position  betw een  sod ium  te­
traphosphate and acrid in ium  ch loride (A d H )C l 
e ither g a v e  no precip ita te  or  p recip ita ted  (A d H )C l, 
the acridinium  tetraph osph ate w as prepared  b y  
neutralizing tetraph osph oric acid . T h e  acid  was 
prepared b y  passing 1%  N a  tetraphosphate 
through  an ion -exch an ge co lu m n  ( I R  100 or 
120), the acid  d ropp in g  d irectly  in to  an alcoholie  
solu tion  o f acridine. In itia lly  six m oles o f  acridine 
was used for  each  m ole o f tetraph osph ate, b u t it 
was soon  fou n d  that acrid ine is to o  w eak a base 
to  neutralize the w eak h ydrogens. A ccord in g ly , 
abou t fou r m oles (preferab ly  4.2 m oles) w as used 
in m ost cases and gave the sam e p rod u ct (X -ra y  
pattern ) as six m oles. T h e  y e llow  p rod u ct ap­
proxim ates the com position  o f the tetraacrid in ium  
salt (A dH liH gP iO w ^ H jO , the w et solid  be in g  crys­
talline (T a b le  X I V ) ,  bu t the air-dried  sam ple, 
w h ich  is w ithin  5 %  o f the (A d H )4H 2P 40 13 com p osi­
tion  (T a b le  X V )  is largely am orph ou s to  X -ra y s . 
E ach  produ ct precip ita ted  from  the d ilute solution  
as described, w as recrystallized  1 -3  tim es, either 
from  w ater or from  w a ter-e th a n ol m ixtures, b y  dis­
solv in g  at 3 5 -4 5  0 and  coo lin g  to  0 °. E xcep t fo r  the 
so lven t con ta in ing  50 vo lu m e %  ethanol, these sol­
ven ts gave produ cts deficient in  acrid ine as show n b y  
the analyses in T a b le  X V . T h e  acridine was de­
term ined  b y  adding the th eoretica l a m ou n t o f 
N a O H , extractin g  the acridine w ith  e th y l ether, 
evap ora tin g  the ether, and  w eighing the acridine. 
T h e  P 2O 5 determ inations w ere b y  the tw o-en d -p o in t 
m eth od  described  b y  A n d rew s .36 T h e  preparation  
via 5 0 %  ethanol is preferred since it g ives the cor­
rect A d : P  ratio and allow s purification  so  th at the 
ph osphate has the desired chain  length  o f four. A f­
ter purification  the tetraacrid in ium  salt can  be 
con verted  to  an aqueous solu tion  o f the tetra-, 
pen ta - or hexasodium  salt b y  the process described 
a b o v e  fo r  determ in ing acridine. T h e  m ain defect o f 
the tetraacrid in ium  salt as a  reagent is its lack  o f 
stab ility  in storage (com pare preparations C  w ith D  
and E  w ith  F  in T a b le  X V ) .  T h e  tetraphosphate 
also darkened  during storage, oth er acrid inium  
phosphates d id  not. T hus, it seem ed better to  
change to  a strong base so th at the tw o  w eak h y ­
drogens cou ld  also be  neutralized. T h is led to  the 
preparation  o f the guanidin ium  salt.

Hexaguanidinium Tetraphosphate.— T h is  salt 
crystallizes readily  and has been  m ad e b o th  b y

(45 ) T . W agner-Jauregg, Z. physiol. Chem., 239, 188 (1936).
(46) J. B addiley , A . M . M ichelson  and A . R . T o d d , J. Chem. Soc. 

583 (1949).
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T able XV
A nalyses and Approximate Solubilities of T etraacridinium T etraphosphate

P re p a ra t io n A B C D “ E F “
T h e o r y  fo r

G  ( A d H ) 4H 2P iO «

Mol. ratio used, Ad:P 1.05:1 1.05:1 7:8 7:8 1.05:1 1.05:1 1.05:1 1 : 1

Crystd. from H20 H20 H20 H20 50% EtOH 50% EtOH 60% EtOH
No. crystn. 2 4 3 3 2 2 2

Approx, soly. ( f ,  ° C . ) ,  % 1.5(45) 1.5(45) 3(40) 3(40) 3(35) 3(35) 3(35)
Approx, soly. at 0 °, % 0.3 0.3 0.5 0.5 0.4 0.4 0.4
% Acridine, Et^O extn. 63.7 63.4 61.5 60.4 64.3 64.0 58.3 6 8 . 0

% P2O5, two-end-point 27.1 26.3 27.7 27.8 25.6 26.0 23.9 26.9
Av. chain length of phosphate 4.00 3.84‘ 3.93 3.72 4.00 3.48 4.08 4.00
Mol. ratio found, Ad/P 0.93 0.95 0 . 8 8 0 . 8 6 1 . 0 0 0.98 0.97 1 . 0 0

0 Preparation D is preparation C ,  reanalyzed after storage for one month. Preparation F 
after storage for 18 mo. 6 Sample too small for reliable titrations.

is preparation E reanalyzed

T able XVI
A nalyses of Crystalline Guanidinium Polyphosphates

T e t r a p h o s p h a t e  d a t a  T r ip h o s p h a te  d a ta  P y r o p h o s p h a t e  d a ta
F o u n d  F o u n d  F o u n d  T h e o r y  f o r  F o u n d  T h e o r y  f o r  F o u n d  T h e o r y  f o r

(G u H )6P40i3-H20  (GuH ^PaO io (G u H )4P 20 7-H i0

Sample no. 04-42 04-92 04-99 04-85A 04-75B
No. crystn. 1 2 3 2 3
pH of 1 % soin. 9.62 9.68 10.08 10.28
pH of 0.5% soin. 9.32 9.70
% Volatile“ 1.9 2.23 2.30 0.1 0.0 4.36 4.17
% H20  of constitution6 0.55 0.57
%  Total H20 2.78 2.87 2.54
% N, orig. sample 36.7 34.6 35.5 37.2 38.0 39.0 38.9
% N, after dehydn. 34.7
% P20 6, M. & D., ref. 33 40.2 39.9 . . . 40.0 38.3 38.5 32.3 32.8
% Purity by titration from pH 4 +  to 9.5 end-point 1 0 1 97 98 97.5 1 0 0 1 0 0 97 96
Water soly., 27°, % anhyd. salt 63 74 17.4

“ Volatile 20 hr., 120° for the tetraphosphate, 2 hr., 110° for others. 6 Obtained by titration to upper end-point near 
pH 10.

neutralizing tetraph osph oric  acid  w ith  guanidine 
H N = C ( N H 2)2 (abbrev ia tion  G u ) and b y  d ou b le  
d ecom p osition  betw een  N a  tetraph osph ate and  
guanidin ium  ch loride (G u H )C l. T h e  X -r a y  pattern  
o f the tw o  p rod u cts  w as identica l. O n ly  the m ore 
con ven ien t d ou b le  decom p osition  w ill be described. 
W h ile  the salt can  be  ob ta in ed  b y  low  tem perature 
evap ora tion  o f a con cen tra ted  w ater solu tion , it is 
m ore con ven ien t to  use form am ide con ta in ing  som e 
w ater as the solvent.

While the optimum conditions have not been precisely 
established, a successful preparation (77% yield) of the 
hexaguanidinium salt was obtained by the following proce­
dure: To 10 g. of the sirupy liquid (4.4 g. of crude NaePtOu) 
add the solution obtained by dissolving 1 2  g. of guanidinium 
chloride in 24 ml. of water. Then dilute the mixture with 
120 ml. of formamide. If the solution is not clear dilute 
until clear with water:formamide in the ratio of 1:4 by 
volume. Induce crystallization by scratching the walls of 
the beaker or more conveniently by seeding (a small portion 
of the solution diluted with formamide and ethanol often 
starts crystallizing) and stir the solution for one hour. After 
filtering wash the crystals three times each with formamide 
and ethanol, then air-dry. The product so obtained was 
already fairly close to the composition of pure hexaguani­
dinium salt, for its PiCb-content was 39.5 (theory =  40.0 
P2O5 for monohydrate) and it contained no chloride. Tests 
have not been made to determine how much the excess of 
guanidinium chloride or the concentration of formamide can 
be reduced without altering the completeness or the course 
of the reaction. In precipitating the triphosphate, by the 
corresponding double decomposition, the phase precipitated 
was the desired pentaguanidinium triphosphate when the 
precipitating solvent was 90% formamide, but was the so­
dium salt NasPsOio'OHîO when the precipitating solvent was 
50% formamide. The triphosphate experience led to the

use of high formamide concentrations in tetraphosphate 
preparations.

For further purification the above tetraphosphate sample 
was treated thus: To 10 g. of air-dried hexaguanidinium 
tetraphosphate in 15 ml. of water add 2  g. of (GuH)Cl in 
5 ml. of water and dilute with 16-17 ml. of formamide. 
Induce crystallization and proceed as above. The yield 
here is about 90% and may be decreased by using more sol­
vent if greater purification is desired. Analytical informa­
tion on the product is summarized in Table XVI and accords 
reasonably with the composition (GuHbPiOirHîO. Note 
that oven drying causes some hydrolysis, i.e., formation of 
acid salts equivalent to 0.5-0.6 % water of constitution, but 
does not drive off guanidine.

For comparison two other guanidine phosphates were pre­
pared, namely, pentaguanidinium triphosphate and tetra- 
guanidium pyrophosphate. The former precipitated as the 
anhydrous salt, the latter as the monohydrate. The tri­
phosphate was obtained by double decomposition with 
(GuH)Cl in mixed solvent (formamide/water volume ratio 
9/1). The pyrophosphate was similarly obtained, but did 
not require so much formamide, being obtained from a sol­
vent of approximately equal volumes of formamide and 
water. Analyses are given in Table XVI and X-ray pat­
terns in Table XIV.

A nalyses

S o far paper ch rom atograph y  studies b y  W est- 
m an, et al.,7 and b y  E b e l47 p rov id e  the on ly  m eth od  
w hich  is capable o f  determ ining tetraphosphate in 
the presence o f  other k n ow n  species o f  condensed 
phosphates. A s a con sequ ence their w ork  provides 
the m ost con v in cin g  p ro o f availab le th at tetraphos­
ph ate ion  exists, an d  specifically  th at it can  be  m ade 
b y  m ild  hydrolysis o f  the tetram etaphosphate. T h e

(47) J. P. Ebel, Bull. aoc. chim., 1089 (1953).
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m ethod  gives results w ith  an a ccu ra cy  o f 3 to  5 %  for 
tetraphosphate as fo r  other ions.

O ther data  also serve to  establish the iden tity  o f 
tetraphosphate and are particu larly  usefu l to  one 
w h o w ants to  prepare a sam ple o f  pure tetraph os­
phate for  use in his ow n  labora tory . T hu s, th e  X -  
ray  patterns (T a b le  X I V )  on  th e  acridinium  salts 
show  th at the tetraphosphate is d istin ct from  or­
th o -, p y ro -, tri-, trim eta - or tetram etaph osphate. 
S im ilarly fo r  the guanidin ium  salts, the tetraphos­
phate g ives a pattern  distinct from  that o f  p y ro - 
or trip h osp h ate ; o rth o - and m etaph osph ates were 
n ot m ade. W ith  C o (e n )3+3 tetraph osph ate gives 
no p recip ita te  at an y  p H  tried  (2 .5  to  10). T h e  
usefulness o f  this test is lessened b y  the fa ct th at a 
triphosphate con tam inated  w ith  10%  tetraph os­
phate also fails to  precip itate  as n oted  b y  W eiser .29 
T h e  rate o f  h ydrolysis in  the extractive  m o ly b d a te  
procedu re described  in the n ext section  can  also be 
used fo r  qu a lita tive d ifferentiation  betw een  tetra- 
and o th er crystallizable con densed  phosphates. 
A lso  recall th at tetraph osph ate  gives am orphous 
precip itates w ith  zinc, w hile p y ro - and triphosphate 
g ive  crysta lline products.

W h ile  precip itates are form ed  w hen tetraph os­
phate reacts w ith  ions such as acrid inium , barium , 
silver or zinc, th ey  are n ot useful for  analysis b e ­
cause p y ro - and triphosphates g iv e  sim ilar precip i­
tates.

P roperties

O n ly  qu a lita tive  or  sem i-qu antita tive in form a­
tion  is availab le  in m ost cases. F or  instance, the 
so lu b ility  o f  sod ium , lith ium  or guanidin ium  salts 
in  w ater is v e ry  h igh , p ro b a b ly  over  5 0 %  in all 
three cases. F rom  the isolation  o f the 4 4 %  con cen ­
trate  in  solu tion  form , it  is ev id en t th a t th e  solu ­
b ility  o f NaePiOio is m ore  than  4 4 % . W h ile  on ly  
qu a lita tive in form ation  is ava ilab le  on  the lith ium  
salt, the d ry in g  o f  its aqu eous solutions to  a glass 
indicates a v e ry  h igh  solu bility . T h e  hexaguan i- 
d in ium  tetraphosphate is h igh ly  soluble (T a b le  
X V I ) ,  m u ch  m ore  so than the tetraguan id inium  p y ­
roph osph ate ; even  so it  is som ew hat less soluble 
than the pentaguanid in ium  triphosphate.

F rom  the difficulties in  obta in ing  a  pure tetra ­
phosphate u p on  alkaline cleavage  o f  the tetram eta ­
phosphate ring, it  is clear th at th e  tetraphosphate 
is less stab le  than  the triphosph ate in  alkaline m e­
dia. F ou r pieces o f  ev iden ce  suggest th a t alkaline 
m edia  ten d  to  sp lit th e  tetraph osph ate  ion  in to  tw o  
pyroph osph ate  fragm ents.

(a) T h ilo  and  R â tz 14 observed  crystals o f  N a 3- 
H P 2O 7 H 2O grow in g  at room  tem perature in a con ­
centrated  N a 6P 40 i3 solu tion  th at had  dried to  a 
glassy con sistency  and stood  fo r  a few  w eeks 
longer.

(b ) T etram etaph osph ate  was alm ost com plete ly

con verted  to  pyroph osph ate  in th e  fo llow in g  ex­
p erim en t: 40 g. o f  N a O H  in pellet form  w as add ed  
slow ly  to  10.0 g. o f  N a 4P 40i2-4H 20  in 45 m l. o f  w ater 
w ith  stirring and coolin g  to  hold  the tem perature at 
50 to  60 °. T h e  p rod u ct w hich  finally  p recip ita ted  
w as filtered and  w ashed free o f  N a O H  w ith  ethanol. 
I t  w as largely  N a 4P 2O 7- 10H 2O , b y  X -r a y  pattern , 
b u t  con tam ination  b y  NasPCh an d  N a 2COs w as d e ­
tected . Its  m oisture con ten t was 4 2 .5 %  (th eory  
for  N a 4P 2O 7- 10H 2O , 4 0 .4 % ). T h e  y ie ld  o f  a n h y­
drous m aterial calcu lated as N a 4P 207 w as 102%  o f 
the theoretical.

(c ) In  an a ttem pt to  salt ou t crystals o f  N a 6P 40i3 
b y  add in g  sod ium  acetate  to  the v iscou s  liqu id , the 
sm all am ou n t o f  precip itate  obta ined  p rov ed  to  be 
N a 4P 20 7 b y  X -ra y .

(d ) U pon  dry in g  the hexaguanidinium  tetraph os­
ph ate m on oh ydrate , analysis show ed th at it  had 
suffered h ydrolysis because titratable  hydrogens 
were present (sam ples 04-92 and  04-99 in T a b le  
X V I ) .  H ow ever, a test fo r  orth oph osph ate  in  the 
dried  p rod u ct was negative. P resum ably , then, 
the a c id ity  p rod u ced  b y  the d ry in g  is present in  the 
dried  p rod u ct as acid  pyrophosph ate.

That the pyrophosphate reaction is likely to predominate 
in the alkaline hydrolysis of tetraphosphate (or its precursor 
tetrametaphosphate) is fairly well indicated by the 
above observations, but one experiment which is contrary 
should also be mentioned. A solution of 10 g. of NaiPiOu- 
4H20  in 47 ml. of water was warmed to 60° and pellets of 
NaOH were added up to a total of 25 g. The only difference 
between this and experiment (b) above is that the tempera­
ture went to 92° in the early stages and the solution was 
hotter than 60° for perhaps 5 minutes. The product which 
precipitated in the late stages of this preparation was largely 
Na5P3Oio (II) by X-ray diffraction! No other analyses were 
made. Since triphosphate wras produced, then orthophos­
phate would also be expected as one of the products. 
Thus, except for the experiment in which the temperature 
went to 92°, alkaline media appear to favor cleavage of 
middle P-O-P links over that of similar end links.

In acid solutions there is also evidence that tetraphosphate 
is less stable than triphosphate. This is made evident by a 
test similar to the extractive procedure of Martin and Doty34 
for determining orthophosphate in the presence of other 
easily hydrolyzed phosphates. For example, if 1 mg. of 
sodium tetraphosphate in 5 ml. of water is treated with 1 
ml. of the acid ammonium molybdate reagent and shaken 
with 2 ml. of a benzene-isobutanol mixture (1:1 by volume), 
a distinct yellow color develops in the organic layer within 
half an hour. Pyro-, tri-, trimeta- or tetrametaphos­
phate wall do so only after three hours or more. While 
it is not possible to state from the available data whether 
such lowering of the pH has affected the cleavage of end P - 
O-P links more than middle P-O-P links, the data do in­
dicate that the introduction of a middle P-O-P into tri­
phosphate to make tetraphosphate does favor the acid hy­
drolysis of the end P-O-P link. Thus, tetraphosphate 
yields orthophosphate faster than triphosphate.

A ck n ow led gm en t.— It is a pleasure to  a c­
kn ow ledge the assistance o f  m y  P rocter  & G am ble  
colleagues. B esides those a lready  m en tion ed , 
M essrs. F . L . Jackson , F . P . K rause and H . N o rd - 
sieck have been  especially  helpful.
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CHELATION OF ALKALINE EARTH IONS BY HYDROLYZED MALEIC
ANHYDRIDE COPOLYMERS

B y H . M o raw etz , A. M . K otliar  and  H. M ark  

Polytechnic Institute of Brooklyn, Brooklyn 1, New York
R ece iv ed  A p r i l  19, 1 96 4

The chelation of Mg, Ca, Sr and Ba with hydrolyzed maleic anhydride-styrene and maleic anhydride-vinyl ethyl ether 
copolymers was studied by the effect of low concentrations of alkaline earths salts on the titration curve of the polymer in 
strong potassium nitrate solution. Bjerrum’s method of calculating chelate formation constants was modified to take ac­
count of the variation of the effective ionization constant with the charge of the polyelectrolyte. Apparent chelate formation 
constants increased, in general, with the charge of the polyanion in the case of the styrene copolymer, while the reverse was 
found with the vinyl ether copolymer. The results were interpreted as due to a superposition of an electrostatic and a 
saturation effect.

T h e  in teraction s o f po lye lectro ly tes  w ith  their 
cou nter-ion s h ave  been stu d ied  in ten sively  in  re­
cent years. In  v iew  o f th e  h igh  charge o f the p o ly ­
m eric ion , th e  cou nter-ion s are su b jected  to  strong 
electrostatic forces, w h ich  m anifest them selves in  
th e  characteristic t itra tion  b eh a v ior  o f p o lym eric 
acids , 1 low  a c tiv ity  coefficients o f th e  ions in  such 
solu tion s2'3 and  th e  e lectroph oretic  transport o f 
part o f  the cou nter-ion s w ith  th e  p o ly io n .4

M o st o f the w ork  to  d a te  was restricted  to  sys­
tem s w ith  m on ova len t cou nter-ion s, a lthough  the 
e ffect o f  d iva len t cou n ter-ion s on  the titra tion 5 and 
so lu tion  v isco s ity 6 o f  po lye lectro ly tes  was briefly 
m en tioned , and th e  gelation  o f p o ly ca rb ox y lic  acids 
w ith  d iva lent ca tions was stu d ied  in  som e d eta il.7'8 
T h e  in terpretation  o f th e  beh av ior o f such  system s 
is com p lica ted  b y  th e  fa ct  that com p lex  form ation  
o f d iva len t ca tion s w ith  ca rb ox y l groups m a y  be 
superim posed  on  the electrostatic effect. G regor 
and L u ttin ger9 h ave observed  a pron ou n ced  sh ift 
in th e  titra tion  cu rve  on  ad d ition  o f sm all con cen ­
trations o f  cu p ric  salt to  p o ly a cry lic  acid  in  stron g  
salt solu tion  and  in terpreted  th is find ing  as ev iden ce  
o f chelation . B efore  such d ata  can  b e  translated 
in to  ch elate  form a tion  con stan ts, a m od ifica tion  o f 
B jerru m ’s p ro ce d u re 10 con sisten t w ith  p o ly e lectro - 
ly te  th eory  is requ ired . T h e  s tu d y  o f th e  chelation  
o f a lkaline earth  cations w ith  h yd ro ly zed  m aleic 
anhydride cop o lym ers  offers tw o  advantages fo r  a 
prelim inary s tu d y  o f th is p ro b le m : there is n o  u n ­
certa in ty  a b ou t th e  num ber o f ligands b ou n d  b y  
the chelating ion , and  form ation  constants o f analo­
gous su ccin ic acid  chelates, sim ilar to  th e  com plex  
form ed  b y  th e  p o ly a c id  b u t w ith ou t the com p lica ­
tions pecu liar to  p o ly e lectro ly te  equilibria , have 
been rep orted . 11

R esu lts  and  D iscu ss ion

T w o  h yd ro ly zed  copolym ers o f  m aleic anhydride
(1 )  A .  K a t c h a ls k y  a n d  J. G illis , R ec . trav. ch im ., 68, 879  (1 9 4 9 ).
(2 )  W . K e r n , M a k r o m o l. C h em ., 2, 2 6 9  (1 9 4 8 ).
(3 )  A .  K a t c h a ls k y  a n d  S . L ifs o n , J . P o ly m e r  S c i ., 1 1 , 4 0 9  (1 9 5 3 ) .
(4 )  J . R .  H u iz e n g a , P .  F . G r ie g e r  a n d  F . T .  W a ll,  J . A m . C h em . S oc., 

72, 2 6 3 6 , 4 2 2 8  (1 9 5 0 ) .
(5 )  A . K a t c h a ls k y  a n d  P . S p itn ik , J . P o ly m e r  S c i ., 2 , 4 3 2  (1 9 4 7 ).
(6 )  T .  A l f r e y ,  R .  M .  F u o ss , H . M o r a w e t z  a n d  H . P in n e r , J . A m .  

C h em . S o c ., 74, 4 3 8  (1 9 5 2 ) .
(7 )  F . T .  W a ll  a n d  J . W . D re n a n , J . P o ly m e r  S c i .. 7, 83  (1 9 5 1 ) .
(8 ) H . D e u e l a n d  H . S o lm s , K o llo id -Z ., 124, 65  (1 9 5 1 ).
(9 )  H . P . G r e g o r  a n d  L . L u tt in g e r ,  p r iv a t e  c o m m u n ic a t io n .
(1 0 )  J . B je r r u m , “ M e t a l  A m m in e  F o r m a t io n  in  A q u e o u s  S o lu t io n ,”  

P . H a a se  a n d  S o n , C o p e n h a g e n , 1941 .
(1 1 ) A . E . M a r t e ll  a n d  M .  C a lv in ,  “ C h e m is tr y  o f  t h e  M e t a l  C h e la te  

C o m p o u n d s ,”  P r e n t ic e -H a l l ,  I n c . ,  N e w  Y o r k ,  N . Y . .  195 2 , p . 51 7 .

w ith  v in y l e th y l ether (V E E /M A )  and styrene 
(S T /M A ) ,  respectively , were titra ted  w ith  sod ium  
h yd rox id e  in  1 N  potassium  n itrate solu tion . Since 
it is k n ow n  that m aleic an h ydride  adds to  styrene 
and  v in y l ether radicals v e ry  m u ch  m ore  rap id ly  
than  to  its ow n  radical, th e  h y d ro ly zed  copolym ers 
con ta in  pairs o f  carboxy l groups isola ted  b y  the co ­
m on om er from  sim ilar pairs. T itra tion  cu rves o f 
such “ p o ly d ica rb ox y lic  a cid s”  shou ld  h ave a break 
at half-neutralization , since the d ou b le  ion ization  
o f a ca rb ox y l pair is im p robab le  w hile there remain 
any un-ion ized  carboxy l pairs. F erry  and  his co l­
labora tors12 reported  such a break  in  the titration  
cu rve  o f h yd ro lyzed  styren e-m a le ic  an h ydride  co ­
polym ers, b u t fou n d  little  ev iden ce  o f  it  in  titrating  
a h yd ro lyzed  cop o ly m er o f m aleic an h ydride  and 
v in y l eth y l ether, w h ich  is m u ch  m ore  expanded  in 
aqueous solu tion . W h en  sm all am ou n ts o f  alka­
line earth  n itrates were added , the second  half o f 
th e  titra tion  cu rve  w as d isp laced  to  low er p H  val­
ues. T h e  to ta l salt con cen tra tion  bein g  v ery  m uch 
larger th an  th at o f  th e  alkaline earth salt added , the 
effect cou ld  not be  du e to  a change in the electrical 
free energy o f ion ization  and had to  b e  ascribed to  
com plex  form ation .

L et us den ote  b y  A  the sto ich iom etric  con cen tra ­
tion  o f ca rb ox y l pairs, (H A - ) and (A =) be in g  the 
con cen tration s o f  th e  singly  and  d o u b ly  ion ized 
species and (X )  the con cen tra tion  o f carboxy l pairs 
com plexed  w ith  an alkaline earth  ion . S ince com - 
plexing is observed  on ly  in  th e  secon d  h a lf o f  the 
titra tion  curve, w e m a y  assum e that th e  con cen tra ­
tion  o f un-ion ized  ca rb oxy l pairs is n eglig ible so 
th at fo r  a degree o f  neutralization  o f the second  car­
b ox y l Oil

(HA- ) = A( 1 -  as) +  (OH- ) (1)
Aa, = (A” ) +  (X ) +  (OH- ) (2)

W e  shall assum e th at th e  electrical free  energy of 
d issocia tion  A / 'V  depends on ly  on  the average 
charge Z  per ca rb oxy l pair, i.e., th at as lon g  as Z  
is held  constant, A Fei is in dependent o f  the num ber 
o f ions chelated. T hu s

= A . = A oexp( - A i ’.i /RT) = i{Z) (3)

w here

z  = 1  +  «Ü -  2 (X )/A  -  (OH- )/A  (4)

(12) J. D. Ferry, D. C. Udy, F. C. Wu, G. E. Heckler and D. F. 
Fordyce, J . C o llo id  S c i ., 6, 429 (1951).
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B y  p roper su bstitu tion  from  (1 ), (2 ) and (4) in to  
equ ation  (3) w e obta in

(H+) 2f(Z) +  (H+) .
l -  « 2 +  (O H -)M  Z {

T h e  fu n ction  f (Z) is know n from  titration  data  
obta in ed  in the absence o f chelating ions, and Z  can 
be  evalu ated  from  (5 ), leading to  (X )  and (A “ ) b y  
the relations (4) and (2 ). T h e  chelate form ation  
con stan t

can n ow  be  calcu lated , since the free m etal con cen ­
tra tion  (M + + ) is the difference betw een  the sto ich i­
om etric m etal con cen tration  and  the chelate con ­
centration  (X ) .

T ab les I and II  g ive  the titra tion  data  obta ined  
w ith  copolym ers V E E /M A  and S T /M A  in the 
presence and absence o f alkaline earth  cations. F ig ­
ure 1 g ives p lots  o f Ka, as a fu n ction  o f Z  fo r  the tw o 
copolym ers. I t  can  be  seen th at th e  apparent d is­
socia tion  con stan t o f the styrene cop o ly m er falls 
off con tin u ou sly  w ith  increasing charge on th e  p o ly ­
ion  as w ou ld  be  expected . T h e  apparent initial 
increase in the K & values o f the v in y l ether co p o ly ­
m er w ith  increasing degree o f neutra lization  is un­
d ou b ted ly  due to  the error in trodu ced  in  neglecting 
the presence o f un -ion ized  carboxy l pairs at low  
values o f  a 2, and the K a values obta ined  in  th is re­
g ion  were n ot used in subsequent calcu lations. I t  
has been poin ted  out p rev iou sly 12 th a t the d iffer­
ences in th e  titra tion  beh av ior o f these tw o  p o ly ­
electrolytes are du e to  the tighter co ilin g  o f the 
styrene copolym er.

Fig. 1.—Apparent dissociation constants of VEE/MA and 
ST/MA as a function of copolymer charge density.

T h e  results o f the calcu lations o f  chelate form a­
tion  constants are represented on  F igs. 2 and 3.

T a b l e  I

E f f e c t  o f  A l k a l i n e  E a r t h  I o n s  o n  t h e  T i t r a t i o n  o f

C o p o l y m e r  V E E /M A  in  1 N P o ta ssiu m  N it r a t e  a t  2 5 °

Cti

B la n k  Ca 
t it r a t io n  0 .0 0 3 6  

p H  M
+ +
0 .0 0 1 8

M

— A p H
M g + +  B a ++ 

0 .0 0 3 6  0 .0 0 1 8  0 .0 0 3 6  
M  M  M

Sr + + 
0 .0 0 3 6  

M

0 .0 4 2 6 .2 1  0 .19 0 .0 8 0 .1 7 0 .0 6
.128 6 .4 8 .25 .11 .21 .10
.215 6 .7 0 .29 .15 .25 .11 0 . 10 0 .0 9
.302 6 .9 3 .39 .19 .29 .1 6  . 15 .1 4
.389 7 .1 4 .45 .23 .34 .19  . 19 .1 8
.476 7 .3 6 .51 .28 .39 .23  . 25 .2 3
.562 7 .6 0 .58 .31 .45 .27 30 .29
.649 7 .8 7 .65 .35 .52 .32 37 .3 6
.736 8 .1 8 .74 .40 .59 .35  . 45 .44
.823 8 .5 7 .72 .40 .66 .36  . 51 .5 0

T a b l e  II
E ff e c t  of 0 .0036 M  A l k a l in e  E a r t h  I ons  on  t h e  T it r a -
T IO N  O F C o p o l y m e r  S T /M A  in  1 N P o ta ssiu m N it r a t e

A T  25 0

as

B la n k
t it r a t io n

p H Ca + + M g  + +
- A p H

Ba + + S r  + +

0.083 6.76 0.18 0 09 0.06
.167 7.17 .22 .12 0.07 .08
.250 7.55 31 .18 .09 .13
.333 7.93 .44 .29 .16
.417 8.27 .53 .37 .19 .24
.500 8.64 .70 .51 .29 .34
.583 8.98 .86 .61 .34 .42
.667 9.30 .94 .70 .41 .50
750 9.62 .98 .76 .48 .59
833 9.88 .96 .68 .44 .56

T h e y  m a y  be  interpreted  as due to  tw o  op p osin g  
fa ctors : the electrostatic free energy o f ch elate  d is­
socia tion  w ou ld  tend  to  p rodu ce  K t  values increas­
in g  w ith  the charge o f the p o ly ion . A  superim ­
posed  saturation  effect h inders th e  p ro d u ctio n  o f 
chelates w ith  h igh densities o f  alkaline earth  ions 
b ou n d  to  th e  chain. W ith  the less expan ded  s ty ­
rene cop o ly m er the electrostatic fa cto r  p re d o m i­
nates, w hile the reverse is true o f the v in y l eth er c o ­
polym er. T h e  slight increase in  th e  K t  o f  m agn e­
sium  and V E E /M A  at an y  g iven  Z ,  w hen  th e  m eta l 
con cen tra tion  was reduced  b y  one-half, is in  qu a li­
ta tiv e  agreem ent w ith  th is in terpretation . I t  
should  also be  poin ted  out th at so lva tion  effects, 
w h ich  are d ifficu lt to  evaluate, w ere n ot taken  in to  
a ccou n t in  assum ing th at the chelate fo rm a tion  
con stan t depends on ly  on the charge d en sity  o f  th e  
polym er.

T a b le  I I I  g ives a com parison  betw een  th e  values 
o f K t  o f alkaline earth com plexes w ith  th e  p o ly ­
electro ly tes used in the present s tu d y  (a t an arb itrar­
ily  chosen  va lu e o f Z  =  1.3) and  th e  an a logou s 
com plexes w ith  su ccin ic a c id . 11 A t  th is ch arge the 
chelate form ation  con stan t o f V E E /M A  is betw een

T a b l e  I I I

C o m p a r i s o n  o f  C h e l a t e  F o r m a t i o n  C o n s t a n t s  o f  A l k a ­
l i n e  E a r t h s  w i t h  VEE/MA, ST/MA a n d  S u c c i n i c  A c id

C a  + +
m g

M g  + + B a  + + S r + +

VEE/MA (Z = 1.3) 2.45 2.30 2.00 1.96
ST/MA (Z = 1.3) 2.11 1.74 1.36 1.46
Succinic acid 1.16 1.02 0.97 0.75
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2.2 -

z.
Fig. 2.—Chelate formation constant of copolymer ST/MA 

with 0.0036 M alkaline earths: 0, CaN03; •, SrN03; ©, 
MgNOa; O, BaN03.

ten  and tw en ty  tim es as h igh as the correspon d in g  
value fo r  su ccin ic acid , w hile som ew hat low er values 
o f K {  were obta in ed  for  cop o ly m er S T /M A .

Experimental
Preparation of Polymers.—Forty grams of maleic anhy­

dride and 20 g . of the comonomer were dissolved in 400 ml. 
of butanone and 100 mg. of azo-bis-isobutyronitrile initiator 
was added. The polymerization was carried out at 70°, 
the copolymer was precipitated in hexane, dissolved in hot 
water, dialyzed and freeze dried. The vinyl ethyl ether 
copolymer (VEE/MA) contained 62 mole % of vinyl ethyl

Fig. 3.—Chelate formation constants of copolvmer 
VEE/MA: ®, 0.0018 M CaN03; O, 0.0036 M BaN03; 
©, 0.0018 M MgN03; « ,  0.0036 M SrNOs: 0 , 0.0036 M 
MgNOa.
ether, the styrene copolymer (ST/MA) 54 mole % of sty­
rene as calculated from titration data. The maleic anhy­
dride copolymers were fully hydrolyzed, since boiling with 
alkali before dialysis did not alter their titration behavior.

Titration.—The pH determinations were carried out with 
a Cambridge Instrument Co. research model pH meter with 
external shielded electrodes. During titration, solutions 
were held at 25° to within 0.1°, stirred and protected by a 
stream of nitrogen from atmospheric C02. Four minutes 
were allowed for equilibrium after each addition of base; 
longer time intervals produced no further pH change. All 
titrations were carried out in the presence of 1 N potassium 
nitrate.

Acknowledgment.— T his stu dy  w as su pported  
b y  a research grant from  the M on sa n to  C hem ical 
C om pan y .
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The titration behavior of polyelectrolytes at higher ionic strengths is treated on the basis of the nearest neighbor interaction 
between the fixed ions. This point of view suggests a quantitative comparison of the behavior of polymeric and dibasic 
acids. The application of these considerations to existing work on the correlation of viscosity and titration curves of poly­
meric acids is briefly discussed.

Introduction.— T h e  correlation  o f various p roper­
ties o f  po lye lectro ly tes , such as v iscos ity  and titra ­
tion  beh av ior, has been  the su b ject o f  a num ber o f 
recent th eoretica l treatm en ts .1 T hese approaches 
have had vary in g  degrees o f success and w hile d if­
fering in a num ber o f im p ortan t respects, have in 
com m on  the assum ption  th at b o th  the fixed and m o ­
bile  ions in the p o ly e lectro ly te  system  m ay  be 
treated as a con tin u ou s charge d istribution .

T h e purpose o f the present n ote  is to  exam ine a
(1 ) A . K a t c h a ls k y , O . K u n z le  a n d  W .  K u h n . J. Polymer Sci., 5, 

2 8 3  (1 9 5 0 ) ;  J . H e rm a n s  a n d  J . T .  G . O v e rb e e k , Rec. trav. chim., 67, 
761 (1 9 4 8 ) ;  G . E . K im b a l l ,  M .  C u t le r  a n d  H . S a m e lso n , T h is  J o u r ­

n a l , 56 , 57  (1 9 4 8 ).

different approach  to  the titra tion  beh av ior o f  these 
system s, one w hich  does n o t in v o lv e  the latter as­
su m ption  bu t instead assum es th at the im p ortan t 
in teraction s betw een  the fixed ions on th e  p o ly e lec­
tro ly te  are nearest neigh bor in teractions. I t  is 
expected  that the repulsions betw een  the im m o­
bile ions will vanish rap id ly  w ith  distance, R,  a t the 
higher ion ic strengths, in  th e  first approx im ation  as 
e~ KR/ R  where k is the reciproca l D e b y e  length . On 
th is basis nearest neigh bor in teraction  w ill begin  to  
predom in ate  w hen kR  ~  1 w here R  is the distance 
betw een  nearest neighbors. W h en  R  ~  5 A . this 
w ill occu r when the salt con cen tra tion  exceeds 0.4
M .
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I f  these considerations are va lid  a correlation  b e ­
tw een  th e  titra tion  beh av ior o f  a polym eric acid  and 
o f a su itable d ibasic acid  is to  be an ticipated . A n  
exam ination  o f availab le data  on  p o ly a cry lic  and 
glu taric acids supports this. A  treatm ent o f  the 
d epen den ce  o f p K  on the degree o f neutralization  
is g iven  in the fo llow in g  section  using, at first, the 
B ra gg -W illia m s approx im ation  and later, the m ore 
exact Ising m ethod .

Theory of Nearest Neighbor Interaction.—
T h e  p olym er chain  is considered  to  h ave A a neu­
tralized and A'b unneutralized acid ic groups. W e 
su ppose th at th e  free energy / a o f an im m ob ile  ion, 
A , and its cou nter ion  atm osphere are m od iu ed  b y  
an am ou n t / aa/ 2 fo r  each A  nearest neigh bor and b y  
,fab /2  fo r  each B  neighbor, there being on ly  tw o  
neigh bors in all. A d d it iv ity  o f these effects w ill 
be  assum ed. C orrespond ing  quantities for  th e  un­
charged  acid ic group B  w ill be d en oted  b y  /b , 
/a b /2  a n d /b b /2 , respectively . T h e  total free energy 
o f such an assem bly depends on the num ber o f 
pairs, Wab, o f nearest A B  neighbors and m a y  be 
w ritten  as

n, o f the hydrogen  ions in a solu tion  in w hich  their 
a c t iv ity  is u h + , m =  / h +  k T  In aH+ , it fo llow s that

pK = pH -  log = 2MT +  ~ 2a) 4̂)
where

/  =  / a  +  / a a  +  / h  —  f b  —  f b b

T hu s th e  p K  is a linear fu n ction  o f a  in  th is ap ­
proxim ation  and the change in p K ,  from  a =  0  to  
a =  1 is A p K  =  — i w /2 .3 k T .  T h e  m a jor  con tr i­
b u tion  to  w  is / aa, the repulsion o f th e  im m obile  
ions, and it fo llow s that / aa is p ositive  and  w nega­
tive, as observed . B oth  A/  and w  w ill depend  on 
the cou nter ion  atm osphere and hence u pon  the salt 
con cen tration .

I f  the repulsion o f nearest n eigh bor ions is v ery  
pron oun ced , then  the A  and B  groups are n ot d is­
tributed  ran dom ly  along the chain. U sing the ap ­
proach  em ployed  b y  Ising in an analogous p ro b ­
lem  in ferrom agnetism , an equ ation  m a y  be derived  
w hich  takes in to  accou nt in an exact m anner such 
deviation s from  random ness. F rom  such a treat­
m ent we fin d 2

Tib = faN , a +  /bAb +  / a a V a a  +  / bbACb +  fabNab —
kT In f/(Ara, AT, Abb) (1)

w here g (N a, A b , A ab) is the num ber o f w ays o f dis­
tributing , fo r  a g iven  A a, Nb  and A ab, the A  and B  
groups a long the chain  and w here the num ber o f 
A A  pairs, A aa, and o f B B  pairs, Abb, is g iven  b y  
2A aa +  Aab =  2A a, 2Abb +  A ab =  2 A b. T h e  free 
energy o f th is system , F ,  equals — k T  In (P .F .) =  
- k T  In 2 (P .F .)ab =  - k T  In 2 e*P ( - F ab/fcP ) 
w here (P .F .) is the partition  fu n ction  for  all con fig­
urations while (P .F .)ab is the partition  fu n ction  
fo r  on ly  those con figurations correspon d in g  to  a 
g iven  A ab. T h e  sum m ation  is over all A ab consist­
ent w ith  the values o f A a and Arb- F rom  equation  
1 it then fo llow s that
F  = A r a ( / a  + / a a )  — Arb(/b +  f b b )  ~  k T  111 Z g ( Ara, A'b, Aab)

exp { —Nebiu/kT) (2)

where
w  —  f a b  /aa/2 /bb/2

In  the B ra gg -W illia m s approx im ation  A ab in the 
exponentia l in  the last term  is replaced b y  A ab, 
the average va lue o f A ab w hen A  and B  are ran­
d o m ly  d istribu ted  along the chain . T h e  last term  
in equ ation  2 thus becom es exp { — w N &b /k T )1 g .  
T h e  to ta l num ber o f w ays o f arranging th e  A a A ’s 
and A b  B /s a long the chain , 2 g, is (A a +  A b ) ! /  
A a!Ab! A ab is readily  evalu ated  b y  observ in g  
that in  th is ran dom  case the p rob a b ility  o f an a d ja ­
cent pair o f sites h avin g  an A  on  th e  first site and 
a B  in th e  second  is A a/ ( A a +  A b ) X  A b / ( A a +  
Nb), so  th a t th e  ch ance th at this link is an A B  link 
is tw ice  this. S ince there are (A a +  A b ) such pairs 
o f ad jacen t sites, Aab =  2 A aA b / ( A a +  A b ). I t  
then  fo llow s th at (d F /d A a) is g iven  b y

( * L \\dNaJ

w here

Xa+ A'b
=  / a  +  / a a  —  f b  ~  f b b  +  2u> (1 — 2a)

(3)

a = NJ(Na +  Ab)
E q u a tin g  th is to  th e  partia l m olecu lar free energy,

( f f )  = / ,  + / a a - / b - / b b  +
\ O A a / M a +  A b

V m T -  a){c^RT -  1) +  1 +  2q -  1 m  
n \ /(4a(l  -  a){e"M RT  -  1) +  1) +  1 -  2a

and from  this, that 

"K -  235? +
(V 4 « ( l  -  q)(c2“'gr -  1) +  1 +  2q -  1)(1 -  a) 

° S (V 4 a (l -  q)(c2”’/íf, -  1) +  1] +  1 -  2q)q
(6)

w here w and A/  retain their previous significance. 
A s before , the change in p K  from  a =  0 to  a =  1, 
A p K ,  is — 4rc/2 .3  kT.  T h is is as expected  since 
in  b o th  cases a d issociating acid  group is in  an 
environ m en t o f other undissociated  groups w hen 
a =  0 and in an environ m en t o f  neutralized groups 
w hen a — 1. W h en  — 2w «  kT,  equ ation  6 re­
duces to  4, as it should. A  com parison  betw een  
these equations is g iven  in F ig . 1 fo r  A p K  =  1.0. 
In  this case — 2iv /k T  =  2 .3 /2 , w h ich  is n o t n egli­
g ib le  com pared  w ith  un ity . W h en  A p K  =  0.5 
equations 4 and 6 are essentially equ ivalent.

Comparison with Experimental Data.— A  su rvey  
o f the titra tion  beh av ior o f  p o ly e lectro ly tes3'4 
ind icates three com m on  typ es  o f  p K - a  cu rves : 
linear (as in F ig . 1 ) , S -shaped (as in  F ig . 1) w ith  a 
m axim u m  slope at a =  y 2, in verted  S -shaped w ith  
a m in im um  slope at a =  l/ 2. F requ en tly  th e  cur­
va tu re  in  the latter cases is n ot particu larly  p ro ­
n oun ced  and its observan ce m a y  w ell depend  on  the

(2 )  A n  e v a lu a t io n  o f  th e  la s t  te r m  in  e q u a t io n  2  is  g iv e n , f o r  e x a m p le , 
in  R u s h b r o o k e ’ s  “ S ta t is t ic a l  M e c h a n ic s ,”  O x fo r d  U n iv e r s it y  P re ss , 
N e w  Y o r k ,  N . Y . ,  1 9 4 9 , p . 3 0 4 , e q u a t io n  4 2 . D e n o t in g  th is  t e r m  b y  
A F, s u b s e q u e n t  e q u a t io n s  a re  a ls o  g iv e n  th e r e  f o r  (dAF/dN&)N^ a n d  
(bAF/dNb)N&‘ I t  is  o b s e r v e d  th a t

( h A T ̂  XT ~  fa. / a a  “  f b  ~ ~  f b b  +\OI\ a/ Aa + Nb
/ 5 A F \ / 2 ) A F \

W a  A b W J
(3 )  Cf. P . D o t y  a n d  G . E h r lic h , Ann. Rev. Phys. Chem., 3, 81 (1 9 5 2 )
(4 )  H . P . G r e g o r  a n d  L . L u tt in g e r , p r iv a t e  c o m m u n ic a t io n .
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num ber o f experim ental po in ts  recorded . In  
the various data  exam ined the first tw o  curves, and 
therefore equations 4 and 6 , sa tisfy  reasonably  well 
the m od ified , em pirical, H en derson -H asselbach  
equation , p H  =  p K m +  n  log  a / ( l  — a), p roposed  
b y  K atch a lsk y  and S p itn ik ,8 if a is, say, betw een  
0.1 and 0 .9 ; w hile th e  th ird  ty p e  generally  obeys 
the equ ation  over a som ew hat larger region . H o w ­
ever, w hen a >  0 .9  th e  experim ental error is larger, 
w hile w hen a <  0.1 the in terpretation  o f the data  
m a y  be  m ore  vagu e since here, the ca lcu lation  o f a 
depends on a k n ow ledge  o f th e  self-ion ization  o f the 
acid.

O f particu lar interest is the com parison  o f the 
titra tion  beh av ior o f glutaric and p o ly a cry lic  (P A A ) 
acids. A  com parison  w ith  a ,7 -d im eth ylg lu taric 
acid  w ou ld , it is true, be  m ore suitable, b u t data  
on th at acid  d o  n ot appear to  be  available. T h e 
ratio  o f th e  first and second  d issociation  constants 
K i / K i ,  o f  glu taric acid  is a b ou t 12 , o f w h ich  a fa ctor  
o f 4 is statistica l and the rem aining fa ctor  o f 3 m ay  
be  attribu ted  to  the repulsions o f  the n eighboring 
ion ic  groups and m ore  specifica lly  to  the term , 
— 2w /k T ,  discussed earlier. A n  exam ination  of 
som e approxim ate titra tion  curves o f  glutaric a c id 4 
ind icates th at pK% — p K ,  is low ered b y  a b ou t 0.08 
and 0 .19 u n it in the presence o f 0 .2  and 2 M  
N aN Ch, respectively . I f  nearest n eigh bor in ter­
action  predom inates in  P A A , then  one m igh t an tic­
ipate  th at A p K  fo r  P A A  w ou ld  be  abou t 2 log  3, 
2 (log  3 — 0 .08), 2 (log  3 — 0 .1 9 ); th a t is, 0.96, 
0 .80, 0 .58 in  the presence o f n o  salt, 0.2 M  N a N 0 3 
and 2M  N a N 0 3, since there are tw o  nearest neigh ­
bors in the p olym eric acid  and  on ly  one in glutaric 
acid.

T h e  p K - a  curves fo r  P A A ,4 in solutions dilute 
w ith  respect to  P A A , appear to  be  linear or slightly  
S -shaped, as in  F ig . 1. A p K  is approx im ately  2.5,
1.2, 0.8 in  the presence o f  0, 0 .2  and 2 M  N a N 0 3, re­
spectively . T h e  agreem ent betw een  the observed  
A p K ’s and those ca lcu lated  from  the beh av ior of 
glutaric acid  im proves w ith  increasing salt con cen ­
tration , as expected , and the agreem ent in the la t­
ter cases is reasonable, considering the extrapola ­
tion  errors and assum ptions em p lo y e d .6

(5 )  A . K a t c h a ls k y  a n d  P . S p itn ik , J. Polymer Sci., 2, 432 (1 9 4 7 ).
(6 )  T w o  p r o c e d u r e s  a re  a v a ila b le  fo r  th is  ca lcu la t io n  o f  ApK fo r  

P A A . T h e  v a lu e s  c it e d  in  th e  t e x t  are  b a se d  o n  a  lin e a r  e x tr a p o la t io n  
o f  d a ta  g iv e n  in  th e  r e g io n  a =  0 .2  a n d  a = 0.8. A n o th e r  p ro ce d u re , 
a n d  o n e  w h ic h  is  m o r e  s e lf -c o n s is te n t ,  ca lcu la te s  ApK fr o m  th e  s lo p e  
o f  th e  pK -a  c u r v e  in  th is  r e g io n  u s in g  e q u a t io n  6  a n d  th e  re la tio n  
ApK = ( — 2w/2.3fcT). T h e  v a lu e s  o f  ApK c a lcu la te d  b y  th e  la t te r  
p r o c e d u r e  a re  b u t  s l ig h t ly  less, as e x p e c te d ,  a n d  are  fo u n d  t o  b e  1 .0  
a n d  0 .7  in  th e  p re se n ce  o f  0 .2  a n d  2  M  NaNC>3, r e s p e c t iv e ly .

Fig. 1.—A plot of pK versus a when ApK =  1.0 The 
dotted line is based on equation 4, and the full line on equa­
tion 6.

T h e  titra tion  beh av ior o f d ilu te  solu tions o f ear- 
boxy lm eth ylce llu lose7 (C M C ) is rather interesting. 
E xtrap o la tin g  the linear curves o f  H erm ans and 
Pals, one arrives at a rather rough  value fo r  A p K  
o f a b ou t 1.8 in the absence o f  salt, a va lue som ew hat 
less than  th at observed  for  P A A . T h is  A p K  d e ­
creases rap id ly  w ith  increasing salt (N a C l) con cen ­
tration  so that at a salt con cen tra tion  o f 0.3 M ,  
A p K  ~  0.2, a va lue con siderab ly  sm aller than that 
fou n d  fo r  P A A . T h is  C M C  p o ly m er differs from  
P A A  in th at th e  acid  groups are, on  the average, 
m ore w idely  spaced. In  the presence o f salt the 
nearest n eighbor in teraction  w ill v a ry  stron g ly  w ith  
distance, R ,  approx im ately  as e~ Kli/ R ,  w hile at low  
salt con cen tration  the in teraction  betw een  all the 
im m ob ile  ions varies less stron gly , as l / R .  I f  is 
therefore  expected  that the form er w ill be m uch 
m ore sensitive to  change in nearest n eigh bor d is­
tan ce than the latter. T h is  is consistent w ith  the 
observed  beh av ior o f C M C  and P A A .

In  conclusion , it is observed  th at nearest neighbor 
in teraction  is expected  to  h ave a rather slight ef­
fe c t  on v iscosity . I f  such in teraction  is a large part 
o f the to ta l in teraction , w h ich  in P A A  it appears to  
be, then it m ust be taken  in to  a ccou n t in  theories 
correlating v iscosity  and titra tion  behavior. T h e 
neglect o f th is con tribu tion  to  the in teraction  w ould  
tend  to  m ake A p K ’s ca lcu lated  from  v iscos ity  b e ­
h av ior less than those observed  experim entally .

A ck n ow led gm en t.— T h e  author shou ld  like to  
express his appreciation  to  D r. H . M oraw etz , w ho 
suggested the p rob lem  and offered a n um ber o f 
helpful com m ents.

(7 ) D . T .  F . P a ls  a n d  J. J . H e rm a n s , Rec. trav. chim., 7 1 , 513 (1 9 5 2 ) .
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Measurements of light scattering as a function of angle, and viscosity as a function of gradient have been made on acetone 
solutions of eleven samples of cellulose trinitrate in order to determine the dependence of the mean molecular size and the in­
trinsic viscosity on the degree of polymerization, N. It is found that the ratio of the mean square end-to-end length, r2, 
to the degree of polymerization increases with N until N is about 500 and thereafter remains essentially constant. This be­
havior is that predicted for randomly coiled chains with a negligible volume effect and with a stiffness characterized by a value 
of 35 À. for Ò», the square root of the above ratio in the region of high .V. Within probable error the intrinsic viscosity- 
molecular weight relation is given by [77] = 5.0 X IO- 3  Nw throughout ohe range investigated (N„ = 250 to 9000). This 
shows that the hydrodynamic character of the chain molecules is not molecular weight dependent in this region, as has been 
claimed. Moreover, the molecular weight exponent of unity in the viscosity relation cannot be explained in terms of the 
volume effect on chain statistics because of the nature of the observed dependence of size on N. Viscosity measurements in 
various solvents support this view. With the value of 6 fixed the Kirkwood-Riseman expressions fit the intrinsic viscosity 
up to N = 1000 and much of the published sedimentation and diffusion data when the other parameter f  is equal to 2.7 X 
IQ-w. For N > 1000, however, the viscosity behavior indicates a coil that is much more free draining than the theory 
would predict with the same values of b and f.

A lth ou gh  the com m on  cellu lose derivatives are 
am on g the m ost investigated  o f all high polym ers, we 
h ave  been  p rom p ted  to  undertake another s tu d y  for  
several reasons. F irst, cellu lose derivatives appear 
to  b e  a lm ost the on ly  unbran ch ed  polym ers read­
ily  availab le in  a b roa d  range o f m olecu lar w eights 
that have su fficiently  stiff chains to  a llow  the ra­
dius o f gyra tion  to  be  m easured in  b o th  the G aus­
sian and non-G aussian  m olecu lar w eight regions. 
S ince w e had  earlier p rop osed 3 h ow  the radius o f 
gyra tion  should  depend on  the m olecu lar w eight 
u pon  passing from  the non-G aussian  to  the G aus­
sian regions, w e were anxious to  test this experi­
m entally . M oreover , such a stu d y  should , w ith  
present techn iques o f light scattering, lead to  an un­
am biguou s characterization  o f the size o f  cellulose 
m olecu les and  th ereby  com plete  an investigation  
w hich  was one o f the first stim u lated4 b y  D e b y e ’s 
derivation  o f the particle  scattering fa ctor for  a 
ran dom ly  coiled  p o lym er m olecu le .5

S econ dly , we w ished to  inqu ire in to  the intrinsic 
v iscos ity -m olecu la r  w eight relationship  since it 
had  been  reported 6'7 th a t in the case o f  cellu lose ni­
trate  a transition  from  one ty p e  o f h yd rodyn am ic 
beh av ior to  another occurred  w ith  increasing m olec­
ular w eight, and  this w ou ld  have, if  true, consider­
able interest in con ju n ction  w ith  current theories o f 
in trinsic v iscosities .8-11 In  this p rob lem  we w ou ld  
w ant to  use som e o f the highest m olecu lar w eight 
sam ples availab le  and  this w ou ld  present the o p ­
p ortu n ity  o f ty in g  dow n  u pper lim its o f the m olecu ­
lar w eight o f  cellu lose derivatives a b ou t w hich  
there is considerable d isagreem ent.

(1 ) U n io n  C a rb id e  a n d  C a r b o n  F e llo w , 1 9 5 2 -1 9 5 3 .
(2 ) In s t it u t e  o f  M a c r o m o le c u la r  P h y s ic s , T h e  U n iv e rs ity ,  S tra s­

b o u r g ,  F ra n ce .
(3 )  H . B e n o it  a n d  P . D o t y ,  T h i s  J o u r n a l  5 7 , 9 5 8  (1 9 5 3 ).
(4 )  R .  S. S te in  a n d  P . D o t y ,  J. Am. Chem. Soc., 68, 159 (1 9 4 6 ).
(5 )  P . D e b y e ,  p e rso n a l c o m m u n ic a t io n  (1 9 4 5 ) ;  T h i s  J o u r n a l , 51, 

18 (1 9 4 7 ) .
(6 )  A . M u n s te r , Z. physik. Chem,, 197, 17 (1 9 5 1 ) ;  J. Polymer Sci., 

8 ,  633  (1 9 5 2 ).
(7 ) R .  M .  B a d g e r  a n d  R .  H . B la k e r , T h i s  J o u r n a l , 53,1056 (1 9 4 9 ).
(8 ) P . D e b y e  a n d  A .  M .  B u e ch e , J. Chem. Phys., 16, 5 7 3  (1 9 4 8 ) .
(9 )  J . G . K ir k w o o d  a n d  J. R is e m a n , ibid., 16, 5 6 5  (1 9 4 8 ) .
(1 0 )  H . C . B r in k m a n , Proc. Amsterdam Acad., 50, N o . 6  (1 9 4 7 ).
(1 1 )  T .  G . F o x  a n d  P . J . F lo r y ,  J. Am. Chem. Soc., 7 3 , 190 4 , 1909 , 

1 9 1 5  (1 9 5 1 ) .

C on sequ en tly , w e obta ined  sam ples o f  the m ost 
h igh ly  n itrated  cellu lose nitrate, in order to  ensure 
u n iform ity  o f  su bstitu tion , prepared  som e frac­
tions, an d  carried o u t v iscosity , light scattering, 
and som e osm otic  pressure m easurem ents in  aceton e 
solution . T h e  v iscos ity  m easurem ents required 
particular a tten tion  in  order to  elim inate gradient 
dependence and the in terpretation  o f the light scat­
tering data  requ ired  the use o f som e recent th eoreti­
cal deve lop m en ts . 12

E xperim ental P roced u res
A. Samples.—The cellulose nitrate used came from 

three sources. Relevant information obtained from the 
supplier is summarized in the table.
D e s ig -  [77] in  E t  A c  N ,
nation Source at 2 0 ° % Source of supply

A Lint cotton 49.5 14.1 Rayonier, Inc.
B Chemical cotton 16.0 13.8 Hercules Powder Co.
C Tire cord from 

cotton linters 5.27 13.7 Rayonier, Inc.

The Hercules sample was prepared by using 8  liters of an 
acid mixture containing 4875 g. of 85% H3PO4, 2725 g. of 
P2O5 and 7200 g. of 99% HNO3 . One hundred grams of air 
dry chemical cotton was nitrated for four hours at 0 °, and 
washed with cold acetic acid. The nitrate was stabilized 
by boiling in alcohol to remove impurities. The Rayonier 
sample was nitrated by Mitchell according to a well-known 
procedure. 13

All samples were purified in a preliminary way by dis­
solving in acetone, precipitating a very small fraction, and 
then precipitating the bulk of the polymer.

B. Fractionation.—Part of sample A was fractionated 
following the recommendations of Kinell and Ranby, based 
on ultracentrifuge studies of polydispersity and fractiona­
tion. 14 Pure hexane was added dropwise and with stirring 
to a 0.2% solution of the polymer in acetone. After the 
appearance of permanent cloudiness, the 2 0 -liter cylindrical 
jar containing the mixture was then warmed in a large ther­
mostat bath to about 35° until the solution became clear. 
The temperature of the bath was slowly decreased to 25.00 
±0.02°, and the stirring discontinued. When the precipi­
tate settled out, a process varying in duration between one 
hour and overnight, the supernatant liquid was siphoned 
off. The polymer phase was, fortunately, always in the 
form of a transparent gel, indicating the absence of any sub- 12 13 14

(1 2 ) H . B e n o it ,  J. Polymer Sci., 11, 5 0 7  (1 9 5 3 ).
(1 3 )  R .  Zj. M it c h e l l ,  Ind. Eng. Chem., 38, 8 4 3  (1 9 4 6 ) .
(1 4 )  K in e ll  a n d  R a n b y ,  ‘ ‘A d v a n c e s  in  C o l lo id  S c ie n c e ,”  V o l .  I l l ,

H . M a r k  a n d  E . J . W .  V e r w e y , e d .,  I n t e r s c ie n c e  P u b lish e rs , I n c . ,  N e w  
Y o r k ,  N . Y . .  1950 .
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stantial amount of crystallization, which would severely 
limit fractionation. The precipitate was redissolved in a 
small amount of acetone and the fraction reprecipitated with 
distilled water, washed with ethyl alcohol and stored alcohol- 
wet in the dark at 4°. The supernatant phase was titrated 
to cloudiness with hexane and the process repeated. In this 
way ten fractions were obtained, each weighing about a 
gram, and were designated A1-A10, 1 being the highest de­
gree of polymerization.

The remainder of sample A was used to obtain two high 
molecular weight fractions by a somewhat more elaborate 
procedure. This fractionation involved a precipitation 
followed by three successive extractions designed to remove 
low degrees of polymerization species. The details of the 
procedure are shown in Fig. la. Circles represent jars. 
The line through each is a phase boundary, and the arrows 
indicate the history of the given phase. Equilibration at 
each point was assured by warming until homogeneous, and 
cooling to 25.00 ± 0 . 0 2 ° .  To maintain proper relative 
quantities in precipitate and supernate, it was necessary to 
add some hexane or acetone in some of the steps. The con­
centration of polymer in each step was about 0.2%. In 
the top line the sample is titrated and the precipitate ex­
tracted three successive times. In the bottom line, the 
supernate of the first top-line precipitation is titrated, and 
the subsequent precipitate extracted with the supernatant 
from the top line jar just ahead of it. The entire sample was 
not fractionated in this way; only two high fractions were 
removed. Each fraction constituted about l/io of the total 
quantity of polymer.

An analogous scheme, geared to remove low degree of 
polymerization fractions, was used to obtain two fractions 
from sample B, and two from C, as shown in Fig. lb.

As in the high degree of polymerization case each of the 
two fractions made up about Vio of the total polymer. The 
starting concentration here was about 1 %, which on addi­
tion of hexane reduced to 0.5% at the first precipitation 
point, and to 0 .0 2 % in the final step.

Since all unfractionated samples were essentially com­
pletely nitrated, it was assumed that fractions were also 
trinitrates. This was checked in the case of fraction A8  by 
nitrogen analysis, and found to be correct.

C. Concentration Determinations.—The concentration 
of the solutions in all the experiments was determined by 
dry weight. In cases where the solution could be used im­
mediately, the polymer, which was stored wet with alcohol, 
was heated to 50° overnight in a vacuum oven, and weighed 
into a volumetric flask, which was diluted to the mark when 
the nitrate was completely dissolved. When intermediate 
standing, or handling was likely to result in the evaporation 
of some solvent, a dry weight was determined by pipetting 
a known volume of solution into a weighing bottle, and evap­
orating to dryness, finally heating in a vacuum oven at 50° 
to constant weight. The two methods when checked against 
each other agreed within the precision of the analytical bal­
ance, indicating that there was neither evolution of gas from 
decomposition of the nitrate nor retention of acetone.

D. Viscosity Measurements.—All viscosity measure­
ments except on the two very low degree of polymerization 
samples (C l and C2) were made with a modified Ubbelohde- 
type capillary viscometer. 15

The fact that solutions of high degree of polymerization 
cellulose and its derivatives show non-Newtonian behavior 
has long been recognized, and must be taken into account. 
The instrument was therefore constructed with three bulbs 
at different heights to allow measurements at three different 
gradients; and with a long, coiled capillary to give results 
in the range of low rates of shear. It was calibrated with 
chemically pure acetone, ethyl acetate and distilled water, 
and found to have negligible kinetic energy correction, in 
spite of the fact that flow times for acetone were only 83.0,
56.8 and 88.1 seconds for the three bulbs in order of decreas­
ing height.

The average rate of shear on a given solution was calcu­
lated from the formula

7  = rhgm-n/d) (1)
where 7  =  rate of shear; r, radius of capillary; l, length of 
capillary; h, pressure head; g, acceleration of gravity; 77, 
viscosity of liquid; d, density of liquid. The various par­

tis) T h e  v is c o m e t e r  w a s  d e s ig n e d  b y  D r .  N a th a n  S c h n e id e r  o f  th is  
L a b o r a t o r y  a n d  c o n s tr u c te d  b y  M r . H . W a y r in g e r .

HEXANE HEXANEtACETONE HEXANE+ACETONE HEXAtEtACETONE

HEXANE HEXANE HEXANE HEXANE
Bb OR Cb

8a OR Ca

Fig. 1 .—Schematic representation of the fractionation 
procedure: a, high molecular weights; b, low molecular 
weights.
ameters of equation 1  were determined in the following way: 
the radius, by measuring the weight of mercury contained 
in a given length; the length with a ruler; the height with a 
cathetometer.

It is convenient to express (1) in terms of the relative 
viscosity of the solution to that of solvent, 77rei. The as­
sumption is made that the density of solution and solvent 
are the same. This yields

rhg _  k 
3Ao7?rel Vrel (2)

where i>0 is the kinematic viscosity of the solvent. The 
factor k is a constant for a given bulb, and a given kinematic 
viscosity of solvent. In this case, the calibration and the 
known kinematic viscosity of acetone give values of 531.0,
336.0 and 155.8 sec.-1 for k in the top, middle and lowest 
bulbs, respectively.

The viscometer was immersed in a thermostat bath at
25.00 ±  0.02° and the flow times for a given solution were 
recorded to the nearest tenth of a second for the three bulbs. 
Dilutions were made by volume in the viscometer. For 
each concentration, the relative viscosity of the solution in 
each of the three bulbs was plotted as a function of the rate 
of shear Fig. 5, determined from relation 2. These three 
points invariably fell on a straight line which was extrapo­
lated to zero gradient. One thus obtains the relative vis­
cosity of the solution at zero rate of shear. These data were 
then treated in the customary way; plotted as log yap/c, 
against c, where c is concentration in grams/dl. and extrapo­
lated to zero concentration. The values obtained for the 
intrinsic viscosity were found to be reproducible to within 
± 5 %  at high [17] •

E. Refractive Index Increment.—The difference in re­
fractive index between solution and pure acetone was meas­
ured in a Rayleigh-Haber-Lowe interferometer manufac­
tured by Zeiss.16 * 18 A solution approximately 0.2% in con­
centration was made up by weight, and the reading con­
verted to refractive index difference by the fundamental 
equation

ni — n2 =   ̂(AiV)

where X is the wave length of light; »t, a refractive index of 
solution; n2, of solvent; d, thickness of liquid through which 
the light passes; and AN, number of fringes. In practice, 
the readings were taken with white light and converted to the 
corresponding number of fringes in the blue by using a table 
of dial reading versus fringe number, which had been ob­
tained with monochromatic light (4360 A.) in a calibration 
experiment. The instrument gave values of drc/dc in close 
agreement with the literature for standard KC1 solutions, 
bovine serum albumin and polystyrene in butanone. The 
values obtained for the cellulose trinitrate samples varied 
from fraction to fraction over a ±1 .5%  span, with an aver-

(1 6 ) N . B a u e r  a n d  K . F a ja n s , " P h y s i c a l  M e t h o d s  o f  O rg a n ic  C h e m is ­
t r y , ”  A . W e iss b e rg e r , e d .,  In te r s c ie n c e  P u b lis h e rs , I n c . ,  N e w  Y o r k ,
N . Y . ,  1949.
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Fig. 2.—Light scattering data for cellulose nitrate sample A 
in acetone at 25°.

age figure of 0.105 cc./g. This is in good agreement with 
the data of Jullander,17 but falls below the results of Badger 
and Blaker.7

F. Light Scattering.—“ And all our yesterdays have 
lighted fools the way to dusty death.” — Macbeth.

1. Procedure and Practical Matters.—The first pre­
requisite for a light scattering run is, obviously, dust-free 
solvent. Simple distillation, with a few Raschig rings in a 
column produces solvent which is quite dust-free. The 
entire apparatus must be flushed out well with acetone 
vapor, the condenser turned on, the receiving vessel filled 
and emptied two or three times, and the result is achieved. 
The solvent shows very few motes in a strong beam of light 
viewed with a 7 power lens at low scattering angles.

The cellulose nitrate solutions were cleaned free of dust 
and colloidal contaminants by centrifugation in the large 
rotor of a Spinco preparative ultracentrifuge. Modified 
polyethylene bottles served as centrifuge tubes. (A mold 
was made in plaster of Paris shaped to the bottom of the 
rotor holes. A commercially available 2-oz. polyethylene 
bottle was heated by immersing the flat bottom in a glycer­
ine-bath at about 16C°, until the bottom became clear in ap­
pearance. It was then rammed into the mold and blown 
into, hard, from the top. The bottle took the shape of the 
mold and could then be placed, flush, into the rotor.) The 
bottles were covered with Teflon gaskets and bakelite screw 
caps. The gap between the cap and rotor was filled by a 
collar of bakelite impregnated nylon, machined to fit. 
The collar was tapped, and the hole threaded. In this 
way, after centrifuging, a small screw could be inserted, the 
collar taken out, the cap unscrewed with the fingers, and the 
solution removed.

In general, the solutions were spun for one hour at 44,000 
g. On one occasion, a high molecular weight sample gave 
indications of the presence of aggregation. This manifested 
itself by a faintly stippled appearance of the solution when 
viewed at low angles in a strong beam, and by an unusually 
high dissymmetry of scattering. This solution, when 
recentrifuged for three hours showed normal behavior.

Pipets were made with two glass projections: one, at a
distance from the tip so that it rested on the lip of the cen­
trifuge bottle when the end was two-thirds of the way into

(1 7 )  I .  J u lla n d e r , Arkio Kemi Mineral. Geol., A 2 1 , N o . 8  (1 9 4 5 ).

the solution; another, indicating the liquid level in the pipet 
when it contained 35 cc. of fluid, the amount required to 
make a measurement in the cell used. In this way the solu­
tion was transferred from the rotor into the light scattering 
cell. The solution was examined at low angles in a strong, 
parallel beam. If dust-free, the measurement was made 
using the unpolarized blue light (4360 A.) of a mercury arc 
lamp, in a Brice-Phoenix light scattering photometer,18 kept 
in a room thermostated at 25 ±  1°. The intensity of 
scattering for each solution was measured as a function of 
angle between 30 and 135°.

All scattering measurements were made in an Erlenmeyer- 
type cell. The uniformity of the cell was checked with 
clean fluorescein by measuring the angular envelope, which 
was constant to ± 1 % . The cell constant, used to convert 
Erlenmeyer measurements to absolute turbidities, was 
determined by measuring the 90° scattering of a given solu­
tion of Ludox in the Erlenmeyer, and in the square cell. 
This factor varied from 1.25 to 1.60 ± 1 % ,  changing some­
what each time the mercury lamp was replaced. The 
angle made by the sides of the cell was sufficient, so that no 
correction for back reflection had to be applied to the data.19 
The back reflected beam was completely deflected to the 
cell floor and was not viewed by the phototube. This was 
checked empirically by measuring the same solution in the 
Erlenmeyer, and in a cylindrical cell. When the results 
were adjusted for the difference in cell constants, and the 
back-reflection correction applied to the cylindrical cell data, 
the results agreed over the whole angular range to within 2%.

The effect of concentration was studied by diluting with 
clean solvent by weight, stirring magnetically until homo­
geneous, and measuring as before.

2. Treatment of Light Scattering Data.—It has become 
customary, in handling light scattering data, to interpret the 
results according to the familiar equation20

Kc/Re = l/[]t fwP(0)] +  2 Be (3)

by means of which the weight average molecular weight, 
Mw, and the «-average of (r2), the mean square end-to-end 
chain length, are determined, on the assumption that the 
chains are Gaussian. Now although this procedure is always 
valid provided we can make measurements at sufficiently 
low angles, under ordinary experimental conditions it can be 
strictly applied only to chain molecules having values of 
(r2)‘/i less than about 800 A.

On the other hand, an expansion of P(0) for large, rather 
than small, chains shows that a plot of Kc/Re against 
sin2 8/2 reaches an asymptote whose intercept yields the 
number average molecular weight, Mn, and whose slope is 
determined by the number average of (r2). In actual prac­
tice this asymptote should be accurately locatable when the 
«-average of (r2) 1/ 2 exceeds 2000 A. This leaves us with 
an intermediate range in which a knowledge of or an assump­
tion about the polydispersity of the sample is a prerequisite 
to a precise determination of molecular weight and size, 
provided measurements are made only in the ordinary 
range of 30 to 135°. The dependence of the location of 
these three regions on polydispersity and other relevant 
details are discussed in the following paper.

It will be useful to anticipate the effects of this situation 
on the principal experimental results we expect to obtain. 
With regard to determining the value of the effective bond 
length b it is seen that in the low molecular weight range 
this will be obtained from (r2)z and Mw so that the result 
will be somewhat in error numerically and depends to some 
extent on the polydispersity. In the region of the asymp­
totic behavior, however, number averages of both quanti­
ties will be obtained and the result will be correct and in­
dependent of polydispersity. In determining the intrinsic 
viscosity-molecular weight relation, we shall want the 
weight average molecular weight but this is directly obtain­
able only in the low molecular weight range. Elsewhere an 
estimate of the polydispersity will be required. The de­
pendence of the result on the polydispersity will not be great 
enough to obscure the main effects we seek to establish 
but the inability to estimate it accurately can set a definite 
limit to the precision of the results obtained.

(1 8 )  B . B r ic e , M .  H a h v e r  a n d  R . S p e iser , J. Opt. Soc., 4 0 , 7 6 8  (1 9 5 0 ).
(1 9 )  A . O th , J . O th  a n d  V . D e sre u x , J. Polymer Sei., 1 0 , 551  (1 9 5 3 ) .
(2 0 )  B . H . Z im m , J. Chem. Phys., 16 , 1093  (1 9 4 8 ) ;  1 6 ,1 0 9 9  (1 9 4 8 ) .
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Fig. 3.—Light scattering data for cellulose nitrate sample Ba in acetone at 25 °.

G. Osmotic Pressure.—Osmotic pressure measurements 
were made on three samples as a guide in polydispersity esti­
mates and to check independently on the light scattering re­
sults.

A Fuoss-Mead type osmometer was used with a gel cello­
phane membrane. The membrane was washed free of 
preservative with running water and conditioned for use 
with acetone by soaking over successive nights in water- 
acetone mixtures of proportions 90:10, 75:24, 50:50, 25:75, 
10:90, and finally in pure acetone.

It was found that acetone evaporated from the edges of 
the membrane, so the gap between metal plates was covered 
with adhesive tape which was then coated with glyptal 
over its whole surface and around the edges. The entire 
osmometer was packed tightly in a box with excelsior, and 
placed in a room thermostated at 25 ±  10. The difference 
in levels in the capillaries was adjusted to approximate the 
equilibrium value, and then read until constant for at least 
an hour. Equilibrium was reached in all cases within three 
hours. The heights of the menisci were determined with a

cathetometer having a precision of ±0.02 cm. The pres­
sure was calculated directly from the head of acetone. The 
density of the acetone used, as determined pycnometrically, 
was 0.778.

Experimental Results
A. Tabulation of Experimental Data.— R ep re ­

sentative light scattering p lots are show n in Figs. 2 
(sam ple A ) and  3 (fraction  B a ). T hese  together 
w ith  all others excep t those m en tion ed  below  
show ed  linear reciproca l en velopes and  likew ise did 
n ot d isp lay an y  curvature in th e  zero angle line 
show ing th at the secon d  viria l coefficient was suf­
ficient to  characterize th e  data  in  th e  con cen tra ­
tion  range studied. F or higher m olecu lar weight 
sam ples, th e  highest con cen tration  m easured was 
a b ou t 0.2 g . /d l .  and fo r  the low er m olecu lar weight
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sam ples a b ou t 0 .5  g . /d l .  In  all, m easurem ents 
w ere m ade on  eight fractions, tw o  u n fraction ated  
p olym ers and  one m ixture. In  all cases K  is taken 
equ a l to  1.84 X  10~7.

O sm otic pressure m easurem ents were m ade o f tw o 
fraction s  and one u n fraction ated  p o lym er. Som e 
results are show n in F ig . 4. H ere the con cen tra ­
tion  range exten ded  u p  to  1 %  b u t  n o  cu rvatu re in 
th e  reduced  osm otic  pressure p lo t  was ev iden t.

Fig. 4.—Osmotic pressure data for cellulose nitrate samples 
Ba and C in acetone at 25°.

A s in d icated  in  the p reviou s section , v iscos ity  
m easurem ents were m ade as a fu n ction  o f gradient 
and extrapolated  to  zero gradient. O n ly  in the 
case of the tw o  low est m olecu lar w eigh t sam ples 
(C b  and C a) was th e  gradient dependen ce negligible. 
A  ty p ica l p lo t o f Tjrei against gradient is show n in 
F ig. 5 and the p lo t o f  the logarithm  o f the reduced 
specific v iscos ity  against con cen tration  for  all o f the 
sam ples is shew n in F ig . 6 . A ll m easurem ents 
m en tioned  thus far have been  in aceton e. Som e v is­
cos ity  m easurem ents have been  m ade in oth er sol­
ven ts : these are reported  w here needed  in the dis­
cussion.

In  T a b le  I  w e have co llected  relevant quantities

T a b l e  I
D i r e c t  E x p e r i m e n t a l  R e s u l t  o n  C e l l u l o s e  N i t r a t e

S a m p le
M o l .  w t. 

(L .S .)
\/  J'exp2

Á.

B
( L .S . ) . 
m o le  

c c . / g . ! 
X  k r

h i ,
dl./g.

M o l.  w t. 
(O .P .)

B (O .
P.),c

m  o le - 
c o . / g . ! 
X  1 0 ‘

Cb 77,000 380 5.5 1.23
Ca 89,000 540 5.5 1.45
Cb 273,000 2250 5.0 3.54 74,000 8.95
Bb 360,000 1360 6.6 5.50 213,000 11.2
Ba 400,000 1500 6.6 6.50 234,000 11.9
M l“ 640,000 2280 6.75 10.6
A8 846,000 2165 6.9 14.9
Ab6 1,270,000 3180 5.7 24.5
A 1,550,000 3080 5.8 30.3
A2S 2,510,003 4070 (0.9) 31.0
Aa6 2,640,003 5450 11.8 36.3
“ M l is a mixture of 0.742 part by weight of Ba and 

0.258 part of Ab. 6 These samples exhibited some irregu­
lar features which are discussed in the text. ‘ The striking dif­
ference in B determined by the two methods is being studied 
further and will not be discussed in this paper.

Fig. 5.— Relative viscosity as a function of gradient for 
cellulose nitrate sample Ab in acetone at 25°.

obta ined  from  these data  d irectly , th at is, b y  cus­
tom a ry  extrapolation  procedures, and the equ a­
tions

(Kc/Rg)c-o =  1/ili (4a)
— 9X'2(limiting slope) . .
" ~  &ir\Kc/Rg)c- 0 (4b}

T h e  reciproca l scattering en velopes fo r  tw o  sam ­
ples, C  and M l ,  were curved  and are reprodu ced  in 
the fo llow in g  article .21 T h e  results entered in T a ­
b le I are obta in ed  from  extrapolation  o f th e  low est 
angle data. T h e  curvature in  sam ple C  is so  p ro ­
n oun ced  h ow ever that there is considerable u n cer­
ta in ty  in the m olecu lar w eight and size determ in a­
tions. T h e  three other sam ples m arked  in th e  T a ­
b le also exh ib ited  anom alies or presented unusual 
difficulties.

In the case o f sam ple A b  w e find th at desp ite  ex ­
tensive fraction ation  th at should  have p rod u ced  a 
fraction  ly ing  close in m olecu lar w eigh t to  A a  and  
con siderably  a b ove  the u n fraction ated  sam ple its 
m olecu lar w eight is indeed su bstan tia lly  low er. W e

(2 1 )  H . B e n o it ,  A .  M .  H o ltz e r  a n d  P . D o t y ,  T h i s  J o u r n a l , 58 , 635 
0 9 5 4 ) .
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c, g./100 ml.
Fig. 6.—Log 77bP / c  v s . c at zero gradient for cellulose nitrate samples in acetone at 25°.

suspect th at degradation  occu rred  during the frac­
tionation  or before  m easurem ents were m ade on it. 
C onsequ en tly , it m a y  be  th at its m olecu lar w eight 
d istribution  is m u ch  broader than  expected  from  its 
fraction ation .

T h e  second  viria l coefficients, B ,  for  sam ples A 2 
and A a  differ w idely  from  the others. T h e  first 
m easurem ents on  A a  show ed such m arked  dow n ­
w ard curvature th at extrapolation  to  zero angle 
was im possible. T h e  con cen tration  dependence at 
finite angles correspon ded  to  B  =  0.8 X  10~ 4. 
W h en  further attem pts at cleaning did  n ot alter 
th is situation , w e suspected  th at trace am ounts o f 
m etal ions m ight be  causing association  through  
occasional carboxy l groups on the cellu lose n i­
tra te .52'23 C onsequ en tly , a fter adding som e w ater 
to  the aceton e  solu tion , this sam ple was passed 
th rou gh  an ion -exch an ge resin (D ow ex  50) fo llow ed  
b y  precip ita tion  w ith  hexane and w ashing w ith  al­
coh ol. W h en  m easurem ents were now  m ade the 
results recorded  in T a b le  I  were fou n d . T his 
stron gly  suggests th at m etal ion  con tam ination  
plus the presence o f groups w ith  w hich  th ey  cou ld  
associate were responsible fo r  the original behavior. 
H ow ever, the sam ple purified in this w ay  m a y  not 
be  com p lete ly  representative because of possible 
chem ical alteration . T h is was suggested b y  the 
fa c t  th at u pon  repeated  passage throu gh  the ion - 
exchange resin the p o ly m er becam e slightly  ye llow  
colored  and, m oreover, the resin gave off a strong 
ph enolic  odor. R etu rn ing  n ow  to  sam ple A 2 we 
find u pon  re-exam ination  o f the light scattering p lo t 
th at a v ery  m ild  cu rvatu re cou ld  be detected  in the 
en velope  a lthou gh  it lies w ith in  probab le  experi­
m ental error. B ecause o f th is and the v ery  low  
value o f B ,  the results fo r  this sam ple as well m ust 
be  considered w ith  som e reservations.

B. Results Derived from Experimental Data.—  
R eca llin g  that our prin cipa l aim  is to  determ ine the 
variation  o f size as m easured b y  the radius o f 
gyra tion  and th e  h y d rodyn a m ic  beh av ior as m eas-

(2 2 ) M .  W a le s  a n d  D .  L . S w a n so n , T h i s  J o u r n a l , 55 , 2 0 3  (1 9 5 1 ).
(2 3 )  E .  F . E v a n s  a n d  H . M .  S p u rlin , J. Am. Chem. Soc., 72 , 4 7 5 0

(1 9 5 0 ) .

ured b y  the v iscos ity  as a fu n ction  o f m olecu lar 
w eight, w e n ow  set a b ou t p u ttin g  the data  sum ­
m arized in the foregoin g  section  in to  the m ost 
su itable form  fo r  this purpose.

F irst it is clear from  T a b le  I th a t the m olecu lar 
sizes investigated  extend  from  the range w here the 
ord in ary  procedures are va lid  w ell in to  the range o f 
the a sym ptotic  beh av ior discussed earlier. T h u s in 
the low er m olecu lar w eight range the values listed

in T a b le  I  are M w and V 7̂ 2, w hereas in  the higher 
range these are the values o f 2M n and  (3 rn2) 1/2.
In  b oth  cases the subscript over V 7r2 refers to  the 
root m ean square dim ension  o f th at particu lar a v ­
erage o f m olecu lar w eight. T hu s it is necessary to  
decide upon  the relation  o f M n to  M w to  M z before 
all the data  can be con verted  in to  th at o f a single 
average. In  add ition  we have the h igh angle data 
from  sam ples C  and M l  to  evalu ate and a decision  
m ust be m ade as to  h ow  to  treat those sam ples 
(fortu n ately  on ly  tw o, B b  and B a) w h ich  lie in the 
in term ediate region w here neither o f the a b ove  
procedures is likely  to  be exactly  correct.

A s a guide in these problem s, osm otic  pressure 
determ inations o f M n were m ade in the three cases 
listed in T a b le  I. In  the case o f the tw o  in term e­
diate fractions, this show s th at the in terpretation  of 
the reciproca l o f the in tercep t as M w leads to  the 
conclusion  th at M w =  1.7 M n, whereas its
in terpretation  as 2 ilfn leads to  a 1 7 %  d iscrepancy. 
T h e  other osm otic pressure m easurem ent show s 
M w to  equal 3 .7 M n assum ing th at the low  angle 
data  can be extrapolated  reliably. T h e  extrapola ­
tion  o f the high angle data  leads to  a value o f M n 
o f 94,000. T his is a m axim um  value and hence is 
not necessarily in con flict w ith  the low er osm otic 
pressure result. A ccep tin g  this higher value, we 
still have M w =  2.9M n.

O ne m ight expect cellulose derivatives to  have 
m olecu lar w eight d istributions corresponding to  
th at o f p o lycon den sation  polym ers w here all bonds 
are equivalent, i.e., w ith  the ratio M „ : M W: M Z p ro­
portiona l to  1 : 2 : 3 ,  and the fractions th ereof to  have 
v ery  narrow  d istributions w ith  the three average
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T a b u l a t i o n  o f  D e r i v e d  R e s u l t s “

S a m p le Mu Mw Nu V n T 2 (A .) V^/Ln b ( i . ) b*/bW $  X  1 0 21c

Cb (45,000) 77,000 (152) (271) (0.346) (22.0) (0.395) (2.24)
Ca (52,500) 89,000 (178) (344) (  .376) (25.8) (0.543) (1.52)
C 74,000 273,000 250 (600) ( .466) (38.0) (1.18) (1.41)
Bb 213,000 360,000 720 (868) ( .234) (32.4) (0.855) (1.44)
Ba 234,000 400,000 790 (955) ( .235) (34.0) (0.940) (1.41)
M l 211,000 640,000 711 906 .247 34.0 0.940 (1.87)
A8 424,000 (850,000) 1429 1250 .170 33.1 0.890 (2.42)
Ab 635,000 (1,270,000) 2150 1835 .166 39.6 1.27 (1.89)
A 775,000 (2,300,000) 2620 1760 .131 34.4 0.961
A2 1,255,000 (2,510,000) 4230 2360 .108 36.3 1.07 (2.23)
Aa 1,320,000 (2,640,000) 4470 3150 .137 47.1 1.80 (1.15)

“ Values in parentheses have been calculated using polydispersity assumptions described in the text. 6 The effective 
bond length in the Gaussian range, bo, has been taken as the average value of b for samples Bb through A2. 0 Values of
Flory’s $ have been calculated taking polydispersity into account as discussed in the text. For sample C a smoothed 
value of b = 30 A. was used, because of uncertainty in the experimental result for this sample. Averaging all of these except 
the doubtful Aa, we find 4> = 1.91 X 1021.

m olecu lar w eights nearly equal. H ow ever, it ap ­
pears that the distributions in cellu lose n itrate are 
m u ch  w ider b o th  for  the u n fraction ated  sam ples and 
for  the fractions. In  v iew  o f th e  lim ited  observa ­
tions on  polyd ispersity  and the likelihood  th at the 
higher m olecu lar w eight fractions h ave received  less 
sharpening during the fraction ation , it seem s best 
to  assum e that th e  fou r higher fraction s have a d is­
tribu tion  corresponding to  M K/ M n =  2. F or the 
fou r low est fractions we can take M z/ M n =  2 .5 and 
M w/ M d =  1.7 in keeping w ith  the osm otic  pressure 
m easurem ents and the assum ption  th at low  angle 
beh av ior is being exh ib ited  b y  the B a  and  B b  frac­
tions. W e  a ccep t the osm otic pressure results for  
M n o f sam ple C  and assum e that M w/ M n =  3 for 
sam ple A  on the basis o f our k n ow ledge  o f the p o ly ­
d ispersity  o f  C , the other u n fraction ated  sam ple.

W ith  these estim ates and assum ptions abou t 
p olyd ispersity , the desired results can  be  derived  
from  the data  assem bled in T a b le  I. T hese  are 
listed in T a b le  I I . A ll values reported  in parenthe­
ses are those w h ich  depend on  an assum ption  o f
polyd ispersity . N n and V 7rn2 represent the num ber 
average degree o f po lym erization  and  the roo t- 
m ean-square dim ension  thereof. T h e  e ffective  b on d  
length  b is (rn2/A rn) /2 and <t>, the con stan t in the 
F lo r y -F o x  v iscosity  equ ation  is ca lcu lated  from
[v]M n/ ( V ? ) a.

Discussion
A. Size and Configuration of Cellulose Nitrate.

— It  w ill be  recalled  th at fo r  a free ly  jo in te d  chain 
w ith ou t vo lu m e effect the m ean square o f th e  radius 
o f  gyration , p2, or the m ean square o f the e n d -to - 
end length , r 2, is proportion a l to  the degree o f p o ly ­
m erization  N ,  p rov id ed  N  is su fficiently large. It  
has been  sh ow n 3 th at w hen N  is n ot large enough  to  
m eet this requirem ent o f Gaussian beh av ior, p2 and 
r2 assum e low er values than  otherw ise expected  and 
these decrease con tin u ou sly  w ith  decreasing values 
o f  N .  F or  a g iven  valen ce angle one can calcu late 
th e  depen den ce  p2 on  N  over the entire m olecu lar 
w eigh t range as a fu n ction  o f the m ean value o f the 
cosin e o f the angle betw een  one b on d  and the plane 
o f the tw o  prior bon ds. T his q u an tity , d en oted  as

cos tj), also occurs in the expression  fo r  r2 (or  p2) in 
the G aussian region . T h a t is

,, = NP ( 1 + cos ( l + l5)
\1 -  COS ej\ 1 _  cos

w here l =  5.15 A . and d, the supplem ent o f th e  v a l- 
ence angle is taken  as 7 0 °. H en ce  the va lu e  o f cos <jy 
should characterize th e  size o f a chain  m olecu le  of 
g iven  N  in b o th  the Gaussian and  n on-G aussian  
ranges, and  be  in depen den tly  m easurable in b o th  
regions.

H av in g  seen th at cellulose n itrate is su fficiently  
stiff to  perm it m easurem ents o f th e  radius o f gyra ­
tion  in th e  non-G aussian  as w ell as th e  G aussian 
regions, w e are in terested  in  seeing if our m easure­
m ents are consistent w ith  th e  a b ove  p red iction . 
F rom  T a b le  I I  it is seen th at the effective  b on d

length, b, w h ich  is equal to  V r2/ N ,  exhibits a nearly  
con stan t va lue o f abou t 35 A . fo r  N  greater than  
500, if the tw o  sam ples (C  and A a) abou t w h ich  we 
have greatest d ou bt, are excluded. B e low  N  =  500 
th e  va lue o f b is substantially  less. W e can  ch eck  
th is beh av ior qu an tita tive ly  b y  com paring  b - /b 02 
(w here b0 equals the average value at h igh N ) as a 
fu n ction  o f N  w ith  the ca lcu lated  relation  based  on  
the fo llow in g  ch oice  o f  the va lu e o f cos  cb. T h e  a v ­
erage o f th e  seven  sam ples (B b  to  A 2) g ives b0 —
34.8 A ., and su bstitu tion  o f this in th e  a b ov e  
equ ation  gives a  va lue o f 0 .915 fo r  cos <£. U sing 
this, the th eoretica l curve in F ig. 7 has been  draw n. 
T h e  fit o f the poin ts lies w ith in  the p robab le  experi­
m ental error ( ±  1 5 %  for  b2) in all b u t tw o  cases.

W e  con clu de  th at the variation  o f th e  size o f 
cellu lose n itrate w ith  m olecu lar w eight in  b o th  th e  
Gaussian and non-G aussian  regions can  b e  ac­
cou nted  for  in  term s o f a single param eter w h ich  in 
the case o f aceton e  solutions at 25° equals 0 .915 ±  
0 .01 : this corresponds to  5 =  34.8 ±  2.2 A .

T hu s far it has been  assum ed th at th e  vo lu m e 
effect p lays n o  role in the chain  statistics. T he 
vo lu m e effect, if present, can be  ap p rox im a ted  b y  
m u ltip ly ing  the right side o f eq u ation  5 b y  (1 +  
kN'/-)  w here k is a constant. T h e  u n ce rta in ty  in 
our data  is such that a va lu e  o f k up  to  6 X  10 -3 
cou ld  n ot be  excluded . In deed , a va lu e  o f 2 X  10 -3
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Fig. 7.—Dependence of b2/bo2 on N  for cellulose nitrate 
in acetone at 25°: solid curve, theoretical curve for b = 
34.7 A., cos 0  =  0.915; dashed curve, theoretical curve 
with volume effect, k = 2 X 10A

w ith  cos <j> u nchanged  fits the data  qu ite  well as is 
show n b y  the dashed line in F ig . 7 .24a I t  is o f in ­
terest to  note  th at this va lu e  fo r  k is v ery  close to  
th at ca lcu lated  from  th e  observed  va lu e  o f B  and 
bn b y  m eans of th e  recen tly  derived  relation  of 
Z im m , S tock m ayer and F ixm a n 24b

w here M o  is th e  w eight o f  a g lucose residue and No 
is A v o g a d ro ’s n um ber. S u bstitu tion  y ie ld s k =  1.8 
X  10-3 in d icatin g  that the vo lu m e effect should  be 
in the range com p atib le  w ith  our observations. 
T his p o in t is d iscussed fu rth er in the next section .

I t  is im portan t to  recogn ize th at despite the d e­
tailed  concern  w ith  p o lyd ispersity  estim ates these 
have n ot affected  the character o f the results but 
on ly  the absolu te  values. H en ce in com paring  
this w ith  oth er w ork  there are tw o  poin ts o f  in ter­
est: the dependen ce  o f b on N  and the va lue o f bo. 
O nly three light scattering studies appear to  have 
been m ad e : cellu lose acetate  in a ce ton e ,4 cellulose 
n itrate in a ce ton e 7 and cellu lose n itrate in bu tan one 
and eth y l a ce ta te .26 In  all o f these b is fou n d  to  
decrease w ith  N ,  th e  opposite  o f th at fou n d  here 
and th e  opposite  o f th at to  be  expected . T hese 
earlier results w ere obta ined  b y  assum ing th at the 
p o lyd ispersity  w as negligible. H ow ever, had  we 
d on e th e  sam e, i.e., em p loyed  the data  in T ab le  
I d irectly , we w ou ld  still have fou n d  b to  increase 
w ith  N  and then  b ecom e essentially  constant. 
T herefore  the d ifference appears to  be  in  the experi­
m en ta l observations. I t  is ev iden t th at in th e

(2 4 )  (a )  T h e  t w o  lo w e s t  m o le c u la r  w e ig h t  p o in t s  fa ll  s u b s ta n t ia lly  
b e lo w  th e  c a lcu la te d  l in e . T h e y  ca n  o n ly  b e  b r o u g h t  c lo s e r  t o  a  t h e o ­
re t ica l lin e  b y  lo w e r in g  t h e  v a lu e  o f  bo. H o w e v e r ,  th e  h ig h e r  m o le cu la r  
w e ig h t  d a ta , a l lo w in g  f o r  th e  m a x im u m  v o lu m e  e f fe c t , w o u ld  n o t  p e r ­
m it  less th a n  a v a lu e  o f  3 3  A . a n d  th is  d o e s  n o t  m a k e  a n e t  o v e r -a ll  
im p ro v e m e n t .

(2 4 b )  B . H . Z im m , W . H . S t o c k m a y e r  a n d  M . F ix m a n , J. Chem. 
Phys., 2 1 , 1716  (1 9 5 3 ) . W e  w ish  t o  th a n k  P r o f .  S t o c k m a y e r  f o r  p o in t ­
in g  th is  o u t  a n d  te ll in g  u s  o f  cu r r e n t  w o r k  w ith  M .  F ix m a n  w h ic h  in ­
su res t h a t  h ig h e r  te rm s  th a n  1 -f- kN : / 2  a re  n o t  im p o r t a n t  in  th is  ca se .

(2 5 ) S . N e w m a n  a n d  P . J. F lo r y ,  J. Polymer Sci., 1 0 , 121 (1 9 5 3 ).

Fig. 8 .—Log [77] vs. log M w for cellulose nitrate in acetone 
at 2 o .

Stein  and D o ty  and B adger and B laker w ork  dust 
and  co llo ida l im purities had n ot been  satisfactorily  
rem oved  and these assum ed greater im portan ce 
w ith  decreasing N .

T h e  values o f bo in  these earlier m easurem ents 
need n ot be  iden tica l because o f d ifferences in the 
cellu lose derivatives or solvent. N evertheless, 
the range observed , 70, 50 and  41 fo r  the three 
studies, respective ly , is to o  b road  to  a ccep t. W e 
believe  th at the va lu e  o f 70 fo r  cellu lose acetate 
should  be  d iscarded. T h e  va lu e  o f 50 fo r  cellu lose 
n itrate is based on m olecu lar w eigh t m easure­
m ents th at seem  to  be  to o  low  as discussed in 
the n ext section . T h e tw o  m easurem ents in eth yl 
a ceta te  th at are in th e  Gaussiano range in  the N ew ­
m an an d  F lory  w ork  give 36.5 A . and this appears 
to  be qu ite acceptab le . H ow ever, if this is corrected  
to  a llow  for  these sam ples bein g  in  th e  a sym p totic  
region, this va lue is reduced  to  29.6 A . Such  a 
va lu e is t o o  low  since the va lu e  in eth y l acetate  
should  be som ew hat higher than  in acetone.

T h e  value o f b0 fou n d  in  this stu dy  is a b ou t fou r 
tim es th at fou n d  fo r  ty p ica l v in y l polym ers such as 
p olystyren e. T h is increase is half due to  th e  larger 
m on om eric unit an d  half to  a larger va lu e o f cos <j>, 
i.e., t o  steric h indrance and poten tia ls restricting 
rotation .

B. Molecular Weight Dependence of the In­
trinsic Viscosity.— Since the intrinsic v iscos ity  is 
v ery  closely  related to  the w eigh t average m olecu ­
lar w eight, this average m u st be  em p loyed . One 
recalls th at it is this average w hich  is ob ta in ed  
d irectly  from  light scattering in th e  low  m olecu lar 
w eight range b u t a t higher values it is the M n w h ich  
is determ ined. C onsequ en tly , th e  higher m olecu lar 
w eight range w ill d isp lay som e dependen ce upon  
our assum ption  a b ou t polyd ispersity . T h e  results 
are show n in  a lo g - lo g  p lo t in  F ig . 8 . T h e  points 
are show n  as rectangles a llow ing a ± 5 %  error in
[17] and a ±  1 0 %  error in  d f w. T hese  estim ates are 
p rob a b ly  som ew hat high for  th e  low er m olecular 
w eight fractions b u t m ay  be substantia lly  low  fo r
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th e  higher m olecu lar w eight fraction s and the un- 
fraction ated  sam ples. I t  is seen th at the data, 
w h ich  cov er  a  30 -fo ld  range in m olecu lar w eight, 
appear to  be  linear and can be w ell fitted  b y  a line 
w ith  a slope o f un ity . T h e  va lu e  o f the con stan t 
Km, the Staudinger con stan t (fo j/IV w ), is 5 .0  X
i o - 3.

L et us com pare  this va lu e o f K  w ith  oth er m eas­
urem ents assum ing S tau d in ger ’s law  is va lid  b e ­
fo re  tak in g  up  th e  p ossib ility  o f  curvature in the 
lo g - lo g  p lo t. In  a recent su rv e y 26 it was con clu ded  
th at all earlier reliable data  g ive  a va lu e o f K  =
10.5 ±  1.0 X  10 -3 fo r  cellu lose n itrate o f 1 3 .8 %  N . 
A ll m olecu lar w eight m easurem ents in the earlier 
in vestigation s were m ade w ith  osm otic  pressure 
an d  y ie lded  therefore  num ber average m olecu lar 
w eigh ts; fractions and u n fraction ated  sam ples 
w ere used rather indiscrim inately . I f  we assum e 
th at M y , / M n equals approx im ately  2 as this present 
s tu d y  suggests, it is seen th at our w ork  and the 
earlier w ork  are in excellent agreem ent. In  another 
su rvey  o f earlier w ork  plus new  m easurem ents, 
Im m ergu t and  M a rk 27 report an  average va lue of 
th e  Staudinger con stan t o f  10.3 X  10-3 . W ith  
this va lu e  so  clearly  established and w ith  the 
equ a lly  clear p rop osition  th at the intrinsic v iscos ity  
depends on  M w and n ot on  M n, one is forced  to  con ­
clude th at M w is related to  M n in a consistent w ay  
in  th e  m an y  studies th at have n ow  been  m ade. 
O ur results require th at this relation  is, on  th e  aver­
age, =  2M n. T h is m eans th at th e  lo g - lo g  
p lo t based u p on  osm otic  pressure m easurem ents 
should  be  a band, th e  w idth  o f w h ich  cou ld  be  esti­
m ated  from  the range o f M w/ M n ratios. F rom  our 
v ery  lim ited  observations, this range in  fraction s 
and u n fraction ated  sam ples varies from  1.7 to  2.9, 
th at is, over  a fa cto r  o f 1.7. H en ce the ban d  w idth  
shou ld  be  abou t 0 .23. In  the com p ila tion  o f Im ­
m ergut and M a rk 27 this w idth  is a b ou t 0.17. S ince 
experim ental errors w ou ld  ten d  to  broaden  the 
band, it appears th at our estim ate o f  the range o f 
p o lyd ispersity  is t o o  great or th a t results d iffering 
m ore than  0.085 in log  M  from  th e  m ean  have been  
rejected .

T urn ing  n ow  to  th e  p rob lem  o f curvature in the 
log  [77]—log  M „  p lot , it is seen from  an exam ina­
tion  o f F ig . 8 th at there is n o  apparent curvature 
w ith in  th e  m argin  o f error. Is  this m argin  o f error 
su fficiently  sm all to  check  th e  claim s o f curvature? 
T o  answ er this, one notes th at the data  o f M u n ster ,6 
w h ich  sh ow  the m ost p ron ou n ced  curvature, are 
such th at the slope in th e  region  betw een  N  =  500 
and 3000 shou ld  b e  abou t 0.80. O ur data  con form  
w ith  the slope o f u n ity  certa in ly  w ith in  ± 0 .0 5  and, 
if accep ted , in validate th e  cla im  th at substantial 
curvature exists. F rom  exam ining M u n ster ’s w ork, 
it  w ou ld  appear th at he did  n ot m easure viscosities 
as a  fu n ction  o f gradient and  extrapolate  to  zero 
gradient. I f  this is the case, the values o f [17] 
a b o v e  N  =  500 are increasingly in error. C orrec­
tion  fo r  this w ou ld  raise his poin ts progressively  and 
w ou ld  p rob a b ly  restore a linear beh avior. M o re ­
over, th e  osm otic  pressures m easured fo r  his highest 
fra ction s  w ere in the range o f 0.15 to  0 .6 cm . and

(2 6 )  P . D o t y  a n d  H . M .  S p u rlin , “ C e l lu lo s e ,”  e d it e d  b y  O t t  a n d  
S p u rlin , In te r s c ie n c e  P u b lish e rs , I n c . ,  N e w  Y o r k ,  N . Y . ,  1954 .

(2 7 )  E .  I m m e r g u t  a n d  H . M a r k , Ind. Eng. Chem., 4 5 , 2 4 8 3  (1 9 5 3 ).

this m ust lead to  considerable u ncerta in ty  in the 
m olecu lar w eight determ ination  in  this region .

B adger and B laker7 state that their d a ta  togeth er 
w ith  th ose  o f three other investigators suggest th at 
K m passes through  a broad  m axim um  near N  =  120 
and exh ib it decreasing values as N  increases up  to  
1000. O ur data  d o  n ot exten d  dow n  th is low  in  N  
b u t are in  con flict w ith  the dow nw ard  trend  in  th e  
values o f K m in the region o f higher Ar. E xam in a­
tion  o f B adger and B lak er’s w ork  alone actu a lly  
show s th at it agrees qu ite  w ell w ith  S tau d in ger ’s 
law beh av ior and K  =  10.5 X  10-3 . H ow ever, th e  
va lue o f this con stan t is tw ice  that w h ich  w e fin d ; 
it appears th at these m u ch  low er m olecu lar w eights 
arise from  the com bined  effects o f  a h igher re frac­
tive  index increm ent and a higher ca libration  con ­
stant.

O f the other data  q u oted  b y  B adger and B laker 
on ly  th ose  referring to  cellulose acetate  co v e r  a su f­
ficient range o f N  bu t this does show  the dow n w ard  
trend  in K m clearly. H ere again it appears that 
the criticism  o f neglect o f gradient dependen ce can 
be m ade and in  add ition  there is th e  possib ility  
that the acetate  con ten t is vary in g  system atica lly  
in the sam ples studied.

I f  n ow  w e a ccep t the relation  [77] =  5 .0  X  10-3 
N w, it is possible to  estim ate the m agn itude o f 
the highest m olecular w eight sam ples o f  cellu lose. 
T h e  in form ation  required is th e  intrinsic v iscos ity  
extrapolated  to  zero shear in  aceton e. A m on g  th e  
m eager reports o f  this ty p e  o f v iscos ity  m easure­
m ent in the literature, the on ly  sam ple we find th at 
is sign ificantly  higher than th at reported  here is a 
cellu lose n itrate m ade from  D elfos  co tto n  h avin g  at 
500 sec . -1  an intrinsic v iscos ity  in e th y l a ceta te  o f
63 .28 U sing extrapolations o f our ow n  data, w e es­
tim ate that th is corresponds to  a zero gradient v is­
cos ity  in  aceton e  o f at least 46 and  p rob a b ly  som e­
w h at m ore. T h is w ou ld  th en  p lace th e  w eigh t d e ­
gree o f  po lym erization  o f the highest natural cellu ­
lose near 10 ,000.

C. The Relation of Hydrodynamic Behavior to 
Molecular Configuration.— H a v in g  con clu ded  th at 
the m ean m olecu lar con figuration  as a fu n ction  
m olecu lar w eigh t can b e  characterized  b y  a single 
param eter, cos <t>, and th at a transition  from  n on - 
G aussian to  Gaussian statistics does occu r w ith in  the 
norm al m olecu lar w eigh t range, w e find som e diffi­
cu lty  in a ccom m oda tin g  three other observation s: 
( 1 ) the h y d rodyn a m ic  character as reflected  in the 
intrinsic v iscos ity  is ob liv iou s to  th e  n on-G aussian  
to  G aussian transition , (2) the exp on en t o f  u n ity  
in th e  v iscos ity -m olecu la r  w eigh t relation  suggests 
that th e  vo lu m e effect is so  large th at it sh ou ld  
have dom inated  th e  m olecu lar w eigh t depen d en ce  
o f th e  effective  b on d  length , b, and (3) the observed  
dependen ce o f [77], sed im entation  con stan t, s0, 
and d iffusion  constant, D 0, on  m olecu lar w eigh t 
can n ot be  a ccou n ted  fo r  b y  a single ch o ice  o f  the 
K irk w o o d -R ise m a n  param eters b and f .

(1) Several th eoretica l developm en ts8-10 lead  to  
the expecta tion  th at w ith  increasing m olecu lar 
w eigh t several regions m a y  be  distinguished :n  the 
[ n ] -M  re la tion : each  region  m a y  be  characterized

(2 8 )  S. N e w m a n , L . L o e b  a n d  C . M .  C o n ra d , J. Polymer Sci., 1 0 , 4 6 3  
(1 9 5 3 ).
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by the value of the exponent a appearing in the 
relation [17] =  K 'M a. At very low M  rod-like 
behavior dominates and in this region a should 
increase toward a limiting value of 2. Before this 
value is reached the rod-like configurations are 
replaced by non-Gaussian coils and the value of a 
should diminish toward a value of 1. It should 
reach this value of unity when the chains become 
Gaussian. With a further increase in M  there 
follows a transition from free draining to solvent 
immobilizing character with a consequent transi­
tion from 1.0 to 0.5 in the value of a. In prac­
tically all studies only a short range of the final 
region is observed and in this a single value of a 
serves as a satisfactory approximation. The 
present work shows for the first time that a transi­
tion from Gaussian to non-Gaussian configurations 
occurs in an accessible range of the molecular 
weight spectrum. It is consequently surprising to 
find no reflection of this transition in the [q]-M  
relation shown in Fig. 8. Two possible explana­
tions may be offered. First, the effect may be too 
small to be distinguished with the present experi­
mental error. Second, it may be that the first 
three regions described above are so telescoped 
that one passes directly from rod-like behavior with 
axial ratios so low that a equals about 1 to free- 
draining Gaussian coils where a also equals 1. A 
choice between these does not seem possible at 
present. The first suggestion corresponds to the 
views of Kuhn, Moning and Kuhn29 and, as they 
show, the earlier data of Mosimann80 on low molec­
ular weight cellulose nitrate in acetone is in good 
accord with this. On the other hand, current 
investigations of the low molecular weight range by 
Schulz31 and his co-workers support the second 
alternative.

(2) In examining the second observation, let us 
use the Flory method of dealing with the volume 
effect

[77] =  K 'M *  =  K M ' / ’ a 3  (7 )

Taking a =  1 we have in the region of lowest M  the 
approximation

K  = M/M'/i -  0.058[„]/N 'h  (8)

Using the result for the lowest fraction, we find K  =  
0.0058. Solving for a2 one gets a2 =  O^ISAW'. 
Reducing the above approximation by using this 
value of a3 rather than unity for the lowest fraction, 
one obtains a2 =  0.247W/3. Now the quantity 
(1 +  kN1/2) which we used to approximate the 
volume effect in the previous section dealing with 
the dependence of b2/bo2 on N  is seen to be equal to 
a2. Therefore by equating these, one finds that 
the value of k which corresponds to the volume ef­
fect necessary to account for a =  1 is 46 X 10-3. 
It was found earlier that our data would only permit 
values of k as high as 6 X 10~3.32 For example, if 
the former value of k were valid, the dashed curve 
in Fig. 7 would be raised so that it would at N =

(29) H. Kuhn, F. Moning and W. Kuhn, Helv. Chim. Acta, 36, 
731 (1953'. See also E. H. Immergut and F. R. Eirich, Ind. Eng. 
Chem., 45, 2500 (1953).

(30) H. Mosimann, Helv. Chim. Acta, 26, 369 (1943).
(31) Professor G. V. Schulz (Mainz), private communication.
(32) This value is in the range observed for vinyl polymers in 

thernTodynamically good solvents.

2620 (M = 775,000) pass through b2/b02 — 3.37 
instead of 1.07 as it does. Clearly then the depend­
ence of r2/N on N shows that the volume effect 
cannot be large enough, by a wide margin, to ac­
count for the viscosity-molecular weight depend­
ence.

In order to obtain other evidence for or against 
the dominating role of the volume effect, the intrin­
sic viscosities listed in Table III were measured.

T a b l e  II I
I n t r i n s i c  V i s c o s i t i e s  o f  T w o  C e l l u l o s e  N i t r a t e  F r a c ­

t i o n s  i n  S e v e r a l  S o l v e n t  M e d i a

S o lv e n t A b C a

Acetone 24.5 1.45
Ethyl acetate 34.0 2.00
Ethyl acetate-ethanol (1:1) 27.0 1.70
Acetone-ethanol (1:1) 25.0

The addition of alcohol in equal volume brought 
both systems very close to precipitation but no 
effort was made to adjust each system separately. 
Two points are of particular interest in these meas­
urements. First, it is seen that upon bringing 
cellulose nitrate in two different solvents to the 
verge of precipitation there is not a substantial drop 
in viscosity but rather only a small reduction in one 
case and none in the other. Although it would have 
been preferable to have used a pure “ theta”  sol­
vent11 rather than the solvent-non-solvent mixture, 
it is clear that there has been no tendency to remove 
the volume effect that would be present if the ex­
planation of the exponent of unity did indeed arise 
from the volume effect. Second, it is seen that 
the ratio of the intrinsic viscosities in ethyl acetate 
to that in ethyl acetate-ethanol is the same for both 
the high and low molecular weight fractions. This 
indicates that the difference between the values of 
the viscosities in the two solvent systems is due to 
a difference in b0 rather than to a difference in a. 
In other words, the value of the exponent a appears 
to be unchanged. These observations therefore 
support the proposal that the volume effect is not 
playing a dominant role.

Finally, it is of interest to compute the value of 
$( = h ]d f/(r2) ’/!)which has assumed such an im­
portant role in viscosity theory. Because this de­
pends on the number average of M  and the number 
average of (r2) 3/l the calculation must allow for the 
polydispersity. This can be done in the following 
way.

The values of [77] and Ma are taken directly from 
Table II. The value for the number average of 
(r2) s/l is obtained by evaluating the number aver­
age of M 3/l and using the experimental value of b 
found for the given sample. The number average 
of M 3/2 is given by

(itP/!)n = M n dM  (9)

where i(M) is the normalized weight distribution 
function. Zimm has given a suitable distribution 
formula whose breadth is determined by a variable 
parameter 2 .20 We find from our above estimates 
of polydispersity, that samples Cb, Ca, Ba and Bb 
correspond to a value 2 =  1.43; samples A and M l
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to z =  0.5; and A8, Ab, A2 and Aa to z =  1. Dis­
tributions corresponding to these values have been 
used in the above equation to determine the num­
ber average of and thus, through b, the num­
ber average of (r2) ,/!. In the case of sample C the 
value of b determined experimentally was not con­
sidered to be sufficiently precise since $ depends 
on the reciprocaloof b3. Consequently, the smoothed 
value b =  30 A. was used. The polydispersity 
correction here was made by extrapolation of the 
factors found in the other cases.

When the calculations are performed in this 
manner, one obtains the results listed in Table II. 
We find, contrary to earlier expectations,26'33 that 
$ shows very little dependence on molecular weight. 
The values in the first half are a little lower than in 
the latter half but the difference cannot be con­
sidered significant because of the magnitude of the 
polydispersity effect and of the rather large cumu­
lative experimental error in <f>. We conclude there­
fore that 4> continues to serve as a very useful con­
stant and exhibits here an average value (1.9 X 
1021) very close to that assigned it from studies on 
other polymers, and that its constancy within present 
precision does not depend necessarily upon the mean 
polymer configuration being in the Gaussian range.

(3) Having seen that absence of a substantial 
volume effect prevents an explanation of the near 
unity value of a by the Flory theory, it is of interest 
to examine the extent of agreement with the Kirk- 
wood-Riseman treatment since it assumes the 
absence of the volume effect at the outset. The 
principal test here is to see whether [17], s0 and D0 
can be represented for any sample within the 
molecular weight range studied by a single assign­
ment of values to the effective bond length, b, 
and the effective friction constant per monomer 
element, f. The value of b is not subject to assign­
ment for the best fit of data but rather must be 
taken from the light scattering evaluation. Thus 
only the choice of f  remains. However, this 
quantity appears in the viscosity equation in two 
places: one, as the first power where its value 
strongly influences [77] and, two, as a factor in the 
argument of a slowly changing function, F(\oN1/2), 
which controls the nature of the molecular weight 
dependence. Unfortunately, a self-consistent value 
of f  cannot be found for the two roles that it plays. 
If the values of [77] for the lower half of the range 
of log M  are matched, a value of about 2.7 X 10-10 
is required but this in turn requires that a vary 
from 0.90 at N = 200 to 0.73 at N =  9000. On the 
other hand, if f  is chosen so that the range of a is 
the lowest that remains consistent with the data 
(0.96 ^ a ^ 0.85 for the same range of N), one 
obtains a value of 0.9 X 10-10. This choice, how­
ever, leads to values of [77] that are about one- 
third too small. Thus it is clear that our data 
cannot be accommodated by a single assignment of 
values to b and f.

Upon turning to examine the corresponding 
situation in sedimentation and diffusion, one finds 
a much greater scatter of experimental data in the 
literature. However, the higher value of f  (2.7 X

(33) P. Doty, N. S. Schneider and A. Holtzer, J . A m . C h em . S oc .,
75, 754 (1953).

10~10) is found to provide a reasonable fit of the 
So values given by Kinell and Ranby.34 For ex­
ample, at N — 256, s0 is calculated as 13.3 against
8.3 observed and at N  =  9000, s(, is calculated as
42.5 against 45 observed. Values of D0 are subject 
to much greater uncertainty and do not extend to as 
high molecular weights. Using the measurements 
of Jullander,35 one finds at N =  256, Dn =  10.7 
compared with observed values of about 7.0 and at 
N =  1480, Do is calculated as 3.0 compared with the 
experimental value of 2.3. Consequently, when the 
effects of polydispersity and error in extrapolation 
to zero concentration are taken into account, it 
appears that a choice of f  =  2.7 X 10~10 and b =  
35 A. permit a reasonable semiquantitative repre­
sentation of sedimentation and diffusion data of 
cellulose nitrate at the present state of experimental 
precision. With the somewhat greater precision 
of viscosity-molecular weight studies, however, an 
internal inconsistency is found which lies beyond 
probable experimental error and suggests that the 
theory does not provide a quantitative representa­
tion of the hydrodynamic behavior in this system.

In conclusion it appears that the hydrodynamic 
characteristics of cellulose nitrate cannot be ade­
quately accommodated by either of the modern 
points of view represented by the FIory-Fox and 
the Kirkwood-Riseman theories. The origin of the 
difficulty appears to lie in the very open and free- 
draining configurations characteristic of cellulose in 
derivatives in contrast to vinyl polymers. Con­
sequently for an explanation of the behavior ob­
served here, we must return to the older theories of 
Huggins,36 Hermans,37 Kuhn and Kuhn,38 and 
Debye.89 This means abandoning the Flory- 
Fox theory because it is based on a model requiring 
some degree of solvent immobilization and giving 
up the F(\0Nl/2) factor in the Kirkwood-Riseman 
equation for [ 7 7 J. When this is done, a value of
2.2 X 1010 for f  offers a very good fit of the vis­
cosity data and maintains the reasonable agree­
ment already found for the more uncertain sedi­
mentation and diffusion constants. This pro­
cedure is far from completely satisfying, however, 
since in principle the Kirkwood-Riseman theory 
should be internally capable of taking care of even 
a very porous coil, so long as it is Gaussian. Re­
placing the factor F(X0V 1/j) by unity in the [ 77] 

equation is completely ad hoc from the strict 
theoretical point of view.
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In the usual treatment of light scattering from solutions of randomly kinked chain molecules, the initial slope of the re­
ciprocal angular envelope at zero concentration is used to obtain the dimension of the z-average molecular weight species, 
and the intercept at 6 =  0 is used to get the weight average molecular weight. The present paper describes in detail a 
method of utilizing data which fall on the asymptote of this angular envelope, rather than on the initial part. It is shown 
that such data provide the number average molecular weight, and the number average dimension. Hence, when asymptotic 
results are available, it is possible to study chain statistics without recourse to fractionation. The results of two separate 
tests of these conclusions are reported. The first involves a correlation of information from osmotic pressure and viscosity 
with that obtained from our interpretation of light scattering measurements on a very polydisper.se sample of cellulose 
trinitrate in acetone. The second test employs light scattering data on two fractions of the same substance, and on a mix­
ture of the two of known proportions. The experimental results are shown to be in good accord with the values expected 
from theory.

In a quite recent paper2 it has been shown that the 
determination of the angular distribution of the 
light scattered by a solution of randomly kinked 
chain molecules can provide information about the 
polydispersity of the sample. In this paper tve 
want to show more precisely the possibilities of 
the method; first by recalling its theoretical basis 
and then by examining the results obtained in two 
experimental cases.

Theoretical Basis of the Method
In order to determine the molecular weight, the 

size and the shape of polymer molecules in solution, 
one usually plots c/Re, the ratio of the concentra­
tion to the reduced intensity, multiplied by a nu­
merical factor, K, as a function of sin2 (9/2) (where 
6 is the angle between the incident and the scattered 
beams). On extrapolating to zero concentration 
by the Zimm method,3 one obtains an experiment­
ally determined curve, which in the case of a mono- 
disperse system is given by the equation

\RsJc o MP(e) K ;
where M  is the molecular weight of the substance 
and P(9) the particle scattering factor. Extrapo­
lating ihis curve to 9 =  0, where P(6) =  1 by 
definition, one obtains the molecular weight of the 
sample.

In the case of a Gaussian chain, P(ff) has been--- ------ ----—--— ----- —------------------7 — /
shown by Debye4 to be given by

P(0) = ~ [ N u -  1 +  exp (-iV u)l (2)
with

T4x . e l 2b2
“  “  Lx' Sin 2j 6 (2')

where N  is the degree of polymerization; X' the 
wave length of the light in solution : and b the ef-
fective bond length.

In the case of a polydisperse system of Gaussian 
chains, it is possible to insert (2) in (1) and then 
expand in terms of u and the different moments of 
the polymer distribution function .

(1) This work was supported by the Office of Naval Research under 
Contract No. N5ori-07654.

(2) H. Benoit, J. Polymer Sci., 11, 507 (1953).
(3) B. H. Zimm, J. Chem. P h y s 16, 1093, 1099 (1948).
(4) P. Debye, T his Journal, 51, 18 (1947).

For small u one has the well-known result3

V V - 1 + - ]

V 'w  + - ]

( 3 )

(4)

and for large values2 

\ R e h -  o M

In these expressions, M w and Mn are, respectively, 
the weight average and the number average molec­
ular weight, JVW and Nn are the corresponding av­
erages for the degree of polymerization, and Nz 
is the so-called “ z-average”  degree of polymeriza­
tion.5

Equation 3 shows, as is well known, that the in­
tercept of the curve with the axis gives the weight 
average molecular weight, and that the initial slope 
gives the z-average end-to-end distance of the coils; 
i.e., the end-to-end distance of a coil having molec­
ular weight, Mz. That is, if we plot (Kc/R«)c = o 
vs. sin2 6/2, we have, from (3)

1 (5a)Mv =
and

(.Kc/Ro)co

—  9X'2 (initial slope)TV = (5b)87t2 (Kc/Ro)o=o
Equation 4 is the equation of the asymptote to 

the experimental curve. The intersection of this 
line with the axis is 1/2Mn, and its slope gives the 
number average dimension of the coil, according to 
the equations, easily obtained from (4)

l
M n  =  —----------------------------------------------2 (intercept of asymptote)

— _  3A'2 (slope of asymptote)
T" Sir2 (intercept of asymptote)

(6a)

(6b)

(5) If f(A9 is the normalized weight distribution function of the de­
gree of polymerization in the sample, iVw, Nn and Nz are defined by 
the expressions

IVw = j j  nf(AT) A N

N ° = V  J o  N2 ! { N )  d N

and we also have the relation
M x =  NxM  o

where Mo is the molecular weight of the monomeric unit.
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Therefore, if the molecular size is large enough, the 
precise determination of the angular distribution of 
the scattered light can give Mn, Mz, Mw and the di­
mensions of the molecules in the case of a polydis- 
perse system of Gaussian coils.

It is also evident that, when possible, the deter­
mination of the asymptote is as important as the 
determination of the initial part of the curve, since 
it gives the same average for the molecular weight 
and the dimension. For instance, this shows that, 
for the study of the variation of r2 as a function of 
N, unfractionated materials suffice in the range of 
high molecular weight where the asymptote can 
be determined with some precision, since it gives
the effective bond length, b = y/-rn2/Nu, without 
ambiguity.

Fig. 1.—Schematic summary of quantities obtainable from 
the angular distribution of the light scattered by a solution 
of randomly kinked macromolecules.

Another remark can be made before we discuss 
the experimental data. Very often it is found in 
the study of the angular distribution of light scat­
tered by polymer solutions of high molecular weight 
that the experimental curve, (Kc/Re)c -  o, is, within 
probable error, a straight line. We see that this 
now has two possible interpretations, one of which 
is a special case of the other. The special case is 
that the molecular weight distribution6 is one which 
approximates the ratio Mz:Mw:Mn: :3 :2 :1 , since 
under this condition (Kc/Re)c -  o is a straight line.3 
The other is that the measurements have been on 
the asymptote and that possible curvature at lower 
angles has been missed. Thus, although the data 
would be indistinguishable in the two cases, the 
results derived from their linear extrapolation 
would differ. In the latter case, equations 6 in­
stead of 5 must be used. The molecular weight ob­
tained is not Mw but 2Mn and the dimension is not 
a z-average but a number average. In the former 
case, these two interpretations coincide. In order 
to define the regions in which equations 5 and 6 ap­
ply, we have examined the theoretical curves of 1/ 
jP(0) over the whole practical range of polydispers- 
ity from the monodisperse case (extreme upward 
curvature) to the very polydisperse case (extreme 
downward curvature). We find that, for X' of 
3250 A., angles of 30 to 135°, and distributions 
usually expected,^equations 5 are valid for molecu­
lar sizes up to V V  =  ÔO A. Where the molecular 
size exceeds = 3000 A., the curves have be-

(6 )  P . J . F lo r y ,  Chem. Revs., 39, 1 37  (1 9 4 6 ).

come essentially asymptotic and equations 6 ap­
ply. The curvature is therefore restricted to the 
molecular size range between these two limits. 
The extrapolation of experimental data falling in 
this region is consequently hazardous. For cases 
of moderate polydispersity, the curvature is dim­
inished, the intermediate region contracts and 
extrapolation is less uncertain. Corrections which 
may be applied in these cases and a more detailed 
delination of the region of curvature are given in 
the Appendix.

In order to summarize this discussion, we have 
drawn in Fig. 1 a typical light scattering envelope 
with the values which can be obtained from the 
study of the initial part of the curve and of the 
asymptote.

Experimental
In order to use the results of these equations, we have per­

formed two different experiments. We have first studied 
an unusually polydisperse, unfractionated sample of cellulose 
nitrate, sample C from the previous study.7 For this sample 
we have evaluated the different average molecular weights 
and the corresponding dimensions directly from light scatter­
ing results, and these are compared with those obtained by 
other methods. The second experiment involved mixing 
two fractions of cellulose nitrate of known molecular weight 
and verifying that the values obtained for the various aver­
ages are those one can expect from the properties of the 
fractions. This choice of cellulose nitrate in acetone was 
made for the following reasons.

(a) For molecular weights greater than 150,000 it has 
been shown that cellulose trinitrate is a Gaussian chain.7 
This chain has a relatively large effective bond length which 
allows us to get the asymptotic behavior from light scattering 
experiments even for moderate molecular weights.

(b) Branching has never been found in cellulose deriva­
tives. This is very important, since branching changes the 
shape of the particle scattering factor2 and our preceding 
conclusions are only valid without this complication.1. Study of an Unfractionated Sample. Light Scatter­ing.—The measurements were made in the manner de­
scribed in the previous paper.7 The results shown in Fig. 2 
show pronounced curvature. The intercept obtained by 
extrapolating the low angle data is not very precise but 
yields the approximate value of 273,000 for Mw. The 
initial slope is still more uncertain and we have preferred to 
use the initial slope of the curve corresponding to the lowest 
concentration. In this way the approximate radius of gy­
ration "\/^T = 920 A. is obtained. Since it has been shown 
that this sample lies in the range of Gaussian behavior, this 
value can be translated into the root-mean-square end-to- 
end length: =  2250 A.

In order to use the asymptote of the curve we must also 
be sure that all the curvature is due to the polydispersity 
and not to the stiffness of the coil. For this purpose we have 
used Peterlin’s calculations8 of the particle scattering factors 
for stiff coils. He employed as a model the worm-like chain 
of Porod and Kratky9 which can be considered as the limiting 
case of a chain having a large number of elements and a co­
sine of the supplement of the valence angle, y., near unity. 
The stiffness of such a coil is characterized by the parameter 
x = L/q where L is the total length of the chain, and q a 
function which is infinite for a rod and is equal to the bond 
length for a completely flexible coil. For large x the chain 
is Gaussian, for x = 0, it is a rod, and Peterlin gives numeri­
cal evaluations of the particle scattering factor for different 
values of x. Keeping in mind that x is the limiting value of 
the quantity N( 1  — n), we can try to evaluate x for the 
cellulose chain. In this case the chain is characterized by 
the relation

? = Nl2 =  Abo21 — M
(7 ) A .  H o ltz e r ,  H . B e n o it  a n d  P . D o t y ,  T h is  J o u r n a l , 58, 6 24

(1 9 5 4 ).
(8 )  A . P e te r lin , Makromol. Chem., 9, 2 4 4  (1 9 5 3 ).
(9 ) G . P o r o d  a n d  K r a tk y , Monatsh., 80, 251 (1 9 4 9 ).
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sin2(0 / 2 ) +  1 0 0 c.
Fig. 2.—Light scattering data for cellulose nitrate sample C in acetone at 25°.

Using the value 5.15 A. for the length, Z, of the glucose unit, 
and for b0 an experimental value of 35 A., one obtains n =
0. 96 and we find that x =  50, assuming that x equals N- 
(1 — m). In Fig. 3 we have plotted the values of P~1(6) as 
a function of sin2 6/2 (or more exactly [4ir/X sin 6/2] V ,  
in order to have the same initial slope) for x =  co, x =  1 0 0  
and x =  25 in the range of practical interest for this case,
1. e., the value of P~\6) between 1  and 3 . 10 These results 
show that there is only a small difference between the curve 
x =  co (Gaussian coil) and the case where x is of the order 
of 50, and that this difference is of the order of magnitude 
of the experimental error. Therefore we shall make the 
assumption that, as a first approximation, the coil is Gaus­
sian and that all the curvature of our curves is due to poly­
dispersity. One also notes that experiments on fraction­
ated samples of similar molecular weight yield envelopes 
which are linear, corroborating the above conclusion.

Under these circumstances the application of equation 6 
to the asymptotic data gives

Mn = 94,000 y/^% = 675 A. b = = 38 A.

Osmetic Pressure and Viscosity.—The osmotic pressure 
measurements have been described in the previous paper.7 
The molecular weight obtained by extrapolation to zero 
concentration in the usual way is equal to 74,000.

The viscosity was measured by the usual method of de­
termining the flow time of a certain amount of solution 
through a capillary tube. The extrapolated intrinsic 
viscosity is not shear dependent for such a low molecular 
weight sample and has the value [17] =  3.54.

2. Mixing Experiment.—Light scattering and viscosity 
measurements in acetone were made on fractions designated 
Ba and Ab, and on a mixture containing 25.8% Ab and

(10) We wish to thank Prof. A. Peterlin who was kind enough to sup­
ply the numerical values.

74.2% Ba by weight. The viscosity results were extrapo­
lated to zero gradient. As can be seen from Figs. 4 and 5 
and Fig. 3 of the previous paper, the fractions gave linear 
envelopes, while that of the mixture showed downward 
curvature at high angles.

Fig. 3.—The effect of stiffness (after Peterlin) on the 
shape of the angular light scattering envelope, x = co 
represents the Gaussian coil. A rod would have a- = 0. 
Cellulose nitrate corresponds to x = 50.

The results obtained by treating the data as described 
in the first part are summarized in Table I, which also in­
cludes values for the mixture as calculated from the results 
on the individual fractions.
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15 2.0
sin29/2 + 1000 C.

Fig 5.—Light scattering data for cellulose nitrate sample M l (a mixture of 74.2% Ba and 25.8% Ab) in acetone at 25°
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T a b l e  I
R h su lts  C a l c u l a t e d  fr o m  L ig h t  S c a t t e r in g  on  T w o  

F r a c t io n s  a n d  a  M ix t u r e

Mn Mv, (A.)
b

(A.) lv]
Ba 199,000 400,000 868 32.4 6.50
Ab 635,000 1,270,000 1835 39.6 24.5
'7 4 .2 %  Ba 'vExp. 211,000 640,000 906 34.0 10.6
< + 2 5 .8%  Ab/'Calcd. 243,000 623,000 11.2

Discussion of the Results
The first matter of interest is the comparison be­

tween the number average molecular weights ob­
tained by osmotic pressure and by light scattering 
on the unfractionated sample. The first method 
gives 74,000, the second 94,000, the difference being 
of the order of 20%.

This difference is not surprising if one considers 
the lack of precision in the determination of the 
light scattering extrapolation, when curvature is so 
large. Further, the small range of angles investi­
gated may not provide data far enough out to be 
truly asymptotic. These effects introduce an error 
which is always in the same direction, giving a larger 
Mn from light scattering than from osmotic pres­
sure. In addition, even at their best, both light 
scattering and osmotic pressure cannot usually 
provide a molecular weight whth better precision 
than ±10% . Hence the agreement is as good as 
one can expect, and in addition the light scattering 
method allows a very rapid determination of Mn 
and M w, giving a measure of the polydispersity.

The second point we wish to mention concerns 
the value of the effective bond length. Using as 
usual r32 and Nw for its determination, one finds b =_ o o '
75 A. instead of a value of 35 A. But if one inter­
prets the data as described above, the result is quite 
different and turns out to be 38 A. This value is in 
fair agreeement whth our results on the study of 
fractions and shows, as we have said, that it is use­
less to fractionate in certain cases, if one is inter­
ested only in the statistics of the chain.

In connection whth the mixing experiment, it can 
be seen from Table I that agreement is satisfactory 
between the experimental molecular weights of the 
mixture, and the values calculated from the experi­
ments on the fractions. It should be pointed out,

Fig. 6.—Comparison of calculated (solid curve) and ex­
perimentally determined (points) angular envelopes for 
mixture M l. The calculated curve was obtained from the 
envelopes of the component fractions, assuming the observed 
linearity persisted to zero angle. The points were obtained 
directly from the values of {Kc/Re\ = o from the experiment 
on the mixture, and the intercept (1 /Mv) of the latter with 
the 6 =  0 axis.

however, that the weight average molecular weights 
for the fractions have been obtained only by assum­
ing that the envelope remains linear through the 
entire angular range. The value of the effective 
bond length, b, determined from the a^mptote is 
34 A., in excellent agreement with the results on 
cellulose trinitrate fractions.7 Further, the shape 
of the function P~l(d) calculated from the P _1(0)’s 
of the individual fractions, assuming the latter are 
linear, is in good agreement with the experimental 
curve for the mixture, showing the same amount of 
downward curvature (Fig. 6).

As expected, the intrinsic viscosity of the mixture 
is, within experimental error, equal to the weight 
average of the intrinsic viscosities of the two com-

N «u  =  <u>
0
1
2
3
4
5
6
7
8 
9

10

p->(0)
1.00
1.36
1.76
2.19
2.65
3.12
3.60
4.08
4.57
5.07
5.56

= co (monodisperse)—

Asymp­
tote

Limit­
ing

tangent

0 .500 0.500 1 OO

1 ,00 .74 1. 33
1 .50 .85 1 67
2 ..00 .91 2 OO

2 ..50 .94 2.33
3 .00 .96 2 .67
3 .50 .97 3

OO

4 ..00 .98 3 .33
4 ..50 .98 3 .67
5 .00 .99 4 .00
5 .50 .99 3 33

1.00

T a b l e  II

Pi~m

= 4 (M z: M w: M n: :6 :5 :4 -------

Asymp­
tote

Limit­
ing

tangent

--------- =  19 (M z: M w: M n: : 2 1 : 20:1 9 --------

Asymp- 
-Pi9_1(0) tote

Limit­
ing

tangent

1 . 0 0

0.98
.95
.91
.88
.85
.83
.82
.80
.79
.78
.667

1.00
1.42
1.86
2.32
2.78
3.27
3.75
4.23
4.72
5.20
5.71

0.625
.79
.87
.92
.94
.96
.97
.98
.98
.99
.99

1.00

0.625
1.13
1.63
2.13
2.63
3.13
3.63
4.13
4.63
5.13
5.63

1.00 1.00
1.40 0.99
1.80 .97
2.20 .95
2.60 .93
3.00 .92
3.40 .91
3.80 .90
4.20 .89
4.60 .88
5.00 .88

.80

1. 00 0..526 0.526 1 OO 1.00
1. 37 1. 03 .75 1. 35 0.98
1. 70 1. COIO .90 1.70 .95
2. 22 2. 03 .91 2 .05 .92
2 .68 2..53 .94 2 .40 .89
3 .15 3 .03 .96 2 .75 .87
3 .63 3 .53 .97 3 .10 .85

4 .61 4 .53 .98 3 OO
 •

0 .82

5 .59 5 .53 .99 4 .50 .81
1.00 .70
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poneiits. The Staudinger constant for the mixture 
checks closely the value obtained from the individ­
ual fractions.

These observations offer further evidence for the 
validity of this method of treating light scattering 
data and demonstrate that data on the asymptote 
of the light scattering envelope provide the number 
average molecular weight and the effective bond 
length. The applicability of the method requires, 
of course, that the molecular size be sufficiently 
large. In the region where this condition is only 
approximately met, some precautions in interpre­
tation are necessary. On the other hand, these ex­
periments e nphasize the need of making measure­
ments at much lower angles when the weight aver­
age molecular weight of large polymer molecules is 
required.

Appendix
Correction Factors for Locating the Asymptote.—

In the special case where the distribution corre­
sponds to Mz:M w:Mn: :3:2:1, the plot of P _1(0) 
against Nwu is linear and there are no difficulties 
in interpretation. For samples whose distribution 
is more narrow than this, the distribution suggested 
by Zimm3 seems a reasonable approximation. If 
the parameter z which measures the width of this 
distribution, is assigned a value, data falling on the 
corresponding curve can be reduced to the asymp­
tote by the use of correction factors which are listed 
in Table II for three values of z. Following Zimm 
we have used as the independent variables Nwu,

which is equal to his <u>, and we have included, 
for the sake of completeness, his correction factors 
for obtaining the limiting tangent.

For samples whose distribution is broader than 
that for which P -1(0) is linear, more than one peak 
may be present. In this case Zimm’s distribution, 
which is always single peaked, may be unrealistic. 
However, correction factors are given in Table III 
for one case. We note that in this case the curve 
reaches its asymptote only at much higher values 
of Nwu than for the sharper distributions. If for 
a given value of Mw/Ma the value of M z/Mw is 
greater than that given by the Zimm distribution 
(as in multipeaked distributions), the approach to 
the asymptote occurs at much lower values of the 
abscissa.

T a b l e  I I I

Z — 0.5(.V, :M w '• M  n •:5 :3 :1)

-VwU = (
A sym p- \ 

tote j1 Lim iting 
tangent

/L im it in g ' 
I tangent

< u > P O .* '1« » A sym p tote  V.P o .l- 'O J )/ V P i - w .

0 1.00 1.500 1.50 1.00 1.00
1 1.54 2.0 1.30 1.56 1.01
3 2.59 3.0 1.16 2.67 1.03
5 3.64 4.0 1.10 3.78 1.04

10 6.18 6.5 1.05 6.56 1.06
15 8.75 9.0 1.03 9.33 1.07
20 11.2 11.5 1.02 12.1 1.08
25 13.8 14.0 1.01 14.9 1.08
30 16.3 16.5 1.01 17.7 1.09
CO 1.00 1.11
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A study has been made of the distribution of particle sizes in polystyrene latices made by emulsion polymerization. The 
effect of some of the polymerization variables on the breadth of the distribution curve has been determined. A theory has 
been developed relating size distribution to fluctuations in the time that a particle contains a free radical.

I. Introduction
The size of colloid particles has long been a sub­

ject of interest to chemists and physicists. The 
light scattering method developed by Professor 
Peter Debye1 has been a powerful tool for studies 
of this kind.

The measurement of particle diameters by sedi­
mentation, light scattering and other techniques 
can be facilitated by comparison of the unknown 
material with particles of known diameter. The 
standard material should be stable and composed 
of particles which are individual spheres and of 
sufficient hardness to maintain their shape in the 
electron microscope. It is desirable that the parti­
cles be monodisperse so as to be easily isolated in 
electron microscope pictures and so that the diam­
eters can be determined by a relatively small num­
ber count. Further, the monodispersity is of im­
portance when using other techniques to measure 
the particle size, in order to eliminate the uncer­

(1) P. Debye. J. Appl. Phys., 15, 338 (1944).

tainty arising from the different average diameters 
characteristic of the method. Victor K. La Mer2 
has done extensive work on monodisperse sulfur 
sols and has studied the conditions for their prepa­
ration.

Several years ago a sample of polystyrene latex 
was produced by the Dow Chemical Laboratories3 
which satisfied the above requirements. This has 
been widely used for calibration and study of meth­
ods for the determination of colloidal particle sizes. 
It would be desirable to have a method by which 
such uniform particle size latices could be produced 
and in a wide range of sizes.

It is the object of this paper to consider some of 
the principles which lead to uniform particles by 
emulsion polymerization and to report experimental 
studies on such preparations.

W. D. Harkins4 has discussed the relative impor-
(2) V . K . La M er, T h is Journal, 52, 65 (1948).
(3) R . C . B ackus and R . C . W illiam s, J. Appl. Phys., 20, 224 

(1949).
(4) W . D . H arkins, J. Am. Chem. Soc., 69, 1428 (1947).
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tance of the aqueous phase, the soap micelles and 
the polymer particles as the locus of the emulsion 
polymerization process. In a general theory of the 
kinetics of emulsion polymerization, Smith and 
Ewart6 have discussed some of the factors which 
determine the number of particles. In a study of 
the kinetics of styrene emulsion polymerization, 
Smith6 has presented experimental data on the ef­
fect of several variables and has shown agreement 
with this theory of emulsion polymerization. M. 
Morton7 and co-workers have continued the study 
of emulsion polymerization of styrene and of diene 
monomers along similar lines.

II. Factors which Determine Size Uniformity
According to the general theories of emulsion 

polymerization, as long as micelles are present new 
particles are formed. However, as the particles 
grow, soap is adsorbed and eventually no more mi­
celles exist. The rate of new particle formation 
will then decrease rapidly until the concentration 
of soap in the aqueous phase is so low that very 
few new particles will be formed. After this, the 
particles continue to grow in size and the number 
of particles remains essentially constant. The 
mechanical stability of the latex may become re­
duced due to the decrease in surface concentration 
of the soap with particle growth.

The two primary factors which affect distribu­
tion of particle sizes are (1) the original distribution 
at the time when the number of particles becomes 
essentially constant, and (2) the growth of the par­
ticles.

1. The Original Distribution.— If all of the
particles were formed in a very short time interval 
at the beginning of the polymerization, and if all of 
these were to grow at exactly the same rate, we 
would obtain a latex of only one particle size. 
However, if the particles are formed over a consid­
erable time interval, those which are formed first 
would be expected to be larger than those which 
are formed later and a size distribution would re­
sult.

Evidence has been presented6 that the number of 
particles is a function of the concentration of sur­
face active material, catalyst and temperature of 
polymerization. It has been postulated6 that the 
time interval during which particles are formed 
should also be a function of these variables. This 
leads to the conclusion that increased soap should 
give a broader distribution of particle sizes when 
the particles have reached the same size. Data will 
be presented on this point in the experimental part 
of this paper.

2. Particle Growth.— If the volume of all the 
particles were to increase at the same rate, the 
average deviation in the cube of the diameter, 
Ad3, should remain about constant as the particles 
grow. This will be shown not to be the case in the 
experiments reported in the next section.

Even though the particles were originally all of 
the same size, some particles might grow faster than

(5) W . V. Smith and R. H. Ewart, J . Chem. Phys., 16, 592 (1948).
(6) W . V. Smith, J. Am . Chem. Soc., 70, 3695 (1948); ibid., 71, 4077 

(1949).
(7) M . Morton, P. P. Salatiello and H. Landfieid, J. Polymer Set., 

8, 111, 215, 279 (1952).

others. Let us consider the case where a particle 
contains an average of one free radical half of the 
time. For an individual particle, let to be the total 
polymerization time; let t be the time that this 
particle contains a free radical and let 2a be the 
number of free radicals which have entered the 
particle in the time, to- Also let /  be the fraction of 
the total time that this particle contains a free 
radical, thus

/  = t/u (1)
Although the average value of /  is one-half, there 
will be fluctuations in its value. We assume that 
a particle contains a growing free radical only when 
an odd number of radicals have entered due to rapid 
recombination. It will be shown in the last sec­
tion that the probability, dP, that a particle con­
tains a free radical for a fraction of its time between 
/  and /  +  d f  is given by

dP = ~ fY ' 1 d/ (2)
It follows from (2) that

Consideration will be given in the discussion as to 
whether or not fluctuations of this sort are impor­
tant in determining the size distribution.

Another factor which might cause larger parti­
cles to increase in volume faster than small particles 
is the higher solubility of styrene in the larger par­
ticles. W. V. Smith6 has shown experimentally 
that there is a trend in this direction. It would be 
expected on the basis of lower vapor pressure of 
larger particles.

III. Experimental Details
The emulsion polymerization of styrene to 100% conver­

sion readily lends itself to the preparation of hard individual 
spherical particles with a minimum of experimental diffi­
culties. The number of particles initiated and their size 
distribution, although influenced by temperature, catalyst 
concentration, pH and salt concentration, is primarily de­
termined by the concentration of emulsifier in the aqueous 
phase.

Latices with particle diameters in excess of 0.25 n have 
been prepared which have at least 90% of the particles by 
number within a 5-6% diameter range. The remaining 
particles are normally smaller and can be readily distin­
guished in electron microscope pictures. They probably 
result from occasional particle formation in the aqueous 
phase after most of the emulsifier has been adsorbed by the 
growing particles.

Stable latices of fairly monodisperse particles with di­
ameters less than 0.25 n can be prepared by initiating a 
relatively small number of particles on a formula with a small 
styrene to water ratio to give a low solids latex.

The general formula used in these investigations was
0.01 N KOH 100
Potassium persulfate 0.2
Potassium laurate Variable
Styrene Variable

This emulsion was polymerized in glass bottles on a slow 
tumbler in a 50° water thermostat for about 16 hours. This 
was sufficient time in all cases to give complete polymeriza­
tion of the styrene. 0.01 N KOH was used to keep the sys­
tem alkaline since potassium persulfate develops acidity 
when it decomposes.

The potassium laurate was prepared as a 0.1 N _solution 
by dissolving Matheson technical grade lauric acid in an 
aqueous solution of J. T. Baker Analyzed potassium hy­
droxide. Ten per cent, excess KOH over that required to
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neutralize the lauric acid was used. The amount of potas­
sium laurate given in the tables and graphs is based on the 
lauric acid content of this solution. The potassium per­
sulfate was also J. T. Baker Analyzed reagent. This was 
used in the form of a freshly prepared 2% solution.

A preliminary syudy was made to determine the number of 
particles formed as a function of the amount of potassium 
laurate per 100 ce. of water. The amount of styrene used 
was that required to give particles in about the right size 
range for easy measurement of particle size from electron 
microscope pictures.

Polymerizations were then carried out where three differ­
ent numbers of particles were initiated. The amount of 
styrene used was selected so as to give an overlap in average 
diameters of the polystyrene particles. In this way the 
effect of number of particles initiated and fluctuations in 
polymerization time on the distribution of sizes could more 
easily be studied at about the same average particle size. 
The results of these experiments are given in Table I.

T a b l e  I
N u m b e r  o f  P a r t ic le s  v e r s u s  P o tassiu m  L a u r a t e  an d  

St y r e n e
No. of

Potassium particles/
laurate,

Sample g./100 cc. 
no. water

Styrene, 
g /100 cc. 

water
d,

cm. X 104
d\

cm.s X 1014

cm.3 
water 

X 10 " 13
2 0.10 2.64 0.2219 1.109 0 . 4 3 3

3 .10 8.90 .3177 3.305 0.490
4 .15 1.1 .1117 0.1430 1.40
5 .15 8.8 .1743 0.5515 2.90
6 .15 29.6 .2756 2.135 2.52
7 .21 3.3 .0998 0.1073 5.59
8 .21 26.4 . 1754 0.5747 8.03
9 .21 63 .2394 1.429 8.01
The detailed counts for these experiments are listed in 

Tables Ila, b and c where the diameters, d, are given in

T a b l e  H a
P a r t ic l e  C o u n t s  on  0.10 K L a u r a t e  L atices

Values of d are in mm. on electron microscope photographs
at 48,000 X ; d(M) =  d/48.

Sample 2 Sample 3
d n d n

12.8 1 16.4 2
12.6 1 16.2 7
11.8 2 16.0 29
11.6 3 15.8 39
11.4 3 15.6 67
11.2 15 15.4 32
11.0 57 15.2 19
10.8 77 15.0 3
10.6 25 14.2 1
10.4 12 13.8 1
10.2 10 12.8 1
10.0 7 12.6 1
9.8 2 12.4 1
9.2 1 11.0 1
9.0 3 10.6 2
8.8 1 10.4 1
8.0 2 10.0 2
7.8 3 7.4 1
7.6 1 6.0 1
5.4 1 5.2 1
5.0

Sums
1 3.4 1

n 228 213
nd 2,428.4 3,248.6
nd2 26,021.44 50,158.12
nd3 279,800 778,500
nds 354,700,400 2,955,647,000

T a b l e  l i b
P a r t ic le  C o u nts  on 0.15 K L a u r a t e  Se r ie s
Sample 4 Sample 5 Sample 6d n d n d n

6.0 22 10.2 l 15.2 2
5.8 45 10.0 3 15.0 7
5.6 55 9.8 4 14.8 4
5.4 43 9.6 3 14.6 10
5.2 51 9.4 11 14.4 6
5.0 33 9.2 21 14.2 10
4.8 8 9.0 58 14.0 36
4.6 5 8.8 45 13.8 30
4.4 1 8.6 28 13.6 14
4.2 1 8.4 33 13.4 23
4.0 3 8.2 20 13.2 34
3.4 2 8.0 31 13.0 37
3.2 1 7.8 7 12.8 16
3.0 3 7.6 4 12.6 8

7.4 11 12.4 7
7.2 3 12.2 8
7.0 6 12.0 9
6.8 3 11.8 1
6.6 2 11.4 4
6.4 3 11.2 2
6.2 4 11.0 6
6.0 2 10.2 6
5.2 2 8.2 2
4.4 5 6.8 1
3.0 2

Sums
n 273 312 283
nd 1,464.4 2,610.8 3,743.6
nd2 7,924.00 22,177.2 49,866.56
nd3 43,182 190,300 668,340
nd6 7, 200,024 125, 459,400 1,652,620,300

millimeters as measured directly on the electron microscope 
pictures at 48,000X magnification. The average values 
were obtained by measuring 200-300 individual particles 
and were calculated from

and

d(cm.) Snidi IO“4
S m  X 48

d3(cm.3) Snidi3 /10-4\3
Sni X V 48 / (4)

The number of particles per cc. of water, N, in terms of the 
weight of styrene used, S, the density of polystyrene (1.05) 
and the average value, d3, is

N = 100 X 1 .0 5 / 6  ^
= 0.01S2S/d3 (5)

The calculated number of particles for each run is given in 
Table I. Sample 1 containing a very small amount of 
styrene failed to polymerize normally due to unknown 
causes and has not been included. It will be noted that 
samples 4 and 7 have a smaller number of particles than the 
others in their groups. It is believed that this is due to the 
fact that the free styrene was used up by swelling the par­
ticles formed early in the polymerization before the normal 
number of particles were formed.

IV. Discussion of Results
In order to study the distribution of sizes, the 

average differences in Ad and Ad3 were calculated. 
These are defined by

A d  =  V ( d  -  dy  =  V d 2 -  ( d ) 2 ( 6 )
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T able Ho
Particle C ounts on 0.21 K L aurate L atices
Sample 7 Sample 8 Sample 9
d n d n d n

6.0 1 10.4 4 14.2 i
5.8 11 10.2 3 13.8 2
5.6 24 10.0 12 13.6 2
5.4 24 9.8 8 13.4 5
5.2 34 9.6 17 13.2 5
5.0 64 9.4 18 13.0 14
4.8 22 9.2 28 12.8 13
4.6 17 9.0 41 12.6 16
4.4 10 8.8 20 12.4 12
4.2 6 8.6 15 12.2 15
4.0 16 8.4 20 12.0 27
3.8 4 8.2 14 11.8 22
3.6 3 8.0 18 11.6 9
3.4 1 7.8 12 11.4 9
3.2 5 7.6 5 11.2 14
3.0 2 7.4 9 11.0 16
2.8 2 7.2 6 10.8 9
2.4 1 7.0 7 10.6 10
2.2 2 6.8 5 10.3 6
2.0 1 6.6 2 10.0 7
1.6 2 6.2 6 9.5 10
1.4 2 5.5 8 8.8 10
1.0 1 4.7 4 8.2 4

4.0 3 7.0 5
3.0 2

Sums
n 255 287 243
nd 1,220..4 2,417. 0 2,793.0
nd2 6,022. 48 20,835. 04 32,560.12
nd3 30,259 182,430 384,140
nd6 4,102,406 131,217,500 665,550,300

and

Ad3 = V(d* -  d3)* =  V tP  -  (d3)2 (7)

of distribution from the beginning of particle 
growth, and since the theory requires

d3 = kt = kt0f  (8)
then from equation 3

f - f  - ( ¿ r  <»>
Since the total number of free radicals which enter 
the particle, 2a, increases with time, the quantity 
Ad3/(P should decrease as d increases in any one 
series. While this is the case, the decrease is not 
as great as expected from this hypothesis.

V. Derivation of Probability Equation 1
Let us consider the case where a latex particle is 

small enough so that if an even number of free radi­
cals have entered it all radicals are recombined and 
no polymerization is taking place. On the other 
hand, if an odd number have entered, there re­
mains one free radical which is causing polymeri­
zation.

If the total time considered is to, there will be a 
total time, t, during which polymerization is taking 
place. Assume that in the time to that 2a free 
radicals have entered the particle. Let us divide 
to into a very large number, n, of very small time 
intervals of length At. Let us ask how many ways 
can a radicals be distributed in x of these time inter­
vals (during which the particle is polymerizing) 
and a radicals in n — x intervals (during which the 
particle is not polymerizing). The number of ways 
is

w-- ( « : ! )  ( i : r ‘)
where t =  x-At and to =  n-At

x ~ 1N| = ___D t l O!___  etc
a  -  1 /  ( x  -  o ) ! (o  -  1 )!’

The values of these quantities are given in Table
III. If there is an average of one free radical half 
of the time, and if fluctuations from this value are 
negligible, then the volume of each particle should 
increase the same amoimt in the same time. This 
would lead to a constant value of Ad3 in any one 
series using constant soap. It will be seen that 
Ad3 is not constant. If the radius increases at a 
constant rate, Ad would be constant in each series. 
This quantity has much better constancy and may 
indicate a different mechanism of growth for these 
large particles involving several free radicals per 
particle.

T able III
Quantities M easuring  Size D istribution

Sample
no. 3 o

A d>,
cm.3 X 10H A d/d Ad3/d 3

2 0.0175 0.201 0.079 0.182
3 .0356 .650 .112 .197
4 .0104 .0331 .094 .232
5 .0215 .156 .123 .284
6 .0231 .463 .084 .217
7 .0175 .0404 .176 .377
8 .0269 .208 .154 .363
9 .0285 .443 .120 .310

If the fluctuations from an average value of one- 
half a free radical per particle is the important cause

The total number of ways that 2a radicals can be 
distributed in n time intervals is

W t

Hence the probability, I\, that a radicals will be in 
x intervals and a in (n — x) intervals is

If At becomes very small so that n and x are large 
compared to a and unity

„  (2a — 1)! xa~'(n — x)“~l
1 x ~ (a -  I)!2 n2a -1

Let /  equal the fraction of the total time during 
which polymerization is taking place

Also

l
to

(2a -  ! ) ! 
(a -  l ) !2fa~K 1

Since

f  V d  -  S f  df  =  c ^  t £ /'+•( 1 -  f ) “ - 1 d f , etc. 

blcl
(c +b +  !)!
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the average value of /  and / 2 are

1 "  l ' /d p  "  ( ? = T ) »  J>-' v

(a — l)!(a  -)- 1)! _  (a T  1)(aj 
(2a +  1)! ~  (2a +  l)(2a)

The average deviation

P

(2a -  1)! (a -  l)!a! 
(a -  l) !2 2a!

(2a -  1)! 
(a -  l ) !2

a_ 
2 a

1
2 (/ -  / ) 2 = J ^ ( / ~ / ) 2dP = J j/ 2dP -  P

1
4(2a +  1)

T H E O R Y  O F  L I G H T  S C A T T E R I N G  A N D  R E F R A C T I V E  I N D E X  O F  
S O L U T IO N S  O F  L A R G E  C O L L O ID A L  P A R T IC L E S
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A general equation for the intensity of light scattered by a suspension of independently scattering particles is derived 
Vo,v =  (A /cri2/X 0’ No)[47r2(d n /d c )2 +  (\02/ 4 ) ( t / c)2]. F 0,v is the Rayleigh ratio of the vertically polarized component of the 
excess scattered light at 8 = 0 with the electric vector vertical in the incident light. The other quantities involved are the 
molecular weight M, concentration c, refractive index n of the solution, the wave length X0 in vacuo, Avogadro’s number No, 
the refractive index increment (dn/dc) and the excess turbidity, r, due to the solute. The second term of the equation, which 
is important in the case of very large particles, has usually been omitted in the past. For spheres, a general relationship 
between dn/dc, particle size a and refractive index of particle and medium can be deduced: An/Ac = 3nR (i,*)/2a3D  where 
R(i\*) is obtained from tabulations of the Mie theory. The density of the particle is D  and a =  2-nr/\ where r is sphere 
radius and X is the wave length in the medium. For small spheres the refractive index equation reduces to the well known 
result: dn/dc = 3n/2Z> (m2 — 1/m2 +  2), where m is the relative refractive index.

Introduction
Interpretations of light scattering studies on 

macromolecular and colloidal systems have used 
either of two theories. The study of very large 
spherical colloidal particles1“ 5 has been made 
possible by the Mie theory of scattering from 
spheres6'7 and computations based on it.8 On the 
other hand, Einstein’s fluctuation theory,9 and its 
limiting simple form for dilute solutions, the Ray­
leigh formula,10 have been used for smaller colloidal 
particles and high polymer molecules.11

An adaptation of a treatment given by Schuster12 
allows one to connect these two theories and to 
obtain a general relation between the scattering and 
refractive index of a colloidal solution and the size 
of the particles. This relation is the extension of 
the Rayleigh relation to very large particles. The 
ordinary Rayleigh relation is found to be valid only 
if the amount of light scattered per particle is not

(1) V. K. La Mer and D. Sinclair, N .D.R.C. Report 57 (1941) and 
1G68 (1943).

(2) I. Johnson and V. K. La Mer, J. Am. Chem. Soc., 69, 1184 
(1947).

(3) D. Sinclair and V. K. La Mer, Chem. Revs., 44, 245 (1949).
(4) M. Kerker and V. K. La Mer, J. Am. Chem. Soc., 72, 3516 

(1950).
(5) W. B. Dandliker, ibid., 72, 5110 (1950).
(6) G. Mie, Ann. Physik, 25, 377 (1908).
(7) H. C. van de Hulsfc, “ Optics of Spherical Particles,” Duwaer and 

Sons, Amsterdam, 1946.
(8) ‘ Tables of Scattering Functions for Spherical Particles,” 

National Bureau of Standards, Applied Mathematics Series 4 (1949).
(9) A. Einstein. Ann. Physik, 33, 1275 (1910).
(10) Rayleigh, Pail. Mag., 41, 447 (1871).
(11) P. Debye, J. Appl. Phys., 15, 338 (1944); G. Oster, Chem. 

Revs., 43, 319 (1948).
(12) A. Schuster, “ An Introduction to the Theory of Optics,”  

Second Ed., Edward Arnold and Co., London, 1920, p. 325.

too large, a phase shift of the scattered light having 
been ignored in its derivation. An approach re­
lated in some respects to the present one is given by 
van de Hulst.13

Theory
Let the incident light be plane-polarized with the 

electric vector defined by
Eo = Ro COS (at — kx)

where x is measured from a point in the scattering 
medium and k is 2ir times the reciprocal of the wave 
length. The light scattering from a single particle 
can be represented by
E, = .Ro[A cos (at — kr) +  B sin (at — kr)]f(d,<b)/r (1)

where r is the distance from the particle, and <t> 
are angles relating the directions and states of po­
larization of the incident and scattered rays, and 
f($, <f>) is the function that describes the angular de­
pendence of the scattering. We may set /(0 , 0) 
equal to unity. The quantity B allows for a change 
of phase.

Now let a parallel beam of light traverse a scat­
tering medium containing N independent par­
ticles per unit volume and consider the scattering 
occurring within a thin layer of thickness Ax, 
the x-axis being the direction of propagation of the 
beam. The method described in the appendix en­
ables us to calculate the total forward scattering in 
the direction of propagation of the incident beam at 
a distance x from the layer as
Eu =  PoXVAaflA sin (at — kx) — B cos (at — fcz)] (2)
If the material is a solution, we take n as the refrac-

(13) H. C. van de Hulst, P h y s ic a , 15, 740 (1949).
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tive index of the solvent alone while n' is that of 
the solution as a whole. The wave length in vacuo 
is X0 while the wave length in solution is X =  Xo/n' 
and k =  2ir/X.

In the following discussion we shall neglect the 
scattering from the solvent itself so that the con­
clusions apply to the excess scattering due to the 
solute. In the forward direction the scattered 
wave adds to the incident wave to give the trans­
mitted wave. The constant part, ( — kx), of the 
phase angle is the same in the incident and scattered 
waves and may be dropped. The electric vector 
in the transmitted wave is then found to be
E = E0 +  E t, = 7?0[(1 — BNXAx) c o s at +

(.liVXAz) sin at] (3)
This may be reduced to 
E — Ro y/(ANXAx)2 +  (1 — BNXAx)2 c os

( “'t -  arotan T - NbnxIx)  (4)
or, since Ax may be made as small as desired

E = Uo(l — BNXAx) c o s (at — ANXAx) (5)
From purely phenomenological theory we know 

that the transmitted wave is retarded in phase by 
an amount 5 compared to the incident wave, where 
8 is related to Ax and the refractive indices by

On the other hand from eq. 5 we see that 
5 = ANXAx

so that

(6)

(7)

A = 2tn'(n’ — n) 
XoW (8)

The intensity of the transmitted beam 7, the time 
average of E2, is
I  = E2 =  B„2(l -  BN>Ax)2/2 = Rc2(l -

2BNXAx)/2, (9)
while that of the incident beam 7 is equal to R02/2. 
The fractional decrease in intensity per unit length 
is defined as

r = (Al/I)Ax (10)
so

B =  t/2NX (11)
Thus we have expressed the two scattering con­

stants A and B in terms of the refractive index 
increment of the solution and the turbidity, r.

We may also relate to our formulas the observed 
scattering at small angles. The scattered field 
from one particle with # and 4> equal to zero and 
observed a distance x from the particle is, from eq. 1

E.,o = Fo[4 cos (at — kx) -f- B sin (at — kx)\/x (12)
The scattered intensity 7S,0 is proportional to the 
time average of 7?Si02 which is

7«,0 =  EB,02 =  Ro2{A 2 +  B2]/2x2 (13)
The “ Rayleigh ratio” is the quantity

7o,v =  NI.,nX2/h  = N ( A 2 +  B2) (14)
The symbol F 0,v indicates that the vertically polar­
ized component scattered at zero angle with verti­
cally polarized incident light is being used.

These formulas have been derived for the case 
where only one kind of scattering particle is present. 
If there are several kinds of particles average values 
of A and B or A 2 and B2 must be used in eq. 5 and 
13. The same thing must be done if the scattering 
is depolarized and depends on the orientation of 
the scattering particles. When the phase-shift 
terms containing B are negligible these averages 
are simple and lead to the usual formulas with the 
weight-average particle weights and Cabannes de­
polarization factors.11 However, if the terms 
containing B are important special assumptions 
must be made about the variation of B to obtain 
the averages. We do not care to investigate this 
subject further here, but restrict ourselves to the 
case of one type of particle and no depolarization 
of the forward-scattered light.

Substituting the values of A and B from eq. 8 
and 11, we obtain

Fo.v = 4ir2n'2(n' — n )2 
VW

An'2 
4NX? (15)

The weight concentration, c, Avogadro’s number, 
No, and the molecular weight, M, are now intro­
duced, giving N = Noc/M. Also we assume n ’ — 
n =  c(dn/dc). These substitutions give

Fo,v = M en '2
XfjtVo (16)

The Refractive Index of a Suspension of Spheres
The results of Mie’s6 exact theory of the scatter­

ing from spheres may be related to F„,v in terms 
of the nomenclature of La Mer and Sinclair1 by 
the equation

Fo.v = cNaX2( IR(iA) + il(i,*)\)2/4ir2M (17)
where the scattering functions R(ii*) and N i*) are 
to be evaluated for scattering in the direction of the 
incident beam. For small particles we know (r/c) 
is small so that the first term in eq. 16 must be 
predominant for small particles. The same is true 
for R(ii*), as we may see from the tabulations of the 
Mie theory. Thus from a comparison of eq. 17 
with eq. 16 one finds that

and
R(iA) = 

IN*)

4n2n'2M(dn/dc)
xTNi,

irMn'2 /t\ 
X(?N0 \ c  )

(18)

(19)

The relation between particle size and the quan­
tities R(ii*) and I(ii*) may be conveniently repre­
sented by a type of plot used by van de Hulst.7 
Figure 1 gives the plot for different values of to, 
the refractive index of the sphere divided by n. 
Values of p =  4xr(m — 1)/X, the phase shift, are 
shown along the curves, where r is the radius of the 
sphere. The points for to =  1.55 were taken from 
the tables8 while the curve m =  1 was calculated 
from the equations given by van de Hulst.7 The 
reader should note that the quantity [R(ii*)]/a2 
corresponds to ImA of van de Hulst while our 
[—7(fi*)]/a2 corresponds to his ReA. (arisr/2 w\.)

From these curves we can show that (dn/dc) de­
pends not only upon the refractive index of the 
particle and medium but also upon the particle 
size. The general relationship for isotropic spheres
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Fig. 1.—Amplitude function for forward scattering for 
two values of the relative refractive index (see eq. 18 and 
19). Values of p = Awr(?n — 1)/A are given along the 
curves.

is given by eq. 18. If D is the particle density, 
the molecular weight can be written

6 a-2
which with eq. 18 gives

An _ 3n'R(ii*) 
dc 2 a3D

In the limit for very small spheres
= m2 -  1 

a3 m2 +  2
which reduces the general eq. 21 to 

dn 3n' hn2 — 1\
Ac ~ 2D V«-2 +  2 /

Equation 23 is equivalent to the refractive index 
equations given by Heller14 and by Ewart, Roe, De­
bye and McCartney.15

Discussion
It is evident from eq. 16 that the calculation of 

molecular weights from measurements of the Ray­
leigh ratio involves a term in (r/c) as well as the 
usual one in (dn/dc). The (r/c) term, which arises 
from a phase shift in the scattering, is usually neg­
ligible, but must be taken into account when 
very large particles are encountered. It was im­
portant in the case of a polystyrene latex,5 for ex­
ample.

The use of eq. 21 and 23 for the refractive index 
can be illustrated by application to the sulfur hy- 
drosols studied by La Mer and co-workers. Figure 
2 shows the quantity 
drt/2D\ / m2 +  2\ _ -R(n*)/«i2 +  2\ _ 
dc \An')  \m.2 — 1/ a3 \m* — 1/

2R(il*)/m2 +  2\
a*p \m +  1 /

plotted as a function of p =  47tr(m — l)/\  for vari­
ous values of m. We can determine from Fig. 2 
that for sulfur sols in water o(dn/dc) is zero at the 
green Hg line (X0 =  5461 A.) when the particle 
radius is 2880 A. It may be possible to test these

(14) W . Heller, Phys. Rev., 68, 5 (1945).
(15) R. H. Ewart, C. P. Roe, P. Debye and J. R. McCartney,V. 

Chem. Phys.i 14, 687 (1946).

(20)

(21)

(22)

(23)

e .
Fig. 2.—Dependence of the refractive index derivative 

(dn/dc) on size and relative refractive index, m.
predictions by direct refractive index measure­
ments.

Heller14 found that eq. 23 gave unreasonable val­
ues for the refractive index of large particles when 
applied to measured values of (dn/dc). He pro­
posed an empirical correction equation which gives 
values approximating those from eq. 21 if the cor­
rections are small. This may be regarded as sup­
port for eq. 21.

Some confusion may arise over two related 
points: the difference between the “ observed”
scattering at small angles and Ets of eq. 2, and the re­
quirement that the solution be composed of inde­
pendent, i.e., non-interacting, particles. The “ ob­
served” scattered intensity, j 8i0, from one particle 
was multiplied by N, the number of particles, to 
give the total scattering. This procedure cannot 
be used when the angle is so small that there is a 
correlation of phase between the waves scattered 
by the different particles. In the latter case the 
amplitudes must be added, as is done for Ets in the 
Appendix. However, angles small from an obser­
vational standpoint are usually still large enough for 
the random positions of the particles to cause ran­
dom phases in the scattered light so that the in­
tensities, not the amplitudes, are to be added. The 
latter can only be done if the positions of the parti­
cles are strictly uncorrelated, hence the condition 
of non-interaction of the particles. In principle, 
this condition may always be satisfied by diluting 
the solution sufficiently.

Appendix
Derivation of the Amplitude and Phase of the 

Light Scattered Forward by a Thin Slab of Ma­
terial.— Schuster12 obtained Rayleigh’s formula for 
the relation between the intensity of the scattered 
light and the refractive index of a medium contain­
ing independent scattering centers by summation
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of the amplitudes of the waves scattered in the 
direction of the incident beam. The summation was 
assumed to be analogous to the familiar Fresnel 
zone procedure so that the results of the latter could 
be used without further analysis. It is not clear 
that the assumption is correct, since the Fresnel 
procedure assumes that the scattering decreases 
uniformly to zero as the angle increases so that the 
contribution of the outermost zone is negligible. 
The scattering does not generally go to zero at large 
angles, however. We attempt to improve the deri­
vation in the following.

The problem is made as simple as possible by 
considering a parallel plane-polarized beam of light 
traversing a non-absorbing medium of constant 
refractive index n containing N scattering particles 
per unit volume. The apparent refractive index 
of the medium and scatterers as a whole is n'. The 
beam is moving in the direction of increasing x. 
We consider the effect on the beam of a thin slab of 
thickness Ax lying on the y-z plane and bounded at 
the edges by the curve C (Fig. 3). We take Ax 
small enough so that the retardation of the beam 
by the scattering particles in the slab, (n' — ri) Ax, 
is much smaller than the wave length, X.

From *he macroscopic point of view such a slab 
affects the beam in three ways: it scatters a small 
amount of light to the side, reducing the intensity 
of the beam by the amount rAx; it retards the 
phase of the beam by the amount 27r(n' — n) Ax/X0, 
and finally, it produces a diffraction pattern de­
pendent on the shape of its boundary C. If we 
had introduced surfaces across which the refractive 
index changed we would also have had to consider 
reflection. Oseen16 has already treated the reflec­
tion problem, which is not of primary interest for 
this paper. Our problem here is to find the rela­
tion between the scattering and the intensity and 
phase changes of the main beam and to separate 
these from diffraction effects.

We take polar coordinates for points in the y-z 
plane, with a the radius vector and <j> the angle be­
tween the radius and the z-axis. It is convenient 
to represent the incident light apart from the os­
cillating time factor by the real part of

R o e ~ ikx (A -l)
and the scattered light from a single particle at a 
distance r by the real part of

+ *>/r (A-2)
with

e = tan-1 (B/A) (A-3)
which corresponds with eq. 1 of the main part of 
the paper.

If there are N particles per unit volume, the av­
erage number whose centers lie in a unit area of 
slab is NAx. We want the total amplitude of scat­
tering at the point x on the x-axis. This is found 
by summing the individual amplitudes from all the 
particles in the slab, i.e., by the integral

E, = R0A N A x e u : /(t?,<*)(e ikr/r)<rdo-d<b (A-4)

Now let a be the distance from the origin to the 
nearest point of the boundary C and let b be the

(16) C. W. Oseen, Ann. Phyeik, 48, 1 (1915),

Z

Fig. 3.—Diagram for the derivation of Schuster’s formula 
for the scattering by a thin layer.

distance to the farthest point. The integration 
can be divided into two parts: one over the region 
with <r < a and the other over the remainder. In 
this form the scattered amplitude is

Ea — 2wRoAN Axe~i‘ g{<r){e ikT/r)cr do- +

where
J h(a)(e lkr/r)(r do-1 (A-5)

1 r  2tt
g(°) = 2Ï Jo (A-6a)

h(a) - è . r  f(d,ó)dóK<c (A-6b)

The two integrals of eq. A-5 might be evaluated 
by the Fresnel method. However, this would re­
quire rather elaborate discussion to cover cases in 
which the scattering does not uniformly decrease 
with increasing angle. The following method seems 
to accomplish the same result in a simpler way. The 
two integrals of eq. A-5 may be simplified by the 
substitution

dr = <rd<r/r (A-7)
which follows from the relation between a and r

r2 =  a2 +  X2 (A-8)
They may then be integrated by parts, to give the 
following

f :
g(a)(e ikr/r)ad<r

f .
v V T F

g(<r)e ikrd r

= ( — l/ik)[g(a)e-ik̂ /'ai + *z — g(0)e ikr
’ V a 2 +  a2

(1 mm r
(d<7/dr)e ikr dr (A-9

h(o){e ikr/r)<r do- (-l/ik)lh(b)e-uVw + I2 _

h(a)e~ ikVa* +  *2 + J’ Vb2 +  z2
_____  (dh/dr)e~ikldr

V a2 + x2 (A -1 0 )
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Now/(tJ, <j>) is unity at § =  0, so gr(0) =  1. Like­
wise g(a) =  h(a) and h(b) =  0. The last integral 
of eq. A-9 can be shown to be negligible by intro­
ducing a new scattering angle, \p =  cos^(x/r). 
Then we find

d g  _  - H V  d L  ( A - l l )
dr x d(cos yp)

For colloidal particles the variation of g with the 
cosine of the scattering angle \p is such that dg/ 
d(cos ip) is not a large number. The size of the 
last term in eq. A-9 is then determined by the factor

1/ikx =  \/2tìx  (A-12)
which is very small when x is of macroscopic size.

Caution must be used in applying a similar 
argument to the last term of eq. A-10 for the inte­
gral of h(cr), because for certain shapes of boundary 
dh/dr may be infinite at points, as for example if C 
contains circular arcs centered on the origin.

These are just the cases in which prominent diffrac­
tion effects are found. This term then gives a con­
tribution dependent on the shape of the boundary 
which must be identified with the diffraction pattern 
of the boundary. However, if dh/dr is well be­
haved, as it will be in most cases, the factor 1/ 
ikx makes the diffraction effects negligible.

The formula for Es may now be written
Es =  iRoNAXAxe-M* + «) [1 +  D(C)] (A-13)

where D(C) arises from the last terms of eq. A-10 
and represents the diffraction pattern of the bound­
ary C. It is known that diffraction effects are 
negligible in comparison with the transmitted beam 
except in very special cases. If we omit D(C) and 
write only the real part of eq. A-13, we get eq. 2 of 
the main part of the paper.

This result, with the omission of D(C), is the 
same as the one Schuster obtained by the Fresnel 
method.
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Using the assumption that the viscosity of a non-Newtonian liquid may be expanded as a power series in rate cf shear, 
equations are derived which permit determination of the initial coefficients of the series from experimental data obtained 
using capillary viscometers. It is shown that measurements made at the same value of (Rp/L) in different viscometers 
agree; here, R =  radius and L = length of capillary, and p is driving pressure. Furthermore, it is shown that non-New­
tonian behavior of solutions can arise from molecular interaction or from a change of intrinsic viscosity with rate of shear; 
if the latter change is zero, plots of (yBP/C) against C for different fixed values of Q = Rp,g/2Ly have the same intercept and 
if the interaction term vanishes, these curves have the same slope. In general, the (yev/C)-C curves at fixed Q have both 
different slopes and intercepts. Results on a number of systems indicate that the limiting dependence of apparent vis­
cosity at low values of Q is linear in Q rather than quadratic.

Introduction
Viscosimetry has, since its introduction by 

Staudinger, been one of the standard tools of the 
polymer chemist. It represents an unusually apt 
illustration, however, of the cliché “ all things are 
relative.”  It is fairly easy to obtain viscosity data 
with a precision of several per cent, for materials 
of moderate molecular weight using a capillary vis­
cometer; this or better precision at molecular 
weights of the order of a million or more presents 
a number of experimental and theoretical complica­
tions. Many of these arise from the fact that solu­
tions of polymers, especially polyelectrolvtes, are 
non-Newtonian liquids. One of the goals of poly­
mer chemistry is to obtain a one-to-one correlation 
between observable properties (such as viscosity) 
and a microscopic model of the polymer molecule: 
the theoretical treatments usually deal with the 
ideal limiting case of an isolated, undistorted, un­
oriented polymer molecule, while practical experi­
mental conditions require us to work at non-zero

(1) Presented at a Symposium held at Cornell University, March 
15-16, 1954, in honor of the Seventieth Birthday of Professor P. J. W . 
Debye.

(2) Project NR 051-002 of the Office of Naval Research, Paper No. 
43.

(3) Results presented in this paper are abstracted from a dissertation 
presented by Paul Goldberg to the Graduate School of Yale University 
in partial fulfillment of the requirements for the Degree of Doctor of 
Philosophy, June, 1953.

concentration and rate of shear. An obvious pre­
requisite for comparison of theory and experiment 
therefore is the elimination of the effects of interac­
tion and distortion or orientation by a double extra­
polation to zero concentration and gradient. It is 
precisely here where the difficulties arise: for exam­
ple, as concentration changes, viscosity naturally 
changes, and with it, the rate of shear for an other­
wise fixed set of experimental conditions in a capil­
lary viscometer. Also, the same driving pressure 
gives different rates of shear in viscometers with 
different radii and lengths; if hydrodynamic prop­
erties are a function of rate of shear, the apparent 
viscosity of a given solution may thus seem to 
change from one viscometer to the next. Further­
more, certain inherent characteristics of a capil­
lary viscometer (such as the kinetic energy correc­
tion) masquerade as non-Newtonian behavior of 
the test liquid; these must be eliminated by design 
or calculation4 before failure of Poiseuille’s law 
may be ascribed to non-Newtonian behavior of 
the liquid.

It is the purpose of this paper to present the re­
sults of an experimental study of non-Newtonian 
liquids in the capillary viscometer in order to show 
how true volume properties may be obtained. As 
test liquids, we chose aqueous solutions of a poly­
electrolyte of high molecular weight because these

(4) H. T* Hall and R. M, Fuoas, J. Am. Chem. Soc.t 73, 265 (1951).
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are known to be extremely non-ideal in hydrody­
namic behavior. The methods described first re­
quire the elimination of the essentially trivial but 
unfortunately not negligible effects of kinetic en­
ergy and similar apparatus characteristics. Then it 
will be shown that results which are independent 
of viscometer design are obtained if measurements 
in different instruments are compared at equal val­
ues of (Rp/L), where R is the radius of the capillary, 
L its length and p is the driving pressure. This is 
essentially the variable introduced by Reiner.5 6 
It is also implicit in the generalized Poiseuille equa­
tion which was derived by Tobolsky, Powell and 
Eyring6 and used by Spencer and Dillon7 in their 
treatment of the viscosity of molten polystyrene. 
The analysis of DeWind and Hermans8 likewise 
uses (Rp/L) as the significant independent vari­
able. Kroepelin9 introduced the area-average 
gradient qk; the latter has also been used4'10 in the 
analysis of data on non-Newtonian liquids. We 
shall show that the Kroepelin average is different 
for Newtonian and non-Newtonian liquids, as is 
the maximum gradient G, which has also been 
used.11 The variable Q = Rpg/2Lq, where tj is the 
limiting value of viscosity at zero rate of shear for 
non-Newtonian liquids (and obviously the viscos­
ity itself for Newtonian), appears to be the most 
convenient variable for a self-consistent treatment 
of data obtained by means of capillary viscometers.

In general, a polymer solution may exhibit non- 
Newtonian behavior because the solute molecules 
are deformed or oriented by the flow, or because the 
energy of interaction between molecules is changed. 
An empirical extension of the Huggins formula, 
in which both [77] and k' are considered to be pos­
sible functions of Q, can be derived for the case 
where the solution viscosity is linear in Q. Sev­
eral examples will be discussed in the last section 
of this paper.

Modified Poiseuille Equation
Our discussion is based on the fundamental 

equation
F =  77 grad v ( 1 )

which relates a velocity gradient in a liquid to the 
shearing force necessary to maintain it; for New­
tonian liquids, 77 is a constant and by definition, 
liquids for which (F/grad v) is not a constant are 
called non-Newtonian. In cylindrical coordinates, 
eq. 1 takes the form

— dt>/dr = rpg/2Lt) (2)
where r is the distance from the axis of the cylinder. 
For a Newtonian liquid, eq. 2 integrates immedi­
ately to Poiseuille’s equation

77 =  7T gR*pt/8LV =  Apt (3)
(5) M . Reiner and R. Schoenfeld-Reiner, Kolloid-Z., 65, 44 (1933); 

M . Reiner, J. Appl. Phys., 5, 321 (1934).
(6) A. Tobolsky, R. E. Powell and H. Eyring in “ Frontiers in Chem­

istry,”  Vol. I, Interscience Publishers, Inc., New York, N. Y ., 1943, p. 
179.

(7) R. S. Spencer and R. E. Dillon, J. Colloid Sci., 3, 163 (1948).
(8) G. DeWind and J. J. Hermans, Rec. trav. chim., 70, 521, 615

(1951).
(9) H. Kroepelin, Kolloid-Z., 47, 294 (1929).
(10) U. P. Strauss and R. M. Fuoss, J. Polymer Sci., 8, 593 (1952).
(11) T. G. Fox, Jr., J, C. Fox and P. J. Flory, J. Am. Chem. Soc., 

73, 1901 (1951).

where t is the time required for a volume V to flow 
through a capillary of length L and radius R under 
a pressure p. If we are dealing with a non-New­
tonian liquid, j; depends on F and therefore implic­
itly on r through (dy/d?-). We indicate this by 
writing

<*(r) = l/?)(r) = (1/„)(1 — aq +  0q2 (4)
where, for lack of theoretical guidance, we expand 
the fluidity in a power series and disregard terms 
beyond the quadratic. (Considerable algebraic 
simplification, especially in power series expansions, 
is achieved by considering fluidity <fi rather than its 
reciprocal 17.) Then a and (3 are empirical constants 
to be evaluated by experiment. The local gradient 
(dy/dr) is represented by q and from this point on, 
the symbol 77 will mean the limit of the viscosity coef­
ficient at zero gradient. The total volume V flowing 
in t seconds is

This equation can be put into a more convenient 
form for computation by a partial integration8'12 
and substitution of (2)

s* Z2
V ft = (rgp/2L) 1 [r3/?i(r)]dr (5)

If now the approximation assumed in eq. 4 is sub­
stituted in eq. 5 and reiterated, we find to second 
order in gradient
<t>* = (l/77)[l +  4aQ/5 +  2(a2 +  j8)QV3] =  I/77* 
where

(6)

Q = Rpg/2Lrj = |?(Æ)1
and

(V)

77* = irgR'pt/^LV (8)
The quantity Q is the maximum gradient which 
would exist at the capillary walls if the fluid were 
Neivtonian. By comparison with eq. 3, we recog­
nize 7 7 * as the apparent viscosity, i.e., the viscosity 
which is obtained if the experimental pt product for 
a non-Newtonian liquid is multiplied by the cali­
bration constant A (it being tacitly understood 
that A is determined by using Newtonian calibrat­
ing liquids and that pt is corrected for kinetic en­
ergy and so on). Granting our assumptions, eq. 6 
states that the apparent viscosity 77* of a given non- 
Newtonian liquid will be the same if measured in 
different viscometers, provided conditions are such 
that Q, and hence (Rp/L) for the same liquid, is 
kept unchanged.

We next consider briefly Kroepelin’s average9 
gradient which is defined as

CRqK = (1/irR2) I (dv/dr)2rr dr (9)

For the Newtonian case, qx = 8V/3tRH = 
(Rpg/SL-q) =  2Q/3. But if eq. 4 is substituted in 
eq. 9, we find

qK* = (2Q/3)(1 +  4a<2/5 +  . . .) (10)
Therefore the ratio of the area-average gradient to 
the limiting maximum gradient is itself a function 
of gradient and for example a quantity which is lin­
ear in Q would be quadratic in qx*. In other

(12) W. Philippoff, K o llo id -Z .,  75, 142 (1936).
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words, a simple function could appear to be more 
complicated merely as a consequence of the choice 
of variable.

An estimate of the order of magnitude of the 
velocity gradient, at which the series in eq. 6 dif­
fers appreciably from unity can be made as fol­
lows, according to a suggestion made by Profes­
sor L. Onsager. The quantity 77 grad v (units = 
dynes/cm.2) is also numerically equal to the poten­
tial energy per unit volume (ergs/cm.3) due to the 
velocity field. Then (rj — ijo) grad v is the excess 
momentum transport in the solution over that due 
to the solvent; if there are N molecules of molecular 
weight i f  in a total volume V, the corresponding 
average energy per molecule is (V/N) ( 7 7  — 170)  grad 
v. When this quantity equals kT, the energy im­
parted to a molecule by the flow process is of the 
order of the translational kinetic energy of the mole­
cule; hence a critical range of gradient is defined 
by

(grad »)„it = (NkT)/[V(v -  W] GD 
If we express concentrations in the usual units (g. 
solute/100 ml. solution), and let z = (■>7 — vo)/cvo 
be the reduced viscosity, eq. 11 becomes

(grad v)erit =  RT/lOOMzrio (12)
At 25° and approximating 100 770 by unity (most 
solvents have a viscosity of about one centipoise), 
this becomes

(grad !;)crit ~ 2.5 X 10'°/Mz (13)
Hence for a polymer of molecular weight one mil­
lion and intrinsic viscosity 5, we would expect non- 
Newtonian behavior to be easily visible at a gradi­
ent of 5000 sec.-1. This result is in accord with 
experience. The corresponding critical value for 
(.Rp/L) is given by

(Rp/L)a\t = (2i)/f/)(grad v)„\t = 2riTRT/100gMz (14)
Approximating the relative viscosity by two, eq. 
14 gives at 25°

(Rp/L)„it »  106/Mz (15)
Concentration Dependence

The non-Newtonian behavior of solutions of 
polymers can arise from one or both of two sources: 
shear dependence of the interaction between poly­
mer molecules, and shear dependence of the intrin­
sic viscosity. In the former case, (a/c) will vanish 
at zero concentration and in the latter it will not. 
We present below a treatment of the Huggins 
equation13 in which we shall initially assume that

z = [y] + k'[y]2c (16)
both [7 7] and fc' may depend on Q. In order to keep 
the algebra from becoming unwieldy, we shall limit 
the discussion to the range of low gradients, where 
the quadratic term in eq. 6 may be neglected. To 
this approximation

d>* = ¿(1 +  4aQS5) (17)
which can be rearranged to give

v*,p =  t).p -  4ccn*tQ/5 (1 8 )

where t)*3P and -q*T denote, respectively, specific 
and relative viscosities as functions of Q. (Con­

(13) M. L. Huggins, J . A m . C h em . S o c .. 64, 2716 (1942); D. J.
Mead and R. M. Fuoss, ibid , 64. 277 (1942).

sistent with our convention for 7 7, symbols without 
the asterisk mean the limits at Q =  0 of the corre­
sponding quantities.) To simplify later equations, 
we introduce here the assumption

a = ac +  be2 +  . . . (.19)
which includes the obvious fact that the solvent is 
Newtonian but permits the shear coefficient to de­
pend on orientation, distortion or interaction of sol­
ute molecules. By dividing (18) by c and going to 
the limit c = 0, we find

[>7*] = M -  4aQ/5 (20)
because 7j*r =  1 at c =  0. We then define the shear 
dependent coefficient k* by the equation

(v* -  vo)/voc =  z* = [-7*] +  k*[v*Vc (21)
by analogy to (16). If we now substitute (16), 
(17) and (20) in (21), rearrange, divided by [p]2 c 
and let c go to zero, we obtain
k' -  46Q/5M2 -  4aQ/5M +  (4aQ/5[,])2

= **{1 -  4oQ/5M 2] (22)
This rather awkward expression can be put into 
more compact form

k* = W — (B +  1 — x)x)/{\ -  x2) (23)
by using the abbreviations x =  4aQ/5[?7] and B =  
6 /a [77]. When a is zero, we obtain directly from 
(22)

k* = k' -  46Q/5M2 (24)
Equation 24 corresponds to [77*] = [77], i.e., to the 
case where shear dependence is due to interaction 
only, while eq. 23 is for the more general case. 
Comparison with experiment for specific systems 
will show whether a vanishes.

Experimental
Apparatus.—Viscosities were measured in five different 

Bingham14’15 viscometers, whose constants are given in 
Table I. The units in Table I are [p] =  g./cm .2, [i] =

T able  I
C o n s t a n t s  o f  V isc o m e t e r s

No. R L 10eA 10 “ A'
101» a A2/Vo Vo

1 0.01720 9.9 0.8523 0.103 0.26 4.00
2 .01884 11.0 1.091 .183 .31 4.02
3 .02020 11.0 1.495 .32 .34 4.02
4 .02536 11.0 3.620 2.0 1.9 4.02
5 .03038 10.8 7.566 9.8 3.6 4.02

sec., viscosity = poise. Water16 and aqueous sucrose solu­
tions17 were used as calibrating liquids; each viscometer was 
calibrated by using at least five standard liquids. The 
method of Hall and Fuoss4 was used to determine the correc­
tion constants for kinetic energy, incomplete drainage and 
capillary end effects. One additional correction18 is needed 
for work at low pressures in the Bingham viscometer, that 
due to the change in pressure due to the change in levels 
of the liquid in the draining and receiving bulbs of the vis­
cometer. If disregarded, the pt-p plots become concave 
down at low pressures instead of remaining linear. The 
corresponding coefficient is most readily determined by 
plotting F(x, p) against the reciprocal of the square of the

(14) E. C. Bingham, “ Fluidity and Plasticity,” McGraw-Hill Book 
Co., Inc., New York, N. Y., 1922, p. 76.

(15) R. M . Fuoss and G. I. Cathers, J. Polymer Sci., 4, 97 (1949).
(1 6 ) J. F. Swindells, J. Colloid Sci., 2, 183 (1947).
(17) “ Polarimetry, Saccharimetry and the Sugars,” Circular C 440, 

National Bureau of Standards, 1942.
(18) E. C. Bingham, H, I, Sohlesinger and A. B, Coleman, J, Am. 

Chem, ¿> c ,, 88, 87 (1916),
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applied pressure; for our instruments, the correction height 
was found to lie between 2.3 and 2.7 cm. In our apparatus 
the range of pressure was from 20 to 200 cm. water. Flow 
times right-to-left and left-to-right were taken at the same 
applied pressure p0 and averaged; this procedure eliminates 
certain asymmetry corrections.14

Having determined the calibration constants with New­
tonian liquids, it is possible to calculate from observed (p, t) 
values for any liquid in the viscometer the quantity10

F(x,p) =  x +  (ax3 — 0x)p
where

x = l/pt, a = A 'p /A 3 and & = aA*/PV0
For our range of working conditions, F and x differ by at 
most 1-2%. The function F represents the reciprocal pt 
product for non-Newtonian liquids, corrected for kinetic 
energy and so on, assuming that the corresponding coeffi­
cients (A ', to, a) are the same for ideal and real liquids. 
This assumption is not strictly accurate because in principle 
each correction should be a function of Q, but it can be shown 
that the difference is of the order of a correction to a correc­
tion. The apparent viscosity ij* is then obtained by divid­
ing A by F; apparent fluidity is F/A.

Materials.—Polyvinylpyridine was prepared by emulsion 
polymerization under nitrogen, using the recipe: 100 ml. of 
freshly distilled 4-vinylpyridine, 0.286 g. of azo-bis-iso- 
butyronitrile, 200 ml. of water and 20 g. of Nekal AEMA. 
After 4 hr. stirring at 65°, the emulsion was broken by dilu­
tion and the polymer was washed thoroughly by decanta­
tion. Its reduced viscosity ra^/c at 0.200 g./iOO ml. in 
95% etnanol was 5.44. A middle fraction was obtained 
by dissolving 50 g. in 1000 ml. of f-butyl alcohol, adding 700 
ml. of benzene, centrifuging to remove a small amount of 
insoluble material, and then adding benzene to the cloud 
point at 25° (1610 ml. of benzene total). Then 15 ml. more 
of benzene were added and, after one hour, the gelatinous 
precipitate was centrifuged out and redissolved in 1000 ml. 
of ¿-butyl alcohol. Benzene (1335 ml. to cloud point plus 
10 ml.) was added and after one hour, the precipitate was 
centrifuged out and redissolved in 500 ml. of i-butyl alcohol. 
This solution was frozen, and then solvent was sublimed 
off under vacuum; yield of middle-cut polymer, 30.0 g.; 
reduced viscosity at 0.200 g./lOO = 6.18; estimated mo­
lecular weight, 2 X 106.

The polymer was partially quaternized as follows: 5.0 g. 
was dissolved in 220 g. of tetramethylene sulfone and heated 
for 3 hr. at 62° after addition of 33 g. of n-butyl bromide. 
The salt was recovered by pouring the reaction mixture into 
2 1. of anhydrous dioxane, dissolving the precipitate in 10 
ml. of methanol and reprecipitating in dioxane. This 
process was repeated twice; the third precipitate was dis­
solved in water and after freezing, water was sublimed off 
under high vacuum. The product is extremely hygroscopic. 
Bromine was determined by potentiometric titration: 
found average 25.9% Br; theoretical, 33.1%; the material 
is therefore 60.7% quaternized.

Method.—Materials were weighed out and polyelec­
trolyte plus solvent were placed on a shaker overnight. 
The next day, viscosities were determined in two or more 
viscometers. It was observed in the preliminary work that 
the viscosity slowly decreased on standing for several days; 
part of this change was due to the growth of several micro­
organisms in the solutions. Dr. S. Simmonds of the 
Biochemistry Department isolated twro species: a small, 
pink Gram-negative rod and a large, cream-colored Gram­
positive rod. The growth of these was rather surprising, 
because quaternary pyridinium salts are frequently used as 
fungicides and bactericides. They did not survive in 0.1% 
aqueous phenol, however, and all our final measurements 
were therefore made in 0.1% phenol as solvent. This sol­
vent has a viscosity -no of 0.00903 at 25.00°. Even in 0.1% 
phenol, the viscosity decreased by several per cent, per 24 hr. 
on standing at room temperature; the rate of decrease was 
accelerated by heating to 65°. We also found that several 
hours at 5° would increase the 25° viscosity of the solutions; 
on standing or heating, the viscosity slowly decreased to 
the initial value and then below it. These observations 
suggest that both association and degradation may be oc­
curring, but further work is needed to clarify these puzzles. 
In order to eliminate the aging effects, each solution was 
measured in the several viscometers within a period of 2-5 
hr. and the viscosity in the first viscometer was always re*

determined at the end of a sequence. Checks well within 
1% were usually obtained.

Results and Discussion
The experimental results can best be presented 

graphically. In Fig. 1, we have plotted (1/ tj*) = 
F/A against driving pressure for a series of solutions 
of our polysalt in 0.1% aqueous phenol, which cover 
the range (top to bottom of Fig. 1) 0.00725 g./lOO 
ml. to 0.2048. For orientation, we mention that 
the fluidity of the solvent would be represented by 
a horizontal line at (l/i?o) =  110.8 in Fig. 1. It is 
immediately obvious that the solutions are non- 
Newtonian, because the curves are not horizontal 
straight lines. Furthermore the apparent viscos­
ity of a given solution measured at the same pres­
sure in different viscometers is different; the dif­
ferences are far from negligible. But if the apparent 
fluidities are plotted against (Rp/L) as in Fig. 2, all 
the data for a given solution lie on a single curve. 
This result confirms the statement made in the in­
troduction that (Rp/L) is the rational independent 
variable to use for treating data obtained by the 
use of capillary viscometers.

Fig. 1.—Apparent fluidity as function of pressure, solu­
tions of poly-n-N-butyl-4-vinylpyridine in different viscom­
eters: lower black circles, viscometer No. 1 (Table I);
upper black, No. 2; open, No. 3; left black, No. 4; right 
black, No. 5. Concentrations: 1, 7.25 mg. polysalt/100
ml. solution; 2, 13.64; 3, 25.26; 4, 52.8; 5, 103.2; 6, 
204.8.

The curves of Fig. 2 are of the general form re­
quired by eq. 6; since they are concave down, we 
conclude that j3 is negative and numerically larger 
than a2. The shear dependence of the solution 
evidently goes through a maximum as we go from 
concentrated to more dilute solutions; other work10 
has shown that the partial contribution to the shear 
dependence which is due to the solute increases 
with increasing dilution for polyelectrolytes. The 
data shown in Fig. 2 are all in the range where 
(R p/ L ) is much larger than the critical value given
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Fig. 2.—Apparent fluidity as function of (Rp/L). Same 
code as Fig. 1.

by eq. 11; in fact for solutions 2 and 3 at least, they 
are beyond the range where the quadratic term in­
cluded in eq. 4 and 6 suffices to account for the cur­
vature. Consequently extrapolation of these data 
to zero gradient has not been attempted.

We next turn to a consideration of eq. 21 using as

IO'3Q.

Fig. 3.—Nitrocellulose in butyl acetate: central lines,
G.p/ c) vs. c;  coordinates left and bottom; 10~3 Q = 0, 1, 
2, 3, 4 and 5. Bottom curve, (a/c) vs. c; coordinates right 
and bottom. Top line, k* vs. Q, coordinates right and top.

IO"5 Q.

an example nitrocellulose in butyl acetate.19 The 
original data are reported as y*/c for various values 
of qK, the Kroepelin average. In order to obtain 
values as a function of Q, (l/r?*r) was plotted against 
(qicn*r) at each concentration, and extrapolated to 
zero gradient in order to obtain (l/vr) values. These 
in turn were used to calculate Q for each point by 
means of the relation

Q  —  3 y *  q K / V y  =  3 ij*riic/2 i7r

Then plots of (l/rj*r) against Q were constructed 
for each concentration; they were linear up to Q =
20,000 sec.-1. From these graphs, values of (1/ 
T]*r) were read off at round values of Q; these data 
were then used to compute the points for the (y*ap/ 
c)-c plot shown in Fig. 3. It will be noted that the 
different curves extrapolate to the same value; 
hence the intrinsic viscosity is independent of rate 
of shear for this system. It should be mentioned 
at this point that (yBP/c)-c curves constructed at 
constant qK give different intercepts, and would 
therefore mislead one into concluding that [y] de­
pended on shear. From the slopes of the curves of 
Fig. 3, we obtain k* as a function of Q; according to 
eq. 24, k* is linear in Q when [77] is independent of
Q. The top plot on Fig. 3 verifies this conclusion. 
Finally, from the slope of the k*-Q plot, we obtain 
a value for b equal to 0.0112. The bottom curve of 
Fig. 3 shows (a/c) from the slopes of the (l/y*)-Q 
plots as a function of concentration. It will be 
seen that higher terms in concentration than quad-

(19) H. Staudinger and M. Sorkin, Bar,, 70, 1993 (1937).



Aug., 1954 I n t r i n s i c  V is c o s i t ie s  o f  P o l y e l e c t r o l y t e s : P o l y - ( a c r y l ic  A c id ) 653

ratic are needed in eq. 19. But the equation is 
satisfactory to give the limiting behavior; the 
tangent to the (a/c)-c curve of Fig. 3 is drawn with 
a slope of 0.0112, the value obtained from the k*- 
Q plot.

As an example of a system in which both [77] and 
k' depend on shear, we consider next poly-4-vinyl- 
pyridine in methanol.20 These data were obtained 
using viscometer 2 of Table I; the (1 /y*)-Q plots 
were linear over the range 2000-15,000 sec.-1. 
Figure 4 shows plots of 7?*sp/c  against c for round 
values of Q. In contrast to nitrocellulose, the lines 
now have different intercepts at c =  0, and we con­
clude that [ij] depends on rate of shear. This result 
seems compatible with the difference in stiffness be­
tween nitrocellulose and polyvinylpyridine. The 
lower curve of Fig. 4 is a plot of (a/c) against c; 
the limiting value at c =  0 is 0.50 X 10-4, which 
evaluates a of eq. 19. In order to obtain 6, we 
plotted k*( 1 — x)2 against x; the curve is nearly 
linear and, from its limiting tangent, we obtain B 
and then 6. The value so obtained, 4.4 X 10-4, 
was used to draw the tangent to the (a/c)-c curve 
of Fig. 4; it is consistent with the observed curve. 
Finally, eq. 23 was used to compute values of k* for 
different values of Q using the values of a and B 
obtained above. The result is shown as the solid 
curve at the top of Fig. 4. Evidently, eq. 23 repre-

(2 0 )  R .  A . M o c k ,  T h e s is , Y a le  U n iv e rs ity ,  1951 .

sents the shear dependence of the concentration 
coefficient within our experimental error.

Our results, as well as those of other observers, 
show that the empirical limiting relation between 
the viscosity of polymer solutions and the rate of 
shear is a linear one. This implies the theoretical 
absurdity that mere reversal of the direction of 
shear would reverse the sign of the viscosity change ; 
the dilemma cannot be evaded by postulating lin­
earity in the absolute value of the velocity gradi­
ent, because absolute value is a function whose 
derivative is discontinuous at the origin. The 
available theoretical analyses all call for a quadra­
tic dependence of viscosity on gradient, but no ex­
perimental evidence supporting this result has been 
reported. Possibly the function involved is some­
thing like the square root of the square of the gradi­
ent plus a small constant, (1 +  26 grad2 v)'h which 
expands to (1 +  6 grad2 v) when the second term is 
very small and which behaves like (26)1/2 grad v 
when it is large. The situation is reminiscent of 
Kohlrausch’s insistence that the conductance of 
strong electrolytes in water was linear in root con­
centration, in the face of the prestige of the Arrhen­
ius dissociation theory and the Ostwald dilution 
law which called for a limiting linear dependence on 
the first power of concentration. Half a century 
later, Debye produced the theoretical interpreta­
tion which justified Kohlrausch’s confidence in his 
experimental results.

IN T R I N S I C  V IS C O S IT IE S  O F  P O L Y E L E C T R O L Y T E S .
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Intrinsic viscosities [ij] of poly-(acrylic acid) neutralized to varying degrees have been determined in the presence of NaCl, 
Na2S0 4 , CaSOi and CaCk. Measurements at several rates of shear over the range from 2000 to 200 sec.-1 permitted extrap­
olation to zero shear rate. The intrinsic viscosity at the 0-point (ca. 32°) for one-third neutralized polymer in 1.245 molar 
aqueous NaCl agrees within experimental error with the value found for the non-ionized polvacid at the 0-point (30°) in 
pure dioxane. Equivalent configurations for the unperturbed polv-salt and for the polyacid chain are thus indicated. 
Expansion factors a3 have been calculated from intrinsic viscosities determined in other aqueous media using the relation 
a3 =  M /M e . Values of of — a3 for polymer fractions of M =  8 X 106 at fixed degrees of neutralization i ( = 1.00, 0.333 
and 0.100) increase linearly with the reciprocal ionic strength S* of the aqueous NaCl solution. The slopes are considerably 
lower than theoretically predicted, and the disparity increases with i. It is suggested that suppression of the mean ion 
activity, owing to the comparatively high charge on the polymer chain, is responsible for the result. At the same ionic 
strength Na2SO, is equivalent to NaCl in its effect on the molecular configuration; the lower intrinsic viscosities observed in 
the presence of Ca salts are attributed to stronger electrostatic interaction of divalent cations with the charged chain molecule. 
The validity of the Donnan approximation used in treating the polyelectrolyte molecule is discussed, and it is shown that 
the ease of molecular expansion tends to preclude the occurrence of large differences in chemical potentials for mobile ions 
inside and outside the molecular domain. The net charge acquired by the molecule is small in comparison with the number 
of charge sites on the chain down to very low salt concentrations. Even in the total absence of added electrolyte, the ions 
present in pure water should be sufficient to prevent close approach to full extension of the polyelectrolyte molecule and the 
removal of a preponderance of its complement of counter ions contrary to presumptions in the polyeleetrolyte literature.

Introduction
During the past few years procedures for treat­

ing the influence of long range intramolecular inter­
actions in uncharged polymer molecules have been

f
(1 )  (a )  P re se n te d  b e fo r e  t h e  D e b y e  7 0 th  A n n iv e rs a r y  S y m p o s iu m , 

C o rn e ll  U n iv e rs ity ,  M a r c h  15 a n d  16, 1 9 5 4 . ( b )  T h e  w o rk  d is cu s s e d
h e r e in  w a s p e r fo rm e d  as a  p a r t  o f  th e  re se a rch  p r o j e c t  s p o n s o r e d  b y  
th e  R e c o n s t r u c t io n  F in a n c e  C o r p o r a t io n  O ff ic e  o f  S y n th e t ic  R u b b e r ,  
in  c o n n e c t io n  w ith  th e  G o v e r n m e n t  S y n th e t ic  R u b b e r  P r o g r a m .

fairly well established.2’3 The average linear ex­
pansion a resulting from these interactions has 
been predicted theoretically to increase non-asymp- 
totically with the chain length, and this prediction

(2 )  S ee  f o r  e x a m p le  T .  G . F o x ,  J r ., a n d  P . J . F lo r y ,  J. Am. Chem. Soc., 
73, 1 9 0 5 , 190 9 , 1915  (1 9 5 1 ) ;  L .  H . C r a g g , E . T .  D u m it r u  a n d  J . E . 
S im k in s , ibid., 74, 1977 (1 9 5 2 ) .

(3 )  P . J . F lo r y ,  “ P r in c ip le s  o f  P o ly m e r  C h e m is t r y ,”  C o rn e ll  U n iv . 
Press, I t h a c a ,  N . Y . ,  1 9 5 3 , C h a p . X I Y .
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has received gratifying confirmation from experi­
ment. Out of these investigations it has been 
shown that the intrinsic viscosity [»/] is directly 
proportional to the volume molecular expansion a3. 
Thus, this factor which characterizes the configura­
tion under given conditions is readily accessible ex­
perimentally through the relationship

a3 = M/bfie (1)

where [ij]e is the intrinsic viscosity of the same 
polymer sample at the same temperature in the ab­
sence of perturbations due to long range interac­
tions between chain elements (i.e., between ele­
ments situated some distance apart along the poly­
mer chain). The “ 0-point,”  at which this condition 
of ideality holds, is realized in a solvent medium 
where the covolume of the chain elements is zero 
(and, consequently, the covolume of the molecule 
as a whole is zero also).

More recently, the treatment of intramolecular 
interactions in polymer molecules has been ex­
tended to polyelectrolyte chains immersed in a solu­
tion of an ordinary electrolyte.4'5 If the molecular 
weight of the polymer molecule is reasonably high 
and the ionic strength S* of the surrounding solu­
tion is not extremely low (e.g., if S* >  10~4 molar), 
then, as Kimball, Cutler and Samelson6 have shown, 
the net charge acquired within the domain of the 
polymer molecule should be small compared with 
the total charge of the ionic centers bound to the 
polymer chain.7 It is essential merely that the size 
of the polymer domain shall be large compared with 
\/k, the radius of the Debye-Huckel atmosphere 
about an ion. If the root-mean-square end-to-end 
distance is adopted as a measure of the former
quantity, then it is required that kV ^  <  <  l .6'7

When this condition is met, mobile ion concen­
trations within the domain of the polymer molecule 
may be calculated in the Donnan electroneutrality 
approximation, the more laborious derivation of the 
potential and the electrical free energy being un­
necessary.5 Deformation of the polymer molecule 
is appropriately attributed to the osmotic activi­
ties of the mobile ions, which occur at somewhat 
greater concentration within the polymer domain 
than in the outer solution, in the manner dictated 
by the usual Donnan equations. The average 
mobile ion concentration in each volume element 
may be related to the average concentration of 
charged polymer units in that volume ele­
ment, and the total osmotic effect of the mobile 
ions may be obtained by integration. Thus, the 
effects of the icns on the configuration of the 
polymer chain may be treated in a manner parallel­
ing the previous treatment2'3 of long range intra­
molecular interactions in non-ionic polymer mole­
cules. The following relationship has been estab­
lished5 by this procedure.

(4) T. L. Hill, J. Chem. Phys., 20, 1173 (1952).
(5) P. J. Flory, ibid., 21, 162 (1953).
(6) G. E. Kimball, M. Cutler and H. Samelson, T his Journal, 56, 

57 (1952).
(7) The same conclusion is contained in the earlier work of J. J. 

Hermans and J. Th. G. Overbeek, Rec. trav. chim., 67, 761 (1948), and 
also in the more recent treatment given by F. Osawa, N. Imai and I. 
Kagawa, J. Polymer Sci., 13, 93 (1954), concerning a polyelectrolyte 
molecule distributed uniformly within a sphere.

a5 — a3 = 2(7m̂ i(1 ~
+  2Cri2M 1/ * / S *  +  2 C ' i i z ( z -  -  z+ ) / ( S * y * z 

+  2 C " i i i [z2-  -  (5 /2 ) z+ z -  +  z + * ] / M l/* (S * )aa* +  . . .  (2)

where Cm and i/c are parameters previously de­
fined2’3 for non-electrolyte chains, M  is the molecu­
lar weight, S* the ionic strength of the external 
solution expressed in moles per liter, i is the degree 
of ionization or number of (negative) electronic 
charges8 per unit of the polymer chain, z+ and 2_ 
are the magnitudes of the electronic charge numbers 
for the ions of the added electrolyte, and
Ci = 108(2 -s/22-s)(37r-V2)3[(M/nJ)VVNMu]/Mu 
Ci' = 108(3 -sA2^3)(37r-/2)«[(M A7)!/VNMu]VJfru (3)9
C i"  =  109(4 "5/!2 “ 4)(37r- ‘A)9[(M AVTA/NAiu] 3/ M a

Here r02 is the mean-square unperturbed end-to-end 
length of the polymer chain, Mu is the molecular 
weight of the polymer unit, and N is Avogadro’s 
number.

The first term occurring on the right-hand side of 
equation 2 is due to the interactions between poly­
mer chain elements, apart from coulombic effects; 
it is formally identical with the expression for non­
ionic polymers. The second term represents the 
principal ionic term; under the conditions of our 
experiments the remaining terms appear to be 
comparatively small. Thus, the quantity a6 — a3 
should vary linearly with i2/S*.

The present investigation was undertaken with 
the object of exploring the validity of the foregoing 
equations. Polyacrylic acid fractions of high mo­
lecular weight were chosen, and these were neu­
tralized to varying degrees in aqueous solutions 
containing sodium chloride or other electrolytes at 
various ionic strengths ¿>*.10 The values of a were 
calculated from intrinsic viscosities [77 ] through the 
use of equation 1. It is assumed, therefore, that 
the intrinsic viscosity of the polyelectrolyte mole­
cule is the same function of molecular dimensions as 
for uncharged polymers. This assumption re­
ceives support in the previous work of Oth and 
Doty11 12 in which molecular dimensions of polymeth- 
acrylic acid salts, determined by light scattering 
disymmetry measurements, were compared with 
intrinsic viscosities at various degrees of neutrali­
zation.

Experimental
Poly-(acrylic Acid).—The fractions used in this investiga­

tion were prepared by Newman, et al.,n as described else­
where. Series A fractions, the final step in the prepara­
tion of which involved reprecipitation from dioxane solution 
using benzene, contained in the neighborhood of 5% of 
moisture and solvent. Series B fractions, freeze dried with­
out reprecipriation retained up to 15% of solvent and 
around 2% of moisture. (Series B fractions were used only 
for precipitation temperature determinations.) It w'as

(8) In consideration of the polyacrylate chain employed in this 
investigation, the charges on the polymer „chain are taken to be nega­
tive rather than positive as assumed in the previous paper.5 This 
accounts for the appearance of (z-  — z+ ) instead of (z+ — z - ) in the 
third term on the right.

(9) These relations were previously given5 in error by factors 
1/vi, where Vi is the molar volume of the solvent.

(10) Preliminary results were presented previously by P. J. Flory, 
W . R. Krigbaum and W . B. Shultz, J. Chem. Phys., 21, 164 (1953).

(11) A . Oth and P. M . Doty, T h is  Jo u r n a l , 56, 43 (1952).
(12) S. Newman, W . R. Krigbaum, C. Laugier and P. J. Flory, J. 

Polymer Sci., in press.
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necessary, therefore, to accurately measure the poly- 
(acrylic acid) content of each sample in order to prepare 
solutions of known concentration and at specified degrees of 
neutralization. Preceding the preparation of solutions for 
viscosity or precipitation measurements, each sample was 
titrated with carbonate-free 0.05 M NaOH. Sufficient 
NaCl was added to render the solution approximately 0.1 M 
in salt in order to sharpen the otherwise ill-defined end­
point which is characteristic of a polymeric weak acid. 
Preliminary potentiometric titrations, using the glass elec­
trode and KOH instead of NaOH displayed sharp inflection 
points in the presence of 0.1 M KC1, and the positions of 
these end-points were unchanged in 0.24 M  KC1. There­
after the titrations were carried out as described above 
using phenolphthalein as the indicator.

Molecular weights of the fractions were taken from the 
light scattering results of Newman, et al.,12 or, where they 
were not measured directly, values were estimated by inter­
polation. Precise values are unimportant for the purposes 
of this investigation.

Preparation of Aqueous Solutions.—A solution of the 
highest polymer concentration required for a series of meas­
urements at a given degree of neutralization i and ionic 
strength S* of added salt (usually sodium chloride) was pre­
pared as follows. A weighed quantity of the polymer 
sample, previously titrated for poly-(acrylic acid) content, 
was introduced into a volumetric flask (10 ml. for solutions 
to be used for precipitation measurements, 25 or 50 ml. for 
viscosity determinations). The amount, of the added elec­
trolyte required for the ionic strength S* was weighed into 
the flask, and carbonate-free aqueous sodium hydroxide 
was added in the precise proportion required for the desired 
degree of neutralization. Solution was effected by mild 
shaking under a heat lamp. The solution was then diluted 
to volume at 30° with decarbonated distilled water.13 Par­
tial precipitation sometimes occurred during the operation; 
in such instances complete homogeneity was restored by 
further warming and agitation.

Solutions used in the precipitation determinations (de­
gree of neutralization i = 0.333, sodium chloride at 8* = 
1.245 molar) were reduced to successively lower polymer 
concentrations by adding suitable measured volumes of 
aqueous sodium chloride at the same ionic strength. The 
polymer concentration here is not critical, hence small errors 
in the dilution procedure were of no importance. Precise 
control of the degree of neutralization and, to a somewhat 
lesser extent, of the ionic strength of the salt, was essential, 
however. For convenience, the polymer concentrations 
used in these experiments are expressed in per cent, of poly- 
(acrylic acid) by weight.

In carrying out a series of viscosity measurements at a 
given degree of neutralization i and an ionic strength S* it 
was expedient likewise to prepare solutions of lower concen­
tration from those of higher concentration by successive 
dilution. Avoidance of accumulated error from the suc­
cessive dilutions was highly important here and for this 
reason it was considered desirable to determine the dilution 
(with salt solution of the given S*) by weighing. Some of 
the less viscous solutions (with relative viscosity < 1.5) 
were, however, diluted volumetrically using a pipet, the 
drainage error being small in such cases. Polymer concen­
trations are expressed in g. of poly-(ac,rylic acid) per 100 ml. 
of solution at 30° for all solutions used in the viscosity meas­
urements.

Precipitation Measurements.—The procedure here re­
sembled that described by Shultz and Flory.14 A ruled 
scale was observed visually through the stirred solution 
with illumination transverse to the direction of observa­
tion. The aqueous solution of the one-third neutralized 
polyacid in 1.245 M NaCl was cooled slowly until the lines 
of the scale appeared blurred. The temperature Tp at 
which this first became apparent was taken as the precipita­
tion temperature, which could be defined within ±0 .5° 
(usually ±0 .2°). In order to compensate the decreased 
quantity of polymer in the path of observation at the higher 
dilutions, a larger flask was employed. The precipitation

(13) A temperature of 31.6° was adopted for solutions near the 
9-point, i.e., for i =  0.333 and S* =  1.245 molar, in order to avoid 
incipient precipitation.

(14) A. R. Shultz and P. J. Flory, J. Am. Chem. Soc., 74, 4760
(1952).

was reversible with increasing temperature.15 Minute 
variation in the degree of neutralization probably was the 
major source of error in these measurements.

Precipitation measurements in dioxane were conducted 
in a similar fashion. Owing to inversion of the usual solu­
bility-temperature relationship in this case, the precipita­
tion was observed with gradual warming of the solution.

Solution Viscosities.—Dilute solution viscosities were 
measured in Ubbelohde (No. 1) viscometers (flow time for 
water at 30°, ca. 100 sec.) immersed in a water-bath at 
30.00 ±  0.05°. Kinetic energy corrections were em­
ployed throughout. Freshly prepared solutions were used. 
They were filtered into the viscometer through sintered 
glass frits. After each determination the viscometer was 
flushed at least five times with distilled water before rinsing 
with acetone preparatory to drying. This procedure was 
important inasmuch as acetone is a powerful precipitant 
for the polymer. For the same reason, acetone vapor was 
thoroughly removed before the introduction of the next 
solution. The solvent viscosity used in computing the rela­
tive viscosity of aqueous polymer solutions was taken as 
that observed for the aqueous solution of the salt at the same 
ionic strength S* as that employed in the presence cf poly­
mer.

The influence of rate of shear on the viscosities of various 
polyacrylate solutions was investigated with the aid of the 
low shear capillary viscometer previously described.16 The 
two upper bulbs only were used; these gave rates of shear y 
at the capillary wall (i.e., maximum shear rates) in the 
neighborhood of 250 and 500 sec.-1. Results so obtained in 
conjunction with that for the Ubbelohde viscometer, which 
operated at y ~  2000 sec.-1 permitted evaluation of the 
shear coefficient for a given solution, and from this coeffi­
cient the intrinsic viscosity at y = 0 could be estimated.

Results
Determination of Theta Points.—The system 

water-sodium chloride-poly-(acrylic acid) at fixed 
degree of neutralization may be treated as one of 
three components after the manner described in 
previous publications.17'18 The plait point for such 
a system in the limit of infinite molecular weight 
occupies a role corresponding to the 9-point in a 
system of two components. The plait point 
merges with the solvent-non-solvent axis of the 
triangular phase diagram as M —*■ m, hence the 
plait point in this limit specifies a unique solvent 
composition. Shultz18 designates this the critical 
consolut.e mixture (CCM). The equivalence of 
the CCM to the 9-point for a single solvent follows 
from the fact that the second coefficient in the ex­
pansion of the osmotic pressure in powers of the 
polymer concentration must equal zero when the 
solvent-non-solvent, ratio corresponds tc the 
CCM .1819 In this paper we employ the term 
“ 9-point” in the sense of including the CCM for 
mixed solvents as well.

Instead of locating the CCM for partially neu­
tralized polymer in mixtures of water and salt at a 
given temperature, we have chosen to follow the 
procedure of Mandelkern17 involving location of 
the temperature at which a given solvent mixture 
becomes the CCM for the polymer. We then desig­
nate this temperature as the 9-point. The degree

(15) Some of the samples of fractions A-6 and A-7 yielded solutions 
containing minute amounts of suspended, relatively unswollen mat­
ter, presumed to be undissolved polymer. On the other hand, solu­
tions of composition well removed from the 0-point, such as were used 
for most of the viscosity measurements, gave no evidence of an insoluble 
residue.

(16) W. R. Krigbaum and P. J. Flory, J. Polymer Set., 11, 37 (1953).
(17) L. Mandelkern and P. J. Flory, J. Am. Chem. Soc., 74, 2417 

(1952).
(18) A. R. Shultz and P. J. Flory, ibid., 75 , 5681 (1953).
(19) R. L. Scott, J. Chem. Phys., 17, 268 (1949).
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of neutralization i =  0.333 and the sodium chloride 
concentration S* =  1.245 molar were selected with 
the object of securing a 0-point at a temperature 
in the neighborhood of the 0-point for dioxane, 
namely, about 30° (c/. seq.).

The results of precipitation measurements on 
various poly-(acrylic acid) fractions, one-third neu­
tralized with NaOH and dissolved in 1.245 M  aque­
ous NaCl in each case, are shown in Fig. 1 where 
they are plotted against the polymer concentration 
expressed in per cent, by weight of the polyacid. 
While these curves rapidly approach the ordinate 
axis, they must eventually become asymptotic to it 
(so long as M  is finite). It will be seen that the 
curves do not occur in the order of their molecular 
weights. This irregularity probably is related to 
the difficulty of achieving identical degrees of neu­
tralization with different samples (see Experimen­
tal section).

Fig. 1.—Precipitation temperatures Tp for one-third 
neutralized poly-(acrylic acid) fractions dissolved in 1.245 
M aqueous NaCl plotted against the polymer concentration 
expressed as per cent, by weight of the polyacid. Molec­
ular weights are indicated with each curve.

Precipitation temperatures for a polymer concen­
tration of 0.50 weight per cent., determined by in­
terpolation along the curves of Fig. 1, are repre­
sented by the lower set of data shown in Fig. 2 
where they are plotted against the value of M~1/2

Fig. 2.—The solid points represent precipitation tem­
peratures Tp interpolated from the curves of Fig. 1 for solu­
tions of the one-third neutralized polymer at a concentration 
of 0.5 g. of polyacid per 100 g. of solution. The open circles 
are critical miscibility temperatures T„ for the polyacid in 
dioxane.

for the fraction. Similar plots of the values of Tp 
for higher concentrations would describe lines above 
the one shown. The 0-point corresponds to the 
point of convergence of the intercepts of the family 
of these plots as the concentration becomes zero.17 
The intercept of the line drawn in Fig. 2 is 33° 
which by extrapolation to c =  0 leads to a value of 
32 ±  3° for the 0-point of this system.

Also shown in Fig. 2 are the critical miscibility 
temperatures for poly-(acrylic acid) fractions in 
pure, anhydrous dioxane. The solubility decreases 
with temperature in this system, hence Tp increases 
with decrease in the molecular weight M. A value 
of 30 ±  1 ° for the 0-point of this system is indicated 
by the usual linear extrapolation.

Intrinsic Viscosities at the 0-Points.— Results 
of dilute solution viscosity measurements on fraction 
A-7, having a molecular weight of 768,000, are 
shown in Fig. 3. The open circles represent

Fig. 3.—Viscosity-concentration plots of fraction A-7 in 
the ©-solvents indicated.

rtap/c, the filled circles (In ry)/c. In conformity 
with previous work,2'20 the slopes of these plots are 
unusually large in the vicinity of the 0-point, 
i.e., the Huggins k' exceeds 0.50. The intercept for 
the polyacid in dioxane at 30° gives fo]e =  0.71 ±  
0.02. For the one-third neutralized polyacid in
I. 245 molar aqueous NaCl, [j7]32° =  0.77 ±  0.03. 
Similar measurements made in the same solvent 
mixture at 29° yielded [77]2g° =  0.67 ±  0.02. Re­
calling the uncertainty in the 0-point for this mix­
ture, we conclude that for the poly electrolyte in salt 
solution [77 ]e =  0.77 ±  0.10. Thus, within the 
unfortunately large experimental error, the intrinsic 
viscosities of the polyacid in an organic solvent and of 
the polyacid salt in an aqueous medium are substan­
tially the same. It is worth noting that the uncer­
tainty with which this conclusion must be qualified 
is dwarfed by the viscosities attained by the poly­
electrolyte in more favorable media, i.e., at lower 
concentrations of salt.

In view of the comparatively large uncertainty in 
M e for the polyelectrolyte in aqueous solutions, we 
shall adopt the value found for the polyacid in di­
oxane, namely, 0.71 for fraction A-7, for use in 
treating the results which follow. None of the con­
clusions reached would be altered seriously, how-

(20) P. J. Flory, L. Mandelkern, J. Kinsinger and W . B. Shultz,
J . Am . Chem. S o c 74, 3364 (1952).
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ever, if the value 0.77 indicated by measurements in 
aqueous salt were employed instead.

Intrinsic Viscosities in Aqueous NaCl Solu­
tions.— Solutions of polymer fraction A-7 were in­
vestigated at degrees of neutralization from 1.00 to 
0.10 and over ranges in ionic strength of NaCl from 
the lowest at which reasonably reliable shear cor­
rections could be made up to ionic strengths at 
which molecular expansion owing to the osmotic 
action of the gegenions was largely suppressed. 
Primary measurements were carried out in the No. 
1 Ubbelohde viscometer which operates at a rate 
of shear of about 2000 sec.-1. Corrections for the 
effect of shear rate were introduced in the manner 
to be described in the following section.

Typical viscosity-concentration plots are shown 
in Fig. 4. At degrees of neutralization greater 
than 0.10 extrapolation to c =  0 for the purpose 
of evaluating [7 7] presented no difficulties. The 
slopes of the plots were observed to vary with the 
degree of neutralization and with the ionic strength 
in a somewhat irregular manner. The intercepts, 
given in column two of Table I, are believed to be 
accurate within one per cent, for i =  1.00 and 0.333, 
except at the highest values of [??] where the per­
centage error may be twice as great.

At the lowest degree of neutralization, i = 0.100, 
upward curvature invariably was observed at low 
concentrations, as is illustrated by the two exam­
ples included in Fig. 4. This behavior appears to

Fig. 4.—Typical viscosity-concentration plots for various 
degrees of neutralization and salt concentrations as indi­
cated: open circles, vsp/c; filled circles, (In ijr)/c ; (Ub-
belohde viscometer, shear rate approximately 2000 sec.-1).

be due to enhanced ionization according to the 
process

COOH +  (N a+)* Z^±. COO- +  Na+ +  (H+)* (4)
where *he asterisk designates species located out­
side the domain of the polymer coil. If we neglect 
the restraining influence of the small (c/. seq.) po­
tential difference between the domain of the poly­
mer molecule and the surrounding solution, then

[H+] * =  N[COOH]/[COO-] Si K/i (5)
Assuming that K  ~  10-5 mole/liter, it is apparent 
that if i =  0.10 then process (4) should make an 
appreciable contribution to the degree of ionization 
when the concentration of carboxylate ion in the 
system as a whole falls below about 10-3 molar.

This occurs in the vicinity of c =  0.1 g./100 cc., in 
good agreement with the location observed for the 
onset of the deviation.

The intrinsic viscosities given for i =  0.100 in 
Table I have been obtained by linear extrapolation 
of the points at higher concentration after the man­
ner indicated by the broken lines shown in the two 
lower diagrams of Fig. 4. The estimated error in 
this procedure amounts to about 4%  of the intrin­
sic viscosity.

T a b l e  I
I n t r in sic  V isc o sit ie s  o f  P o l y m e r  F r a c t io n  A -7  in  A q u e­

ous  So d iu m  C h lo r id e  So lu tio n s  a t  30 °

mole/l. Obsd. Corrected a 3 a5 — a 3 i/ a sS*

i  = 1.00
0 .2 5 0 5 .5 1 5 .5 4 7 .8 0 2 2 . 9 0 .5 1

.100 8 .6 5 8 .8 1 2 .4 5 4 . 1 .81

.060 11 .3 1 1 .7 1 6 .5 90 1 .01

.0400 1 4 .8 1 5 .4 2 1 .7 147 1 .15

.0200 1 9 .8 2 1 .5 3 0 .3 269 1 .6 5

i  - 0.333
0 .2 0 0 4 .2 4 4 .2 6 6 .0 0 1 3 .8 0 .2 8

.100 6 .2 6 6 .3 2 8 .9 0 2 9 .3 .37

.0200 13 .9 1 4 .8 2 0 .8 136 .80

.0100 1 9 .0 2 1 .3 3 0 .0 260 1.11

i  = 0.100
0 .0 2 0 0 5 .6 5 .6 7 9 2 2 .7 0 .6 3

.0160 6 .3 5 6 .4 9 .0 30 .69

.0120 7 .8 8 .0 1 1 .2 45 .74

.0100 9 .0 9 .2 1 3 .0 59 .77

.0050 1 2 .2 1 2 .7 1 7 .9 105 1 .1 2

.00250 1 7 .6 1 9 .3 2 7 .2 219 1 .4 5

The Shear Correction.—Viscosities of various 
solutions of completely neutralized and of one- 
third neutralized polymers were measured at the 
low rates of shear 7 attainable in the shear viscome­
ter. Typical results are shown in Fig. 5. The point 
at the highest value of 7 was obtained using the 
Ubbelohde viscometer, and the other two points 
using the upper bulbs of the shear viscometer. The 
effect of rate of shear appeared to be linear, and at 
low concentrations the slope showed no definite 
trend with concentration.

Fig. 5.—Dependence of specific viscosity on maximum 
rate of shear (i.e., shear at capillary wall) for two solu­
tions.

The slopes of such plots, expressed as16’21 <p —
(21) T. G. Fox, Jr., J. C. Fox and P. J. Flory, J. Am. Chem. Soc., 73, 

1901 (1951).
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100 d In 7j8P/d7 , are plotted in Fig. 6 against the 
square of the intrinsic viscosity. While the scatter 
of the points precludes definition of any sort of 
quantitative relationship between the shear coef­
ficient and the intrinsic viscosity, the data are nev­
ertheless sufficiently coherent to provide a basis for 
empirical correction. The points for the one-third 
neutralized polymer indicate a somewhat greater 
effect than do those for complete neutralization. 
Accordingly, separate lines have been drawn. For 
i = 1 .0 0

ip =  0 .78 X  1 0 -5 [>?]2(ii,s 

and for i =  0.333
<p = 1.14 x 10-5 hPobs

The percentage corrections applicable to intrinsic 
viscosities determined with the Ubbelohde viscom­
eter, and recorded in the second column of Table I, 
were obtained by taking the product of <p and y. 
Inasmuch as the observed intrinsic viscosities have 
been deduced by extrapolating empirically to c =  
0, the rate of shear y refers to that for the solvent 
mixture—about 2800 sec.-1. Intrinsic viscosities 
corrected in this manner are given in the third col­
umn of Table I. The influence of rate of shear at 
i =  0.100 was not investigated. Instead, the rela­
tionship for i =  0.333 has been assumed to hold 
sufficiently at the lowest degree of ionization.

Values of a3 were calculated from equation 1 with 
[î?]e =  0.71 for fraction A-7 (see above). The 
quantity a5 — a3 given in the next to the last 
column of Table I is plotted against 1/5* in Fig. 7. 
The relationship appears to be linear within ex­
perimental error at each degree of ionization. This 
is in conformity with equation 2 if Cm 'AiO — 
B/T) may be assumed independent of 5* and if 
terms in higher powers of 1/5* make a negligible 
contribution. In the case of NaCl, z +  =  z_, mak­
ing the term in (1 /5*)2 zero; it may readily be 
shown that the term in (1 /5* )3 should be alto­
gether negligible in comparison with the major 
ionic term (cf. seq.).

The term containing Cm>Ai(1 — B/T), and rep­
resenting the interaction between chain elements in 
the solvent medium, must vary to some extent as 
the solvent medium is changed by increasing the

salt concentration. We should, in fact, expect it to 
decrease with increase in ionic strength owing to 
salting out effects. On the scale of Fig. 7, however, 
the contribution of this term may be presumed to 
be almost negligible, i.e., except at the highest ionic 
strengths, the osmotic effect of the mobile ions 
far outweighs the polymer-polymer interaction. 
It may be significant, however, that the intercepts 
in Fig. 7 appear to decrease slightly with decrease 
in i, indicating decreased solubility of the polymer. 
Thus, at i =  0.333 experiments on the determina­
tion of the 0-point showed that the sum of the terms 
on the right-hand side of equation 2 reduces to zero 
at 5* =  1.245 molar (at about 32°), giving a6 — 
a3 =  0, or a =  1. We may conclude that 1/7(1 — 
B/T) is then somewhat negative. The extent of the 
salting out contribution to the value of this quan­
tity cannot be ascertained from the data, however.

Consideration of the slopes of the plots in Fig. 7 is 
deferred for later discussion.

1/S* (i = l.00and 0.333). 

5 0  100

Fig. 7.—a5 — a3 for fraction A-7 in tho presence o: NaCl 
plotted against 1/S* in accordance with equation 2. Upper 
scale is for i = 1.00 and 0.333, lower scale for i = 0.100.

Experiments with Various Electrolytes.—Owing 
to depletion of fraction A-7, it became necessary to 
conduct these experiments, concerned with salts 
of other valence types, using the fraction A-6 of 
slightly higher molecular weight (ca. 800,000). All 
measurements were made at the degree of neutrali­
zation 0.100 reached by adding NaOH as above. 
In the presence of a salt having a different cation 
(e.g., Ca++), exchange of course will occur. Since 
determination of the intrinsic viscosity involves 
extrapolation of the polymer concentration to zero 
while the added salt concentration remains fixed, the 
concentration of the ions (Na+) introduced in neu­
tralization vanishes in this limit, the environment 
of the polymer chain being dominated completely by 
the ions of the added salt.

Results derived in the manner previously dis­
cussed are summarized in Table II. Values of a3 
were computed from [q]g =  0.75 for fraction A-6. 
The measurements in NaCl yielded values for a3, 
and also for a6 — a3, slightly higher than those for 
A-7 at the same ionic strength (compare Table I). 
The differences are consistent with equation 2 in 
view of the slightly greater molecular weight of 
fraction A-6.
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T a b l e  II
V isc o sitie s  in  t h e  P r e s e n c e  o f  V a r io u s  E l e c t r o l y t e s  

a t  30° (P o l y m e r  A-6 w it h  i = 0.100)

Electrolyte s* Obsd.
Cor­

rected a3 a5 — a 3

NaCl 0.0050 13.2 13.9 18.5 111
.0025 18.6 20.7 27.6 224

Na2SO, .0050 13.4 14.1 18.8 114
.0025 18.2 20.1 26.8 213

CaSO, .0050 5.25 5.3 7.1 19.1
.0025 8.0 8.15 10.9 43

CaCl2 .0050 4.45 4.48 6.0 13.8
.0025 6.8 6.9 9.2 31

CuSOa . 0025 

The results are

0.5 (±0. 

shown
3) 0.5 
graphically in Fig. 8.

Those for Na2S04 coincide: with those for NaCl
within experimental error.22 Thus, at the same 
ionic strength these salts of 1:2 and 1:1 valence 
types are equivalent in their influence on the vis­
cosity, and therefore on the configuration of the 
polymer molecule.

Calcium salts suppress the molecular expansion 
considerably more than do the 1:1 and 1:2 elec­
trolytes (Table II and Fig. 8). Moreover, negative 
intercepts with the ordinate axis are definitely 
indicated, which suggests that the non-ionic inter­
action term assumes a more negative value in 
the presence of calcium ions. Possibly this may be 
attributed to a stronger salting out effect of the di­
valent cation.

Copper sulfate (Table II) was most effective in 
suppressing the viscosity exhibited by the polyacryl­
ate chain. The plot of rjsp/c  against c displayed in 
this case an unprecedented high slope— so great 
that only a rough estimate of [??] was possible. The 
value of h ] is near [rj ]e, or possibly somewhat less. 
This suggests that the system bordered on precipi­
tation. Wall23 has called attention to the impor­
tance of the formation of complexes between cupric 
ions and carboxyl groups of the poly-acrylate 
chains, as evidenced, for example, by the intense 
blue color. If the complexes involve carboxyl 
groups well separated in sequence along the chain, 
or belonging to different molecules if the concen­
tration is sufficiently great, an explanation is at 
hand for both the strong dependence of t]sp/ c on c 
and for the low value of the intercept ( [i?]).

Discussion
The observation that [77 ]© for the partially neu­

tralized polyacid in aqueous salt solution closely 
approximates the value of [77 ]© for the non-ionized 
polyacid in dioxane is perhaps the most significant 
feature of this investigation. While it may be haz­
ardous to generalize in advance of additional similar 
determinations on other polymers and with various 
salts, the result suggests that the chain flexibility is 
nearly independent of the medium and of the pres­
ence or absence of charged substituents on the poly- 
(acrylic acid) chain. We have assumed in arriving 
at this somewhat tentative conclusion that the con­
tribution of the polyelectrolyte molecule to the vis-

(22) In experiments not reported here, sodium acetate was found to 
be equivalent in its effect to NaCl at the same ionic strength.

(23) F. T. Wall, private communication.

Fig. 8.—a5 — a3 for polymer fraction A-6 in solutions 
of various salts plotted against 1/S*. Left-hand ordinate 
scale is for NaCl and Na2SOi solutions; right-hand scale 
for CaSOj and CaCL.

eosity depends on its size by the same relationship 
as holds for non-ionic polymers. While it is possi­
ble that a difference in molecular size at the two 0- 
points might be obscured by a compensating differ­
ence in hydrodynamic behavior of the two molecu­
lar forms, such a possibility seems quite unlikely.24

The slopes of the lines drawn in Figs. 7 and 8 are 
presented in Table III where they are compared

T a b l e  III
C o m p a r iso n  of  O b s e r v e d  a n d  C a l c u l a t e d  S lo p e s  of 

ck5 — a3 aoainst 1/S*
Poly- Slope
mer Obsd./
frac. I Salt Obs. Calcd. calcd.

A-7 1.00 NaCl 5.5 265 0.021
A-7 0.333 NaCl 2.6 29.4 .089
A-6 . 333 NaCl 3.0" 30.0 .100
A-7 .100 NaCl 0.54 2.65 .20
A-6 100 NaCl . 55 3.0 .18
A-6 .100 N a2S04 .55 3.0 18
A-6 .100 CaSCh .120 3.0 .040
A-6 .100 CaCl2 .088 3.0 .029
“ Based on the following intrinsic viscosities b ]COT deter­

mined at iS'* = 0.040, 0.020 and 0.010 molar, respectively, 
11.4, 17.7 and 24.5.

with those calculated from the theoretical equations 
2 and 3, taking (r02/M)'f- = 7.7 X ICC9 cm. (see 
ref. 10), Mu =  72, and M = 7.68 and 8.0 X 106 for 
fractions A-7 and A-6, respectively. The observed 
slopes are much smaller than those calculated, but 
the discrepancy decreases with decrease in i. At 
i =  0.100 and in the presence of the sodium cation 
the discrepancy is about fivefold. Closer approach 
to theory might be expected at still lower degrees 
of ionization, which were not investigated owing to 
complications from ionization of the carboxyl 
groups with dilution. It is to be noted that the di­
rection of the discrepancy is the same as occurs for 
non-ionic polymers. In the latter case, the thermo­
dynamic parameter \f/i calculated from the intrinsic 
viscosity (i.e., from a3) is smaller than can be recon­
ciled with the other measurements by a factor of at

(24) The contribution of the classical electro-viscous effect should 
obviously be unimportant inasmuch as the double layer thickness is 
small compared with the size of the macromolecule in solution.
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least two26 and perhaps by as much as seven26; i.e., 
if values are used for \pi which are acceptable on 
other grounds, calculated values for a5 — a3 
exceed those observed to a degree which resembles 
the residual discrepancy in the ion effect at a low 
degree of ionization.

In treating4“ 7 the osmotic effects of the ions, it 
has been assumed that the charge on the polymer 
chain is distributed continuously over the volume 
occupied by the molecule. If the units of the chain 
were dissected from one another, but distributed 
with radial density in the manner assumed (i.e., 
Gaussian), our model would involve no more serious 
approximation than the replacement of the De- 
bye-Huckel activity coefficient by unity. Since 
the mean ion concentrations involved generally 
are less than 0.1 molar, this would appear to be a 
reasonable first approximation. At higher degrees 
of neutralization, however, consecutive charged 
sites along the chain are considerably closer to one 
another than would be the case if the units were dis­
sected and distributed in the manner mentioned. 
At i =  0.333, for example, the average distance be­
tween consecutive carboxylate ions is only about 8 
A. whereas the radius of theoDebye-Hiickel at­
mosphere is already about 10 A., even at an ionic 
strength of 0.10 molar. At i =  0.10, the former 
average distance may be about 15 to 20 A. The 
electrostatic attraction exerted by the chain on a 
gegenion consequently should be much greater, 
at high degrees of ionization at least, than the 
force between a pair of oppositely charged mono­
valent ions. We suggest, therefore, that the in­
creasing discrepancy between experiment and the­
ory as the degree of ionization increases is due to 
electrostatic “ binding” of gegenions by the rela­
tively large potential in the vicinity of the polymer 
chain. This will be manifested by depression of 
activity coefficients within the polymer domain 
and, consequently, by a diminished osmotic effect. 
Such effects should be greater for the divalent cat­
ion Ca++ than for Na+. The suppression of the 
swelling of the polyelectrolyte molecule in the pres­
ence of Ca++ gegenion compared with its behavior 
in the presence of Na+ probably can be accounted 
for on this basis alone. It seems unnecessary to 
postulate formation of complex or cross-linkages by 
Ca++ ion as proposed by Wall and Drenan27 to ac­
count for the precipitation of polyacrylate chains 
in the presence of salts of alkaline earths.

There is unfortunately no suitable theory of the 
activity of ions in the neighborhood of an electri­
cally charged polymer chain.28 It is possible to 
show, however, that for a symmetrical added elec­
trolyte the factor y2/y *  should be included in the 
first ionic term in equation 2; y and y* are the 
mean ion activity coefficients inside and outside 
the polymer, respectively. The constancy of slope

(25) W. R. Krigbaum and P. J. Flory, J. Am. Chem. Soc., 75, 5254
(1953); W . R. Krigbaum, ibid., in press.

(26) A. R. Shultz and P. J. Flory, ibid., 75, 3888 (1953).
(27) F. T. Wall and J. W. Drenan, J. Polymer Sci., 7, 83 (1951).
(28) R. M. Fuoss, A. Katchalsky and S. Lifson, Proc. Natl. Acad. 

Sci. U. S., 37, 579 (1951), and T. Alfrey, P. W. Berg and H. Mora- 
wetz, J. Polymer Sci., 7, 543 (1951), have treated the case of a solution 
of parallel charged rods, infinite in length, and surrounded by gegenions 
only. Their treatment is inapplicable to solutions containing an ad­
ditional electrolyte.

implies that this activity coefficient factor y2/y* 
is insensitive to the value of S*, although it de­
creases considerably with increase in i. The ex­
pected decrease in y2 with the increase in internal 
ion concentration as S* increases may be moderated 
by the increased shielding of the high charge on the 
polymer chain. The problem obviously is in need 
of further theoretical study.

Throughout our experiments the mean concen­
tration of fixed charge sites within the domain of 
the polymer molecule was small compared with the 
concentration of added electrolyte. The mean con­
centration ¿2 of polymer units within the domain of 
the polymer can be specified for the purposes of 
the present discussion in terms of an equivalent 
sphere, whose radius (Re may be taken29 equal to
( i /2)(72)'/. =  (a/2 )(r7 )'A. With (r7)‘A =  6.8
X 10 6 cm. for the fraction A-7 (ref. 10), we 
obtain c2 =  0.11/a3 moles per liter. Hence, the 
ratio of the mean concentration of charge sites to 
the external ionic strength is estimated in this 
manner to be

ici/S* =  0.1 lO’/cAS)* (6)

Values of the quantity in parentheses, given in the 
last column of Table I, yield ratios in the range 
from 0.03 to 0.18 under the conditions of the vari­
ous experiments in which NaCl was used. Allow­
ance for the depressed ion activities within the 
molecule, as explained above, would lead to lower 
values for the ratio of charge sites to external ionic 
strength (i.e., the effective value of i is lower than 
the actual, especially for larger i ) .

Consideration of the Donnan equilibrium rela­
tion shows at once that the ratio of the mean Na+ 
ion concentration within the polymer domain to 
that outside ranged from 1.015 to 1.09 in our ex­
periments. The corresponding maximum Donnan 
potential \p is only about 2 mv. If we accept as a 
model the equivalent sphere of uniform density 
used above for calculating c2, and consider further 
that it is a conducting one whose net charge will 
therefore be concentrated at its surface, the net 
charge q = D\p(Re corresponding to this potential 
would amount to about ten electronic charges; 
i.e., the net charge would correspond at most to less 
than 1% of the charge sites. Smaller estimates of 
the Donnan potential and of the net charge would 
result if account were taken of the activity coefficient.

While equation 2 has been derived3 5 for a contin­
uously varying distribution of polymer density, 
without resorting to the uniform sphere model 
temporarily adopted above, its convergence depends 
also on the ratio i/a3S*. The factor (z_ — z+) in 
the second ionic term of equation 2 is zero for NaCl 
and unity for Na2S04; the corresponding valence 
factor in the third ionic term is zero for Na2S04 and 
— 'A  for NaCl. (The mere fact that results 
for Na2S04 are superimpossible on those for 
NaCl indicates, therefore, that contributions of 
higher ionic terms are negligible). Considering the 
case of Na2S04, the ratio of the second to the first 
ionic term according to equations 2 and 3 should be
P21 = (2/tt)Vi X 3'A X lO W /AD -’A

( N A f u ) - ' ( i / M ' / , S * a 3)  ( 7 )

(29) P. J. Flory, J. Chem. Phys., 17, 303 (1949).
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substituting (ro2/M ) '/! =  7.7 X 10~9 cm. (see 
ref. 10), Mu =  72, and M  =  8.0 X 10®, we obtain 
for fraction A-6

p ., =  0 .0 5 0 ( i7 < S * a 3) ( 7 ' )

Introduction of the actual values for i/S*a3 leads 
to the conclusion that the second ionic term 
should be quite negligible throughout our experi­
ments. Allowing for the depressed internal ac­
tivities, it should be even smaller than this calcula­
tion indicates. The third ionic term (for NaCl) is 
of course altogether insignificant.

With further decrease in ionic strength the 
quantity i/a3S*, and therefore the concentration 
ratio ic2/S* also, may be increased appreciably 
beyond the values prevailing in our experiments. 
By extrapolation of observed relationships we may 
arrive at an estimate of the range over which the 
present treatment may be expected to hold. When 
as is large, the first term (non-ionic) in equation 2 
is negligible and a6 >  >  a3, hence

„5 s b /s* +  . . . .  (8)

where B is chosen to represent the observed slope 
in Fig. 7 as recorded in Table III. Neglecting 
higher terms in the series and employing this rela­
tion to eliminate a3, we have

i/a3S* ( 9 )

from which the ratio of interest is seen to vary 
with an inverse small power of the ionic strength. 
From a physical point of view, the molecule re­
sponds to a decrease in external ionic strength by 
expanding, thereby reducing its internal average 
concentration ic2 of charge sites. The change in the 
ratio of single ion concentrations inside and outside 
the domain is thus greatly reduced, as is also the 
associated Donnan potential and net charge. In 
other words, over a wide range in S*, the randomly 
coiled polymer molecule alters its configuration in 
such a manner as to avoid a large mobile ion con­
centration ratio between the domain and the sur­
roundings.

To pursue the matter further, consider the case 
of one-third neutralization. Upon inserting the 
experimental value for B— about 2.8, see Table III 
—in equation 8, consistency demands use of the ef­
fective value for i. The results indicate a correc­
tion factor of the order of 1/3, hence we may take 
i =  0.10, giving

(i/a*S*)e ffective =  0 .0 5 5 (< S * ) - ! / i

At an ionic strength of 10~6 molar this ratio becomes
5.5, and higher ionic terms (see equation 7') should 
begin to assume importance; the series still con­
verges fairly rapidly, however. The mean inter­
nal concentration of charged sites on the poly­
mer is then about one-half the external ionic 
strength, and the ratio of the single ion activities is 
in the neighborhood of 1.3. The net charge re­
mains a small fraction of the total charged sites on 
the chain, therefore.

Under these same conditions we calculate from 
equation 8 that a =  12. The unperturbed end-to-

end distance, (r02)1/2 =  675 A., for polymer frac­
tion A-7 is about 2.5% of its fully extended length, 
imax =  2.7 X 104 A. Hence, the estimated ratio 
(r2) ' / * / w  for i =  0.33 and S* =  10~s is ca. 0.30. 
With further expansion we may expect incipient 
failure of the spherically symmetric model, bo'h in 
regard to the treatment of intramolecular interac­
tions (equation 2) and the hydrodynamic behav­
ior30 (equation 1). Thus, it appears that devia­
tion from average spherical symmetry assumed in 
deriving equation 2, rather than convergence of 
the series or failure of the Donnan approximation 
(which is tantamount to occurrence of an appreci­
able net charge), sets a theoretical limit on the ap­
plication of this relation to polyelectrolyte mole­
cules.

At i — 0.33 and S* =  10~5 molar the estimated 
a3 is ca. 1.8 X  103, corresponding to an intrinsic 
viscosity of 1.3 X 103 deciliters/g.! An intrinsic 
viscosity of this magnitude probably never has 
been measured for any polymer. The rate of shear 
correction doubtless would pose a serious obstacle 
to quantitative determination by any presently 
known method— an obstacle more formidable than 
limitations of the theory as discussed above.

The polyelectrolyte molecule at infinite dilution 
in the absence of added electrolytes has been the 
subject of much discussion.31 Under this circum­
stance the molecule is considered to be fully ex­
tended and bereft of gegenions. Presuming the 
solvent to be water, these considerations are open 
to serious objections inasmuch as the minimum 
ionic strength is then 10-7 molar. Extending the 
foregoing estimates to this limit, we may expect 
significant deviation from Gaussian chain statis­
tics, but by no means full extension of the chain. 
Moreover, retention of ions of opposite charge may 
still be expected to dominate the scene, although 
these ions will (at infinite dilution) consist of one or 
the other of the ions formed by dissociation of the 
solvent; i.e., hydrolysis will occur with the forma­
tion of the poly acid or base, which, if it is a strong 
acid or base, may yet be highly ionized. The highly 
charged polyelectrolyte molecule without the pre­
ponderance of its complement of gegenions nearby, 
i.e., within a distance small compared with the 
molecular dimension if the chain length is reason­
ably great, is experimentally unrealizable— in wa­
ter at any rate.

It follows also that at very low ionic strengths, or 
in the total absence of added electrolyte, the poly­
electrolyte configuration may be profoundly affected 
by mere traces of ions, and in particular by poly­
valent ions of opposite charge. Recent results32’33 
indicating a decrease in the reduced viscosities 
77sP/e  of polylelectrolytes with dilution in the ab­
sence of salt should be examined critically from the 
point of view of this possibility.

(30) S. Newman and P. J. Flory, J. Polymer S e x ., 10, 121 (1953).
(31) See, for example, S. Lifson and A. Katchalsky, ibid., 13, 43

(1954).
(32) J. A. V. Butler and B. E. Conway, Nature, 172, 153 (1953); 

J. Polymer Sci., 11, 277 (1953).
(33) H. Eisenberg and J. Poyuet, ibid., 13, 85 (1954).
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It is suggested that in a series of similar bonds the bond energy is proportional to the reciprocal of the equilibrium inter­
atomic distance (the bond length). This relation is supported by experimental values for some sequences, such as 0 2, S2, 
Se2, Te2. Application of the relation to other sequences is shown to support the values 170 kcal./mole for the heat of dis­
sociation of N2 and 139 kcal./mole for the heat of sublimation of carbon. The dependence of bond energy on other factors, 
including character of bond orbitals, energy of resonance of bonds among alternative positions, and repulsion of unshared 
electron pairs on the bonded atoms, is discussed.

No generally applicable empirical system of bond 
energies has been formulated. The difference of 
the energy of a single bond between unlike atoms, 
A-B, and the average of the single bonds between 
the corresponding like atoms, V2(A-A +  B-B), can 
be calculated approximately from the difference in 
electronegativities of the atoms.1 The magnitude 
of the energy of a single bond depends upon the 
hybrid character of the bond orbitals, and it has 
been suggested that it is approximately propor­
tional to the product of the bond strengths S of the 
orbitals, where S represents the concentration of 
the orbital in the bond direction, as determined by 
the angular wave functions.2

Let us tabulate the factors that might be expected 
to be important in determining bond energies.

1. The type of bond as determined by the num­
ber of electrons involved—whether it is a single 
bond, a double bond, a triple bond, a one-electron 
bond, a three-electron bond, etc.

2. The atomic reference state—bond-energy 
values should in general be referred to the valence 
states of atoms, rather than to their normal states.

3. The angular part of the bond orbitals; the 
bond energy may be approximately proportional to 
the product of the bond strengths S, as mentioned 
above.

Fig. 1.—Bond energies for 0 2, S2, Se2 and Te2, plotted 
against the reciprocal of bond length. The open circles are 
bond energies referred to the normal states of the atoms, and 
the solid circles are bond energies referred to the valence 
states.

(1) L. Pauling, J. Am. Chem. Soc., 54, 3570 (1032),
(8) L, Paulin», ibid,, 53, 1367 (1931).

4. The radial part of the bond orbitals: the 
bond energy might be expected to vary both with 
the total quantum number and with the equilib­
rium internuclear distance.

5. The repulsion of unshared electron pairs on 
the bonded atoms.

6. The energy of resonance of bonds among al­
ternative positions in the molecule or crystal.

Bond Energy and Bond Length
We shall discuss first the dependence of bond en­

ergy on equilibrium internuclear distance and 
total quantum number.

The potential-energy terms in the Hamiltonian 
function are coulombie, and hence inversely propor­
tional to distance, and it might hence be expected 
that the bond energy for a sequence of molecules 
with constant bond type would be inversely propor­
tional to the equilibrium internuclear distance.

The molecules 0 2, S2, Se2, and Te2 constitute a 
sequence in which the bond type may be expected 
to be constant. The normal molecular state is 
3Z, involving eight bonding electrons, which may 
be described as forming a single a bond plus two 
three-electron it bonds. Values of the bond energy 
D0 are given by the points close to the lower line in 
Fig. 1, plotted against the reciprocal of the equilib­
rium internuclear distance L. All values of bond 
energies are enthalpies of dissociation as given in 
the Bureau of Standards Circular3 unless otherwise 
stated. For 0 2, S2, Se2, and Te2 the values of D0 and 
L are those shown in Table I. It is seen that the 
points lie close to a straight line passing through 
the origin.

T a b l e  I
E n e r g y  a n d  B o n d - le n g t h  V a l u e s  fo r  0 2 a n d  R e l a t e d  

M o le c u le s

Do = dissociation energy to normal states of atoms, in 
kcal./mole. E = dissociation energy to valence states, in 
kcal./mole.

Da E L, A. kcal./mole
o2 118.3 152.9 1.208 O 17.3
s2 76.6 96.8 1.89 S 10.1
Se2 62.9 83.7 2.16 Se 10.4
Te2 54.2 77.2 2.59 Te 11.5

It is preferable to refer the bond energies to the 
valence states of the atoms. The valence state of 
oxygen has been evaluated as 17.3 ±  1.2 keal./ 
mole.4 This value is 38.3% of the separation of

(3) ‘ Selected Values of Chemical Thermodynamic Properties," 
Circular of the Bureau of Standards 500, U. S. Government Printing 
Office, 1952.

(4) L. Pauling, Proc. Natl. Acad. S c i 86, 229 (1949),
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the normal state, ls22s22p4 EP, of the oxygen atom, 
and the first excited state, ls22s22p4 'D. Values 
of the valence-state energy of sulfur, selenium, and 
tellurium may be estimated by the assumption that 
the same relation exists with 'D  — 3P. These 
values are given in Table I, as well as the values of 
the bond energy E referrec to the valence state. 
The latter values are plotted in Fig. 1 as the points 
close to the upper line. It is seen that for these 
values also, except for Te2, there is good proportion­
ality to the reciprocal of ~Jhe bond length. We 
assume from this result and the results of similar 
considerations with other sequences that in general 
the dependence of bond energy on bond length is 
an inverse proportionality in case that other factors 
remain constant.

Bond Energies for Nitrogen and Phosphorus
Values of bond energies and bond lengths for 

No, P2, As2, Sb2, and Bi2 are given in Table II. For 
both N2 and P2 there has been uncertainty about 
the bond energy, and two values are given in the 
table for each of these molecules. The valence-state 
energy of nitrogen has been evaluated as 42.4 kcal./ 
mole.6 This value is 77.5% of the separation offthe 
normal spectroscopic state ls22s22p3 4S and the 
first excited state ls22s22p3 2D, and values for the 
valence-state energies of phosphorus, arsenic, an­
timony, and bismuth as calculated by the assump­
tion of the same relation are given in Table II.

T a b l e  II
E n e r g y  a n d  B o n d - l e n g t h  V a l u e s  fo r  N2 a n d  R e l a t e d

M o l e c u l e s

Valence-state energy,
Do E L, A. kcal./mole

n 2 170 255 1.094 N 42.4
225 310

p2 95.0 150 1.89 P 27.5
116.5 171

As2 91.7 146.1 2.08 As 27.2
Sb2 69.6 123.8 2.48 Sb 27.1
Bi2 40.0 124 2 .6 8 Bi 42

It is seen in Fig. 2 that the low bond-energy val­
ues for P2 and N2 lie near a straight line through the 
origin and the values of As2 and Sb2, when plotted 
against the reciprocals of the bond lengths. The cir­
cles near the lower line show the bond energies re­
ferred to the normal state, and those near the upper 
line the bond energies referred to the valence state. 
The squares in Fig. 2 represent the high proposed 
values for P2 and N2, referred to the normal state 
of the atoms; they lie about 25% above the values 
predicted on the assumption of proportionality to 
the reciprocal of the bond length.

It is interesting that the slope of the line repre­
senting bond energy relative to the valence state 
is 279 kcal. A/mole in Fig. 2, and 185 kcal. A/mole 
in Fig. 1, the ratio being 3/1.99. Inasmuch as the 
bond in N2 and related molecules is a triple bond, 
and that in 0 2 and related molecules, which may be 
described as a single bond plus two three-electron 
bonds, is a kind of double bond, the approximation 
of this ratio to 3/2 is satisfying.

(5) L. Pauling and W. F, Sheehan, Jr., Prec, N a tl. Acad, Sat,, 33,
359 (1949).

Fig. 2.—Bond energies for N2, P2, As2, Sb2 and Bi2, 
plotted against the reciprocal of bond length. The open 
circles are bond energies referred to the normal states of 
the atoms, and the solid circles are bond energies referred 
to the valence states. The squares represent the higher of 
alternative values proposed for N2 and P2, referred to the 
normal states of the atoms.

Tetrahedral Bonds in Diamond and Related Crys­
tals

In the discussion of carbon and its congeners with 
the diamond structure, silicon, germanium, and 
gray tin, it is necessary to refer the bond energies 
to the valence states of the atoms, which lie far 
above the normal states in energy. The valence 
state of carbon has been discussed in detail by Van 
Vleck6 and Voge.7 Van Vleck showed that the 
wave function for a quadrivalent carbon atom with 
tetrahedral symmetry can be formulated by hy­
bridization of seven states of the carbon atom, the 
states 3P and T) based upon the configuration 
ls22s22p2, the states 6S, 3D, and 4D based upon ls2- 
2s2p3, and the states 3P and *D based upon ls22p4. 
The ideal quadrivalent structure lies 161 kcal./ 
mole above the normal state of the atom. Voge 
found that in methane the carbon atom is repre­
sented as a hybrid of this ideal quadrivalent struc­
ture and the bivalent structure, with the zero-valent 
structure also making a small contribution. The 
effective valence-state energy is calculated to be 
about 100 kcal/mole; that is, it is close to the pro­
motion energy to the spectroscopic state ls22s2- 
2p3 5S, which lies 96.0 kcal./mole above the normal 
state. The quadrivalent carbon atom is not purely 
quadrivalent in the quantum-mechanical sense; 
instead, if we accept Voge’s calculations, it involves 
resonance between the structure with four bending 
electrons, which contributes about 63%, and the six 
structures with two bonding electrons and an un­
shared electron pair in the L shell, which together 
contribute most of the remaining 37%. In the fol­
lowing discussion we shall refer to an atom with a

(6) J. H. Van Vleck, J. Chem. Phys., 1, 177 (1933); 1, 219 (1933); 
3, 20 (1934).

(7) H. H. Voge, *6«., 4, 681 (1936); 1C, 984 (1948).



664 L i n u s  P a u l i n g Vol. 58

hybrid valence state such as that described by Voge 
for carbon in methane as a quadrivalent atom, and 
shall assume that the valence-state energy of qua­
drivalent carbon is 96.0 kcal./mole, the promotion 
energy to the 5S state.

Values of the enthalpy of sublimation, the equilib­
rium internuclear distance, the valence-state en­
ergy, and the bond energy referred to the valence 
state are given for carbon and its congeners in Ta­
ble III. The spectroscopic states 6S have not been 
observed for silicon, germanium, and tin; the values 
of the valence-state energy given in the table have 
been calculated from the value 96.0 kcal./mole for 
carbon by the assumption of proportionality to the 
first ionization potentials of the atoms.

T a b l e  I I I

E n e r g y  a n d  B o n d - l e n g t h  V a l u e s  f o r  C, Si, Ge a n d  Sn
S =  heat of sublimation to normal states of atoms, in 

kcal./mole. E =  single-bond energy referred to valence 
states, in kcal./mole.

S E L, k .

Valence-state
energy,

kcal./mole

c 139 117.5 1.544 96.0

Si
170
88.0

133
78.7 2.346 69.4

Ge 78.4 72.8 2.445 67.2
Sn 71 67 2.80 62.5

In Fig. 3 values of the bond energy referred to the 
valence state are plotted against the reciprocal of 
the bond lengths. It is seen that a straight line 
through the origin with slope 182 kcal. A/mole 
passes very close to the points for tin, germanium, 
and silicon, and the lower of the two points for car­
bon. This point corresponds to the value 139 
kcal./mole for the heat of sublimation of carbon, 
and the upper point, represented in Fig. 3 by a 
square, to the value 170 kcal./mole. The question 
of the choice between these two values has not yet 
been finally settled, and the foregoing argument 
provides additional support for the low value.

Fig. 3.—Bond energies for crystalline C, Si, Ge, and Sn, 
referred to the valence states of the atoms. The square 
corresponds to the higher of the two proposed values for the 
heat of sublimation of carbon.

The Alkali and Alkaline Earth Metals
The alkali metals form gaseous molecules Li2, 

Na2, K 2, Rb2, and Cs2, with dissociation energies Do

as given in Table IV. The bonds involved hybrid 
orbitals with a large amount of s character and a 
small amount of p character. Evaluation of the 
amounts of p character and of the bond energies 
for pure s bonds has been reported in an earlier 
paper.8 If it is assumed that the bond-forming 
power of an orbital is proportional to its concen­
tration in the bond direction, as measured by the 
angular dependence of the wave function, and that 
the bond energy between like atoms is proportional 
to the square of this bond strength S, the bond en­
ergy for pure s bonds and the amount of p character 
of the bond orbitals can be evaluated by solution of 
a secular equation, with use of the s-p promotion 
energy. The dissociation energies of the molecules 
vary from 26.8 kcal./mole for Li2 to 10.4 kcal./mole 
for Cs2, and the calculated bond energies for pure s 
bonds, E, from 15.6 kcal./mole to 7.4 kcal./mole, as 
given in Table IV. The amount of p character is 
significantly larger for Li2, 14.0%, than for the other 
four, 5.0 to 6.8%.

T a b l e  IV

E n e r g y  a n d  B o n d - l e n g t h  V a l u e s  fo r  M o l e c u l e s  of  
A l k a l i  M e t a l s

Do — dissociation energy to normal states of atoms, in 
kcal./mole. E = calculated bond energy for pure s bonds,
in kcal./mole.

Do E L, k .
p-character,

%
hi2 26.8 15.6 2.67 14
Na2 17.9 12.2 3.08 6 8
k 2 11.8 8.4 3.92 5 5
Rbj 11.2 8.0 4.19 5 0
Cs2 10.4 7.4 4.57 5.5

Values of the s-bond energy for the five molecules 
are shown in the lower part of Fig. 4 as a function 
of the reciprocal of the bond lengths. There is an
approximate linear relationship. The slope of the 
straight line shown, passing through the point for 
Na2, is 38 kcal. A/mole. If the proportionality of

0 o.l 0.2 0.3 0.4

'/L.
Fig. 4.—The points in the lower part of the figure repre­

sent the values of pure s-bond energy of Li2, Na2, K», Rb2, 
and Cs2, calculated from the dissociation energies of the 
molecules by correcting for p character of the bond orbitals. 
The circles near the upper line represent the energy of 
resonating s bonds in the alkali metals and alkaline earth 
metals, obtained by correcting for the p character of the 
bond orbitals.

(8) L. Pauling, Proc. Roy. Soc. (London), A196, 343 (1949).
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bond energy to the square of the bond strength, S2, 
were valid, a slope 45.5 would be predicted for 
bonds between s orbitals from the value 182 for the 
sp3 bonds in diamond. The line corresponding to 
this predicted slope is the dashed line in the figure. 
We conclude that there is rough substantiation of 
the proportionality between bond energy and S2.

The results of similar calculations for the crystal­
line alkali metals and alkaline earth metals are 
given in Table V, taken from the earlier paper.8 
Values of the bond energy E for resonating s bonds 
are plotted in Fig. 4 against the reciprocal of the 
internuclear distance in the metals. It is seen that 
a straight line through the origin and the point for 
beryllium passes close to the points for all five of the 
alkali metals. The values for magnesium, calcium, 
strontium, and barium lie about 5 kcal./mole above 
this line. It seems not unlikely that the bonds in 
these metals have also a significant amount of d 
character, and that if the correction for d character 
were to be made the calculated values of the s- 
bond energy would lie near the line for the other 
metals.

T a b l e  V
C a l c u l a te d  s-B ond  E n e r g y  an d  B ond - le n g th  V a lu e s  

f o r  A l k a l i an d  A l k a l in e  E a r t h  M e ta ls
12J ,

kcal./mole L, A.
■C.,

kcal./mole L,  A.
Li 32.0 3.04 B e 43 2.25
N a 25.3 3.72 M g 34.5 3.20
K 19.5 4.62 C a 30.0 3.94
Rb 18.7 4.87 Sr 28.6 4.30
C s 18.1 5.24 B a 27.3 4.34

The slope of the line for resonating s bonds is 97 
kcal. A/mole. We conclude, in agreement with the 
earlier discussion,8 that the energy of a resonating 
bond in the alkali and alkaline earth metals is some­
what more than twice the energy of a non-resonat­
ing bond.

The Transition Metals
Some information about the valence of the transi­

tion metals may be obtained by consideration of the 
bond energies. There has been argument, for ex­
ample, about whether the copper atom in copper 
metal should be assigned the valence 1, or a higher 
value. The normal state of the copper atom is 
3dl04s 2S, and if the element were univalent in the 
metal the bonds formed would be essentially s 
bonds. The heat of sublimation of copper is 81.5 
kcal./mole, which corresponds to a bond energy, if 
the atoms are univalent, of 163 kcal./mole. Multi­
plying by the bond length, 2.551 A., we obtain the 
value 416 kcal. A/mole for the EL product. This 
value is over four times the expected value, 97 kcal. 
A/mole, given above for a resonating s bond. We 
accordingly conclude that the assumption of unival­
ence of copper in the metal is incorrect.

In the resonating valence-bond theory of metals8 
copper is assigned the valence 5.5, which corre­
sponds to the configuration S d^ IM p2-26. The 
promotion energy of the copper atom to the state 
3d94s4p 4P is 113.0 kcal./mole. If the assumption 
is made that the same promotion energy is needed 
to raise additional electrons from the 3d level to the 
4p level, the valence-state energy for the 5.5-valent

state is 246 kcal./mole, and the energy per bond is 
119 kcal./mole. This leads to the value 304 kcal. 
A/mole for the EL product, which, for resonating 
dsp bonds, is not unreasonable in comparison with 
the value 182 kcal. A/mole for non-resonating sp3 
bonds. We conclude that the proposed metallic 
valence 5.5 for copper is compatible with the energy 
of the crystal.

Similar bond-energy values are found also for 
other transition metals for which spectroscopic val­
ues of promotion energies are at hand. Scandium, 
for example, has heat of sublimation 93 kcal./mole 
and promotion energy, from the normal state 3d- 
4s2 2D to the trivalent state 3d4s4p 4S, 45.0 kcal./ 
mole. These values correspond to the bond energy 
92 kcal./mole, and, with bond length 3.21 A., to the 
value 295 kcal./mole for the EL product.

The Bond Strengths of Hybrid Orbitals
The suggestion was made in 1931 that the quan­

tity S, proportional to the value of the angular part 
of the wave function of a bond orbital along the 
axis of the bond, may be taken as a measure of the 
bond-forming power of the orbital, and that 
the energy of a bond is roughly proportional to the 
products of the strengths S of the two orbitals in­
volved in the bond. This argument leads to the 
conclusion that tetrahedral sps bond orbitals 
should form bonds four times as strong as those 
formed by s orbitals, and that the best dsp hybrid 
bond orbitals should form bonds nine times as 
strong as those formed by s orbitals. It has been 
shown in the preceding paragraphs that the ratio of 
bond energies of sp3 bonds and s bonds is approxi­
mately four, in agreement with the simple argument 
based upon the bond strength S.

However, as has been pointed out by Craig, et al., 
from consideration of overlap integrals,9 hybrid 
bond orbitals with some d character seem not to 
form such strong bonds as is predicted for them by 
the simple function S. For example, the spd reso­
nating bonds in scandium have been calculated 
above to have the function EL =  295 kcal. A/mole. 
This is approximately equal to the value 301 kcal. 
A/mole found for aluminum, with heat of sublima­
tion 75.0 kcal./mole, promotion energy to 3s3p2 4P 
= 82.8 kcal./mole, and bond length 2.858 A. The 
increase of the value over the value 182 for non-res­
onating sp3 bonds may be attributed largely to the 
resonance energy of the bonds among the twelve 
alternative positions in the closest packed crystals, 
and the conclusion may be drawn that the dsp hy­
brid bond orbitals in scandium have not much 
greater bond-forming power than the sp2 bond orbi­
tals in aluminum, after correction is made for the 
bond length.

The energy of a bond is determined by the prod­
uct of the two orbitals throughout the region be­
tween the two atomic nuclei, and not just along 
the internuclear axis. The bond strengths S =  1, 
1.73, and 2.24 calculated for s, p, and d orbitals 
along the axis maximize the differences in the values 
of the orbitals. It might be estimated that the re­
gion of significance for the overlapping of the bond 
orbitals extends as far as 45° from the bond di-

(9) D . P. Craig, A. Maccoll, R . S* Nyholm, L. E, Orgel and L. E. 
Sutton, J. Chem. ¿3oc., 332 (1954)»
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rection, and that an average region is at 30°. The 
relative magnitudes of s, p, and d orbitals in the di­
rection 30° from the bond axis are 1:1.50:1.40; 
that is, because of the rapid decrease in its value 
with increasing angle from the bond direction the 
d orbital becomes smaller than the p orbital at 30° 
from the bond axis, and it might well be that the 
bond-forming power of a d orbital is less than that 
of a p orbital. Use of the value of the bond orbital 
in a direction 30° from the bond axis to calculate 
the bond strength S of the orbital does not make 
much change in the calculations involving only s 
and p orbitals; for example, the bond strength of a 
tetrahedral sp3 orbital is calculated to be 1.80 in 
this way, rather than 2.00; but it makes a large 
change in calculations involving d orbitals.

The Repulsion of Unshared Electron Pairs
It has been pointed out by Pitzer10 that bonds

(10) K . S. Pitzer, J. Am . Chem. Soc., 70, 2140 (1948).

between light atoms are seriously affected by the 
repulsion of unshared pairs of electrons on the adja­
cent atoms, and that this repulsion is much greater 
for atoms of the first row in the periodic table chan 
for heavier atoms. The effect of this repulsion is 
clearly evident in the values of EL for the halogen 
molecules. These values, calculated with the en­
thalpies of dissociation 38, 57.8, 46.1, and 36.2 kcal. 
mole for F2, Cl2, Br2, and I2, respectively, and the 
bond lengths 1.48, 1.989, 2.284, and 2.667 A., are 
56, 115, 105, and 97 kcal. A/mole. The predicted 
value of EL for p bonds is 136, which is 3/ i  times the 
value 182 for sp3 bonds.

The example of the halogens, in which the bond 
energy is greatly affected by repulsion of unshared 
electron pairs, shows that care must be taken in 
the application of the rule of the constancy of 
the product EL to a set of molecules which might 
be assumed to contain bonds of the same type.

THE VAPOR PRESSURES OF d- AND ¿¿-DIMETHYL TARTRATE1
By T homas I. Crowell and George L. Jones, Jr .

Cobb Chemical Laboratory, University of Virginia, Charlottesville, Virginia  
Received March 10, 195A

The vapor pressure curves of d - and ¿¿-dimethyl tartrate, obtained by the effusion method in the temperature range 30- 
92°, were found to coincide at the melting point of di-dimethyl tartrate, indicating that no racemic compound exists in the 
liquid state. Molar heats of vaporization, sublimation and fusion were calculated from the vapor pressures.

The possibility of the existence of racemic com­
pounds in the liquid state or in solution has led to a 
variety of physical measurements. Vapor pressure 
data are lacking; however, if compound formation 
occurs in a liquid mixture of enantiomers, it should 
be detectable by vapor pressure measurements 
near the melting point. In this paper, the vapor 
pressure of d-dimethyl tartrate, m.p. 48°, is com­
pared with that of the racemic compound dZ-di- 
methyl tartrate, m.p. 89°.

Experimental
Materials.— ¿-D im eth yl tartrate  was prepared b y  reflux­

ing one p art com m ercial tartaric  acid w ith  tw o parts m eth­
anol for seven hours as in  the preparation of the diethyl 
ester.2 T h e solvent w as rap id ly  distilled off, an  am ount of 
fresh solvent equal to  the original am ount added, and the 
solution refluxed further for seven hours. A fter the solvent 
was again rem oved, the viscous liquid was vacuum -distilled 
a t  abou t 5 m m ., the 130-150° fraction  being retained. T he 
v ery  hygroscopic ester w as recrystallized from  absolute 
ethanol and dried in a  vacuum  oven a t 60°; m .p . 48°; 
assay (neutral equivalent) 100.0 ±  0 .1 % . T h e allotropes 
m elting a t 50 and 6 1.5 °  were n ot encountered in this w ork.

dZ-Tartaric acid was prepared b y  racem ization of comm er­
cial d-tartaric a cid .3 T h e purified dZ-tartaric acid (one 
p art) w as refluxed w ith  m ethanol (10 parts) and a  little  hydro­
chloric acid , for eight hours.4 T h e ester was purified as de­
scribed above; m .p . 89°; assay 100.0 ±  0 .1 % ; [<*]%> 0.00°.

Procedure.— V apor pressure w as measured b y  effusion 
from  a brass cylinder 2 cm . in diam eter and 3 cm . high. 
T h e  screw  cap contained a  window of 0.05-mm . copper in 1 2 3 4

(1) From the dissertation of George L. Jones, Jr., University of 
Virginia, 1952.

(2) T. M . Lowry and J. O. Cutter, J. Chem. S o c . ,  121, 533 (1922).
(3) "Organic Syntheses," Coll. Vol. I, John Wiley and Sons, Inc., 

New York, N. Y ., 1941, p. 497.
(4) T . S, Patterson and C. Diokinson, J. Chem. See., 79, 280 (1901),

which was bored a 0.79-mm. hole. About 2 g. of the com­
pound was placed in this vessel and the cap was screwed 
down on a lead washer and sealed with a non-volatile wax. 
The vessel was placed on a lead block in a glass tube which 
was immersed in the oil thermostat (±0.1°) and evacuated 
to 10~i mm. or better. After outgassing, the vessel was 
accurately weighed and the loss of sample by effusion was 
determined. The time necessary to build up maximum 
vacuum (30-45 seconds) was usually rendered negligible 
by the length of the run.

The method was checked by measuring the vapor pressure 
of naphthalene: the value of 0.1184 mm. obtained at 25.9° 
differs from that of 0.1169 mm. calculated from the equation 
of Sears and Hopke5 by 1.3%. The average deviation from 
the mean of seven runs was 0.6%.

Results
The vapor pressures, calculated by the equation 

of Knudsen,6 are shown in Table I. Each value is 
the mean of six determinations. The average de­
viation is less than 1% in all cases except two, where 
it is 1.3%.
A plot of log p vs. 1 /T  is shown in Fig. 1. The vapor 
pressure of solid dZ-ester is lower than that of solid 
d-ester: the racemic crystal is the more stable with 
respect to both vaporization and fusion. Equa­
tions were derived from the data of Table I by least 
squares

d (solid): log p  =  — 5903.2/T +  16.6104 (1)
d (liquid): log p  = -3993.1/77 +  10.7296 (2)
dl (solid): log p  =  —5941.3/T +  16.1268 (3)

Simultaneous solution of (1) and (2) gives a calcu­
lated melting point of 51.6° for the d-ester; the

(5) G . W. Sears and E. R . Hopke, J. Am . Chem. Soc., 71, 1632 
(1949).

(6) M . Knudsen, Ann. Phyaik, 28, 999 (1909); 29, 179 (1908)*
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T a b l e  I

V a p o r  P r e s s u r e s  o f  D im e t h y l  T a r t r a t e s

t 10s p, t, 10J p,
°C. mm. °C. mm.

d -D :m eth y l tartrate (s ) (¿(-D im ethyl tartrate (s )
3 5 .4 3 .0 2 4 2 .5 1 .9 8
4 0 .4 6 .1 6 4 9 .5 5 .3 3
4 4 .2 10 .23 5 5 .8 11 .65

6 5 .6 3 9 .6
(¿-D im ethyl tartrate (1) 7 2 .9 9 0 .0

4 9 .5 2 2 .6 8 5 .2 275
5 5 .8 3 9 .1
6 3 .3 7 3 .5 (¿(-D im ethyl tartrate (1)
8 5 .2 381 9 1 .8 621
9 1 .8 625

observed value (experimental section) was 48°.
The vapor pressures of the d■- and dl-ester are equal,
within experimental error, at 91.8°, where both are 
liquid. The intersection of the curves given by (2) 
and (3) is at 87.8 ° ; the observed value of the melting 
point of the dl-ester is 89 ° . Since both esters boil at 
about 280° at atmospheric pressure, the curves may 
be assumed to coincide at temperatures above 89°.

These relationships between the three vapor 
pressure curves are just the ones expected of a sys­
tem of two enantiomers in which the solid racemic 
crystal is more stable than the crystal of one iso­
mer, but in which the physical properties of the 
liquid do not depend markedly upon the configura­
tion of the constituents.

The molar heats of sublimation of d- and di-di­
methyl tartrate, calculated from the slopes of 
curves (1) and (3), are 27.01 and 27.19 kcal., re­
spectively. The heat of racemization in the solid 
state is therefore very small. The heats of combus­
tion of the two esters are reported to differ by 1.0 
kcal./mole.7 Rosenberg,8 however, has found by

(7) A. Wasserman, Z. physik. Chem., A146, 446 (1930).
(8) T. Rosenberg, Acta Chem. Scand., 2, 740 (1948).

Fig. 1.— V ap or  pressure o f (¿-dim ethyl tartrate, O ;  and dl- 
dim ethyl tartrate, + .

measurement of the heat of solution of tartaric 
acid that the molar heat of racemization is only 
about 0.15 kcal.

The calculated molar heat of vaporization of 
liquid d-dimethyl tartrate is 18.26 kcal. Assuming 
the same value for the racemic ester, the molar 
heats of fusion are 8.75 and 8.93 kcal. Wasser- 
man7 found 3.63 kcal. for the molar heat of fusion of 
d-diethyl tartrate and 5.21 kcal. for meso-diethyl 
tartrate.

THE THERMAL DECOMPOSITION OF NICKEL OXALATE
By  J. A. A llen and D . E. Scaife

Department of Chemistry, University of Tasmania, Hobart, Tasmania 
Received March 17, 1954

T h e  kinetics o f the therm al d ecom position  o f anhydrous nickel oxalate have been studied in the range 28 0 -3 2 0 ° b y  m easur­
ing the rate o f evo lu tion  o f carbon  dioxide into an atm osphere o f pure nitrogen. T h e  reaction  falls into tw o  parts, ( i )  an 
initial reaction  fo llow in g  an equation, V =  h(t — fo l 'A  where V is the volum e o f carbon  dioxide, t the tim e and to a correc­
tion  fa ctor, w h ich is succeeded  b y  (ii) a reaction  w ith  a constant initial rate, V =  k2t, bu t w hich soon  falls off. T h e  activa ­
tion  energies fo r  the tw o  parts are, respectively, 47.6 and  36.4 kcal. A  m echanism  for  tire reaction  is proposed  in w h ich  the 
rate-determ ining step in ( i)  is the diffusion o f anions to  the free surface and  in (ii) the transfer o f electrons from  the oxalate 
ion. X -R a y  m easurem ents show  the absence o f m etallic nickel throughou t ( i)  and its presence in (ii).

Many irreversible thermal decomposition reac­
tions of the general type

A (so lid ) — >  B (so lid ) +  C (gas) 

have been studied, but only in cases in which B is a 
metal and C a single gas are the results likely to be 
interpretable in terms of our present knowledge of 
electronic and ionic processes in the solid state. 
Silver oxalate is the only metal oxalate conforming 
to these restrictions which has been investigated, 
but the photosensitivity of this substance1 and its

(1) F, C. Tompkins, Trans, Faraday Soc., 44, 203 (1948).

molecular layer lattice2 suggest that it should not 
be considered as a general case.

Anhydrous nickel oxalate appeared to fulfill 
most of the requirements for such an investigation. 
It is one of the few metallic oxalates which decom­
pose to give the metal and carbon-dioxide, although 
traces of oxide and carbonate have been reported.3 
The salt is prepared as the dihydrate, NiC204-2H20, 
by precipitation from solutions of nickel sulfate

(2) R. L. Griffith, J. Chem. Phye., 14, 408 (1946).
(3) M , Herschkowitaoh, Z. anorg. aUgem. Chem., 11#, 159 (1921)>
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and oxalic acid and investigations on its prepara­
tion and dehydration have already been pub­
lished.4'5

The dihydrate may be dehydrated under con­
trolled conditions at a temperature of about 90° 
below that of decomposition which takes place at 
measurable rates in the range 280-320°. Nickel 
oxalate dihydrate is stable in air and is unaffected 
by prolonged exposure to ultraviolet light. There is 
no evidence of photosensitivity of the anhydrous 
salt and it is unlikely to possess a layer lattice.

The aim of the present work was to study the 
kinetics of the thermal decomposition of anhydrous 
nickel oxalate and, if possible, to formulate a mech­
anism for the reaction.

E xperim ental
(a) Nickel Oxalate.— N ickel oxalate dihydrate from  

three different sources w ith the characteristics listed in 
T ab le  I w as used as starting m aterial.

T a b l e  I
Surface

Source Description

area 
of di­

hydrate, 
cm.2 

per g.
Particle

character

A Standard M ay  and B aker 6700 V e ry  uneven

B R ap id  precipitation from  soin. 4700 Even
0.4 N  H ,C 20 4 and 0.2 A' N iS O ,

C  Slow  precipitation from  soln. 10000 F lak y  
0.02 N  H 2C 20 4 and 0.4 N  N iSO ,

A  was adopted as the standard m aterial since its proper­
ties were interm ediate betw een B  and C  prepared under the 
w idely differing conditions. Unless otherwise specified all 
results refer to A . D ehydration  to  the anhydrous salt was 
carried out in  vacuo  a t 190° for a m inim um  of 4 hours. For 
0.2 g. of d ihydrate norm ally used this was com plete in 2 
hours, the evolution of further w ater vap or thereafter being

T im e, min.
F ig . 1 .— A , 279.2°; B , 2 9 1°; 0 ,2 9 8 .5 ° ;  D , 303°; E , 309°; 

F, 320°.

(4) J . A . A llen , T h i s  J o u r n a l , 57, 715 (1953).
(5) J. A. Alien end D . 23. Senile, ibid., 57, 863 (1953).

undetectable over 10-m inute intervals. T h e  com pleteness 
o f dehydration  was checked  gravim etrically  in test experi­
m ents.

T h e  oxalate was enclosed in  a thin-w alled  P yrex  am poule 
ab ou t 6 m m . internal d iam eter; one end o f this was draw n 
dow n to  a strong capillary w hich was then bent in to  a h ook . 
A  loose plug o f  glass w ool was packed  in to  this constricted  
end and the sam ple o f  d ihydrate weighed in to  the tu be  w hich 
was subsequently sealed off at the opposite end . _

(b )  Apparatus.— T h e decom position  was carried ou t into 
an atm osphere o f pure nitrogen acting as a buffer gas so that 
the volum e o f carbon  d ioxide cou ld  be  m easured at constant 
pressure over a convenient range. T h e  purification system  
for the nitrogen was sim ilar to  that used b y  H erington  and 
M artin .6

T h e experim ental apparatus consisted o f  a w ide bore glass 
tube heated at the top  b y  a m ercury vap or ja ck et and cooled  
at the b ottom  b y  a lead coil carrying cold  w ater. T h e  am ­
poule was suspended b y  a thin p latinum  wire and  could  be 
m oved  in the reaction  tube b y  m eans o f a w inch  around 
w hich the wire was w ou nd . T h e  pressure o f  the pure 
nitrogen was m easured b y  a w ide bore m ercury m anom eter 
and the volum e o f the carbon  d ioxide evo lved  in  the reaction  
was m easured in a w ater jack eted  gas bu ret. T h e  pressure 
was kept constant b y  using a leveling reservoir in con ju n c­
tion  w ith a differential oil m anom eter. T h e  w h ole appara­
tus could  be  evacuated  to  a pressure o f less than  1 0 -6 m m . 
b y  a pum ping system  o f conventiona l design.

T he tem perature gradient in  the heated tube was m easured 
and a region o f sufficient length over w hich the variation 
was less than 1° was determ ined. T his was located  from  
a predeterm ined num ber o f turns o f  the w inch .

(c) Procedure.— T h e am poule containing the d ihydrate  
was attached  to  the p latinum  wire and w ound in to  the cold  
section . T h e  apparatus was continuou sly  evacu ated , the 
tem perature o f  the h ot section adjusted  to  190° and the am ­
poule then w ound up  in to  this section . W hen dehydration  
was com plete the am poule was w ound dow n to  the cold  
section and the tem perature o f the h ot section  ad ju sted  to  
that fo r  the d ecom position , 2 8 0 -3 2 0 °. T h e  system  was 
isolated from  the pum ps, the nitrogen adm itted  to  the de­
sired pressure and the differential m anom eter set. T h e  
am poule was then raised in to  the heated section and  the 
evolution  o f  gas m easured w ith  tim e. T here was an initial 
drop  in pressure due to  cooling  o f the gas in the heated sec­
tion  b y  the cold  am poule and it took  1 .5 -2 .5  m inutes for  the 
sam ple to  reach the decom position  tem perature when the 
reaction  started im m ediately.

Results
(а) General Form of the Rate Curve.— The

volume of gas evolved per 0.1 g. of anhydrous nickel 
oxalate reduced to N.T.P. is plotted against time 
in Fig. 1 for a series of temperatures between 280 
and 320°. The initial reaction follows the equa­
tion

V  =  h{t — io)1/»  ( i )

as shown in Fig. 2, where V  is the volume of carbon 
dioxide per 0.1 g. of anhydrous oxalate, t is the time 
and to is a time correction for the period of heating. 
The initial reaction represents an average of 5.8% 
of the total reaction.

The second part of the rate curve does not fit any 
of the equations reported in the literature for reac­
tions of a similar kind. Detailed examination of 
this part of the reaction, particularly at the higher 
temperatures, showed that it may be treated as an 
initially linear relation

V  =  kit (ii)

the maximum slope k, being characteristic of this 
part of the reaction. The early falling off from lin­
earity, referred to as the decay, is not unimolecular.

(б) E. F. G. Herington and J. F. Martin, Tran*. Faraday Soc., 49, 
154 (1953).
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Fig. 2.— A, 279.2°; B, 291°; C, 298.5°; D, 303°; E, 309°;
F, 313°; G, 320°.

(b) Reproducibility.— For similar samples under 
identical conditions the initial reaction rate is very 
reproducible. The duration of the initial reaction 
varies irreproducibly within the limits of ±20%  
about a mean. The initial rate of the second part 
of the reaction, defined by k2 is reproducible to 
within ± 5 % . The onset of the decay tends to be 
variable. Typical results of identical experiments 
are shown in Table II.

T a b l e  II

Run ki ki
Duration of initial reaction, 

min.
17 0.45 0.45 20
18 .45 .41 25
19 .45 .44 27

(c) Mass of Sample and Pressure of Buffer
Nitrogen.— A standard amount of 0.2 g. of di­
hydrate was used in most experiments. Test 
experiments using 0.1 g. did not yield significantly 
different results. For quantities <0.05 g. the ini­
tial reaction was too small to be followed accurately 
at the standard buffer pressure.

A pressure of 30 cm. of nitrogen was used in most 
experiments. Increasing this to 50 cm. did not 
yield significantly different results.

(d) Samples of Different Origin.—Typical re­
sults of identical experiments using samples from 
the three sources listed previously are shown in 
Table III.

T a b l e  III
Duration of initial reaction,

Source ki h min.
A 0.45 0.44 27
B .75 .43 23
C .41 .41 31

The initial rate of the second part of the reaction 
is the same within the limits of reproducibility for 
all samples. The rate of the initial reaction is dif­
ferent for samples of different origin.

(e) Purity of Nitrogen.—The presence of oxy­
gen in the buffer gas has a marked effect on the rate 
of decomposition. Figure 3 shows curves ob­
tained from experiments in which pure nitrogen, 
impure nitrogen containing less than 1% oxygen 
and air, respectively, were used, all other conditions

being identical. The features are the small effect 
of oxygen on the initial reaction and the systematic 
decrease in the initial rate of the second part of the 
reaction for experiments carried out in impure ni­
trogen and in air. The decay also appears to set in 
earlier with these experiments.

(f) Temperature of Dehydration.— Dehydra­
tion at 220° instead of 190° generally employed 
halved the time of dehydration, but did not sig­
nificantly influence the subsequent thermal de­
composition. A more detailed study of this vari­
able, particularly in relation to the surface area of 
the dehydrated oxalate, is to be undertaken.

(g) Completeness of Decomposition.— In a 
number of experiments the gases were evacuated 
from the apparatus when about 30% of the total 
decomposition had taken place and the remainder 
of the reaction carried out in vacuo. The yield of 
metallic nickel determined gravimetrically immedi­
ately after the experiment corresponded to the theo­
retical value to within 1.8%. The ampoule was 
sealed immediately on removal from the apparatus 
in order to minimize oxidation of the nickel. In 
addition, experiments using 0.05 g. of dihydrate 
were carried on for a long period in the presence of 
the nitrogen and carbon dioxide. It was found that 
when the reaction had proceeded to the extent of 
75% the rate of evolution of gas had become very 
slow.

If the decomposition was interrupted by lowering 
the ampoule out of the heated section, the smooth 
curve was resumed without a break on resumption 
of heating. Metallic nickel residue from a previ­
ous experiment mixed in a fresh charge of oxalate 
to the extent of about 30% by weight prolonged the 
initial reaction for as much as 150 minutes. It 
should be noted, however, that the metallic residue 
used would have been contaminated with oxide as 
a result of exposure to the air during mixing.
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(h) Effect of Temperature.—The over-all effect 
of temperature on the rate curve is seen from Eig. 1. 
The plot of log kx against 1/T, Fig. 4, yields, by the 
method of least squares, the equation

, -5202  ...log« h  =  — y------ h 8.669 (m)

The specific reaction rate corresponding to the dif­
ferential form of equation (i) is ki2 whence the activ­
ation energy for the initial reaction is 47.6 kcal. per 
mole.

Fig. 4.

For the second part of the reaction log k 2 plotted 
against 1/T, Fig. 5, gives

— 7946
logic, k2 =  — y -----h 13.46 (iv)

whence the activation energy is 36.4 kcal. per mole.
(i) X-Ray Analyses.—Four samples of partly 

decomposed oxalate, two taken during the initial 
reaction and two during the second part, were 
examined with unfiltered copper radiation in sealed 
quartz tubes by Dr. G. F. Walker of the Common­
wealth Scientific and Industrial Research Organi­
zation. He reported that the two samples taken 
during the initial reaction gave patterns identical 
with the undecomposed anhydrous nickel oxalate, 
whereas the two samples taken during the second 
part gave, in addition, patterns corresponding to 
metallic nickel. It was estimated from synthetic 
mixtures that 1% of metallic nickel would be 
observable. There was no evidence of the presence 
of nickel oxide or nickel carbonate in any of the 
samples although in the case of the latter as much 
as 10% might escape detection.

Discussion
The present results are substantially different 

from those reported for barium azide and silver 
oxalate for which some theoretical work has been

Fig. 5.

carried out.7 For the initial reaction the following 
mechanism is proposed.

An anion situated at a favorable site at the sur­
face loses its electrons which are trapped at im­
purity centers or existing vacant anion sites. The 
oxalate radical breaks down to give carbon dioxide 
which escapes leaving a vacant anion site which 
may function as a further electron trap.

The vacant anion sites diffuse into the body of 
the crystal, but, because of the large size of the an­
ions and their expected low mobility, a quasi­
equilibrium of vacant anion sites is set up in the sur­
face layers of the crystal. The concentration gra­
dient controlling diffusion of anions to the free 
surface will, under these conditions, be inversely 
proportional to the extent of the reaction; that is, 
provided the rate-determining step is the diffusion 
of anions to the free surface

from which the experimentally found equation (i) 
follows.

At the end of the initial reaction the lattice in the 
upper surface layers has become so defective that it 
collapses to form metallic nuclei. An anion at the 
free surface so produced may now lose its electrons, 
the oxalate radical breaking down to yield carbon 
dioxide. The trapped electrons migrate to a cation 
adjacent to a metallic nucleus to which the result­
ing metal atom joins. There will now be a continu­
ous exposure of fresh oxalate ions at the free surface 
in positions favorable for decomposition. This

(7) E.g., J. G. N. Thomas and F. C. Tompkins, Proc. Roy. Soc. 
(London), A210, 111 (1951).
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mechanism would lead to a reaction of initially 
constant rate, cf. equation (ii).

The X-ray data give clear evidence of the ab­
sence of metallic nickel in the initial reaction and 
the presence of it in the second part of the reaction. 
The activation energy of 47.6 kcal. per mole for the 
initial reaction is interpreted as the activation en­
ergy for diffusion while the 36.4 kcal. per mole for 
the initial rate of the second part of the reaction is 
to be associated with the transfer of electrons from 
an oxalate ion at a position suitable for reaction.

The early decay of the initial rate of the second 
part of the reaction is attributable primarily to in­
terference with the electron transfer processes by 
the gaseous product of the reaction. The decrease 
in the area of the free surface of the oxalate as the 
amount of metallic nickel increases may also be im­
portant when the reaction is well advanced.

The experimental observations are consistent 
with the view that both oxygen and carbon dioxide 
are effective poisoning agents of the surfaces of the

Aug., 1954

metallic nuclei. The actual formation of a small 
amount of surface oxide on the metallic nuclei by 
reduction of the carbon dioxide is feasible thermo­
dynamically and cannot be ignored. The effect of 
oxygen in extending the duration of the initial reac­
tion is explicable since the diffusion of oxygen into 
the highly defective surface layers would retard 
the collapse to form the metal lattice.

The proposed mechanism is based on the hypoth­
esis, that the oxalate ions can diffuse in the surface 
layers. To test this, ionic diffusion measurements 
are required and these will be undertaken in a fu­
ture investigation.
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A SIMPLE CORRELATION OF GAS 
SOLUBILITIES

B y  J. H . H il d e b r a n d
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The fact that the solubilities of the more “ perma­
nent”  gases decrease with increasing “ internal 
pressures” of the solvent was pointed out1 in 1916. 
In 1924 the relation was put upon an approximately 
quantitative basis by aid of the theory of regular 
solutions.2 In 1940, Gonikberg3 applied this rela­
tion rather successfully to solubilities of hydrogen. 
(The one discordant case, in carbon disulfide, can 
now be definitely ascribed to an inaccurate measure­
ment.) In 1949 Gjaldbaek4 and I published a de­
tailed treatment of solubility data for nitrogen by 
means of the equations for regular solutions, both 
with and without the Flory-Huggins correction for 
unequal molar volumes.

The Flory-Huggins expression for the entropy of 
athermal mixing of two liquids of unequal molar 
volumes contains the implicit assumption that the 
free volumes of the pure liquids and the solution 
are simply related if the appropriate one of the 
several kinds of free volume is selected.8 But a 
good part of the considerable success of that formu­
lation, as indeed of regular solution theory, comes

(1) J. E . Hildebrand, J. Am. Chem. Soc., 38, 1452 (1916). See also 
Phys. Rev., 21, 46 (1923); N. W. Taylor and J. H. Hildebrand, J. Am. 
Chem. Soc., 45, 682 (1923).

(2) J. H. Hildebrand, “ Solubility of Nonelectrolytes,” 2nd Edition, 
1924, p. 135; 3rd Edition, with R. L. Scott, 1950, p. 244, Reinhold 
Publ. Corp., New York, N. Y.

(3) M. G. Gonikberg, J. Phys. Chem., U.S.S.R., 14, 582 (1940).
(4) J. C. Gjaldbaek and J. H. Hildebrand, J. Am. Chem. Soc., 71, 

3147 (1949).
(5) A. Bondi, in preparation.

from the fact that, as Scott6 has recently stated, 
“ the solution properties which interest us . . . are 
usually differences or ratios referred to the pure

Fig. 1.—Relation between molar concentrations of gases and 
solubility parameters of solvents.

(6) R. h. Scott. J. Chem. Educ., 30, 542 (1953).
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T able I
Solubility P arameters of Solvents, 5i, and Solubility  of Gases E xpressed as M oles per  L ite r , cj,

at 1 A tmosphere a n d  25°
,------------- ----------------------------- 10"C2-------------------------------— --------'

Solvent Ô1 Ha Na CO A CH, CaH,

W-CyF is 5 .8 6 .2 5 10
6 .2 2 8

1 7 .154 1 7 .0 8 10

CeFnCFa 6 .0 1 6 .7 3 4
C ,F ,„(C F 2)2 6 .1 1 4 .6 3 14
t-C sH 18 6 .9 1 0 .6 5 4
n -C 7H 16 7 .5 4 .6 7 s 1 1 .6 8 10
a-CgHig 7 .6 4 .1 8 s
c-C sH u 8 .2 6 .9 7 4 1 1 .3 4 s

C C L 8 .6 3 .3 3 7
3 .3 0 s

6 .6 3 7 8 .9 4 7 1 4 .687 2 3 .31 7

C 6H 6C H 3 8 .9 3 .3 9 s
c 6h 6 9 .1 5 2 .9 2 7 5 .0 9 4 7 .4 4 7 9 .9 4 s 1 3 .657 2 2 .2 9 7

2 .8 9 s 4 .9 5 7 7 .5 6 10
c «h 6c i 9 .5 2 .7 1 7 4 .2 0 7 6 .1 9 7 1 3 .09 7 2 1 .61 7

C S 2 9 .9 2 .7 1 '»
2 .6 4 s

3 .6 7 4 5 .9 2 ’ »

liquid as standard state. If we assume that the 
unknown features of liquids persist unchanged into 
the solutions, these features cancel out and can 
therefore be ignored.”  If we break down the mix­
ing process into two steps, first, the evaporation of 
the pure components, second, their condensation 
into solution, we have to confess that we know less 
about the separate steps than about the total proc­
ess, in which we cancel some of our ignorance. But 
that is not a fully satisfactory way to deal with ig­
norance, and I think we should try to learn some­
thing about the second step above, the one concern­
ing which we are most ignorant.

The entropy of solution of gases is susceptible 
to experimental measurement and offers the ad­
vantage that one can work with extremely dilute 
solutions, where solute-solute interaction is negli­
gible. New experimental data are badly needed, 
because there are only a few accurate measurements 
of gas solubility even at one temperature, and data 
over a range of temperature are needed, sufficiently 
reliable to permit calculation of entropies of solu­
tion.

In the course of preliminary study of this prob­
lem, I had occasion to calculate the volumes of dif­
ferent solvents required to dissolve one mole of gas, 
and discovered, as a by-product, the remarkably 
simple correlation between concentrations of dis­
solved gas and solubility parameters of solvents 
shown in Fig. 1. The ordinates represent the log­
arithms of the solubilities of the gases, C2, expressed 
as moles of gas per liter of solvent, with the gas at 
1 atmosphere and 25°. The abscissas are the solu­

bility parameters of the solvents, 5, as given in 
“ Solubility of Nonelectrolytes.”  The figures for 
log c2 have been calculated from the measured val­
ues of Horiuti,7 Gjaldbaek and Hildebrand,4 Hanson 
and Cook,8 Lannung,9 and Gjaldbaek.10 The data 
plotted are given in Table I. The 5-values serve to 
identify the solvents. They have not been ad­
justed empirically in the manner I once suggested.11

Each line would, of course, be displaced vertically 
by an amount calculable by aid of Henry’s law for 
gas at another pressure. The parallelism between 
all the lines except hydrogen is striking, and their 
displacements are obviously related to their rela­
tive vapor pressures in the liquid state. Fragmen­
tary data for helium and neon suggest that the slopes 
decrease in the order Ne, H2, He.

Solvents such as ether, alcohols, ester, acetone 
and water are not included, because their solvent 
powers are not uniquely determined by solubility 
parameters.

This simple correlation is considerably better 
than the one for nitrogen given in reference 2, and 
I publish it now for the sake of its evident practical 
value without awaiting the outcome of the study 
to which it gave rise.

This work has had the support of the Atomic 
Energy Commission.

(7) J. Horiuti, Set. Papers, Inst. Phys. Chem. Research, Tokyo Univ., 
17, No. 311. 125 (1931).

(8) D. N. Hanson and M. W . Cook, Radiation Lab., Univ. Calif., 
Berkeley, unpublished measurements.

(9) A. Lannung, J. Am. Chem. Soc., 52, 68 (1930).
(10) J. C. Gjaldbaek, Acta Chem. Scand., 6, 623 (1952).
(11) J. H. Hildebrand, J. Chem. Phys., 18, 1337 (1950).
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