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ELECTROLYTES: FROM DILUTE SOLUTIONS TO FUSED SALTS
B y  C h a r l e s  A . K r au s

M etcalf Research Laboratory, Brown University, Providence, R . I .

Received March 15, 1954

The properties, particularly the conductance of electrolyte solutions in different solvents, including water, are critically 
reviewed in the light of current theories. These theories account rather successfully for the properties of electrolytic solu­
tions in all solvents. Concentrated solutions are best looked upon as solutions of solvent in fused salt. The concentrations 
at which the theories of dilute solutions begin to fail in a significant manner remain uncertain.

Foreword
It is the purpose of this paper to interpret exist­

ing experimental data in the light of current theo­
ries and, conversely, to evaluate current theories in 
the light of existing data. In what follows we shall 
deal largely with the conductance of electrolytic 
systems. The reason for doing this is twofold: 
first, conductance is the one property of such sys­
tems that can be measured with precision over a 
wide range of conditions such as solvent, solute, 
concentration and temperature; second, both time 
and printer’s ink are limited so far as this sympo­
sium is concerned. Our discussion will relate 
largely to systems at ordinary temperatures since 
adequate data are lacking at other temperatures.

I. Underlying Theoretical Relationships
From the theories of Debye and Hiickel,1 Onsa- 

ger2 and Bjerrum3 have been derived equations 
which, along with the law of mass action, account 
rather satisfactorily for the properties of dilute 
electrolyte solutions. These equations are

-  log /  =  p V c (1)
Ao — (Aoa +  f ) ) y / C y (2)

G y  2/2 
1 - 7  V

(3)

4,t/V /  * - \ ■

= 1000 \ D k T J
(4)

Here C is the equivalent concentration, /  is the ac­
tivity coefficient, y  is the degree of dissociation, 
A is the equivalent conductance, A0 is the limiting 
conductance and a and d are constants whose val-

(1) P. Debye and E. Hückel, Physik. Z., 24, 305 (1923).
(2) L. Onsager. ibid., 28, 27 (1927).
(3) N. Bjerrum, Kgl. Danske Vidensk. Sels/cab, 7, No. 9 (1920).

ues are fixed by the dielectric constant and viscos­
ity of the solvent, the number of unit charges on 
each of the ions and the absolute temperature. K  
is the constant of the ion-ion pair equilibrium.

In equation 4, N is Avogadro’s number, e is the 
unit of charge, D is the dielectric constant of the 
solvent, k is Boltzmann’s constant, T is the abso­
lute temperature and

b =  e2/a D k T  (5)
where a is the distance between charges when the 
ions are in contact. Values of Q(b) have been 
computed by Bjerrum for values of b from 1 to 15, 
and by Fuoss for values from 15 to 80. For a com­
pletely dissociated electrolyte, y  =  1 in equations 1 
and 2, while equations 3 and 4 become inapplicable.

All the above equations are based on the assump­
tion that the solutions are dilute and, therefore, 
they apply more nearly the lower the concentration. 
They are also approximate equations inasmuch 
as, in their development, certain terms of higher 
order have been neglected. They are also under­
lain by the assumption that the interaction be­
tween ions due to Coulombic forces may be described 
in terms of the macroscopic dielectric constant D. 
In equation 2 the further assumption is made that 
Stokes’ law is applicable to the motion of ions in a 
viscous medium.

In what follows we shall examine the applicabil­
ity of these equations in the light of available ex­
perimental data. We shall attempt to determine 
to what extent observed deviations are due to neg­
lected terms and, so far as possible, what other 
factors may be involved. We shall attempt to 
determine the conditions such as concentration, di­
electric constant, and the like, under which the 
equations are applicable. Finally, we shall con-

673
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Fig. 1.— Ao'-C plots for quaternary ammonium bromides.

sider such data as we have that may throw some 
light on the state of electrolytes in solutions of high 
concentration.
II. Completely Dissociated Electrolyte Solutions

1. Deviations from Onsager’s Equation.—There 
are only two pure solvents, water and liquid hydro­
gen cyanide, in which 1,1 electrolytes are completely 
dissociated into their ions and concerning which 
necessary data are available. Therefore, it is only 
in these two solvents that we are able to determine 
how the equivalent conductance of free ions de­
pends on their concentration in a pure solvent. 
It should be noted, however, that such studies may 
be carried out with suitable solvent mixtures.

Onsager,2 Onsager and Fuoss4 and Fuoss5 have 
pointed out that a more complete conductance 
equation should contain terms of order higher than 
a/  C. Such terms appear in the following equation, 
assuming complete dissociation

A =  Ao — (A„a +  p) \ /C  +  B C  +  D 'C  log C  (6)

where B and D' are constants which, thus far, have 
not been successfully evaluated on a theoretical 
basis.

There are many electrolyte systems for which D' 
appears to be zero and the conductance is ade­
quately described as a function of concentration 
by the simple equation

A =  Ao — (Aoa -f- (3 )\ /C  +- B C  (7)

In evaluating the term BC, it is convenient to write
(7) in the form

A + ß V c _  . ,----------- =  Ao1 - « \ Æ =  Ao -F B C (8)

The coefficient B of equation 8 is not identical with 
that_of equation 7; the relation is: B7 = Bs( 1 — 
a y/C). For water at 25°, a =  0.23 and over the 
concentration range within which the two equa­
tions are valid, the differences in B are within the 
limit of experimental error, about 0.01% in the 
value of A. From a plot of A0' vs. C, the slope yields 
the value of B. Since this value is the change in 
A0' per unit of concentration change, it will be de­
pendent on the value of A0. In comparing values 
of B for different salts in a given solvent or for a 
given salt in different solvents, it is well to normal-

(4) L. Onsager ani R. M . Fuoss, T h i s  J o u r n a l , 36, 2689 (1932).
(5) R. M . Fuoss, Physik. Z. ,  35, 59 (1934).

Fig. 2.— Ao'-C plots for bromates and picrates.

ize equation 8 by dividing through by A0. This 
leads to the equation

Ao'/Ao =  1 4  B 'C  (9)
where

B '  =  B / Ao (10)

Mr. E. Lowell Swarts has recently carried out an 
extensive investigation in the Brown Laboratories 
for the purpose of learning how B is dependent on 
the nature of the ions of the electrolyte. In Fig. 1, 
are shown plots of A</ vs. C for a series of quater­
nary ammonium bromides in water at 25°. It will 
be noted that all plots are linear for concentra­
tions up to about 2 X  10 ~3 N. Deviations of 
experimental values from the straight line are 
generally within 0.01 A-unit. All deviations are 
negative and B becomes more negative as the size 
of the quaternary ammonium ions increases. 
In Fig. 2 are shown A0' vs. C plots for quaternary 
ammonium salts of large anions. Here B is posi­
tive and is the greater the larger the negative ion. 
Again, all plots are linear up to 2.5 X 10~3 N.

T a b l e  I

V a l u e s  o f  B ’ fo r  S a lt s  in  W a t e r  a t  25°
I - Br~ C l- n o 8- Br03- P i-

MeiN + -0 .8 1 -0 .2 6 +  0.13 + 0 .1 2 + 0 .6 7 +  1.68
Et4N + - 1 .0 5 -  .50 +  1.59
n-Pr4N + - 2 .3 9 -  .77
n-Bu4N + - 2 .7 9 -1 .1 8 - 1 .2 7 +  1.24
¿-Am4N + 
Na + +  1.03

-1 .6 8
+ 0 .5 6 +  2.05

Values of B' for various salts are presented in 
Table I. Examination of this table will show that 
the value of B' is a specific property of the ions. 
For example, B' becomes more negative as we go 
from chloride to iodide and from tetramethyl- to 
tetrabutylammonium halide. For salts having a 
positive deviation, B' is greater as the positive ion 
is smaller for the picrates but the reverse holds for 
bromates. This is apparent from the plots for the 
two picrates and the two bromates in Fig. 2.

As Onsager2 has pointed out, if ion association 
occurs, the measured conductance will be less than 
predicted by the simple equation

A =  A« -  (aAo +  |8) V C  (11)
For this reason, some writers have ascribed a 
negative deviation from Onsager’s equation to ion 
association. This conclusion, however, is not
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w arranted. D ev ia tion  due to  association  is n ot 
linear over an y  considerable con cen tration  range 
and w e should  exp ect the deviation  to  becom e 
sm aller (n egatively ) as the positive  ions becom e 
larger, w hich  is n ot the case. Fuoss and K rau s6 
fou n d  th at, in  m ixtures o f d ioxane and water, 
tetra isoam ylam m onium  nitrate is com p lete ly  dis­
sociated  for  m ixtures o f d ielectric con stan t greater 
than abou t 44. A s w e shall see presently, w e have 
recently  verified the results o f Fuoss and K raus 
and have fou n d  th at oth er e lectrolytes exh ib it a 
sim ilar behavior.

2. When does Onsager’s equation begin to fail?
W e m a y  n ow  inquire as to  the nature o f the dev ia ­
tions at higher concentrations. F o r  sod ium  iodide, 
the A0' vs. C  p lot is linear w ith in  0 .0 5 %  from  2 X  
10~ 4 N  to  5 X  10~3 N  and B  =  131.7 A0 fo r  this 
salt is 127.24. A t  h igher concentrations, B C  
reaches v ery  large values. F or C  =  1.0, B C  =  
131. In  oth er w ords, at this con cen tration  the 
linear dev iation  term  has a value greater than A0. 
F or te trabu tylam m on iu m  iod ide, B  =  — 290.
I f  the dev iation  from  O nsager’s equation  con tin u ed  
linearly to  higher concentrations, this e lectro ly te  
w ould  have zero con du ctan ce  at a con cen tration  
o f abou t 0.3 N . A ctu a lly , fo r  this salt, th e  dev ia ­
tion  from  O nsager’s equation  does n ot rem ain 
linear at con cen tration s greater than  abou t 2.5 X  
10 ~3 N.

N o w  the linear term  o f equ ation  7 has the sam e 
theoretica l basis as has th e  term  (A0a +  d) N 'C )  
if one term  fails at higher concentrations, should 
n ot the oth er term s fail also? In  oth er w ords, 
does O nsager’s equ ation  fail a t high concentrations 
because the u nderlying assum ptions are n o  longer 
va lid? T h e on ly  alternative th at w e have is that 
the general equ ation  should conta in  term s in C  o f 
order higher than  the first pow er. P recise data 
betw een  1 X  10-4  and  0.1 J f m ight resolve this 
question.

3. Liquid Hydrogen Cyanide.—H yd rogen  c y ­
anide has a d ielectric  con stan t o f 118 at 18°. T h e 
on ly  data  th at w e have fo r  this solven t are those o f  
C oates and T a y lo r .8 W h ile  the precision  o f these 
m easurem ents is u nderstandab ly  low er than th at o f 
sim ilar m easurem ents in w ater, the data, neverth e­
less, enable us to  find the m agn itude o f the dev ia ­
tion  from  O nsager’s equation . P lots  o f A0' vs. C  
are linear fo r  all salts and B  is positive  fo r  all. 
In  T a b le  I I  are show n values o f B '  in H C N  and 
H>0. In  general, the values o f B '  for  salts in this 
solven t are m ark ed ly  larger than th ey  are fo r  the 
sam e salts in w ater; B '  has the low est va lu e  for  
tetram eth ylam m oniu m  iod ide and the largest 
for  sod ium  picrate. T here is a rough  parallelism  
betw een  the B '  values in H C N  and in w ater, bu t 
there are num erous inversions. T hese m a y  in 
part be  due to  lack o f precision.

4. The D 'C  log C  Term.—W hile  there is a 
theoretica l basis for  the in trodu ction  o f this term  
in to the con du ctan ce  equation , it can not be said 
th at it has been  show n that this term  affects o b -

(6) R. M. Fuoss and C. A. Kraus, J. Am. Chem. Soc., 55, 1019 
(1933).

(7) E. G. Baker, Thesis, Brown University (1951).
(8) G. E. Coates and E. G. Taylor, J. Chem. Soc., 1495 (1936). 

See also J. Lange, J. BergS, and N. Konopik, Monatsh., 80, 709 (1949).

T a b l e  I I

V a l u e s  o f Ao, B  AND B '  FOR S o m e  S a l t s  in  HCN a t  :
Salt Ao B B ', HCN B ', ILO

Me4NCl 382.6 +  1730 + 4.53 + 0 .1 2
Me4NBr 383.0 +  1700 + 4 .44 -0 .2 6
Me4NI 387.7 +  190 + 0 .49 -  .81
Et4NI 357.2 +  510 +  1.43 -1 .0 5
Me4NPi 310.6 +  1130 + 3 .64 +  1.68
Et4NPi 282.2 +  1400 + 4 .96 +  1.59
Nal 345.1 +  430 +  1.25 +  1.03
NaPi 267.8 +  1200 + 4 .67 + 2 .05

servations significantly. In the first place, it 
seems to be definitely absent in the case of many 
salts. For solutions of sodium iodide,7 for ex­
ample, the plot of A0' vs. C is strictly linear up to 
5 X 10_3 N. It is difficult to see how this linear 
plot could hold so closely over so large a concentra­
tion range if a term of the form of D'C log C were 
present in the conductance equation. Indeed, if 
any term other than linear were present, it would 
have to be in a high power of C.

The deviation curves of potassium salts, partic­
ularly salts of oxygen acids, frequently exhibit a 
minimum at concentrations between about 3 X 
10 ~3 and 5 X 10_4 N. These minima may often 
be fitted by an equation of the form of

A0' =  B C  +  D 'C  log C  (12)
This equation has a minimum at a concentration 
Cm which satisfies the equation

log C ,n = - ( B / D '  +  0.43) (13)
and A0 =  A0' at the concentration

C *  =  2.7 Cm (14)
Baker7'9 has obtained conductance values for a 
number of potassium salts which could be fitted 
by means of equation 12, but this equation does not 
apply at concentrations much above C*. Numer­
ous measurements in the Brown Laboratories have 
been carried out with a variety of potassium salts 
which have yielded deviation curves with minima, 
but the measurements were not reproducible in the 
region of the minima. In some cases, we were 
able to eliminate the minima but not consistently 
so. In numerous instances, it was observed that 
the resistance of the solution drifted toward lower 
values on the initial addition of salt. These 
peculiar effects were seldom observed with sodium 
salts and never with quaternary ammonium salts.

Fig. 3.—A0'- C  plots for potassium nitrate.

(9) (a) E. G. Baker and C. A. Kraus, Proc. Natl. Acad. Sci., 37, 726 
(1951); (b) “ Electrochemical Constants,” National Bureau of Stand­
ards, Department of Commerce, Washington D. C., 1953, p. 27.
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Fig. 4.— Ao'/A o-C  plots for NaBr03 in dioxane-water mix­
tures.

By way of example, A0' vs. C plots are shown in 
Fig. 3 for potassium nitrate. Three of these plots 
relate to different salt samples measured in the 
Brown Laboratories. One is a plot of Shedlovsky’s 
data10 for potassium nitrate. It may be noted 
that Baker’s data9 from series E may be very closely 
fitted by equation 12.

It is, of course, possible that for some salts, 
B/D' has a value so large that the minimum lies at 
concentrations inaccessible to measurement. In 
such cases, the D'C log C term would have rather 
large values between 1 X  10 ~i and 1 X  10~2 N 
unless D' were very small. It is doubtful, how­
ever, that a satisfactory fit could be had in the 
region where the deviation is a linear function of C. 
The logarithmic term seems definitely excluded for 
salts for which B is negative.

III. Ion Association
1. Evaluation of B.— If the equivalent conduct­

ance of the free ions is known as a function of their 
concentration, it is always possible, in principle, to 
evaluate the dissociation constant K  of the ion pair 
equilibrium by combining this relation with equa­
tions 1 and 3. In the method of Fuoss8 for the 
evaluation of K, it is assumed that the free ions 
conform to Onsager’s equation 2. As we have 
just seen, this equation does not hold precisely in 
aqueous solutions and one may suspect that it does 
not hold for other solvents. Now, if ion association 
takes place in a given solvent, it is not possible to 
evaluate the constant B of the linear deviation term 
because ion association causes a conductance de­
crease and this effect cannot be separated from 
effects due to osher causes. However, it is possible 
to evaluate B for mixtures of water with solvents 
of lower dielectric constant and values of B and B' 
can be obtained as a function of dielectric constant. 
Once the functional relation between B' and D 
has been determined in mixtures where the salt is 
completely dissociated, the value of B' may be 
approximated for other mixtures by extrapolating 
to lower dielectric constants.

Mr. Robert W. Martel has carried out such an 
investigation with solutions of several salts in 
dioxane-water mixtures at 25°. Values of B'

(10) T. Shedlovsky, J. Am. Chem. Soc., 64, 1411 (1932).

20 40 80 100
C  X  104.

Fig. 5.— Ao'/Ao- C  plots for Am4N N 03 and BmNBr in di­
oxane-water mixtures.

were determined from Ao'/Ao vs. C plots for water 
and for mixtures of decreasing dielectric constant 
until ion association sets in. Such plots for sodium 
brómate are shown in Fig. 4 and, for tetraisoamyl- 
ammonium nitrate and tetrabutylammonium bro­
mide, in Fig. 5.

For sodium brómate in pure water, B’ is positive; 
with decreasing dielectric constant, B' decreases 
and becomes negative. The value of B' is equal 
to the slope of the plots at low concentrations. 
It will be noted that the deviation increases sharply 
in going from a dielectric constant of 53.3 to 48.9. 
This is due to the fact that ion association occurs 
in the mixture of lower dielectric constant.

For tetraisoamylammonium nitrate, B' has the 
same value from pure water to 30% dioxane mix­
tures (D =  53.3). For this salt, the A0'/A 0 vs. 
C plots of Fig. 5 practically coincide for these 
mixtures and appear as a single line in dilute 
solutions. For the 50% mixture (D =  35.9), 
negative deviation is markedly greater than it is for 
mixtures of greater dielectric constant due to ion 
association at these lower values of D. For the 
butyl salt, —B' decreases slightly as D decreases.

In Fig. 6 are shown values of B' for four salts as 
a function of dielectric constant. For sodium 
brómate and tetrabutylammonium iodide, B' 
increases (negatively), almost linearly, as D de­
creases; for tetraisoamylammonium nitrate, B' 
does not change and for tetrabutylammonium 
bromide, —B' decreases slightly as D decreases. 
Values of B 1 and B are shown in Table III, columns 
3 and 4, for tetrabutylammonium iodide, tetra­
isoamylammonium nitrate, sodium brómate and 
tetrabutylammonium bromide.

2. Evaluation of Dissociation Constants.— Plots 
of B ' vs. D are not far from linear. If such plots are 
extrapolated to values of D where association 
occurs, the value of B' for the mixture may be ap­
proximated. Thus, since B = B'A0, the deviation 
BC from Onsager’s Equation may be computed. 
The conductance equation of the free ions may then 
be written

A — B C  =  A *  =  (Aca +  P ) V C  (15)
According to the procedure of Fuoss11 equation 2 
is assumed to yield conductance values of the free

(11) R. M . Fuoss, ibid., 57, 488 (1935).
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ions as a function of concentration. According to 
the present method, it is assumed that the con­
ductance of the free ions is given by equation 15.

Since the deviations from Onsager’s equation 
are negative, values of K  computed by the present 
method are larger than those computed by that of 
Fuoss.

In Table III, columns 5 and 6, are given values 
of Ah and AT respectively, as computed according 
to the present method and that of Fuoss. It will 
be noted that AT is always greater than AT and 
that the difference is the greater the larger the 
value of K. For most of the salts, the degree of 
association, 1 — y, ranged between 0.1 and 0.3%. 
For the most concentrated solutions of sodium 
bromate for D =  31.5, the association reached a 
value of 1.15%.

Bu, NI \

o

lsoamyl„NNO,

NaBrO, Bu,NBr

70 60 SO 40 70 60 50 40
D . D .

Fig. 6.— B ' - D  plots for salts in dioxane-water mixtures.

T a b l e  I I I

C o n s t a n t s  o p  S a l t s  in  D io x a n e - W a t e r  M ix t u r e s

D Ao B B ' ita K f

Tetrabutylammonium iodide
78.48 96.27 -2 7 9 - 2 . 9
66.10 70.70 -2 3 9 - 3 . 4
53.38 53.81 -2 5 2 - 4 . 7 0.19
40.20 43.78 -2 8 5 - 6 . 5 0.36 .095
35.85 41.67 -3 0 4 - 7 . 3 .128 .060

Tetraisoamylammonium nitrate
78.48 89.27 -1 5 0 -1 .6 8
70.33 74.84 -1 3 4 -1 .7 9
61.86 63.11 -1 1 3 -1 .7 9
53.28 54.01 -  94 -1 .7 4 0.47
35.85 42.55 -  77 - 1 . 8 0.113 .092

Sodium bromate
78.48 105.75 59 0.56
70.33 90.37 48 .53
61.86 77.27 21 .27
53.28 66.43 -  17 -0 .2 6 3.2
48.91 61.76 -  37 -  .60 0.88 0.52
44.54 57.66 -  52 -  .90 .43 .28
35.85 50.72 -  96 — T.9 .130 .098
31.53 47.99 -1 4 5 - 3 . 0 .072 .054

Tetrabutylammonium bromate
78.48 97.56 -1 2 7 -1 .3 0
70.33 80.89 -  94 -1 .1 6
61.86 67.66 -  53 -0 .7 8

It may be pointed out, in this connection, that 
values of K  cannot be evaluated with any degree of 
assurance for highly dissociated salts in pure sol­
vents. It is probable that when K  is less than 1 X 
10 ~3, the values obtained by the Fuoss method are 
not greatly in error. For large values of K, no 
method yet devised can yield an assured value of 
this constant. Further investigation of mixtures 
of water with solvents of lower dielectric constant 
would be of interest.

IV. Bjerrum’s Theory
In the light of the measurements of Fuoss and 

Kraus6 with solutions of tetraisoamylammonium 
nitrate in dioxane-water mixtures, equation 4 of 
Bjerrum accounts remarkably well for the relation 
between the dielectric constant of the solvent 
medium and the dissociation constant of the elec­

trolyte. If values of K  for sodium bromate in 
Table III are plotted against values of D, a curve 
is obtained which rises sharply with increasing 
dielectric constant and approaches infinity at a 
value of D in the neighborhood of 52. This is in 
accord with Bjerrum’s theory. We have not made 
a comparison on a quantitative basis because, at 
best, for large values of K, numerical values are 
uncertain. However, we cannot escape this con­
clusion that, in accordance with theory, for each 
salt there is a limiting value of the dielectric con­
stant above which association does not occur.

According to Bjerrum’s theory, the quantity a 
of equation 5 is the distance of closest approach of 
a pair of ions. While the values of a as derived 
from equation 5 are of the right order of magnitude, 
they are probably too large. We have precise 
values of the distance between charges in ion pairs 
from dielectric measurements of salts in benzene. 
From the polar moments,12 the distance between 
charges is obtained by dividing the moments by 
the value of the unit charge. For tetraisoamyl­
ammonium thiocyanate and tetrabutylammonium 
perchlorate, the distances are, respectively, 3.23 
and 2.96 A. From dissociation constants, Fuoss 
and Kraus have found the value 6.4 A. for tetra­
isoamylammonium nitrate. It would seem that 
values of a as so derived are about twice the dis­
tance between centers of charge. Naturally, the 
distance between charges may be affected some­
what by the solvent.

The properties of an electrolyte solution cannot 
be precisely described in terms of a macroscopic 
dielectric constant. Values of the dissociation 
constant for tetrabutylammonium picrate in ethyl­
ene chloride, ethylidene chloride and o-dichloro- 
benzene,13 are, respectively, 22.6 X  10 ~5, 4.54 
X  10-6 and 1.71 X 10~5. The dielectric constants 
of these solvents are, respectively, 10.23, 10.00 and 
9.927. For tetrabutylammonium nitrate the con­
stant is 11.8 X 10-5 in ethylene chloride and 0.46 X 
10 ~5 in o-dichlorobenzene; for tetraethylam- 
monium nitrate the constant is 7.4 X 10~B in 
ethylene chloride and 0.75 X 10~6 in ethylidene 
chloride. The constant for tetraisoamylammonium

(12) J. A. Geddes and C. A. Kraus, Trans. Faraday Soc., 32, part 4, 
585 (1936).

(13) F. Accascina, E. L. Swarts, P. L. Mercier and C. A. Kraus, 
Proc. Natl. Acad. Sci., 39, 917 (1953).
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nitrate for a dioxane-water mixture of dielectric 
constant 10<6) is 2.5 X 10—4; in ethylene chloride,14 
it is 1.20 X 10 ~4.

On the basis of existing data, it would appear 
that while Bjerrum’s theory reproduces the dis­
sociation constant as a function of dielectric con­
stant rather successfully for a given type of solvent, 
such as dioxane-water mixtures, it yields only 
approximate values as we go from solvent to solvent. 
Obviously, the effective dielectric constant is to 
some extent dependent on constitutional factors of 
the ions as well as of the solvent molecules.

V. Triple Ions
Observable phenomena are much more varied 

and complex in solvents of low than they are in 
solvents of high dielectric constant, such as water. 
This is not due to the failure of any of the under­
lying laws which are applicable to dilute solutions. 
It is due to the fact that, as the dielectric constant 
decreases, new ionic and molecular species make 
their appearance, all of which are in equilibrium 
with one another. The many and varied proper­
ties of electrclyte solutions have their origin in 
interactions resulting from the charges on the ions, 
whether the ions be entirely free or whether they 
be associated with one another in any one of many 
different ways.

In water, we have to deal only with Coulombic 
interactions between ions separated by distances 
that are large with respect to their size or that of 
the solvent molecules. As the dielectric constant 
decreases (to a value of 35 to 50), short range inter­
actions must be taken into account; ion pairs, or 
ion dipoles, are formed. As the dielectric constant 
falls to a value in the neighborhood of 20, inter­
actions take place between ions and ion dipoles, 
triple ions are formed. In solvents of yet lower 
dielectric constant, dipoles interact with one 
another to form quadrupoles and more complex 
structures and these, in turn, interact with simple 
ions to form new ionic species.

Fuoss and Kraus15 have developed a theory for 
the interaction between ions and ion dipoles, some­
what analogous to the theory of Bjerrum for the 
short range interactions between ions. They have 
applied this theory to their conductance measure­
ments with solutions of tetraisoamylammonium 
nitrate in dioxane-water mixtures of low dielectric 
constant. The theory gives a good account of the 
conductance through the minimum. On the basis 
of this theory, triple ions of this salt are not stable 
in those mixtures having dielectric constants 
above 23. Fuoss16 has derived expressions for the 
conductance temperature coefficient. This theory 
has been applied with considerable success to solu­
tions to tetrabutylammonium nitrate and picrate 
in anisole17 over the temperature range from —33 
to 95°. The validity of the triple ion equilibrium 
has been well established for solutions in a variety 
of solvents.

(14) L. M . Tucker and C. A. Kraus, J. Am. Chem. Soc. 69, 545 
(1947).

(15) R. M. Fuoss and C. A. Kraus, ibid., 55, 2387 (1933).
(16) R. M . Fuoss, ibid., 56, 1837 (1934).
(17) G. X . Bien, C. A. Kraus and R. M . Fuoss, ibid., 56, 1860 

(1934).

VI. Solutions in Benzene
1. Dilute Solutions.—Our knowledge of solu­

tions in benzene is more extensive than that of solu­
tions in any other solvent with the possible excep­
tion of water. At the same time, the properties 
of benzene solutions are more varied than are those 
in any other solvent. In benzene, we have con­
ductance measurements from 1 X  10 “ 6 N to 2 N; 
we have molecular weight measurements from 
near 1 X  10“ 4 N to 0.75 molal; and we have 
polarization data down to 2 X  10 ~6 N. We have 
values of the dipole moments for the ion dipoles of 
many salts and we know the distance between the 
centers of charge in these dipoles.

Aqueous solutions of different salts of strong 
acids and bases have practically the same proper­
ties. Constitutional factors are unimportant; 
about the only observable difference is that of ion 
mobilities. On the other hand, in solutions of 
salts in solvents of very low dielectric constant, 
constitutional factors play a dominant role.

As an example, let us consider the properties of 
tetraisoamylammonium thiocyanate in benzene 
at 25°. The dissociation constant18 of the ion pair 
equilibrium is approximately 5.6 X  10_18. At a 
concentration of 1 X  10~6 N, only two parts per 
million of the electrolyte exists in the form of free 
ions; the remainder is present as ion dipoles, whose 
polarization12 is 5050 cc., dipole moment, 15.4 
Debye units and distance between centers of charge
3.23 A. A minimum occurs in the conductance at 
a concentration of 1.4 X  10 ~6 N due to triple ion 
formation. The constant18 of the triple ion equilib­
rium is 7.1 X  10~6. On the basis of polarization 
measurements,12 quadrupole formation begins to 
appear at concentrations as low as 4 X  10 ~5 N. 
At higher concentrations, the quadrupoles interact 
to form more complex structures. At C =  1.7 X  
10~3 N, the molecular weight corresponds to that 
of 4.35 formula weights per mole.19

2. Conductance.— In Fig. 7, are plotted values 
of log A vs. log C for tetraisoamylammonium thio­
cyanate in benzene at 25°. In the same figure is 
shown a similar plot for tetrabutylammonium 
thiocyanate in order to illustrate the form of the 
conductance curve at somewhat higher concentra­
tions.20 In the same figure is shown a plot of the 
association number of the amyl salt21 on the same 
scale of log C.

At lower concentrations, the number of ions per 
mole of salt is proportional to the equivalent con­
ductance of the solutions; at higher concentra­
tions, it is greater because of the increasing vis­
cosity of the solution. To a first approximation, 
the conductance of a solution is inversely propor­
tional to its viscosity. At C =  1.03 N, the vis­
cosity of the tetraamyl salt solution is 9.76 times 
that of benzene and the conductance is 0.36. On 
the basis of the viscosity of benzene and the con­
ductance-viscosity product of this salt in ethylene 
chloride, the value of A0 in benzene should be ap­
proximately 90. Thus about 4% of the electrolyte

(18) R. M . Fuoss and C. A. Kraus, ib id ., 55, 3614 (1933).
(19) F. M . Batson and C. A. Kraus, ib id ., 56, 2017 (1934).
(20) L. E. Strong and C. A. Kraus, ib id ., 72, 166 (1950).
(21) D. T, Copenhafer and C. A. Kraus, ib id ., 73, 4557 (1951).
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Fig. 7.— Plots of association numbers versus log C  for Am4NSCN and of log A versus log C  for AnnNSCN and Bu4NSCN in
benzene.

should be present in the ionic form. As may be seen 
from Fig. 7, tetrabutylammonium thiocyanate is a 
better conductor than the corresponding amyl salt 
at higher concentrations. The conductance passes 
through a maximum of 1.16 at 1.35 N. We do not 
know the viscosity but it is probably of the order 
of 20 times that of benzene. On this basis, the 
electrolyte might be dissociated by as much as 
20%.

3. Association Numbers.—To account for the 
increasing conductance of tetraisoamylammonium 
thiocyanate with concentration from a minimum 
value of 1 X 10 ~4 at 1.4 X 10-6 to a value of 0.40 
at a concentration of 1.14 N, we need to consider 
the various equilibria in these solutions as indicated 
by molecular weight determinations. In Fig. 7, 
are shown values of the association numbers, n 
(formula weights per mole), as a function of log C. 
According to polarization measurements, ion di­
poles begin to associate to quadrupoles at 4 X 10 ~6
N. At 1.74 X 10 ~3 N, the association number of 
tetraisoamylammonium thiocyanate is already 
4.35, far beyond the quadrupole stage. As shown 
on the figure, the association number increases 
greatly with increasing concentration to reach a 
maximum value of 26 at 0.14 N. Thereafter associ- 
tion decreases rapidly to a value of 11.5 at a con­
centration of 0.49 N. The molecular weight that 
corresponds to a given association number is a 
mean value; the solution contains molecular species 
ranging all the way from, perhaps, simple dipoles 
to aggregates containing many more formula 
weights than the average value, n.

We have seen that the conductance increase at 
the minimum may be accounted for on the basis of 
interaction of simple ions with ion dipoles with the 
formation of triple ions. As quadrupoles are 
formed, we should expect them to interact with 
simple ions to form a new ionic species and a further 
conductance increase would result. As more 
molecular species are formed with increasing con­
centration, the fraction of salt present in ionic 
form increases and the conductance increases 
accordingly. It is not improbable that the larger 
aggregates are multiply charged.

While the conductance increase may be ac­
counted for fairly satisfactorily at lower concen­
trations, perhaps up to the maximum value of n, 
it seems probable that other factors come into play 
at higher concentrations, above C = 1.0, for ex­
ample. As may be seen from the plot of n vs. 
log C, the association number falls off rapidly at 
concentrations above that of maximum n. It may 
be noted, however, that the conductance increase 
in this concentration range is much smaller for the 
amyl than for the butyl salt. For tetrabutyl­
ammonium thiocyanate, n reaches a maximum 
value of 32 at C =  0.31 N, a concentration much 
higher than that of the amyl salt. At the highest 
concentration measured for the amyl salt, the 
conductance is 0.40. At the same concentration, 
for the butyl salt, the conductance is 1.08, approxi­
mately two and one-half times that of the amyl 
salt.

In this connection, it may be pointed out that 
salts of large ions and relatively small polar mo-
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merits are much poorer conductors than correspond­
ing salts of larger moments. Their association 
numbers are also much smaller. Thus, the dipole 
moment of tetraisoamylammonium picrate is 18.3 
D, that of the corresponding tertiary salt is 13.3
D. For the quaternary salt, the value of n is 1.40 
at C =  0.0041; that of the tertiary salt at this 
concentration is approximately 1.06 and it is only
2.64 at C =  3.72. At 0.0132 N, the conductance 
of the quaternary salt is 0.0108; the conductance 
of the tertiary salt at a concentration of 0.015 is
3.1 X 10 ~6. The conductance of the tertiary salt 
increases greatly at higher concentrations, reaching 
a maximum value of 0.047 at C =  1.08. The 
quaternary salt could not be measured at high 
concentration because of limited solubility.

At lower concentrations, the conductance of 
solutions of electrolytes in benzene is largely deter­
mined by the size and structure of their ions and the 
dipole moment of their ion pairs. At high concen­
trations, solutions of all electrolytes are rather good 
conductors.

VII. Concentrated Solutions
1. Aqueous Solutions.—At high concentrations, 

the viscosity of all electrolyte solutions increases 
with increasing concentration. Since the conduct­
ance of a solution is roughly proportional to the 
reciprocal of viscosity, the conductance may fall 
to very low values when the viscosity is large. 
Accordingly, in studying the conductance of con­
centrated solutions, the value of the conductance- 
viscosity product, Arj, is employed.

Concentrated aqueous electrolyte solutions would 
be of great interest because in this solvent the solute 
exists completely as free ions at all concentrations. 
It would be of interest to know how Aij might vary 
as water was added to a fused salt. There is 
only one inorganic salt with which the necessary 
measurement might be made, lithium chlorate, 
which melts at 129°. Some conductance data 
are available22 for highly concentrated solutions 
of this salt but, unfortunately, viscosity data are 
lacking.

In Fig. 8, are shown plots of Ar\ against moles of 
salt per mole of water for four salts; these are the 
only salts for which both conductance and viscosity 
data are available at high concentrations. The

0 0.1 0.2 0.3 0.4 0.5 0.0 0.7 0.8
Moles salt per mole water.

Fig. 8.— Plots of Av versus moles salt per mole water for salts 
in water.

two uppermost plots are for cesium and potassium 
formates.23

The solubility limit for the first salt is two moles 
of water per mole of salt; for potassium formate it 
is somewhat over one mole of water per mole of 
salt. These salts were measured at 50.3°. Silver 
nitrate and ammonium nitrate24 have been meas­
ured at 95°. The limiting concentration for both 
these salts is two moles of water per mole of salt.

In dilute solutions, the value of Ar; falls off in 
accordance with Onsager’s equation, since the value 
of rj differs little from that of water. The curve for 
the formates begins to flatten out at about 10 moles 
of water per mole of salt (about 4 N) and changes 
little thereafter until it begins to rise again at their 
highest concentrations. For cesium formate, the 
rise comes at about 3 moles of water per mole of 
salt and for potassium formate at about 1.5 moles. 
Although similar, the curves for the two formates 
differ markedly.

The plot for silver nitrate differs markedly from 
that of the formates just discussed. The A?/ 
product falls off sharply to a minimum at-12 moles 
of water per mole of salt. After passing the mini­
mum, the value of Ajj levels off; above a ratio of 
about 2.5/1 of water to salt, the course of the plot 
is uncertain. The plot of Ay for ammonium nitrate 
falls off gradually and continuously with increasing 
concentration to a value of about 0.5 at two moles 
of water per mole of salt. It is possible that hy­
drogen bonding takes place between the ammonium 
and the nitrate ions.

In any case, the course of the A77 values for differ­
ent salts varies markedly. Just what is going on 
in these solutions we cannot say, but we should 
bear in mind that ions are hydrated and the degree 
of hydration must necessarily change at sufficiently 
high concentrations.

2. Solutions in Butanol.— In Fig. 9, are shown 
plots of Seward’s measurements25 with solutions of 
tetrabutylammonium picrate in butanol over the 
complete concentration range from dilute solution 
to fused salt. Equivalent conductances and values 
of At] are plotted vs. weight per cent, of salt. Meas­
urements were carried out at 91°; the melting- 
point of the salt is 90° and the dielectric constant 
of butanol at that temperature is 9.8. The dissoci­
ation constant of the salt is 3.2 X  10-4. The limit­
ing equivalent conductance, A0, of the salt is 71.5 
and the equivalent conductance of the fused salt 
is 0.778. The viscosity of the fused salt is 581 
X  10~3 and that of butanol is 6.09 X  10~3.

The conductance decreases continuously from 
dilute solution to fused salt without the appearance 
of a minimum, which would seem to indicate that 
triple ion formation does not occur. The A 
plot passes through a pronounced minimum at 5.04 
wt. %  of picrate, which corresponds to 0.84 mole 
%  and a concentration of 0.083 molar. At con­
centrations above that of the minimum, A77 in­
creases rapidly and, from 40 to 100%, the value of 
Atj is very nearly a linear function of weight per

(23) M . J. Rice and C. A. Kraus, Proc. Natl. Acad. Sci., 39, 802 
(1953).

(24) A. N. Campbell and E. M . Karfczmark, Can. J. Chem. 30, 128 
(1952).

(25) R. P. Seward, J . Am. Chem. Soc., 73, 515 (1951).(22) W. M. Burgess, Thesis, Brown University, 1926.
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Fig. 9.— Plot of A and Ay versus weight per cent, of salt for 
BtuNl’ i in butanol.

cent, of salt. At 40 wt. %  the mole fraction is
0.1, the concentration is 0.75 N  and the solution 
contains 9 moles of solvent per mole of salt.

The conductance at the minimum is 18% of A 0. 
The decrease in the value of A q from the lowest 
concentration to the minimum is mainly due to the 
increasing association of ions to ion pairs; this 
follows from the value of the dissociation constant. 
Per contra, the increase in Aq at higher concentra­
tions can only be due to dissociation of ion pairs. 
We have so little knowledge concerning concen­
trated solutions, particularly as regards the Aq 
product, that it is not possible to postulate a 
mechanism to account for the increase of dissocia­
tion above the minimum. It seems, however, that, 
in some way, interaction takes place whereby a 
greater proportion of salt is converted to free ions 
as concentration increases. We do not know to 
what extent the assumption of a macroscopic 
dielectric constant may lead us astray. Up to 
about 0.1 N, the conductance phenomena in ben­
zene may be reasonably well accounted for on the 
basis of the formation of more complex molecular 
and ionic species with increasing concentration, 
the interaction between which leads to increased 
conductance much as in the case of triple ions. It 
would seem that the laws of dilute solutions do not 
apply to butanol solutions at concentrations above 
0.083 N. There appears to be need for more 
extensive investigation of concentrated solutions in 
solvents of different dielectric constant, particu­
larly, evaluation of the conductance-viscosity prod­
uct and its dependence on concentration.

3. Solutions in Bromine.— Some results have 
been reported for solutions of salts in bromine26’27 
which indicate that if the concentration of salts in

(26) G. W. Moessen and C. A. Kraus, Proc. Natl. Acad. Sci., 38, 
1023 (1952).

(27) M. J. Rice and C. A. Kraus, ibid., 39, 1118 (1953).

this solvent could be carried to sufficiently high 
values, the conductance-viscosity product would 
reach values such as might be expected of fused 
salts. Eecently, Mr. Philip L. Mercier has meas­
ured the conductance and the viscosity of solutions 
of triisoamylammonium chloride in bromine at 
25° from dilute solutions to fused salt. He has 
also determined the vapor pressure of these solu­
tions up to the fused salt. The chloride ion of tri­
isoamylammonium chloride forms a very stable 
complex with one molecule of bromine; the salt 
melts at 38° and the supercooled liquid may be 
handled without difficulty.

In Fig. 10, are shown plots of equivalent con­
ductance and viscosity as a function of mole 
fraction of salt assumed to have the formula: 
f-Am3NHCl■ Br2. As may be seen from the figure, 
the conductance rises from very low values to a 
maximum of 4.23 at a concentration at which 12 
moles of bromine are present per mole of salt. 
With increasing concentration, the conductance 
falls continuously to a value of approximately 
0.080 for the fused salt. The viscosity is also 
shown in Fig. 10 as a function of mole fraction of 
salt. The viscosity of bromine is 0.009435; that 
of the fused salt is 5.63 or 600 times that of bromine.

In Fig. 11, is shown a plot of Aq values as a func­
tion of mole fraction of salt. The ordinates of this 
plot are the products of the ordinates of the two 
plots of Fig. 10. For the fused salt, Aq =  0.439, 
a value much the same as that of salts in ordinary 
solvents. Thus, for Am4NSCN, in ethylene chlo­
ride, A0r/ =  0.523. With increasing bromine 
content of the system, Aq reaches a maximum value 
of 0.504 for one mole of bromine per mole of salt. 
The product falls to a value of 0.439 for 2.5 moles 
of bromine per mole of’salt.' With increasing bro­
mine content of the system, the product decreases 
to very small values for the more dilute solutions.

6.2Oa
5
A

3 I

Fig. 10.- -Plots of A and y versus mole fraction salt for 
AmaNHCl in bromine.

It is apparent that up to 2.5 moles of bromine 
per mole of salt, the Aq product changes but little; 
in this region, the salt exists completely as ions. 
The decrease in the value of Aq in solutions of 
higher bromine content must be due to the forma­
tion of ion pairs.

In Fig. 11, is also shown a plot of vapor pressure 
lowering (actually vapor density lowering) (p0 — 
p)/po as a function of mole fraction of salt. It is
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Fig. 11. -Plots of A t7 and vapor density lowering versus mole 
fraction salt for Am3NHCl in bromine.

seen that, beginning with a solution containing 
about 10 moles of bromine per mole of salt, the 
vapor pressure decreases rapidly. For the mole 
fraction 0.99, the value found is 0.7% that of bro­
mine. This great lowering of the vapor pressure of 
the solution with respect to that of the solvent 
may be due, at least in part, to the interaction of 
the negative ion with bromine molecules.

The broken line of Fig. 11 represents the vapor 
pressure change due to a normal solute in accord­
ance with Raoult’s law. It will be noted that the 
experimental curve crosses the broken line at a 
mole fraction of approximately 0.1 and, thereafter, 
rises well above it. This effect may be accounted 
for on the hypothesis that at higher bromine con­
tent of the solution, ion dipoles associate to form 
quadrupoles and perhaps more complex structures 
much as they do in benzene. This is not surprising 
in view of the relatively low dielectric constant of 
bromine, 3.09.

VIII. Conclusion
The laws of dilute electrolyte solutions, based on 

the theories of Debye and Hiickel, Onsager, and 
Bjerrum, along with the law of mass action, account 
rather satisfactorily for the conductance and some 
other properties of dilute solutions in a great variety 
of solvents. While some refinements remain to be 
made in various details of the mathematical ex­
pressions derived from these theories, the theories 
themselves appear to be adequate within the limits 
postulated for their applicability. Highly con­
centrated electrolyte solutions are largely, or com­
pletely, dissociated into their ions. As of now, one 
of the outstanding problems in the field of elec­
trolytes appears to lie in the transition region be­
tween dilute and concentrated solutions. It seems 
unlikely that the solution of this problem will be 
found in the mere extension of the laws of dilute 
solutions as we now know them.

Acknowledgment.—This Author wishes to ac­
knowledge his indebtedness to Messrs E. Lowell 
Swarts, Robert W. Martel and Philip L. Mercier for 
permission to make use of the results of their in­
vestigations28 prior to their publication.

DISCUSSION
R. M. Fuoss (Yale University).—The distinction between 

“ free” and “ associated”  ions is arbitrary. No problem 
arises, of course, when ions are at large distances from each

(28) These investigations were carried out under the auspices of the
Office of Naval Research.

other or when they are in contact. But just when do two 
approaching ions cease being counted as free ions? Bjerrum 
in 1926 proposed a simple (and entirely adequate) definition: 
for r >  e2/2 D k T , ions are considered unassociated. In 
order to eliminate the sharp cut-off, a pair distribution func­
tion was later proposed (R. M. Fuoss, Trans. Faraday Soc., 
30, 967 (1934)) which showed that ions have in general a 
high probability of being either near each other or else far 
apart, and that the population of the transition distances is 
small as long as certain conditions on concentration and the 
ratio e2/a D k T  are satisfied (R. M. Fuoss, J . Am er. Chem. 
Soc., 57, 2604 (1935)).

F. T. G u c k e r  (Indiana University).— In your paper you 
discuss the C  log C  term. Could Professor Fuoss or On­
sager tell us how they are progressing with the theoretical 
calculation of the coefficients of this term which they dis­
cussed at the Debye Symposium at Cornell?

R. M. Fuoss (Yale University).— Frequent mention has 
been made of the c log c terms in the conductance equation. 
Some comment on their origin and nature seems appropriate. 
Both in the electrophoresis and relaxation terms in the 
Onsager coefficient, the integral

appears when the expansion is carried to powers of concen­
tration higher than c'/«. In the final conductance equation, 
this function appears with a multiplier of order k2, i.e., 
concentration to the first power. In order to show the 
limiting behavior of the function, Onsager and Fuoss 
(./. P h ys. Chem., 36, 2740 (1932)) included the formula

Ei(x) =  —0.5772 — In x  +  x  — x 2/2 .2\  +  . . .
in their discussion of electrophoresis. It was not intended 
that this expansion be used for computation. The hazards 
of using it are best illustrated by a graph. The solid line in

X.
Fig. A.— Solid curve, exponential integral; dotted curve, 

approximation.

Fig. A is Ei(x): note that Ei(0) =  co and that Ei( oo) = 
0. The dotted curve is the function

f ( x )  =  -0.5772 -  In x  +  x

For 0 <  x  <  0.2,/(x )  is an excellent approximation for Ei(x), 
but for x  >  0.3, f ( x )  begins to deviate more and more from 
Ei(x) and after the minimum at x  =  1 diverges to infinity. 
For a 1-1 electrolyte at c =  0.010, sa =  0.14 for an ion size 
a = 4.3 X 10 “ 8 cm. and at c — 0.10, m  =  0.46. It is there­
fore clear that the “ c log c”  approximation may not be used 
in the range of even moderate concentrations. To state 
the situation in a slightly different way, the c log c approxi­
mation is numerically reliable only in the range of variables
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where the c log c terms themselves are relatively insignificant 
compared to the c1/  = terms. The explicit function must be 
used when the c'/- approximation is inadequate. It is 
tabulated as [ —Ei( —x)] in Jahnke-Einde’s “ Funktionen- 
tafeln” (Teubner, Leipzig, 1933), pp. 83-86.

L a r s  O n s a g e r  (Yale University).— Conduction in fused 
salts presents a difficult theoretical problem, but we may 
try to analyze the data. The temperature coefficients 
correspond to activation energies in the same 3-6 kcal./mole 
for univalent ions; the activation energies for the motion 
of ions in water fall in the same range. To explain this co­
incidence, we may interpret the energy required to form a 
hole as electrostatic field energy, and the field in the hole is 
determined by the charge of the ion.

H. S. F r a n k  (University of Pittsburgh).—Further in the 
direction of what the last two speakers have pointed out, 
the coarse-grained or “ cage” structure (short-range) of 
liquids, including water, gives a way of defining association. 
Since this short-range structure makes a clear distinction 
between pairs of ions which are nearest neighbors and ones 
which are not nearest neighbors, it is meaningful to call the 
former associated and the latter non-associated. Even in 
the case of lithium iodide mentioned by Professor Onsager, 
it seems unlikely that the probability that an iodide ion can 
displace a water molecule touching a lithium ion is identi­
cally zero. The rare cases in which this occurred would give 
associated pairs of lithium iodide. In many other cases 
such associated pairs would presumably occur a good bit 
more frequently.

J. H. W a n g  (Yale University).— There appears to be 
some evidence conflicting with Professor Onsager’s sugges­
tion that diffusion and viscous flow in both aqueous and fused 
salt solutions involve the same activation mechanism, i.e., 
the creation of vacancies or “ holes” in the liquid system, if

the creation of vacancies is the activation mechanism of 
viscous flow, the viscosity of the liquid should increase with 
increased external pressure. But Bridgman has shown that 
for liquid water near 0° the viscosity actually decreases 
when the external pressure is increased continually from 1 to 
1000 kg./sq. cm. This observation shows that the acti­
vation mechanism for diffusion or viscous flow in aqueous 
solutions may involve essentially a “ breaking” or distorting 
of the hydrogen bonds in the water lattice instead of the 
creation of vacancies. Consequently I do not think that 
we can conclude that diffusion or viscous flow’ in aqueous 
and fused salt solutions involves the same activation mecha­
nism from the mere fact that the corresponding activation 
energies are of the same order of magnitude.

L a r s  O n s a g e r  (Yale University).— Not only must the 
hole be so large that the ion can move, but the electrostatic 
potential must be such that it will have a low potential 
energy in its new location.

S ol  Z a r o m b  (Massachusetts Institute of Technology).— 
Would you attribute the observed decrease in association in 
concentrated solutions to a counterbalancing of interionic 
forces? For example, if wre assume a homogeneous dielectric 
constant e throughout the entire medium, then a univalent 
negative ion j, located at distances of 5 and 6 A. from two 
univalent positive ions at its left and light, respectively,
would be subject to an electrostatic force 2i equivalent
to a separation of 9 A. from a single positive ion, where e 
is the ionic charge and is the vector distance between j 
and an i-th positive ion.

C. A. K r a u s .— I am unable to suggest a mechanism that 
would account for the reversal of the association process in 
concentrated solutions wffiich would be anything more than 
a restatement of observed facts in terms that are less under­
standable than simple words.

RELATIVE CHEMICAL POTENTIALS OF ELECTROLYTES AND THE 
APPLICATION OF THEIR GRADIENTS

B y H erbert S. H arned

Contribution N o. 1222 from  the Departm ent o f  Chemistry o f  Yale University, N ew  Haven, Conn.
Received A-pril 1, 1954

Following some general remarks on the present state of knowledge of the relative chemical potentials of electrolytes, some 
recent determinations of activity coefficients of systems containing two electrolytes in concentrated solutions will be dis­
cussed. The theory of irreversible processes emphasizes the role of the gradient of the chemical potential as a “ force”  in 
causing the motions of the components of the solutions. Recent results on the diffusion coefficients of electrolytes in aqueous 
solutions will be employed to assess the importance of this role.

Three fourths of a century have passed since 
Gibbs1 defined the quantity which has come to be 
called the “ chemical potential”  and developed its 
manifold uses in reversible thermodynamics. If 
the denotation, “ chemical potential,”  has a meaning 
analogous to gravitational or electrical potential, 
its gradient should act as a force. Therefore, it is 
not strange to find the gradient of the chemical 
potential in company with the gradients of the 
electrical potential and temperature appearing as a 
so-called “ force” in Onsager’s2 theory of reciprocal 
relations in irreversible processes and in irreversible 
thermodynamics.

The first extremely important generalization of 
solution thermodynamics was to show that  ̂ all 
experimental mechanisms used to determine equilib­
ria in solutions measure the same quantity. 
Explicitly, determinations of the lowering of the 
freezing point, rise in boiling point, lowering of the

(1) J. W . Gibbs, “ Collected Works,” Yale University Press, New 
Haven, Conn., 1948.

(2) L. Onsager, Phys. Rev., 37, 405 (1931); 38, 2265 (1931).

vapor pressure, osmotic pressure, solubility and 
electromotive forces of suitable cells may all be 
used to determine the relative chemical potential 
of an electrolyte, now usually denoted the relative 
partial molal free energy of the electrolyte, or what 
ultimately amounts to the same thing the relative 
partial molal free energy of the solvent. From 
1887 when van’t Hoff’s first papers appeared to the 
present time thousands of experimental contribu­
tions have been devoted to this subject and the 
most accurate results have been compiled, largely as 
activity coefficients, in various treatises. Accuracy 
in the determinations of activity coefficients has 
proved difficult to obtain and knowledge of them 
as a function of electrolyte concentration, nature of 
the medium, the temperature and the pressure is 
still fragmentary.

The study of irreversible processes in electrolytic 
solutions has proceeded simultaneously with these 
thermodynamic investigations. Owing to the ac­
curacy of evaluating the gradient of the electrical
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potential and the sensitivity of the alternating 
current bridge, conductance measurements of elec­
trolytes can be carried out with great accuracy. 
The conductance method is a general one and as 
employed with consummate skill over the years by 
Kraus and his colleagues has pioneered our knowl­
edge of electrolytes in non-aqueous solvent solu­
tions.

For the irreversible process of salt diffusion at 
constant temperature, the movement of the elec­
trolyte in one direction and its replacement by the 
solvent, the gradient of the chemical potential is 
one of the propelling “ forces.”  Although Fick’s 
laws of diffusion were proposed in 1855, only 
recently have the measurements of diffusion co­
efficients been sufficiently accurate to test the 
current theories of this phenomenon. Indeed, for 
its full explanation in dilute solutions, accurate 
values of limiting conductances are required in 
addition to precise values of the activity coefficients 
as functions of the concentrations of the solutes.

In the sequel as illustrations of both reversible 
and irreversible processes, we shall restrict the dis­
cussion to some recent results on the thermody­
namics of mixed electrolytes in concentrated solu­
tions, to measurements of the diffusion coefficients 
of electrolytes in dilute aqueous solutions and 
to the diffusion coefficients of calcium chloride over a 
wide range of concentrations.

The Activity Coefficient of Hydrochloric Acid in 
Solutions of Chlorides of Different Valence Types 
at Constant Total Ionic Strength.— From measure­
ments of the electromotive forces of cells of the type

H 2/ H X ( o ti) ,  M X ( m 2) / A g C l - A g

containing hydrochloric acid and potassium, so­
dium, lithium chlorides, Harned3a and Hawkins3b 
found that at constant total molalities varying from 
1 to 6 M  the logarithm of the activity coefficient of 
hydrochloric acid varied linearly with its concentra­
tion. Later Harned4 surveyed the existing data 
on these 1-1 electrolyte mixtures. Since no experi­
mental method was known to determine the activity 
coefficient of the salt in these acid mixtures, Harned 
assumed that its logarithm also varied linearly and 
represented the situation by the equations

log y i — log 7K0) — «12/42 G )
log 7 2  =  log 72(0) — «21/41 (2)
i¿ i +  M2 =  constant =  M (3)

In these equations 71 and 72 are the activity co­
efficients of the acid and salt, respectively, in the 
mixtures, y1(o) and 72(0), their activity coefficients 
in pure water, m and m their concentrations ex­
pressed as ionic strengths and aJ2 and a2i, the linear 
constants at a given total ionic strength. If rela­
tions (1) and (2) are valid, their introduction into 
the Gibbs-Duhem equation leads to the simple 
result

2
“ 21 = « 1 2  +  2 3 0 3  (&«> — W

Thus, if «12 is determined, knowledge of the osmotic 
coefficients, <t>i(o;, <hm of the acid and salt, respec­

ts) (a) H. S. Harned, J. Am. Chem. Soc., 48, 326 (1926); (b) J. E. 
Hawkins, ibid„  54, 4480 (1932).

(4) H. S. Harned, ibid., 51, 1865 (1935).

tively, in their pure aqueous solutions, permits the 
calculation of « 2i.5

A valuable contribution to the subject has been 
made by Glueckauf6 who has shown by means of 
fundamental cross differentiation equations

that if equations 1 and 2 are valid, then for 1-1 
electrolyte mixtures, the sum («i2 +  a2i) is not a 
function of the total ionic strength. This necessary 
condition can be used to test Harned’s assumption 
of the linear variation of logarithm of the activity 
coefficient log y2, in the acid solutions. In Table I 
are recorded the values of (a12 +  « 2i) obtained by 
Harned for hydrochloric acid-alkali metal chloride 
and hydrobromic acid-alkali metal bromide solu­
tions. The constancy of these values of («i2 +  
a2i), particularly at the ionic strengths greater 
than one is good evidence for the linear variation 
rule for both electrolytes in these solutions. The

T able I

T he Sum of Parameters of E quations 1 and 2 for the 
Systems H X - M X ,  in W ater  (¿i =  wn +  m 2)

—  ( a n  - f -  a n )

System t/n 0 .5 1 1.5 2 3
HCl-LiCI 25 0.005 0.007 0.006 0.007 0.009
HCl-NaCl 10 .030 .031 .029 .027

20 .026 .028 .027 .031
25 .025 .026 .027 .027 .027
30 .023 .025 .026 .028

HC1-KC1 25 .012 .018 .024 .025
HCl-CsCl 25 -  .035 -  .040 -  .046 -  .047 -  .047
HBr-LiBr 25 .029 .025 . 025 .026
HBr-NaBr 25 .032 .032 .031 .026
HBr-KBr 25 -  .012 -  .011 -  .015 -  .015

hydrochloric acid-cesium chloride and hydro-
chloric acid-potassium chloride systems exhibit the 
same characteristic at concentrations above 1.5 M. 
At concentrations lower than this, («i2 +  a2i) 
appears to be a function of the total ionic strength. 
Recent isopiestic vapor pressure measurements by 
Robinson7 on the system sodium chloride-cesium 
chloride substantiate the conclusion that in these 
1-1 strong electrolyte systems the rule of linear 
variation of the logarithm of the activity coefficient 
is valid for both electrolytes when the solutions 
are concentrated.

Recently interest in the thermodynamic charac­
teristics of these mixtures has been stimulated 
by their use in combination with ion exchangers 
for the separation of the elements. The earlier 
application of the hydrogen-silver chloride cell 
was restricted largely to systems containing 1-1 
electrolytes. Since its use was not fully exploited 
for the examination of mixtures containing un- 
symmetrical electrolytes, electromotive force 
studies of the systems, HCl-BaCl2, HCl-SrCL, 
HCI-AICL and HCl-ThCL, are being carried out 
in this Laboratory. For systems containing two 
electrolytes of different valence types, equations 
1, 2 and 3 and the Gibbs-Duhem relation yields

(5) For details of the deduction of equation (4), see H. S. Harned 
and B. B. Owen, “ The Physical Chemistry of Electrolytic Solutions,’ ’ 
Reinhold Publ. Corp., New York, N. Y ., 1950, p. 462.

(6) E. Glueckauf, H. A. C. McKay and A. R. Mathieson, J. Chem. 
Soc., S 299 (1949).

(7) R. A. Robinson, J. Am. Chem. Soc., 74, 6035 (1952).
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<*21
22+22-

«1?
Zl+Zl-

2 i r 0KO) 02(0)
2.303mI LZl+Zl- Z2+ Z2- .

r i 1 1ÍLzi+zi- Z2+Z2- J \
strength,. ß — ßX+  M2-

L1 (5A) -J

In this
equation z1+, zx-  are the valences of the cation 
and anion of one electrolyte and z2+, z2-  those of 
the second electrolyte. For mixtures of hydro­
chloric acid and higher valence type chlorides

this equation reduceswhere Zi+ =  zx~ = Z2 = 1, t
to
«21 2 { £ 0KO) —02(0)
z2+ “ l2 2.303m Ì Z2-F .i [ ‘ - ¿ l i
Equation 5 requires that

22+m 2 +  « 2 1  =  constant ^ f(n)

(6)

( 7 )

As an illustration of the range of validity of 
equations 1, 2 and 7, we have compiled in Table II 
preliminary calculations of some recent electro­
motive force measurements of cells containing 
hydrochloric acid and strontium chloride at 3 and 
5 total ionic strengths obtained by Dr. Robert 
Gary in this Laboratory. The values calculated 
by the linear equations given at the foot of the 
table show remarkable agreement with the observed 
results. From the determined values of an, the 
slopes, an, were computed by equations (6) from 
the osmotic coefficients recorded by Stokes.8 
We note that the parameters, an and an, are 
essentially the same at both 3 and 5m as well as 
(2an +  «21), facts which support the assumption 
represented by equation 2. Detailed presentation 
of these and similar results with other systems will 
be published elsewhere.

T a b l e  II
A pplications of E quations 1, 2 and 7 to the System 
H C l-SrCU at 25° and at  3 and 5 C onstant T otal Ionic 

Strengths

HCl-SrCl ! (m = 3) HCl-SrCl ! (m = 5)mi 7 i (obsd.) 7 1  (caled.) mi 7 1  (obsd.) 7 1  (caled.)

3.0 (1.316) (1.316) 5.0 (2.368) (2.368)
2.7 1.264 1.263 4.5 2.214 2.215
2.4 1.216 1.215 4.0 2.071 2.072
2.1 1.167 3.5 1.941 1.938
1.8 1.121 1.122 3.0 1.813 1.813
1.5 1.078 1.077 2.5 1.694 1.696
1.2 1.035 1.035 2.0 1.586 1.586
0.9 0.994 0.995 1.5 1.483 1.484

.6 .954 .956 1.0 1.385 1.388

.3 .916 .918
log 7 1 = 0.1193 - 0.0579 mí log 7 , = 0.3744 - 0.0580 mí
an = 0.0579 Of 1 2  - - 0 ,0580
«21 = -0.083 « 2 1  = —■0.087
2«12 + « 2 1  = 0.033 2o!i2 +  «21 = 0.029

Differential Diffusion Coefficients of Electrolytes 
in Dilute Aqueous Solution and the Gradient of 
the Chemical Potential.— Recently, the diffusion 
coefficients of a number of electrolytes at concen­
tration less than 0.01 M  have been determined 
with a high degree of accuracy by a conductance 
method devised in this Laboratory. These meas­
urements are the first of high enough precision

(8) R . H. Stokes, Trans. Faraday S o c 44, 295 (1948).

to test the theory developed by Onsager and Fuoss.9 
Since these results and the details of the theoretical 
calculations are described elsewhere,10 only the 
general features of these investigations will be 
mentioned.

According to the theory, the diffusion coefficient, 
2D ,  may be expressed by the equation

D =  16.629 X  10“ T (3Tl/c) ( l  +  c — F y ± )  (8)

The quantity
( i  +  „ a k ! ' ' ‘òc

(3K/c) is a mobility term and
j  is the term which is derived from

the gradient of the relative chemical potential of the 
electrolyte. As the concentration of electrolyte 
approaches zero the thermodynamic term ap­
proaches unity and the whole expression reduces to 
the Nernst limiting equation

2) = 17.872 T
(  W  X X 10 ( 9 )

where X!0 and X2° are the limiting equivalent con­
ductances. (91l/c) is a complicated expression 
and according to theory its variation with concen­
tration is caused by the influence of the ionic 
atmospheres on electrophoresis. Its variation with 
concentration is not great. Indeed at most, this 
variation at 0.01 M  amounts to about 0.5% of the 
diffusion coefficient, a fact which makes the experi­
mental proof of its validity a difficult one.

The positive conclusions which have been con­
firmed for strong electrolytes which have little 
tendency to form ion-pairs can be summarized 
briefly. (1) The Nernst limiting expression is valid 
for salt diffusion. (2) As one can safely assume 
from the theory of irreversible processes, the 
thermodynamic term in equation 8 is verified and 
can be relied upon quantitatively in dilute solutions. 
(3) So far the evidence supports the estimate of 
Onsager and Fuoss of the magnitude and sign of the 
effect of the electrophoretic term when applied to 
solutions less than 0.008 M. (4) For most strong 
electrolytes, deviations from theory begin at con­
centrations between 0.005 and 0.01 M  and become 
large at the higher concentrations.

Salt Diffusion of Calcium Chloride and the Self­
diffusion of its Ions in Dilute and Concentrated 
Solutions.— In Fig. 1, the self-diffusion coefficients 
of the calcium and chloride ions as determined 
by Wang11 and the salt diffusion of calcium chlo­
ride recently derived from optical measurements by 
Dr. Philip A. Lyons and Mr. J. F. Riley in this 
Laboratory are plotted against the square root of 
the molar concentration. The optical measure­
ments were made throughout the concentration 
range 0.03 to 7 M  and join those obtained by the 
conductance method at the lowrer concentrations.

(9) L. Onsager and R. M . Fuoss, T h i s  J o u r n a l , 36, 2689 (1932).
(10) H. S. Harned and D. M. French, Ann. N. Y. Acad. Sci., 46, 

267 (1945); H. S. Harned and R. L. Nuttall, J. Am. Chem. Soc. 69, 
736 (1947); 71, 1460 (1949); H. S. Harned and A. L. Levy, ibid., 71, 
2781 (1949); H. S. Harned and C. A. Blake, Jr., ibid., 72, 2265 (1950); 
73, 2448 (1951); 73, 4255 (1951); 73, 5882 (1951); PI. S. Harned and 
C. L. Plildreth, Jr., ibid., 73, 650 (1951); 73, 3292 (1951); H. S. Harned 
and R. M. Hudson, ibid., 73, 652 (1951); 73, 3781 (1951); 73, 5083 
(1951); 73, 5880 (1951); H . S. Harned and M . C. Blander, ibid., 75, 
2853 (1953); H. S. Harned and F. M . Polestra, ibid. 75, 4168 (1953).

(11) J. H. Wang, ibid., 75, 1769 (1953).
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The straight lines represent the limiting expressions 
for the self-diffusion12 and salt-diffusion. The 
curve designated 0 -F  represents the Onsager and 
Fuoss theory.

It is apparent from these plots that only in very 
dilute solutions do the values of self-diffusion 
coefficients approach the limiting law of the theory, 
although they do converge toward the limiting 
values. As stated by Wang it is interesting to 
note that the ratios of the self-diffusion coefficients 
at infinite dilution to those at 5.36 M  are 13 and 8 
for the chloride ion and calcium ion, respectively, 
while the ratio of the viscosity of a 5.36 M  calcium 
chloride solution to that of pure water is 11.

Our observations on numerous electrolytes 
show that, at concentrations below 0.01 M, the 
gradient of the chemical potential is the major 
factor in computing the concentration dependence 
of diffusion coefficients. Above this concentration 
other factors which influence the mobility become 
important if not predominant as illustrated by 
comparison of the curve of the experimental values 
for the diffusion coefficient of calcium chloride with 
the computed curve, O-F. In addition to the 
effect of relative viscosity, there are large effects 
of forces which tend to counteract the influence 
of the gradient of the chemical potential in the con­
centrated solutions and thus decrease the mobility.

This investigation was supported in part by the 
Atomic Energy Commission under Contract AT- 
(30-l)-1375.

(12) L. J. Gosting and H. S. Harned, J. Am. Chem. Soc , 73, 151 
(1951)

C'A
Fig. 1.— Diffusion coefficient of calcium chloride and the 

self-diffusion coefficients of the calcium and chloride ions in 
calcium chloride solutions at 25°. Straight lines represent 
limiting laws. The curve designated O-F was obtained from 
the Onsager-Fuoss theory.
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Liquid water has a semi-crystalline structure. Dissolved ions cause distortion or partial destruction of the structure of 
water. Such a distortion effect can be used to interpret (1) the temperature coefficients of the limiting equivalent con­
ductances of spherical ions in water, and (2) the observed concentration dependence of the tracer-diffusion coefficient of 
ions with salt concentration in moderately concentrated salt solutions. Direct evidence of such a distortion effect has been 
obtained in the present work where the self-diffusion coefficient of water in a series of electrolytic solutions has been meas­
ured as a function of the concentration of the electrolyte. In some cases the measured self-diffusion coefficient of water in 
salt solution is much higher than that in pure water, indicating that in these solutions the structure of water is distorted or 
partially destroyed to a considerable extent. The effect of such a distorted water structure on the equilibrium properties of 
the ions is discussed. The relationship between the measured viscosity of the solution and the self-diffusion coefficients of 
the constituent molecular species is also examined.

It is now generally agreed that at temperatures not 
much higher than 0° liquid water has a “ semi-ice” 
structure, i.e., each water molecule is “ hydrogen- 
bonded” to four immediate neighbors in four 
approximately tetrahedral directions. Inasmuch 
as the directions are only approximately tetrahedral 
long range order (ice-structure) disappears rapidly 
in liquid water although local order may exist at 
fairly high temperatures.2 According to this 
picture, the unusually large heat capacity of water

(1) Presented at the Symposium on the Solutions of Electrolytes 
sponsored by the Division of Physical and Inorganic Chemistry of the 
A. C. S. on June 16, 1954, at New Haven, Conn.

(2) J. A. Pople, Free. Roy. ¡Soc. (London), A205, 163 (1951).

is due to the heats of dissociation of the semi­
crystalline lattice. The abnormal temperature 
dependence of the density of water can also be 
explained by the assumption that on heating water 
near 0° the extensive “ semi-ice” structure becomes 
more distorted and broken down, makes closer 
packing possible, and hence the density increases 
with temperature until about 4° when the effect 
of thermal expansion just compensates the shrink­
age in volume due to the breaking down of the 
“ semi-ice” structure.

Since in general the spherical ions with inert gas 
type of electronic structure do not fit into the water
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lattice, they cause local distortion in the structure 
of the surrounding water. This kind of distortion 
will undoubtedly affect many physicochemical 
properties of the solution. We shall first examine 
the simplest case, i.e., an electrolytic solution at 
infinite dilution.

Temperature Dependence of the Limiting Mo­
bilities of Ions.— The limiting mobility, co;°, of 
ionic or molecular species i in its aqueous solution 
is defined as

0>i° =  D;°/kT (1 )

where D °  is the tracer-diffusion coefficient of ion or 
molecule i in pure water at temperature T, and k 
is Boltzmann’s constant. In the absence of any 
excessive distortion in the structure of the surround­
ing water, we may write

wi° = Ai/ix, (2)
where jjo is the viscosity of pure water and A; is a 
constant characteristic of the diffusing species. 
For example, if the diffusing molecules are spherical 
and have equal radius r much larger than the 
dimensions of a water molecule, A; is equal to 1/ 
(6ttr) according to StokesffiEinstein’s relationship.

(b) (d)
Fig. 1.— Schematic representation of the structure of 

water: (a) water near its m.p. and under atmospheric
pressure; (b) water under high external pressure; (c) water 
near a L i+ ion; (d) water near a Cs+ ion.

But since the constant A\ is in general unknown, 
it is not possible to compute the value of by 
means of equation 2 except for very large spherical 
or ellipsoidal molecules. However if the shape and 
size of the diffusing species change only little with 
temperature, A; should be practically independent 
of temperature, and by combining equations 1 and 
2 we obtain

D [°r}o/T  — constant (3)
which is valid for all diffusing species provided that 
there is no excessive distortion in the structure of 
the surrounding water.

The effect of the distortion in the structure of 
water on its viscosity has been clearly demon­
strated by Bridgman’s observation3 that at tern-

(3) P. W. Bridgman, “ The Physics of High Pressure,”  The Mac­
millan Co., New York, N. Y., 1931, p. 347.

peratures not much higher than 0° the viscosity 
of water decreases continually when the external 
pressure is increased from 1 to about 1000 kg./ 
cm.2 This is because the increased external pres­
sure destroys some of the “ semi-ice” structure in 
water and consequently makes it less viscous in 
spite of the decrease in volume as depicted in Fig. 1. 
Figure 1 is a schematic illustration of the 3-dimen­
sional “ semi-ice” structure of water under different 
conditions. The unshaded circles represent water 
molecules with their net dipole moments oriented 
in the directions of the respective arrows. We may 
thus infer from Bridgman’s observation that if 
there is excessive distortion in the structure of water 
surrounding the diffusing ion or molecule, the 
“ local viscosity” of the surrounding water should 
be less than tj0, and that the ion or molecule should 
have a mobility higher than that predicted by 
equation 2. Furthermore, since the temperature 
coefficient of the “ local viscosity” will in general 
be different from that of the viscosity of pure water, 
one may expect the experimental data in such cases 
to contradict equation 3.

Values of D°rio/T computed from the self-diffu­
sion data for water obtained in the present work 
with H20 1s as tracer, from the conductance data of 
the alkali metal ions4-6 and the tetraethylammon- 
ium ion,4 (C2H6)4N + , are plotted vs. temperature 
in Fig. 2. It may be seen in Fig. 2 that D % /T  re­
mains practically constant for the large (C2Il5)4N+ 
and the strongly hydrated Li+ between 5 and 55°,

t, °C.
Fig. 2.— Variation of the limiting diffusion coefficients of 

ions and the viscosity of water with temperature.

but decreases with increasing temperature for the 
less hydrated ions. This observation can be readily 
explained by the picture of liquid water discussed

(4) H. S. Harried and B. B. Owen, “ Physical Chemistry of Electro* 
lytic Solutions,” 2nd Ed., Reinhold Publ. Corp., New York, N. Y., 
1950, Appendix B.

(5) W. E. Voisinet, Jr., Dissertation, Yale University, 1951.
(6) B. B. Owen, private communication.
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above. For simplicity let us consider the two 
extreme cases Li+ and Cs+ as illustrated by (c) 
and (d), respectively, in Fig. 1. Let each shaded 
circle in Fig. 1 represent the anhydrous ion, and 
each broken circle, together with the anhydrous 
ion and the water molecules in it, represent the 
hydrated ion. That the number of water molecules 
“ bound” to each ion in our diagram may not be 
integer should not cause ambiguity in meaning for 
we may define the “ hydration number” or simply 
“ hydration”  as the statistically average number 
of water molecules carried by the ion when the 
latter diffuses through solution. The total fric­
tional force suffered by each diffusing ion is due to 
the viscous drag of all its surrounding “ free” 
water molecules, i.e., water molecules outside the 
broken circle in (c) or (d) of Fig. 1. Because of 
the more intense electrostatic field in its vicinity, 
the Li+ is more highly hydrated than Cs+ as 
shown in Fig. 1. Consequently, the amount of 
distortion in the structure of the “ free” water 
surrounding the hydrated Li+ should be much less 
than that surrounding the weakly hydrated Cs+ 
as depicted in Fig. 1, although neither of the an­
hydrous ions fit the structure of water as well as 
water molecule themselves. This excessive dis­
tortion in the structure of water surrounding Cs+ 
makes the “ local viscosity”  in its neighborhood less 
than t)o, and hence increases the mobility of Cs+. 
As the temperature increases, tj0 decreases mainly 
because of the breaking down of the structure of 
water. But since the structure of water surround­
ing the weakly hydrated Cs+ is already distorted 
more than in the bulk of pure water, the viscosity 
of water in its immediate neighborhood must 
decrease less rapidly with increasing temperature 
than 7)0. Therefore the limiting diffusion co­
efficient, D°, of Cs+ will increase less rapidly 
than that predicted by equation 3, and conse­
quently D°Vo/T for Cs+ will decrease with tempera­
ture as shown in Fig. 2. Similarly we may take the 
constancy of .D07)o/T for Li+ with temperature as 
indicating that the amount of excessive distortion 
in the structure of water surrounding the hydrated 
Li+ is negligible. The curve for (C2H5)4N+ in 
Fig. 2 is similar to that for Li+. Those for Na+ 
and K + fall between Li+ and Cs+. These facts 
are all consistent with the present picture. Values 
of D0t)o/ jT for Cl- , Br- , I - , respectively, show the 
same trend in their temperature dependence, al­
though these may not be directly comparable 
with those for the cations because the water mole­
cule is not symmetrical with respect to polarity.

We have assumed in the above discussion that 
the hydration of ions is not appreciably affected by 
changes in temperature. If this is not so, decrease 
of hydration at high temperatures would make 
D°tjo/T increase with temperature in the absence of 
excessive distortion effect. Indeed, careful ex­
amination shows that the value of D°t]o/T for Li + 
does increase slightly when the temperature is 
increased from 5 to 55°, although this change is not 
much larger than the experimental uncertainties 
in the conductance data quoted above.

It may also be noticed from Fig. 2 that as the 
temperature increases, the value of D 'V / T for

water remains practically constant. The explana­
tion is that although the labeled water molecule is 
smaller than all the other hydrated ions considered 
above, it fits the structure of water almost as per­
fectly as all the other unlabeled water molecules. 
Consequently there should be no excessive distortion 
in the structure of water surrounding the labeled 
water molecule, and the value of D'̂ a/T should 
therefore remain constant. This observation can 
be used as evidence in favor of the present inter­
pretations.

Concentration Dependence of the Tracer-dif­
fusion Coefficients of Ions.—For electrolytic solu­
tions of finite concentration, the effect of inter­
action between different ions should be taken into 
consideration. The decrease in mobility of the 
diffusing ions due to the finite time of relaxation of 
the ion-atmospheres in very dilute electrolytic 
solutions has been calculated by Onsager and 
Fuoss7 and by Onsager.8

The result of their treatment of the relaxation 
effect shows that the tracer-diffusion coefficient, 
D „ of ionic species j in a salt solution is given by

Di RT\°j 
\Z-\F*

X°j|-gj\F 
3iV£>V:

X 2.694 X 1016 X 

£>RT C1 ~ vVj] '\I‘Ç C'Z' (4)
where Z\ is the charge in electronic units and c\ the 
concentration in moles per liter of ion i, Xj° the limit­
ing equivalent conductance of ion j, D the dielectric 
constant of the solvent, B the gas constant, F the 
Faraday constant, and <f>j a function given by

£ c,z ,* r < x‘ °/|3.l) +  (Xi7|Zj|) (

For the diffusion of tracer amount of ions of species 
1 in salt solution containing ions of species 2 and 3, 
we have

c, =  0, c-2|Z2| =  c3|Z3|

hence equation 5 becomes
= \Zi\ r i^ix°2 , |z3ix°3

\Zt\ +  \Zi\ UZ.IX0, +  |Z,|X°2 |Z,|X°1 +  |Z,|X°,
(6)

The values of the tracer-diffusion coefficients of 
Na+ and Cl-  in aqueous potassium chloride and 
sodium chloride solutions at 25° computed from 
conductance data by means of equations 4 and 6 are

DN»+ X to5 = 1.334 -  0 .236\ 
Dei- X 105 = 2.033 -  0.471 y/c J in KC1 .solutions

and
DNa+ X 1Û5 = 1.334 -  0.286Vc 
Dei- X 10s = 2.033 -  0.526y/c in NaCl solutions

These theoretical values are plotted vs. \/c as 
straight lines in Fig. 3 together with the experi­
mental curves.7-9 It may be noticed from Fig. 3

(7) L. Onsager and R. M. Fuoss, T h i s  J o u r n a l , 36, 2639 (1932).
(8) L. Onsager, Ann. N. Y. Acad. Sci., 46, 241 (1945).
(8a) J. H. Wang, J. Am. Chem. Soc., 74, 1182,6317 (1952); ibid., 

1612 (1952).
(8b) J. H. Wang and S. Miller, ibid., 74, 1611 (1952).
(9) F. M. Polestra, Dissertation, Yale University, 1954.
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that as the concentration of the salt solution de­
creases, the tracer-diffusion coefficients of Na+ 
in KC1 and NaCl solutions, respectively, approach 
the same Nernst’s limiting value. The same is true 
for the tracer-diffusion coefficients of the chloride 
ion. This agreement is an independent check on 
the reliability of the experimental results. While 
the shape of the experimental curves in Fig. 3 
indicate that a detailed explanation of the concen­
tration dependence of these diffusion coefficients 
in concentrated solutions is probably very involved, 
they are at least in qualitative agreement with 
the present picture. Thus in moderately concen­
trated electrolytic solutions the “ local viscosity” 
of water in the neighborhood of a diffusing ion may 
be decreased appreciably by the distortion in the 
structure of water caused by the presence of other 
ions. If this effect becomes larger than the relaxa­
tion and other retarding effects in moderately 
concentrated solutions, it could cause the tracer- 
diffusion coefficient of the ion to increase with salt 
concentration.

According to the discussion in the previous 
section, there should be more distortion in the 
structure of water in a moderately concentrated 
KC1 solution than in a NaCl solution of equal 
concentration. If this is true, we would expect the 
“ hump” in the D vs. V c curve for a given ion to be 
more pronounced in KC1 than in NaCl solution. 
Figure 3 shows that this is true for both Na+ 
and Cl“ . Furthermore since at infinite dilution 
the amount of distortion in the structure of water 
surrounding a weakly hydrated chloride ion is 
already more than that surrounding a strongly 
hydrated sodium ion, the additional distortion in 
the neighborhood of the diffusing ion caused by

Fig. 3.— Variation of the tracer-diffusion coefficients of 
N a+ and Cl~ with the concentration of the electrolyte.

other ions must be less for the chloride than for the 
sodium ion. Consequently we would expect that 
for a given salt solution the “ hump” of the D vs. 
V i  curve to be more pronounced for the sodium 
than for the chloride ion. Figure 3 shows that this 
is true for both potassium chloride and sodium 
chloride solutions.

The Self-diffusion Coefficients of Water in 
Aqueous Electrolytic Solutions.— Since the above 
interpretations are based entirely on the effect of 
ions on the structure of water in solution, a more 
direct approach to the present problem will be to 
study the self-diffusion of water in electrolytic 
solutions. Although the distortion in the structure 
of water caused by dissolved ions tends to make the 
water molecules diffuse faster in solution than in 
pure water, there are two other complicating 
factors. First, most ions have a smaller tracer- 
diffusion coefficient than water molecules. These 
slowly moving dissolved ions obstruct the paths of 
the faster water molecules; i.e., the water molecules 
near an ion have to diffuse along a longer path to get 
to the other side of the ion. But since in experi­
mental measurements we compute the self-diffu- 
sion coefficient of water by taking a macroscopic 
dimension of the diffusing apparatus irrespective 
of whether or not the diffusion path is partially 
blocked microscopically, the net result of this 
“ obstruction effect” will be to make the measured 
self-diffusion coefficient of water in solution some­
what lower than that in pure water. Second, 
some water molecules may be firmly attached 
to the dissolved ions (hydration), and hence diffuse 
together with the ion at a smaller velocity. Since 
in self-diffusion measurements we make no dis­
tinction between “ free” and “ bound”  water mole­
cules, this direct hydration effect also tends to make 
the measured self-diffusion coefficient of total 
water in solution lower than that in pure water. 
In spite of these complicating factors there is the 
possibility that in some aqueous solutions of slightly 
hydrated ions the distortion effect may more than 
compensate the other two factors and make the 
self-diffusion coefficient of water in these solutions 
even higher than that in pure water.

The self-diffusion coefficients of water in aqueous 
KI, KC1, NaCl solutions at 10° and in aqueous 
KI, NaCl solutions at 25° have been determined 
in the present work with H20 18 as tracer. The 
results are listed in Tables I and II, but the experi­
mental details will be reported elsewhere.

T a b l e  I

S e lf - d if f u s io n  C o e f f ic ie n t s  o f  W a t e r  in  A q u e o u s  
E l e c tr o l ytic  S o l u t io n s  a t  10°

Concn.
of salt
soln.

(formula- __ D  X  105 (cm.2/sec.)
wt.A) NaCl soin. KC1 soin K]i soin.

0 .0 1.675i ± 0 .016 1 .675 ± 0 .016 1 .675 ± 0 016
0 .5 1.74 ± .01 1 .77 =h ,,017
1 .0 1.62 ±  0 .014 1 .77 ± .02 1 .90 rb ..015
2 .0 1.48 ± .016 1 .81 ± .02 2 .02 dz .01
3 .0 1.3371 ± .003 1 .76 ± .02 2 .12 zb ..02
4 .0 1.19 ± .016 2 .15 zb ..01
5 .0 2 .10 ±  ,.016
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T a b l e  II
Se l f - d if f u s io n  C o e f f ic ie n t s  o f  W a t e r  in  A q u e o u s  

E l e c tr o l ytic  S o l u t io n s  a t  25°
Conen. of 
salt soin, 
(formula- 

wt./l.)
D  X

NaCl soin.
105 (cm.Vsec.)

KI soin.

0 .0 2.57 ±  0 .022 2.57 ± 0 .0 2 2
1 .0 2.45 ± .025 2.76 ±  .02
2.0 2.20 ± .01 2.86 ±  .02
3.0 2.00 ± .017 2.96 ±  .02
4.0 1.85 ± .01 2.92 ±  .014
5.0 2.85 ±  .02

Each value listed in Table I or II is the average 
result of three to six measurements. These values 
are plotted vs. c in Fig. 4. The dimensions of the 
experimental points in Fig. 4 correspond approxi­
mately to the standard deviations listed in Tables 
I and II.

in solutions of electrolytes with concentration and tem­
perature.

According to the above discussions the distortion 
effect in these salt solutions should increase in the 
order NaCl <  KC1 < KI, and the obstruction and 
direct hydration effect should decrease in the order 
NaCl >  KC1 >  KI. Consequently we may expect 
the increase in the self-diffusion coefficient of water 
caused by the distortion in water structure to be 
most pronounced in KI solution, less in KC1 solu­
tion, and least in NaCl solution. These predictions 
are all consistent with the experimental results 
shown in Fig. 4. Indeed the fact that the self­
diffusion coefficient of water in 3 or 4 /  KI solution 
at room temperature is much higher than that in 
pure water can be taken as strong evidence to show 
the existence of the excessive distortion in the 
structure of water in these solutions, for there 
appears to be no other factor that we can think of 
to cause water molecules in these solutions to 
diffuse faster than in pure water. Furthermore 
since the molecules are more orderly arranged in 
pure water at 10 than at 25°, we would expect the 
distortion effect due to dissolved potassium and 
iodide ions to be more pronounced at 10 than at 
25°. This is indeed true, for Fig. 4 shows that 
while the maximum value of the self-diffusion co­
efficient of water in KI solutions is 28% higher than 
D° at 10°, it is only 15% higher than Dn at 25°.

Other Properties of Electrolytic Solutions.— It
seems generally agreed that the unusually high 
dielectric constant of liquid water is due at least 
in part to molecular association. Consequently 
if dissolved ions distort the structure of water, 
they would change the dielectric constant of water. 
Since the dielectric constant of water is involved 
in both the theoretical treatment of ion-ion inter­
action and that of ion-solvent interaction, it is 
necessary to include these distortion effects in 
formulating a complete theory of the equilibrium 
properties of aqueous electrolytic solutions. 
Hitherto, very little work has been done in this 
direction except by empirical methods. A  com­
plete theoretical treatment of all the important 
factors, such as ion-ion interactions, covolume 
effect, distortion in the structure of water, etc., 
is yet to be developed.

Another problem which interests many solution 
chemists is the relationship between the mobility 
of the diffusing ions or molecules and the measured 
viscosity of the solution. Since in ordinary diffu­
sion measurements the chemical composition of the 
solution often varies along the diffusion path, the 
activity coefficient of the diffusing species may also 
vary. Consequently for a two-component system 
we have

D  =  k T w (l +  c ~ p )  (7)

where y is the activity coefficient, «  the mobility 
and c the concentration of the diffusing solute 
species. For highly dilute electrolytic solutions, 
only the interactions due to long range electrostatic 
forces are sensitive to changes in salt concentration 
and the concentration dependence of co has been 
calculated by Onsager and Fuoss.7 For more con­
centrated solutions, it is the practice of many 
workers to relate the mobility, to, to the limiting 
diffusion coefficient, D°, at infinite dilution by

an expression first suggested by Gordon.10 Equa­
tion 8 has been found to agree with the diffusion 
data for dilute sucrose solutions, but disagree 
with those for urea, glycine and potassium chloride 
solutions.11 In view of the present discussion, the 
structure of water in the neighborhoods of different 
ions or solute molecules may be distorted to differ­
ent degrees depending on the nature of the ions or 
molecules, it is obvious that equation 8 which in­
cludes the ratio of the macroscopic viscosities as a 
correction factor cannot be expected to hold for all 
cases. As an illustration, the relative self-diffu­
sion coefficients, D/DQ, of Na+, Cl-  and H20  in 
aqueous sodium chloride solutions at 25° have been 
computed from the experimental results of the 
present and earlier work,7'8 and plotted vs. y/c in 
Fig. 5 together with the viscosity data.

It can be seen in Fig. 5 that each diffusing species 
in the NaCl solution exhibits a D/D° vs. y/c curve 
which is different than those for the other species 
or that for 770/77. Since all these diffusing species

(10) A. R. Gordon, J. Chem. Phys., 5, 522 (1937).
(11) See, for example, L. J. Gosting and D. F. Akeley, J. Am. Chem. 

Sue., 74, 2058 (1952).
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Fig. 5.— Comparison of the self-diffusion coefficients with 
the viscosities of NaCl solutions.

are in the same solution, and since there is only one 
macroscopic viscosity at a given concentration, it 
would obviously be futile in trying to use any single 
monotonic function of the measured viscosity to 
correct for the change in self-diffusion coefficient 
with concentration for all three constituent species. 
It may be more helpful, however, to approach this 
problem from the opposite direction, i.e., to inter­
pret the macroscopic viscosity of the solution in 
terms of the measured self-diffusion coefficients, 
molecular volumes and concentrations of the con­
stituent species. Since the viscosity of a liquid is a 
measure of its internal friction (neglecting the con­
tribution due to momentum transfer on the vis­
cosity of liquids), and inasmuch as the experi­
mentally determined values of kT/D can often be 
used as direct measures of the so-called “ friction 
coefficients” of the constituent species in a liquid 
mixture, it may be possible to derive a general 
relationship expressing the viscosity as a function 
of the self-diffusion coefficients, molecular volumes 
and concentrations without assuming any particular 
type of molecular interaction in liquids. But such 
a relationship is yet to be discovered. The system 
in Fig. 5 is unfortunately complicated by the 
hydration of ions. In this system the measured 
values of D for water represent the self-diffusion 
coefficients of total water instead of those of 
“ free” water. Since the amount of hydration of 
the ions is not known, these values can not be 
used directly to compute the friction coefficients 
of “ free” water molecules. It is the hope of the 
present writer that enough data on the self-dif­
fusion in solutions of non-electrolytes and molten 
salts may become available in the near future 
to be used as a guide for studying this problem. 
Once the relationship between viscosity and self­
diffusion coefficients, etc., is clearly understood, 
the type of data illustrated in Fig. 5 may be useful 
in providing some information regarding the hydra­
tion of ions.
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DISCUSSION
M. E ig e n  (University of Gottingen).—An effect, sim­

ilar to that pointed out by Dr. Wang, may be observed 
in the heat conductivity of aqueous electrolytic solutions. 
This quantity shows a linear decrease with increasing con­
centration, in contrast to the sound velocity which shows a 
linear increase with concentration. TMs behavior is 
anomalous, as in general the heat conductivity of liquids is 
proportional to the sound velocity. We have tried to ex­
plain this anomalous behavior in the following way.

The heat conductivity of pure water contains two parts; 
one of these corresponds to the normal transfer of trans­
lational and rotational energy, the other describes a special 
transfer of dissociation heat of the water aggregates (water 
structure) similar to the anomalous heat conductivity in 
dissociating gases. This heat transfer is characterized by 
the corresponding association part of the specific heat, 
known from the measurements, and a coefficient of the 
“ structure diffusion” , which gives information on the 
breaking or formation of a hydrogen bond.* In the pres­
ence of ions, the structural part of the heat conductivity 
decreases with increase of concentration, as the water struc­
ture is distorted by the ions. Our theoretical treatment of 
this effect (c/. M. Eigen, Z . Elektrochem., 56', 176, 836 
(1952)) led to a quantitative agreement with the experi­
mental results. I think the nature of this effect is the same 
as that reported by Dr. Wang.

J. H. W a n g .— I think that Dr. Eigen’s computed short 
lifetime of the water aggregates mentioned in the above 
footnote further shows that the molecular aggregates (H20 )2, 
(H 20 )4 and (H20 )8 as postulated by Eucken (cf. A. Eucken,
Z . Elektrochem. 52', 255 (1948)) are merely fictitious terms 
invented to facilitate computation rather than real molecular 
species. For example, we cannot say that a dimer such as 
(H20 )2 exists unless the average lifetime of this dimer is 
appreciably longer than the duration of contact of two 
adjacent single water molecules.

H. S. F r a n k  (University of Pittsburgh).—Dr. Wang has 
spoken as if the “ distortion”  of water structure were caused 
principally by the space requirement of the large bulk, say, 
of the cesium ion. What Professor Debye said this morning 
about orders of magnitude suggests a more general way in 
which ions should be expected to destroy water structure. 
This will be through the torque exerted on the water dipoles 
by the spherically symmetrical (on the average) field of the 
ion. This will compete with the torque exerted on a water 
molecule by its neighbors which are trying to bring it into 
structural alignment. It seems likely that for every ion 
there will be a certain range of distances from the charge 
center where the water molecules will be subjected to com­
peting torques of such balanced strengths that the structure 
will be effectively broken down, and it is very interesting 
that two such unlike experimental techniques as those des­
cribed by Drs. Wang and Eigen should give such strong 
evidence that this destruction does in fact take place. The 
same conclusion can be drawn from entropy data, as the 
numerical values for the entropy of hydration of many ions 
show that the solutions contain “ too much” entropy in 
comparison with certain standards. This is presumably a 
reflection of the effect here under discussion, namely, the 
existence about the ion of a region in which the water struc­
ture has been destroyed. What is always observed, of 
course, is a net effect produced by whatever “ freezing”  of 
water takes place immediately in contact with the ion (Dr. 
Eigen’s school considers that for all ions this is considerable) 
plus the “ melting” farther out. These two effects will be of

* A result of these calculations is the very short lifetime of a hydro­
gen-bonded water associate. As this is the same order of magnitude 
as the duration of normal position exchanges of fluid particles, the 
associates do not move through the liquid as rigid particles and their 
diffusion can nor, be described by the Stokes’ law. A consideration of 
this effect may remove the discrepancies in the description of experi­
mental results (especially in kinetic measurements) by different theories 
of water structure.
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different relative magnitude for different ions, and sometimes 
one may predominate, sometimes the other. In this case, 
the opposite signs of the influences of Nal and K I on self­
diffusion of water would mean that in Nal the freezing effect 
(plus possible other hindering effects) predominated, while 
in KI the melting predominated. It need not mean that 
structure-breaking was absent in Nal.

J. H. W a n g .— The distortion of water structure caused by 
the strong electric field near an ion has not been neglected 
in the above discussion. For example, the hydration of Li + 
is illustrated in Fig. 1 to be much greater than that of Cs + 
mainly because of the difference in the strengths of the local 
fields. But since all alkali ions have the same net charge, 
the strength of the local field is essentially determined by 
the ionic radius or volume. Consequently we have con­
sidered ionic volume alone as the primary factor which 
causes different alkali ions to have different distorting 
effects (both through attractive forces and through the 
special requirement of the ion, i.e., short-ranged repulsive 
forces) on the structure of the surrounding water. How­
ever in discussing the temperature coefficient of the limit­
ing mobilities of the alkali ions, only the special requirement 
of the bare ions has been emphasized. This is because the 
variation of limiting ionic mobility with temperature is 
determined by the temperature coefficient of the viscosity 
of “ free”  water immediately surrounding the hydrated 
ion instead of that of total water. It is my opinion that 
the effect of electric distortion on the structure of “ free” 
water due to ion-dipole attraction must be small, for other­
wise the surrounding water under consideration should be 
included in the statistical hydration sheath instead of being 
considered “ free.”  On the other hand, although the dis­
tortion in the structure of the “ free”  water due to spatial 
requirement of the ion is probably also small for L i+ because 
of both the small volume of the bare ion and the large 
hydration, this kind of distortion can be quite large for 
weakly hydrated ions with large ionic volume such as Cs+. 
Thus the picture presented above includes both the effect 
of attractive forces and the effect of spatial requirement 
(i.e., short-ranged repulsive forces) of the ions, and is

actually more general than the interpretations based on 
attractive forces alone such as the one just suggested by 
Dr. Frank.

F. E. H a r r is  (Harvard University).— Another phe­
nomenon influenced by ion hydration is the dielectric con­
stant. In aqueous solutions at molar concentrations, the 
dielectric constant, extrapolated to low frequency from 
microwave measurements, is significantly less than its value 
for pure water.* In addition to the decrease occurring 
because the water of hydration cannot readily orient in an 
applied field, the decrease is also contributed to because the 
insertion of a hydrated ion breaks up the water structure 
around it, reducing the coordination responsible for the high 
dielectric constant.** The breakdown of the water struc­
ture also leads to shorter relaxation times for water in ionic 
solutions. The dependence of the dielectric constant on 
ionic size and charge, together with the experimental results 
for neutral molecules, suggest that the major part of the 
decrease in low frequency dielectric constant is produced 
by the charges, rather than by the insertion of foreign bodies.

J. H. W a n g .— Haggis, Hasted and Buchanan hold that 
the effect of distortion of water lattice on the depression of 
the low frequency dielectric constant is negligible as com­
pared to that due to hydration. With this assumption they 
computed the number of “ irrotationaily bound”  water 
molecules, and showed that this number is zero for un­
charged solutes but finite for ions or highly polar molecules. 
If Dr. Harris’ observation on the importance of the distortion 
effect is correct, the situation would be more complex. 
But since the amount of hydration for different ions is not 
known, it would be difficult to estimate the extent of dis­
tortion caused by different solutes from the measured low 
frequency dielectric constants of solutions. Dielectric relaxa­
tion time data may be more useful in this respect.

* G. H. Haggis, J. B. Hasted and T. J. Buchanan, J. Chem. Phys., 
20, 1452 (1952).

** F. E. Harris, Ph.D. Thesis, University of California. Berkeley 
February, 1954.
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The true ionization constant of carbonic acid in aqueous solution has been determined at 5, 15, 25, 35, 38 and 45 ° through 
calculations utilizing the results of high field conductance measurements at the same temperatures. The true ionization 
constants, in contrast with the apparent ionization constants, change but little with change in temperature.
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The true ionization constant of carbonic acid at 
25° has been computed from high field conduct­
ance data in a previous paper.2 The only other 
data available for comparison with this result at 
25° were those of Roughton.3 In order to obtain a 
check on the consistency of the data derived from 
high field conductance measurements and to af­
ford a comparison with the variation of the apparent 
ionization constant with temperature, the high 
field conductance measurements have been ex­
tended to include the temperatures 5, 15, 25, 35, 
38 and 45°, and the true ionization constant of 
carbonic acid (eq. 3, ref. 2) has been calculated at 
these temperatures. As Roughton3 has pointed 
out, in view of the important role of the reactions

H2C03 ^ ± 1 C02 +  H20
H2C03 H + +  HCO3 -  K { 0 ), Aff(0) (1)

in controlling the speed of elimination of carbon 
dioxide in expired air during mammalian meta­
bolic processes, it is desirable to have measurements 
of the value of K {0) (true) at body temperature. 
These new results permit interesting speculation 
on the heat effects of the successive reactions 
mentioned in ref. 2.

Experimental
The experimental procedure for the high field conduct­

ance measurements was essentially that of Gledhill and 
Patterson4; further details also have been given.2 In the 
present measurements the analytical determination of the 
concentration of total carbon dioxide present has been 
greatly improved, and the precision and accuracy of meas­
urement of field strength have been enhanced.

A t temperatures lower than that of the room, the amount 
of dissolved carbon dioxide required to obtain the desired 
cell resistance increased markedly, as might be expected. 
The difficulty of keeping the gas in the conductance cell and 
later of analyzing such solutions at room temperature with­
out significant loss of carbon dioxide increased in propor­
tion. It was found that the act of pipetting a sample from 
the cell caused such a loss of carbon dioxide that checks be­
tween successive titrations of the same solution were im­
possible. Evidently opening the cell to introduce the pipet 
and application of suction to the pipet to draw solution into 
it permitted appreciable loss of carbon dioxide. To avoid 
such loss, a standard taper solution removal cap was pre­
pared with a glass tube ring-sealed through it, long enough 
to reach almost to the bottom of the cell, and with a glass 
side arm tube. Short lengths of rubber tubing were placed 
on each of these tubes, that on the side arm equipped with 
a rubber bulb. The cell was removed from the thermostat 
for analysis and immediately surrounded with flaked ice, the 
Btandard taper solution removal cap put in place of the

(1) Presented at the Symposium on Solutions of Electrolytes of the 
Division of Physical and Inorganic Chemistry of the American Chemi­
cal Society, Sterling Chemistry Laboratory, Yale University, 16-18 
June, 1954.

(2) D. Berg and A. Patterson, J. Am. Chem. Soc., 75, 5197 (1953).
(3) F. J. W . Roughton, ibid., 63, 2930 (1941).
(4) J. A. Gledhill and A. Patterson, T his Joubnai,, 56, 999 (1952).

closed cap used during the runs, and the entire arrangement, 
with ice, clamped on a ring stand. A  drained pipet was 
inserted in the rubber tube extending from ring seal and 
air pressure applied gradually with the rubber bulb to fill the 
pipet. Both rubber tubes were closed with pinch clamps 
while titration of the sample was completed. Loss of carbon 
dioxide through the rubber tubing was not significant during 
the short time required for analysis, but the loss is large 
enough to give intolerable conductance changes over a 
period of several hours. For this reason, the conductance 
cells were always closed with a sealed standard taper cap 
after the carbon dioxide solution was prepared as described 
in ref. 2.

It was noticed with the more concentrated solutions 
that the turbulent flow produced by the sudden change of 
cross-sectional area where the narrow lower tube of the 
pipet joins the bulb would cause formation of bubbles with 
consequent loss of carbon dioxide. A  slow, uniform, de­
liberate application of pressure to the solution was neces­
sary. By proceeding in the way just described it was pos­
sible to remove highly reproducible samples of cell solution 
for analysis. The analysis was made by adding a slight, 
measured excess of standard barium hydroxide, 0.05 / ,  
and back titrating with standard hydrochloric acid, 0.1 / ,  
using phenolphthalein as indicator. Contamination of the 
barium hydroxide solution in the titration flask by carbon 
dioxide from the air was avoided by filling the flask with 
a gas heavier than air. The only heavy gas available in the 
laboratory at the time was cyclopropane suitable for anes­
thesia, but this served admirably. As a result of these 
several improvements in detail, it was found possible to 
make analyses reproducible to one part in 2000 for the solu­
tions used above 2 5 °, and to better than one part in 1000 
for the solutions used below 2 5 °. W ith the more concen­
trated, cold solutions the principal remaining difficulty was 
that of loss of carbon dioxide as bubbles on the pipet walls, 
a loss greatly minimized by scrupulous attention to clean­
liness of the pipet.

During the course of the measurements a D uM ont- 
Polaroid oscilloscope camera became available to us; it 
was used to photograph the output pulse of the pulse modu­
lator. Examination of the pulse shape as disclosed by 
these photographs showed a much greater decrease in 
pulse voltage during the duration of the pulse than that 
for which the equipment was designed. Investigation of 
this effect, which had not previously been noticed because 
of the null matching procedure commonly employed in 
bridge balancing, showed that it was due to deterioration 
of the pulse power tubes in the output stage of the modulator. 
When these were replaced and the pulse output voltages 
recalibrated, it was found not only that the pulse shape was 
restored to normal, but also that the pulse voltages were 
markedly greater than before replacement. This discovery, 
and the almost simultaneous improvements made in an­
alytical techniques caused us to repeat a number of measure­
ments, including those at 2 5 °. The results given for 
25° in this paper are, therefore, entirely new and supersede 
those reported in ref. 2 , since it is not known to what de­
gree the high field conductances there reported were in 
error.

The field strength measurements become especially in- 
ortant in this determination because it is the slope of the 
igh field conductance vs. field strength curve which is 

employed in calculating the true ionization constant. For 
this series of results the amplitude of the high voltage pulses 
applied to the cells was determined through the use of a 
calibrated capacitive voltage divider the output of which 
was applied directly to one of the vertical deflection plates
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of the oscilloscope. The deflection of the pulse from the 
undefleched base line of the oscilloscope trace was then com­
pensated or bucked out by application of a measured variable 
d.c. potential. The oscilloscope trace was first carefully 
centered on one of the graticle marks on the face, and the 
flat top of the deflected pulse return to this same mark on 
the oscilloscope face through the application of the variable 
d.c. potential. The d .c. potential was measured with a 
Weston type 622 thermocouple voltmeter. This pulse 
voltage measurement and the calibration of the capacitive 
voltage divider have been described at length by Gledhill.5 
The division ratio for the particular divider and its associ­
ated electrical connections was found by Gledhill to be 
281.1 ±  0.6. The precision with which the oscilloscope 
trace could be centered on a given graticle mark was esti­
mated as 0.4% ; the precision with which the d.c. voltmeter 
could be read was of the same order. Each of these meas­
urements was thus made with a precision somewhat poorer 
than the precision with which the divider ratio was known, 
about 0 .2 % .

Results
The results of the high field conductance meas­

urements are similar to those shown in Fig. 1, 
ref. 2. There is an apparent trend toward smaller 
high field conductance quotient with increasing 
temperature, but since the quotient is also con­
centration dependent this trend is not by itself 
meaningful. Instead of presenting the experi­
mental results in the form of graphs, we have 
tabulated the reduced slopes, Q (eq. 17, ref. 2), 
and the corresponding values of p0. Table I gives 
in addition to these data at the several tempera­
tures studied, the total concentration of carbon 
dioxide, the average value of K (0), IV(apparent), 
and the ratio K (apparent) /K(0) which is in ef­
fect the fraction of total carbon dioxide present 
which is hydrated. The high field measurements 
were repeated at least four times on each given 
cell solution for which a concentration is given; 
in some cases more than one solution was studied 
at a given temperature, as noted. To obtain the 
quantities Q and p0 the data have been treated as 
described in ref. 2.6

Discussion
The true ionization constants found in this in­

vestigation change but little with change in temper­
ature, in contrast with the apparent ionization con­
stants which are also listed in Table I . The precision 
of our measurement is at best some ±0.05 unit; 
with this in mind, it appears that the true ioniza­
tion constants go through a maximum at a tem­
perature of about 17°.

Of the data available with which these new re­
sults may be compared, let us first consider those 
of Roughton, ref. 3, which yielded the result 2.5 ±  
0.3 X 10~4 for K (0); this result was obtained from 
measurements in what were essentially sodium 
chloride solutions. In addition to reaction 1, 
above, these additional reactions are needed

C 02 +  H20 H2C 03 K * ,  A H *  (2)

CO= -f- HoO  ̂  ̂ H + T  HCO;}~ 7va, A i t a (3)

(5) J. A. Gledhill, Dissertation, Yale University, 1949.
(6) We have noted three omissions in the theoretical section of ref. 2,

as follows: In eq. 20, the first Q to appear in the denominator should 
be squared, making the first term within brackets read F2(b) (1 — 
2Q)2/(Q) 2. In eq. 21, in the expression for Az the first fraction should 
read 7 /18 Q rather than 7/8Q. Equation 22 was omitted altogether; 
eq. 22 for ref. 2 is given herewith: (1 — 2Q)2/(Q — Q2) =  po =
K(0)i/C .

T a b l e  I

T h e  T r u e  I o n iz a t io n  C o n s t a n t s  o r  C a r b o n ic  A c id  in  
A q u e o u s  S o l u t io n  a s  a  F u n c t io n  o f  T e m p e r a t u r e

Temp.,
°C Q pn

C total M  
X 10=

A-(0), 
av. 

X 10*
K ( a p p . )  

X 10’ “

K l a p p . V  
K (  0) 

X 102

5 0 .2 265 1 .7 08 4 .7 03 1 .5 6 3 .0 4 0 0 .1 9 5
15 .1838 2.666 3 .2 8 0 1 .7 6 3 .8 0 2 .216

.2097 2 .0 3 4 3 .7 5 4
25 .1728 2 .9 9 7 2 .2 0 8 1 .72 4 .4 5 2 .259
35 . 1780 2 .8 35 1 .9 97 1 .67 4 .9 1 4 .294
38 .1646 3 .2 73 1 .6 4 1.59 5 .0 0 7 .315

.1691 3 .1 1 7 1.51
45 .1492 3 .8 79 1 .417 1 .60 5 .1 3 9 .323

.1525 3 .7 3 8 1 .1 92

" Y alues of f7(apparent) from Harned and Davis, ref. 7.

E qu ation  1 is the reaction  o f ion ization  fo r  w h ich  the 
constants o f  the present paper have been  derived. 
E qu ation  2 is the reaction  o f h ydration , u p on  the 
slowness o f w hich  the success o f this m eth od  is 
dependent. E qu ation  3 is the over-all reaction  
in vo lved  in the m ore com m on  apparent ion ization  
constant determ inations. H arned and  D a v is7 h ave 
determ ined A a in aqueous solu tion , w hile H arn ed  
and B on n er8 9 have m ade a sim ilar determ in ation  in 
solutions o f sod ium  ch loride. B y  p lo ttin g  H arned  
and B on n er ’s data  fo r  K a in sod ium  ch loride solu ­
tions as a fu n ction  o f the m olarity  o f sod ium  ch lo ­
ride it was possible to  determ ine th at at 0 .06 M  
the con cen tration  o f sod ium  ch loride used b y  
R ou g h ton , that the ratio o f K & (in salt so lu tion ) to  
K & (in w ater) was 1.51 at 15°. A ssum ing that 
K* is b u t little affected  b y  the presence o f sod ium  
ch loride, then R o u g h to n ’s va lue o f K (0) m a y  be 
corrected  for  com parison  w ith  the result o f  this 
paper; since K & = K {0) K*, then (2.5 X  10~ 4) /  
(1.51) =  1.66 X  10~4. In  v iew  o f the precisions 
cla im ed b y  each investigator, this con stan t is in 
surprisingly g ood  agreem ent w ith  the va lu e ob ­
tained in the present investigation , 1.76 ±  0.05 X  
lO " 4.

B y  p lo ttin g  the logarithm s o f the ratios o f K & 
(ref. 7) over K{0) (this paper) vs. 1/T and taking 
the slopes, we have com pu ted  A H * at 17, 27 and 
3 7 °, approx im ately  the tem peratures at w hich  
R ou g h ton  has perform ed  m easurem ents. T a b le  I I  
com pares these results w ith  those o f R ou g h ton , 
ref. 3. T h e  assum ption  has been  m ade that 
R o u g h to n ’s results as g iven  in ref. 3 refer to  reac­
tion  2, above , a lthough  his paper appears to  refer 
to  the reverse o f eq. 2.

T a b l e  II

V a l u e s  o f  t h e  H e a t  o f  H y d r a t io n  o f  C a r b o n  D i o x i d e

Temp., 0 O.
---------------------AH, cal.—
T h is paper Roughton

17 3 5 6 0 1 42 0
2 7 2 6 5 0 1 04 0
3 7 1 9 5 0 4 5 0

H arned  and E m bree9 h ave given  the equation  

log A '(0 )  = log K ( 0 ) m:ix - 5  X  W ~ 5(/ -  8)- ( 4 )

(7) H. S. Harned and R . Davis, J. Am. Chem. Soc., 65, 2030 (1943).
(8) H. S. Harned and F. T. Bonner, ibid., 67, 1026 (1945).
(9) H. S. Harned and N. D . Embree, ibid., 56, 1050 (1934).



Sept., 1954 T he T rue Ionization Constant of Carbonic A cid in A queous Solution 695

(using the symbols of the present paper) to express 
the dependence of log K (0) upon temperature 
and the commonly found maximum value of K {0). 
Our data may be made to fit this simple equation 
within the limits of our precision of measurement. 
-K(0)max falls at 17°. From this equation one 
may obtain the relation that

A f f ( 0 )  =  - 4 . 5 7 6  X  1 0 ~ 4 T \ t  -  6) ( 5 )

From this equation Roughton has computed 6, 
while from it we are able to compute Aif(0). 
Roughton obtained 55° for the temperature, 6, 
at which K (0) has its maximum value. Harned 
and Bonner found for K & a 6 of 50°. Inspection 
of our results shows K {0) to have d — 17°. It 
has been found by Harned and Embree9 that in 
many cases the higher the value of the ionization 
constant, the lower the maximum value of K & 
found. The same value of K a max would not be 
expected for the over-all reaction, eq. 3, and for the 
reaction of ionization only, eq. 1. Since the varia­
tion of log K & with temperature is effectively the 
combination of the variations of log K {0) and log 
K*, and since K* is an increasing quantity in the 
temperature range considered here (see Table I), 
the maximum value of log -A(O) would be expected 
to fall at a lower temperature.

In Table III is given AH(fi) computed from 
eq. 5 for our data, and as obtained by Roughton. 
The values are not comparable except that they 
decrease with increasing temperature.

T a b l e  I I I

V a l u e s  o f  t h e  H e a t  o f  I o n iz a t io n  o f  C a r b o n ic  A c id

-—  ----------- A if(0 ) , ca l.------------------ '
Temp., 0 C. T h is paper Roughton

0 5 8 0 1 7 1 0
17 0 1 2 4 0
2 7 - 4 1 2 9 6 0
3 7 - 8 8 0 6 8 5

By adding AH*, the heat of hydration to AH(0) 
the heat of ionization, one obtains AH& for the 
over-all reaction. Values of AHa were obtained by 
Maclnnes and Shedlovsky from conductance meas­
urements.10 Table IV gives values of A77a for our 
results, and for those of Harned and Bonner,8 Mac­
lnnes and Shedlovsky,10 and Roughton.3 It will 
be noted that the data of the present paper, ob­
tained from K ’s of limited precision, are, with the 
exception of the value at 17°, not in serious dis­
agreement with the values obtained by other 
investigators. It is also apparent that the pres­
ence of sodium chloride does not greatly change 
the heat effects.

(10) D. A . M aclnnes and T. Shedlovsky, J. Am. Chem. Soc., 67, 
1705 (1935).

T a b l e  I V

V a l u e s  o f  t h e  C o m b in e d  H e a t  o f  H y d r a t io n  a n d  
I o n iz a t io n  o f  C a r b o n ic  A c id , AH a

Temp.,
0 C. This paper H arned8 M a c ln n e s10

R ough-
to n 3

H arned8 
in  0.1 

sodium  
ch loride

17 3 5 6 0 2 9 6 0 2 6 6 0 3 0 5 0

2 7 2 2 4 0 2 0 8 0 1 9 3 0 2000 2 2 5 0

3 7 1 07 0 1 1 6 0 1210 1 1 4 0 1 3 5 0

Roughton’s value for AH(0) was obtained by 
direct measurement of the total heat of reaction 
for the reverse of eq. 3 above, and, by an inter­
pretation of the rate of reaction, subtraction from 
this of the heat of reaction of eq. 1, reversed, to 
give the heat of reaction 2, again reversed. In­
spection of Tables II and III suggests that a pos­
sible explanation for the difference in Roughton’s 
data and our data for AH(0) is that Roughton over­
estimated the heat of ionization, and thus under­
estimated the heat of hydration.

Acknowledgment.—This work was supported 
by the Office of Naval Research.

DISCUSSION
M . E ig e n  (University of Gottingen).— I should like to ask 

whether in the explanation of these results, the possibility of 
a dispersion of the dissociation field effect is taken into 
consideration. This effect must be expected if the impulse 
duration becomes of the same order as the relaxation time of 
the system under investigation (given by the rate constants 
of the dissociation and recombination processes). If this 
effect is not observed in the measurements, then we may 
conclude that the relaxation time is shorter than 10 -7 sec., 
this means— if we consider the very small concentrations of 
the protons and HCCh^ ions— that the rate constant of the 
ionic recombinations has the same high order of magnitude 
( 1010 to 10u liter/m ole/sec.) as we have found with corre­
sponding investigations in other systems, involving proton 
reactions (cf. M . Eigen, Disc. Faraday Soc., 1954).

A . P a t t e r s o n , J r .— Since the reaction H 2CO3 H + +  
HCO s-  is presumably a fast ionic reaction with a relaxation 
time shorter than 1CU7 sec., we have not attempted to explain 
the results in terms of dispersion of the dissociation field 
effect. In our experiments, the concentrations of ions and 
the results of the measurements are quite similar to those in 
other acids which we have studied, where the dispersion 
effect was known to be absent.

L. G. L o n g s w o r t h  (Rockefeller Institute).— How would 
you expect the addition of carbonic anhydrase to the solution 
to affect its high field conductance?

A. P a t t e r s o n , J r .— It is our intention to try the matter 
experimentally, but, as Prof. Onsager has pointed out, it 
would take a marvellous catalyst to affect the conductivity 
in 4 microseconds. I should imagine the question of reaction 
rate in catalytically controlled systems would hold much 
physiological interest. Our type of measurement is not 
easily adapted to reaction rate studies if the rates are too 
slow.
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A NEW CELL DESIGN FOR PRECISION CONDUCTIMETRY
B y  Ja m e s  C. N i c h o l 1 a n d  R a y m o n d  M. F u o s s

Sterling Chemistry Laboratory, Contribution No. 1220, Yale University, New Haven, Conn.
Received March 15, 1954

The design of a conductance cell intended for use with dilute non-aqueous solutions is described. The electrodes (bright 
platinum) are concentric cylinders with the lead to the outer electrode being a platinum tube which acts as an electrical shield 
for the lead to the inner electrode. Stray electrical paths are thus eliminated. The electrode assembly is mounted on a 
Teflon plug which is turned to a standard taper, so that the electrodes are interchangeable. Tests covering the resistance 
range 1000 <  R <  50,000 ohms over the frequency range 500 <  /  <  5000 cycles per second show that the frequency variation 
is significantly less than that obtained with cells of other designs. Resistances up to 50,000 ohms can be measured with a 
precision of at least 0 .02 % . The R -f  _1A plot is nearly linear at low resistances but its curvature steadily increases with cell 
resistance; the curve can be accurately reproduced by a parabola. Consequently, a simple numerical extrapolation to in­
finite frequency can be made, using data at three frequencies equally spaced on a / “ 'A scale {e.g., 5000, 1250 and 556 cycles).

Introduction
In order to obtain conductance data on non- 

aqueous systems which are useful for extrapolation, 
it is necessary to work at quite low concentrations. 
Two experimental consequences follow: resistances 
well over 10,000 ohms frequently must be measured, 
and bright platinum electrodes must be used to 
minimize difficulties due to adsorption2 of solute 
on the electrodes. These are precisely the condi­
tions under which errors due to polarization and to 
parasitic currents are most likely. It has been 
standard practice since 1935 to extrapolate ob­
served resistance linearly to infinite frequency on a 
reciprocal root frequency scale, following the 
recommendation of Jones and Christian3 although 
these authors mention that their data show a small 
systematic deviation from linearity. Their resist­
ances were in the range of 50-2000 ohms; when the 
resistance is of the order of 104 ohms in organic 
solvents, the curvature becomes extremely pro­
nounced and linear extrapolation on an 
scale becomes impossible. To eliminate the diffi­
culties arising from the Parker effect4 it has been 
recommended5’3 that cells be constructed in such a 
way that no shunt circuits which contain capacity 
in series with the cell contents be present. This 
goal is readily achieved by spacing the leads rela­
tively far from the cell when the cell impedance is 
low, but the necessary design becomes awkward 
when the cell resistance is greater than 5,000-
10,000 ohms. The erlenmeyer type cell7 offers 
the convenience of being simultaneously the con­
ductance cell and the mixing vessel, but we have 
found that it shows a Parker effect at high resist­
ances. Furthermore, each such cell obviously has a 
fixed cell constant ; one could cover a wider range 
of concentrations' in one run if the cell constant 
could be changed. Dipping electrodes would per­
mit change of cell constant, but they are bad 
electrically because the leads to the electrodes neces­
sarily go through the solution, and as Shedlovsky5 
pointed out, there is then a series capacity-resist­
ance shunt across the unknown resistance.

(1) On leave of absence from Willamette University, Salem, Oregon. 
Grateful acknowledgment is made to the California Research Corpora­
tion for a research fellowship for the academic year 1953—1954.

(2) N. L. Cox, C. A. Kraus and R. M. Fuoss, Trans. Faraday Soc., 
31, 749 (1935).

(3) G. Jones and S. M. Christian, J. Am. Chem. Soc., 57, 272 (1935).
(4) H. C. Parker, ibid., 45, 1336, 2017 (1923).
(5) T. Shedlovsky, ibid., 54, 1411 (1932).
(6) G. Jones and G. M . Bollinger, ibid., 53, 411 (1931),
(7) A, Kraus aui R, M, Fuqss? ibid,, 55? 21 (1933).

The purpose of this paper is to describe a cell 
design which permits interchange of electrodes in a 
vessel equipped with a standard taper opening, 
and which does not involve any stray electrical 
paths. Briefly described, the electrodes are con­
centric cylinders, with the lead to the outer elec­
trode being a platinum tube which acts as an elec­
trical shield for the lead to the inner electrode. 
Only one soft glass-platinum bead seal is necessary; 
the cell is therefore much easier to construct than 
the one with platinum tube seals through hard 
glass.8 We have found that the observed resistance 
with these electrodes is accurately a quadratic in 

we present below a numerical method of 
extrapolating data to infinite frequency in order to 
eliminate the effects of polarization. It must be 
emphasized that the method may only be used 
when one is certain that no parasitic currents are 
present. Our shielded dipping electrodes satisfy 
this criterion. As far as the cell is concerned, we 
feel that it is now possible to measure resistances 
up to 50,000 ohms with a precision of at least 
0 .0 2 % .

Experimental
Cell Construction.— Figure 1 shows a cutaway diagram 

of the electrode design finally adopted (electrode pair I). 
The steps in the construction of such a cell are as follows: 
electrodes A and B and tube C are shaped by rolling sheet 
platinum around glass tubing of suitable diameters as man­
drels and then soldering the seams with pure gold (oxygen- 
gas flame). For sturdy construction, at least 10 mils of 
platinum sheet for A  and B and 6 mils for C is recommended. 
To the inside wall at one end of C is gold-soldered a short 
length of B . and S. N o. 25 platinum wire, D ' .  The other 
end of C is connected to A by means of four platinum strips, 
E (10 mils thickness) using gold as solder (two of the strips 
are indicated in the diagram). The sections of E between 
A  and C are at an angle of 100-105° to the axis of C in order 
to increase the rigidity of the connection. Additional rigid­
ity, as well as increased electrical shielding of B , is at­
tained by gold-soldering two circular platinum strips, F, 
across E . The openings which remain are ample to permit 
free passage of liquid. Inner electrode B is supported by a 
short section of 1 mm. diameter platinum rod, G , gold- 
soldered across one end of B , the rod itself being welded at 
its midpoint to a second section of rod which in turn is 
welded to the platinum wire lead D " .  A  layer of soft glass, 
H , built up along part of the second section of rod, starting 
about 5 -6  mm. above B , serves to seal the electrode sup­
port into the platinum tube C . Strips of platinum, J, are 
gold-soldered across the bottom of A  to provide further 
electrical shielding. The platinum tube is fitted snugly 
into a Teflon stopper K  which has been machined to fit a 
standard taper joint ( T  2 9 /4 2  is a convenient size). A  
piece of glass tubing, L , is inserted into C and around D "  to 
insulate the latter from C . The ends of D ' and D "  are

(8) V. F, Jimzda and C. A. Kraus, ibid. 71, 1 5 0 5  (1949).
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Fig. 1.— Dipping electrode cells (electrode vessels not 
shown): I, cutaway diagram of shielded electrodes; II— V, 
schematic diagrams of other electrode assemblies.

wound around and soft-soldered to the copper posts, M , set 
in the Teflon plug. The cell is completed by constructing 
an electrode vessel of appropriate size and shape.

The electrode dimensions naturally depend on the cell 
constant desired. The latter is approximately equal to 
(l/2 x l)ln (6 /a )  where l is the length of the cylinders and b 
and a are the radii of the outer and inner electrodes. As a 
specific example, in a case where the cell constant is 0.03833, 
the outer and inner electrodes are, respectively, 3 and 2 cm. 
long and 2 and 1 cm. in diameter. For reasons to be dis­
cussed below, the diameter of the inner electrode should 
not be less than 1 cm. The length of the tube C depends 
on the dimensions of the electrode vessel. The diameter of 
C for reasons of sturdiness should be at least 5 mm.

In Fig. 1 are also shown schematic diagrams of other dip­
ping electrodes ( I I -V )  which were constructed for compari­
son experiments. In II a 1 mm. diameter rod replaces cyl­
inder B of I . In III  a wire replaces tube C as the lead to 
the outer electrode. The two electrode leads are enclosed 
in a soft glass tube and are separated from each other by a 
second smaller glass tube. In IV  the leads are contained in 
separate glass tubes which pass through the solution in the 
cell, and in V  the lead arrangement is the same as in IV  
while the cylindrical electrodes are replaced by flat rec­
tangular ones.

The electrode vessels for the testing experiments are not 
shown. They consisted simply of large test-tubes fitted 
with T  2 9 /4 2  joints and provided with a side-arm for filling. 
Two such vessels joined by short glass tubes were used to 
compare the resistances of two electrode pairs in the same 
solution.

W e will refer to the complete assemblies of electrodes and 
vessels as cell I , cell II, etc. A  cell of the erlenmeyer type 
(flat electrodes 4 m m . apart, cell constant 0.04153) also used 
in comparison runs is designated as cell V I.

Resistance Measurements.— The bridge used has been 
described by Eisenberg and Fuoss.9 Its R -f  performance

was checked using pure resistances (KR-IO5 ohms) with 
capacitances up to 0.01/uf in parallel as “ unknowns.”  A  
variation of less than 0 .0 1 %  was found in the resistance 
readings over the range /  =  250 to 5000 cycles per second. 
The oscillator scale readings were checked using a Type 813 
A  General Radio 1000 cycle oscillator by observing the 
appropriate Lissajous figures on the bridge oscilloscope. 
All resistance readings involving cell resistance ratios were 
corrected for bridge lead and cell lead resistances. The 
latter were calculated from resistance data on platinum 
wire.10

Solutions.— For the majority of the tests of cell perform­
ance, 10-3- 1 0 -6 N  solutions of tributylammonium picrate 
in 9 5 %  ethyl alcohol were used, mainly because a good 
supply of the salt was at hand and because past experience 
had shown that stable resistances were readily obtained 
with this solution. The above concentration range corre­
sponds to a resistance range of 1 ,000-50,000 ohms for a cell 
constant of about 0 .04 . No attempt was made to deter­
mine accurately the solution concentrations since only ap­
proximate values were needed in comparing the behavior of 
different cells. It was noted in a few instances when aque­
ous solutions were measured that ionic impurities appeared 
to be dissolving from the soft glass plug, as indicated by a 
downward drift in the resistance reading. This drift was 
eliminated by boiling the electrode assembly in distilled 
water for several hours.

Results and Discussion
The cells were rated according to three criteria, 

namely, the magnitude and nature of the frequency 
dependence of resistance of a given cell over a 
range of resistances, the variation of the resistance 
ratios of different cells with changing resistance, 
and the sensitivity of the resistance to changes in 
the position of the electrodes in the cells. The 
better the cell the smaller is the frequency depend­
ence of the resistance, and for a pair of good cells 
the resistance ratio should be independent of con­
centration.' (If the design of a cell is such that 
resistance-capacitance shunts are present, then 
the ratio of its resistance to that of a good cell will 
decrease with increasing resistance of the solution,6'6 
i.e., the cell will show a Parker effect.) For a 
dipping electrode to be satisfactory, of course, 
there should be no sensitivity to electrode position 
and depth of immersion.

The frequency dependence of resistance for cells 
I-V I is shown in Fig. 2 where R is plotted as a 
function of /~ 1/2. The cell constants are about 0.04 
except for cell II (constant =  0.15). The curves 
are displaced vertically for the sake of compact 
presentation; the absolute resistance for any point 
is obtained by adding the ordinate from the graph 
to the number of ohms shown at the left of each 
curve. Resistance readings observed at frequencies 
of 5000, 2000, 1000 and 500 cycles per second are 
shown. The absolute ordinate scale is the same for 
all the curves of Fig. 2, namely, 10 ohms per vertical 
unit as drawn. At a cell resistance of 1000 ohms, 
one unit is therefore 1%, while at 50,000 ohms, 
one unit corresponds to 0.02%.

It will be observed that the erlenmeyer cell VI 
is usable up to about 8000 ohms, in the sense that 
the frequency dependence is small and monotone. 
Beyond 104 ohms, however, a minimum appears 
in the R -f~1/! curve, which presumably is due to 
the P  terms in the impedance. These terms are 
the consequence of a high impedance shunt which 
consists of capacity from the lead wires to the cell

(9) H. Eisenberg and R. M. Fuoss, J . A m . C h em . S o c .,  7 5 , 2914
(1953).

(10) “ Handbook of Chemistry and Physics,”  Chemical Rubber 
Publishing Company, Cleveland, Ohio, 33rd edition, p. 2806.
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Fig. 2.— R - f 1/2 curves for cells I -V I :  O , tributylammonium 
picrate-95%  E tO H ; ©, H 0 A c -H 20 ;  0 ,  K C 1-H 20 .

(through glass and thermostat oil), in series with 
the resistance of the cell contents. Cell’V contains 
conventional dipping electrodes; as shown in Fig. 
2V, the apparent resistance changes very rapidly 
with frequency. Incidentally, this design is sensi­
tive to vibration, and the hazard of accidental 
change of cell constant by inadvertently bending 
the electrodes is always present. The data for cell 
IV show the remarkable improvement in the be­
havior of the dipping electrodes when one electrode 
shields the other. But solution is still present in 
the electrical field between the lead wires, and the 
corresponding Parker effect appears as a downward 
concavity on the R-f~~'l% plot, which makes extra­
polation hopelessly uncertain at high resistances. 
Only a slight improvement (III) is obtained by 
putting both leads in the same tube; while there 
is no solution between the lead wires themselves, 
there is solution in the field from the outer cylinder 
to the lead from the inner cylinder. Cell I, in 
which the lead to the inner cylinder is completely 
shielded by the lead to the outer electrode gives the 
highly satisfactory performance shown in Fig. 21. 
One precaution must be mentioned in connection 
with this design: The diameter of the inner cylinder 
may not be too small, or the unsatisfactory pattern 
of Fig. 211 appears.

The per cent, changes in resistance ratio as a func­
tion of cell resistance for several cells compared to 
cell I (cell constant =  0.03833) are shown in Fig. 3. 
The ratio at a resistance of about 1000 ohms 
(10~3 N solution) is taken as the reference point. 
For a cell of the type I design and cell constant 
0.06097 there is no significant change in the ratio.

Fig. 3.— Per cent, change in ratio of resistance of various 
cells to resistance of cell I (constant =  0.03833): 0 ,  refer­
ence point (1 0 _ W  solution); O, cell of same design as cell 
I but constant =  0.05997; C, cell I II ; © , cell V I ; © , cell 
IV.

For cells III, IV and VI there is a downward trend 
with increasing resistance, which indicates the 
presence of capacitance-resistance bypaths. These 
data clearly demonstrate the superior performance 
of the shielded concentric cells.

Tests of the effect of electrode position on the 
resistance confirm the above conclusion. No 
change in resistance is observed for cell I (as long as 
the bottom of the outer electrode extends a few 
mm. below that of the inner) either on moving the 
electrode assembly so that the outer cylinder 
touches the walls of the electrode vessel, or on 
changing the depth of immersion of tube C in the 
solution. This is true whether the bottom shielding 
strips (J of Fig. 2) are attached or not. If these 
strips are not used, however, the resistance depends 
on the vertical position of the electrodes with 
respect to the bottom of the cell when the distance 
becomes less than 3-4 mm.

For cells III, IV and V increasing sensitivity of 
the resistance readings to change of resistance and 
depth of immersion of the electrode leads is noted; 
a change of 5 cm. in the depth of immersion, for 
example, produces a 0.1% change in the resistance 
reading for cell IV. For cell V, the effect is about 
2 % .

While the above data show that cell I is definitely 
superior to the other cells, curvature is nevertheless 
present in the R-f~'/l‘ plots, and the question of 
how to extrapolate to infinite frequency to obtain 
Ro, arises. The usual procedure of drawing a best- 
fit straight line through the experimental points3 
is unsatisfactory for plots showing such marked 
curvature. However, we have found that the data 
can be represented by the quadratic equation

R =  R  co +  ax — bx2

where x = R ™ can be calculated simply,
without recourse to graphing, by the following pro­
cedure : resistance measurements are made at three 
frequencies chosen so that the corresponding x 
values increase by equal increments. Three of the 
points in Fig. 4 satisfy this condition, namely, those 
for 5000, 1250 and 556 cycles where the values of 
x are 0.01414, 0.02828 and 0.04242. The coefficient 
b can now be determined with sufficient accuracy by
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calculating the two AR/Ax ratios indicated in Fig. 
4, dividing these values by the midpoint values of 
,r (0.02121 and 0.03535), averaging the two num­
bers so obtained, and dividing the average by 2 
(since d2f?/d.r2 = 26). The three bx'2 products 
are calculated and subtracted from the appropriate 
R values to give three numbers R' = 7 ? „  +  ax. 
From Fig. 4 it can be seen that the R' values lie 
on a straight line of very gentle slope which extra­
polates to R.co. Since the x increments are equal, 
subtraction of the average AR' value from R (5000) 
immediately gives R„. The value obtained agrees 
with that determined by drawing a parabola 
through the original points.

If one fits a straight line to the data by the 
method of least squares (dotted line, Fig. 4) the 
value of R «, so determined is 0.6 ohm lower, a sig­
nificant difference in this example where the resist­
ance is of the order of 1000 ohms. For aqueous 
solutions of not too high a resistance, the R-f~1/2 
curves are practically linear, and the resistance can 
be expressed satisfactorily by the equation

R =  R „  — ax

the higher terms in x being negligible. Hence the 
linear extrapolation recommended by Jones and 
Christian does not introduce a very large error for 
these solutions. In the case of non-aqueous 
solutions which in general have a much higher resist­
ance, however, the square term in x becomes the 
major factor and it is necessary to use a quadratic 
equation in making the extrapolation.

DISCUSSION
T . S i-ie d l o v s k y  (Rockefeller Institute).— I should like to 

suggest that you try saturating your solutions with hydro­
gen. M y guess is that this may result in less irreversible 
electrode polarization and therefore show less frequency 
dependence of the measurements.

It. M . Fuoss.— Even if saturation with hydrogen would 
reduce polarization, it probably would not eliminate it 
entirely, and we therefore prefer elimination by extrapola­
tion to a complication of the experimental technique.

H. I. S c h if f  (McGill University).— The direct current 
method of measuring electrolytic conductances developed

Fig. 4.— Extrapolation curves for a typical set of data: 
O, observed resistances; • , R' =  R œ +  ax; dotted line, 
linear extrapolation plot calculated using the method of 
least squares.

by Dr. A. R. Gordon and his associates is free of the im­
pedance difficulties discussed in the paper of Xichol and 
Fuoss. Moreover, it is capable of yielding high precision 
data with very simple apparatus. However, the method as 
described is restricted to solutions for which suitable reversi­
ble electrodes can be found. This is a serious limitation in 
the case of very dilute and non-aqueous solutions. For 
example, we found AgCl to be soluble in nitromethane 
solutions of quaternary ammonium chlorides.

It has been found possible to circumvent this difficulty by 
immersing the Ag, AgCl probe electrodes in aqueous KC1 
and forming a liquid junction between this solution and the 
non-aqueous solution whose conductance is to be measured. 
Since the d.c. method involves the measurement of the 
potential difference between two such probe electrodes the 
junction potentials cancel. The observed probe bias po­
tentials were not substantially larger than those reported by 
Gordon. Moreover, when precautions are taken to keep 
the liquid junctions sufficiently distant from the main body 
of the cell the conductance measurements remain constant 
to 0 .0 1 %  for more than 4 hours. The conductance is also 
independent of the current passed through the main body of 
the cell over the same range as is claimed for aqueous solu­
tions.

It therefore appears that this modification may render 
the d.c. method applicable to the measurement of con­
ductances of any electrolyte.
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THERMOPOTENTIALS IN THERMOCELLS
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The thermodynamics of irreversible processes is applied to thermocells. The results of the theory are discussed in connec­
tion with the experimental data. Some general relations between thermopotentials of thermocells and the temperature coef­
ficient for isothermal cells are given.

1. Introduction.— Eastman21 and Wagner2b 
have discussed the thermopotential of thermocells 
in a way analogous to Thompson’s treatment of the 
metallic thermocouple, that is, by a so-called 
“ quafd”  thermostatic method.

Recently Holtan, de Groot and the author3'4 
have given a treatment for the thermopotentials 
of thermocells along the lines of the thermodynam­
ics of irreversible processes.5'6 It is our purpose to 
summarize this treatment here and discuss the 
equations obtained in connection with experimental 
results. A detailed account of the comparison 
between theory and experiment has been published 
by Holtan elsewhere.7

We will consider systems consisting of two elec­
trodes, connected to a precision compensator, and 
in contact with an electrically conducting medium. 
For simplicity’s sake we will consider only pure 
thermocells, i.s., thermocells with identical elec­
trodes. During the experiment the electrodes 
are kept at different temperature. The thermo- 
potentials are measured at zero current passing 
through the cell, and before any appreciable con­
centration gradients have been set up due to the 
Soret effect.

2. The Homogeneous Thermopotential.—The
general expression for the entropy source strength 
i  in a system of n components, in mechanical 
equilibrium, (k =  1, . . . ,  n), excluding viscous 
phenomena and chemical reactions can be shown 
to be5

T a =  —J q( v T ) / T  +  E l U - A T k  -  (VMk )t 1 (1)

Here T is the absolute temperature, Jn the so- 
called reduced heat flow6, and Jk the flow density 
of component k with respect to an arbitrary refer­
ence frame. The external force per unit mass act­
ing on component k is denoted by Fk, whereas pk 
is the chemical potential of k taken per unit mass. 
The subscript T in (1) indicates that the gradient 
of /¿k must be taken at uniform temperature.

The phenomenological equations describing the 
irreversible phenomena occurring in the system 
may then be written as

(1) On leave of absence from the University of Utrecht, Nether­
lands.

(2) (a) E. D. Eastman, J. Am. Chem. Soc., 48, 1482 (1926); 49, 794 
(1927); (b) C. Wagner, Ann. phys., [">] 3, 629 (1930); [5] 6, 370 
(1930).

(3) H. Holtan Jr., P. Mazur and S. R. de Groot, Physica 19, 1109 
(1953).

(4) H. Holtan Jr., Thesis, Utrecht, 1953.
(5) S. R. de Groot. “ Thermodynamics of Irreversible Processes,” 

North Holland Publ. Coinp., Amsterdam, 1951.
(6) I. Prigogine, “ Etude Thermodynamique des Phémomènes Ir­

réversibles,” Desoer, Liège, 1947.
(7) H. Holtan, Jr., Proc. Kon. Ned. Akad. v. Wet. Amsterdam, B56, 

498 (1953); B56 , 510 (1953).

A  = - - V q, (V T )/ T  +  E U U W k ,  (2)

F k -  (Vwdr = —M kq( v T ) / T  +  Y , ï = i M * ' J ' (3)

with the following Onsager reciprocal relations 
amongst the coefficients

M r, =  M ik (4)

M qk =  - M k„  (5)

As can be shown, these coefficients also satisfy the 
relations

=  o (6)

= 0 (7)

where pk is the density ©f component k. It is 
clear from (2) that M qt represents the heat trans­
ferred at uniform temperature with the unit of 
mass of component k. Therefore the M ,t are 
identical with the so-called heats of transfer Qk* 
and must, according to (5) and (6), satisfy the rela­
tion

E b i « W = 0  (8)

For the system under consideration Fk is given by 
F k = - e k V*> (9)

where ck is the charge per unit mass of k, and <p 
the electrical potential. With (5) and (9), equation
(3) can be rewritten as
V f  =  Ck _ ‘( V Pk )t  —  Pk-1 N ) ? -  i M k\J j —

ek^ Q k* {V T )/ T  (10)

Let us now introduce the partial electric current 
density due to the kth charged component

I k =  Ck’J t (1 1 )

and the total electric current density

i  =  E U i L  ( i 2 )

Let us also introduce the transference numbers h 
defined as the ratios of the partial currents I k 
and the total current I, at uniform temperature and 
chemical potentials

Ik =  ( Ik/ I)vT =0 ;  V«<=o; = =  1 ( 1 3 )

From (10) one finds, for uniform temperature and 
uniform chemical potentials

E r = i ek_1 ei_1 M * ' 1' =  - V v / I  =  R (14)

where R is the coefficient of electrical conductance.
We can now multiply both members of (10) by 

ik and sum over k. We then obtain with (4), (11),
(12) and (14)
V<P = — tkek~'  (VpkA —

E U i  L  ek_l Q k * ( y T ) / T  -  R I  (1 5 )
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With the conditions of vanishing total electric 
current (I  =  0) and vanishing concentration 
gradients (VMk = 0), we finally obtain the follow­
ing expression for the homogeneous thermopoten­
tial.

F v *  =  -  (V T )/T  (16)

where Qt'* is the molar heat of transfer, zk the 
molar charge in faraday’s and F the faraday num­
ber. Formula (16) has been derived with trans­
port quantities A and Qk'* with respect to an ar­
bitrary reference frame. In the following, they will 
be defined -with respect to a frame in which the 
electrodes of the thermocell are at rest.

The homogeneous thermopotential in the metal­
lic wire connecting the electrodes through the 
compensator is a special case of (16) and is given by

F V *  =  Qei'* (v T )/ T  (17)

where Qdl* is the heat of transfer of the electrons 
in the wire.

3. The Heterogeneous Electrode Potential D if­
ference.— The electrical potential difference at the 
interface between the electrodes (phase 1) and the 
electrolytic medium (phase 2) in the state of van­
ishing electric current is given, as in ordinary 
thermostatics, by the condition that the electro­
chemical affinity of the electrode reaction equals 
zero. We can therefore write for the potential 
difference at a junction between electrode and 
medium

F (ipi — * 2) =  A G (18)

where AG is the "change in Gibbs free energy, due 
to the electrode reaction, when one faraday of 
electricity passes from the electrode to the medium. 
For thermocells with identical electrodes, one at 
temperature T, and the other at T +  AT, the 
resulting heterogeneous thermopotential is given 
by

FA^het =  AGt+ at — a £?t =  — a S a T (19)

Here AS is the change of entropy due to the 
electrode reaction, when one faraday of electricity 
has passed through the cell. As in § 2, it has been 
assumed in (19) that concentration gradients do 
not occur in the medium between the electrodes.

4. The Total Thermopotential of a Thermocell. 
— The resulting potential of a pure thermocell can 
be obtained by adding up the homogeneous and 
heterogeneous potential differences around the 
circuit

A (plot =  Aipmcd +  A<pmet +  A*l,et (20)

A<p(,ot is the total potential measured in the ex­
periment, “med” refers to the medium, “ met” 
to the metallic wire. From (16), (17), (19) and
(20) one finds for the total thermopotential of the 
cell
F A ^ot/A T  =  -  £ *  = xik Z k - W / ' T  “

Qoi'*/T -  AS (21)

Again, of course, this formula is valid only when 
no concentration gradients occur in the medium.

Introducing the so-called entropies of transfer 
S* defined by

(22)

where rit is the partial molar entropy of component 
k, equation 21 can be rewritten in the form
F a * / A T =  -  = -  ASoi* +

l(kZk-I iSk — So] (23)

It can easily be verified that, when AS is 
evaluated for each special case, the last three 
terms on the right-hand side of (23) will not con­
tain ion entropies, which are not known, but only 
known salt entropies.

As an example consider the cell with solid elec­
trolyte

Pb; PbCl2; Pb 
T T  +  AT

In this case —AS equals
— AS = I Spb — I Spb++ — Set (24)

Since lead chloride is a pure anion conductor, the 
transference number of the anion is equal to unity. 
Equation (23) then reads

FA<p/AT =  <Sj_ * — Sd* +  i  Si>b — 1 *Si>i,ci. ( 2 5 )

The right-hand side of this expression contains, 
apart from the entropies of transfer, only the par­
tial molar entropies of lead and lead chloride.

As another example and special case of (23) 
consider the metallic thermocouple

M e A ;  M e B j  M e A  
T T +  AT

We have here simply
~AS =  \Sd — b Sd (26)

and therefore from (23)
FA*/AT =  A-Sei* -  bSsi* (27)

that is, the usual expression for the thermopoten­
tial of a metallic thermocouple.5

Turning back to formula (23), we thus see that 
the sum of the last three terms on the right-hand 
side contains only known quantities (transference 
number and partial molar entropies). Let us for 
convenience denote this sum, which can be calcu­
lated, by F(A*/AT)0, so that
F ( A * /A T )  =  F ( A * /A T ) .  -

X ;A  = 1ik Z k -tS k *-S e i*  (28)

Comparison of (A<p/AT)C with the experimental 
results A<p/AT therefore yields information con­
cerning the entropies of transfer rik* and rid*.

Holtan performed such a comparison for a 
number of cells. It turned out that for most 
thermocells with solid electrolyte, which were 
considered, the calculated values coincide with the 
experimental ones within the limits of experi­
mental error.4-7 This seems to indicate that the 
last two terms of (28) are of negligible magnitude 
in these cases. For thermocells containing elec­
trolytic solutions such a result has not been found. 
It should be noted however that the hydrated ions 
in the electrolytic solutions must be considered as 
components, as defined in the derivation of ex­
pression (23). For the calculation of (A<p/AT)0 
in this case, one therefore needs data concerning 
the transport of solvent during electrolysis. Since 
the available data are not accurate enough, no 
definite conclusions concerning the magnitude ofSk* =  (<A4* +  TSk)/T
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the terms containing entropies of transfer can be 
drawn.

5. Relations between Thermocells and Iso­
thermal Cells.—The formalism developed in the 
previous paragraphs enables us to derive some 
general relations between thermopotentials of 
thermocells, and the temperature coefficient for 
the electromotive force of isothermal cells.

Consider the isothermal cell
M e; M e X ; X? (29)

and the two thermocells
M e; M e X ; M e (30)

T T  +  A T
X 2; M e X ; X 2 (31)

T T +  \T

The temperature coefficient of the isothermal cell 
(29) is given by

F (d A p /d ?’ )is =  Smo +  2 Sx! — SlteX (32) 
The thermopotential of thermocell (30) is given by 
(cf. equation 23)

F(A<p/ATf =  Sx~* — nSel* — SsjeX +  <SlWe (33) 
and the thermopotential of (31) by

F(Ap/AT)i =  S x-*  -  A , *  -  i  Sx-2 ■ (34)

In these equations, iSei* is the entropy of transfer 
for the electrons in the metal of cell (30), while 
2Sei* represents the entropy of transfer of the elec­
trons in the solid substance in which the gas of 
cell (31) is absorbed.

Subtracting (34) from (33) and using (32) we find
F (a <p/ a T )i -  F (A ?/ A T h  =  F(dA(p/dJ')i» +  A i *  -  Sel*

(35)

In general Sei* is not the same in the two cells. 
The difference is equal to the thermoelectric force 
of a thermocouple consisting of the metal Me of

cell (30) and of the metal in which the gas of cell 
(31) is absorbed. As the thermopotential of metal­
lic thermocouples is usually of the order of magni­
tude of 10~6 volt/degree, while the thermopoten­
tial in thermocells is about 1(D3 volt/degree, the 
last two terms on the right hand side of (35) may 
be neglected. The relation thus obtained (that 
is, neglecting 2Sei* — pSei*) has been found experi­
mentally by Reinhold8 and finds its justification 
in the above considerations.

Similar relations may be also derived for more 
complicated cells.4

DISCUSSION
G e o r g e  S c a t c h a r d  (Massachusetts Institute of Tech­

nology).— Dr. Mazur has shown that the deviations from 
Reinhold’s conclusions are very small. It seems to me that 
they will be identically zero for the normal method of meas­
uring these potentials. The necessary conditions for 
identity are that the potentiometer remain at constant 
temperature and that the two metallic thermal gradients be 
made in the same metals as in the isothermal cells if the 
comparison is made directly, or the two metallic thermal 
gradients both be made in the same metal if the comparison 
is made with thermal coefficients from calorimetric measure­
ments.

P e t e r  M a z u r .— Reinhold’s rule holds exactly in some 
cases. The equations which have been derived show that 
this will be the case, for instance, if the gas of the second 
thermocell is absorbed in the same metal, as the electrodes 
of the first thermocell are made of. Professor Scatchard 
indicates another possibility for this rule to be satisfied 
exactly. The measurements of thermopotentials are, 
however, quite frequently performed on systems in 
which the metallic thermal gradient is completely con­
fined to the metal, of which the electrodes are made. Fur­
thermore, in the case described by Professor Scatchard, the 
thermopotential of a thermocell would not be determined 
uniquely by specifying only the electrodes and the electro­
lytic medium.

(8) H. Reinhold, Z. anorg. Chem., 171, 181 (1928).
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The thermodynamic behavior of electrolytes in aqueous solutions up to high concentrations is described on a uniform theo­
retical basis. In addition to the electrostatic interaction of the ions two properties of the electrolyte prove to be especially 
characteristic of the thermodynamic behavior: 1st, the space requirement of hydrated ions in the ionic atmosphere; 2nd, 
an incomplete dissociation appearing for a large number of electrolytes at higher concentrations. The quantity characteris­
tic for the space requirement of the hydrated ions and for the formation of undissociated molecules is the hydration radius 
“ a ,”  which is approximately known from values of the apparent molar functions at infinite dilution. By introduction of 
new distribution formulas for the ionic atmosphere in the theory of Debye and Hiickel, which follow from statistical and 
thermodynamical considerations analogous to adsorption statistics or to Eucken’s treatment of hydration shells, the proper­
ties of some completely dissociated electrolytes such as Li halides, M gCli, and others are calculated and found to be in good 
agreement with experimental data. Other applications of the distribution formula— especially with respect to colloid ions—  
are indicated. In the general case one has to consider the additional effect of incomplete dissociation. Then the calcula­
tions of mean activity coefficients, heats of dilution, and apparent molar heat capacities from the expression for the free 
energy are in fair agreement with experimental data for 1 -1 , 2 -2 , 1 -2 , and 1-3  electrolytes up to concentrations of about 
1 to 4 molar. The effect of incomplete dissociation appears most obviously, separated from other effects, in sound absorp­
tion results of some electrolytic solutions. In addition, the relaxation effects of the hydration shells of the ionic atmosphere, 
and of the dissociation equilibrium are discussed with respect to heat conductivity, electrical conductivity, and sound absorp­
tion data of electrolytic solutions. The last mentioned quantity gives information about the kinetics of' extremely fast ionic 
reactions in aqueous solutions.

1. Introduction sager and others3 on the theory of strong elect ro-
The fundamental work of Debye, Hiickel, On- (3) For fetaile<l eT ositio,,!- "• H- lla™e<1 and B- Owen,

“ The Physical Chemistry of Electrolytic Solutions,” John Wiley and
(1) Max-Planck Institut für physikalische Chemie. Sons, Inc., New York, X. Y ., 1950; H. Falkenhagen, “ Elektrolyte,”
(2) Institut für physikalische Chemie der Universität. Leipzig, 1953; or G. Kortüm, “ Elcktrolytlosungen,” Leipzig, 1941.
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lytes, resulting in the explanation of the well- 
known limiting laws of statistical and irreversible 
behavior, was one of the most successful applica­
tions of statistical thermodynamics to properties 
of matter. This theory, applied in the region of 
high dilution, represents a really exact and satis­
factory solution of the problem. At higher con­
centrations however, the applications of the theory 
are restricted because the suppositions involved be­
come insufficient. An exact treatment of the prob­
lem at higher concentrations without simplifications 
does not yet exist up to now.

In a series of preceding papers,4 we have tried 
to describe the thermodynamic behavior by intro­
ducing a model into the theory of Debye and Hückel5 
containing some features characteristic of elec­
trolytes at higher concentrations. In the follow­
ing we will briefly characterize our conceptions 
and give a survey of our calculations and results 
obtained.

2. Space Requirement
Hydration, and Incomplete Dissociation of Elec­

trolytes.—The space requirement of ions in aqueous 
solution is essentially determined by the strength 
of their hydration. According to Eucken6 atom 
ions of strong electrolytes in aqueous solution are 
surrounded in general by one to two hydration 
shells containing eight or more oriented water mole­
cules. The inner one of these hydration layers is 
practically stable up to about 100°, while the second 
layer is partly decomposed in this range. (“ Decom­
posed” means in this connection that the water di­
poles are not oriented in the direction of the ionic 
field.) This model of hydrated ions was very useful 
in the interpretation of the temperature dependence 
of apparent molar functions at infinite dilution (e.g., 
apparent molar heat capacities or volumes),7 which 
give information about the steric and energetic inter­
actions between the ions and the solvent molecules.

The hydrated ions are not rigid and impenetrable 
complexes because the time which is required for 
the orientation and disorientation of the water 
molecules in hydration shells is comparable with 
the duration of normal position exchanges of par­
ticles in fluids.8 Thus the motion of the ions 
through water is accompanied by a continuous 
“ formation”  and “ decomposition”  of their hydra­
tion shells (see Section 5). Due to this fact the 
hydration shells of oppositely charged ions can 
partly penetrate into each other, as the orientation 
of the water molecules in these shells is of opposite 
direction. This is observed in the investigation of 
fast ionic reactions,9 to which we refer in the last 
section. In contrast to this, the hydration shells 
of like-charged ions must repel each other as rigid 
and impenetrable complexes because of the similar 
orientation of the water molecules involved. For 
the radii of these impenetrable complexes values of 
about 5-6 A. are to be expected (ionic radius +

(4) E. Wicke and M. Eigen, Naturwissensckafteii, 38, 456 (1951);
(b) Z. Elektrochem., 56, 551 (1952); (c) Z. Naturforsch, 8a, 161
(1953); (d) Z. Elektrochem., 57, 219 (1953).

(5) P. Debye and E. Hückel, Physik. Z. 24, 185 (1923).
(6) A. Eucken, Z. Elektrochem., 51, 6 (1948).
(7) M . Eigen and E. Wicke, ibid., 55, 354 (1951).
(8) See ref. 42.
(9) M . Eigen, Z. physik. Chem., “ Neue Folge,7’ 1, 176 (1954).

distance of 1 to 2 hydrogen bonds). For homolo­
gous ions (e.g., Li+, Na+, K + . . .) these values may 
vary at the most about 1 A. corresponding to a 
variation in volumes of about 100%. The differ­
ent steric interaction of like-signed and oppositely 
charged ions is important in the distribution of 
ions in the ionic atmosphere4b (see Fig. 1).

dissociated limiting case undissodated

Fig. 1.— Models for steric interactions of equally and 
unequally charged, hydrated ions.

On the other hand the penetration of hydration 
shells of oppositely charged ions causes the for­
mation of undissociated molecules. For these, a 
minimal distance of the free ions “a”  may be in­
troduced which includes the radii of the ions and the 
diameter of about one water layer. All distances 
<  a of free ions are assumed unstable, the coulom- 
bic and chemical forces then exceeding the hydra­
tion forces, and the residual water molecules be­
tween the ions will be displaced more or less com­
pletely. A possible hydration, remaining partially 
upon the formation of the ion pairs, depends pre­
sumably on special properties of the electrolyte in 
question, and thereby may cause characteristic 
differences in the behavior of homologous elec­
trolytes. Even apart from the action of chemical 
forces, which then may become effective, the elec­
trostatic' interaction of two neighboring dehy­
drated ions still cannot be described by use of 
the macroscopic dielectric constant of water, in the 
way that is approximately valid for free ions at 
greater distances. Therefore it corresponds to a 
physical reality, to treat the ion-ion interactions 
in two separated steps: 1st, the electrostatic inter­
action of free ions with distances >  a, due to the 
ionic atmosphere; 2nd, the electrostatic and chemi­
cal interactions of ion pairs with distances <  a 
(undissociated molecules). We will first deal with 
interactions of the first type.

3. Ionic Atmosphere and D istribution Formulas
In the theory of Debye and Hiickel6 the calcula­

tion of the charge distribution in the ionic atmos­
phere is based on the well known Boltzmann formula

N T/n±  =  exp T  (zeâ {r)/kT) (3 -1 )

with nT =  number of ions/cm.3 in the distance r 
from a positive central ion, w* = average number 
of ions/cm.3 in the solution (in the distance <» from 
the central ion), z0 = ionic charge (z taken as 
absolute value) \j/(r) = electrostatic potential, 
(at the distance r from the central ion), k = Boltz-



704 M. E i g e n  a n d  E .  W i c k e Voi. 58

mann constant, and T =  absolute temperature. 
The assumption made in this formula, i.e., treat­
ing the ions as mathematical points, limits the 
application to low concentrations only. At higher 
concentrations, however, the influence of finite 
ionic volumes becomes more effective. Calcula­
tions, in which a finite ionic radius of the central 
ions is introduced by the boundary conditions of 
the Poisson-Boltzmann equation, can only de­
scribe the experimental results in a limited concen­
tration range.10 Starting from such considerations 
we have shown in the above mentioned papers 
that it is possible to extend the Debye-Huckel 
theory up to higher concentrations by replacing 
the supposition of the theory, the Boltzmann ex­
pression (3-1), by another distribution formula in 
which the hydration and volume effects are more 
rigorously taken into consideration.11 Our idea 
may briefly be characterized as follows.

While in the Boltzmann distribution each ion 
has practically unlimited possibilities for arrang­
ing, this is not possible for particles of finite size. 
For these only a limited number of “ places”  is 
available, being either occupied or not. The cal­
culation of the distribution of hydrated ions and 
ion places may be carried out in a manner anal­
ogous to that used in adsorption statistics (Lang­
muir formula),12 or to Eucken’s treatment of 
hydration shells.6 The problem is also similar to 
that of separation of a two-component fluid in the 
ultracentrifuge, which was treated by Pedersen.13 
With respect to the model referred to in the preced­
ing section, two cases of ion distribution are of 
special interest: 1st, all ions require a rigid ex­
clusion volume of equal extension; 2nd, the hydra­
tion shells are penetrable for oppositely charged 
ions, only ions with charges of like sign being dis­
placed. The real behavior of the ions in solution 
will be between these two limiting cases; for 
strongly hydrated ions the second case seems to be 
better approximated according to our experi­
ences. For this case the distribution formula reads

X  =  exp =f  {ze^ {r)/ kT )  (3-2)

(10) For details see ref. 3.
(11) Another formula, derived by a “ Fermi-Dirac method”  was pro­

posed by Dutta and Bagchi (Indian J. Phys., 24, 61 (1950)), who were 
the first, substituting the Boltzmann formula by another one. Bagchi 
(J . Indian Chem. Soc., 27, 170 (1950)) applied the model to calcula­
tions of activity coefhcients. The physical basis of this model and 
its results do not agree with ours. However, new interpretations of 
the suppositions involved in the theory, and modifications in the ion- 
distribution formula, as pointed out in later papers by Dutta (Natur- 
u'iss., 39, 108 (1952)) and Bagchi (ibid., 39, 299 (1952); Z. Elektro- 
chem., 57, 138 (1953)) are tending to our developments. (Z. Elektro- 
chem., 57, 140 (1953), Natunriss., 39, 108 (1952)).

(12) See also G. Damkohler, Z. physik. Chem., B23, 58 (1933).
(13) K. O. Pedersen; ibid., A170, 41 (1943).

where is the number of possible “ sites”  (ion- 
places) per cm.1, corresponding to the reciprocal 
volume of the hydrated ion (N + = l/y+ ; N~ =
I / O -

Equation (3-2), written in this form, already 
shows the physical content involved. In contrast 
to equation (3-1), the quantity n ,/ n ±  in expres­
sion (3-2) is multiplied by a quotient containing 
the number of vacant “ sites” per cm.3 at the dis­
tances r and co from the central ion. This factor 
means that we have an equilibrium between the 
ions and vacant “ sites” of the form (see Fig. 2)

Ion (r) +  Ion place (°o) < > Ion (co) +  Ion place (r)

to which the law of mass action may be applied, 
with ze0̂ {r) representing the free energy of the 
exchange reaction. A more detailed and rigor­
ous statistical and thermodynamical treatment of 
this problem, only indicated here, is given in the 
above mentioned paper.46

In the other case, i.e., when particles of equal 
size without mutual penetration are supposed, the 
factor representing the concentrations of vacant 
“ sites” contains the concentrations of the counter 
ions too. Then the distribution is given by

n, w (N  — n + 
n ±  (N -  nT +

n ) 
n,~)

=  exp =F (zeaiP(r)/kT)

The application of this formula yields for the charge 
density in the ionic atmosphere around the central 
ion (with 2+ = z~; n+ =  n~ =  n)

Pe(r) — 2 nze
sinh (ze0//{r)/kT)

1 +  2n/N [cosh(zeo\p(r)/kT) — 1] (3 -4 )

while use of formula (3-2) leads to
Pe(r) =  

— 2«2Co
(1 — n/N) sinh (zeo\p(r)/kT)

1 +  2n/N (l — n/N) [cosh (zeo4*(r)/kT) — l)
(3 -5 )

At higher concentrations and potentials these ex­
pressions differ evidently from that used by Debye 
and Hiickel

Pe(r) =  — 2nze„ sinh(zeofi(r)/kT) (3 -6 )  

This is illustrated by Fig. 3. The charge density

ze<,\p/kT.
Fig. 3.— I, exponential course according to eq. 3 -6 ; II, 

according to eq. 3 -4 ; and III, according to eq. 3 -5 , both 
with n /N  =  1/2 (satn.); where eq. 3 -4 is p j r ) =  —Nzet 
tan h (zr„\p(r)/k.T) and eq. 3 -5  is pr(r) =  —Nze.0 tan h 
(ze4ir)/2kT ).
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according to equations (3-4) and (3-5) does not 
become infinite for ze0̂ (r) > >  kT as that given 
by (3-6), but reaches a saturation value, in which 
the ions are arranged compactly, containing nearly 
all water molecules in their hydration shells.

For ze0ip (r )«k T , deviations from the expan­
sion of the Boltzmann exponential (3-6) occur for 
equation (3-5) already in the first-order term. One 
obtains

ee(0= (3-7)

This expression will be used in our calculations, 
for, with respect to hydrate radii of about 4, 5 A. 
and more, the condition ze0̂ (r) <gi kT is realized in 
general. For rigid complexes of equal size, devia­
tions from the expansion of equation (3-6) appear 
only in higher terms. However, the supposition of 
equal space requirement of positive and negative 
ions, which is not necessary in the case of mutual 
penetration, is very limiting. In general one has 
to take into consideration differing space require­
ments of anions and cations, particularly for ap­
plications to colloid problems, for which these 
formulas may become useful. Calculations of 
this type have been carried out by Freise14 and, 
parallel to him, by Schlögl.16 Freise treated the 
problem of the electrical double layer and calcu­
lated by a thermodynamical method a generalized 
distribution formula, in which a different space re­
quirement of anions and cations is considered and, 
in addition, the ion places or “ sites” are inter­
preted as solvent particles or associates. This 
formula has also been derived for the general case of 
several different particle sorts, using a statistical 
method, by Schlögl, who discussed some very inter­
esting applications. The influence of the unequal 
size of ions and solvent molecules in the charge dis­
tribution of the diffuse double layer is shown by Fig.
4. If the ionic volumes are unequal, deviations 
from the Boltzmann distribution, used by Gouy 
and Chapman16 for the diffuse double layer, occur 
already in the first order term. Here also the 
most striking difference with respect to the Boltz­
mann distribution consists of the saturation value 
analogous to a “ Stern double layer.” 17 For ions of 
equal space requirement, as supposed in our re­
spective calculations, the formulas of Freise and 
Schlögl agree with eq. (3-3).

Another generalization of the distribution for­
mula (3-3) was proposed by Falkenhagen and 
Kelbg.18 These authors, too, treated the prob­
lem of several particle sorts, but their calculation 
agrees with that of Schlögl, Freise and ourselves 
only for the case of equal space requirement of all 
particle sorts. As stated above the problem of ionic 
interactions in strong electrolytic solutions may be 
treated most successfully on the basis of the model 
represented by distribution formula (3-2). This 
model seems to be suited to render the essential 
features of the hydration influence on the ionic

(14) V. Freise, Z . E lek tro ch em ., 56, 822 (1952).
(15) R. Schlögl, Z . jih y s ik  C h em ., 202, 379 (1954).
(16) G. Gouy, A n n .  P h y s . , 7, 129 (1917); D. L. Chapman, P h il .  

May., 475 (1913).
(17) O. Stern, Z . E lek tro ch em ., 30, 22 (1924); see also Bikermann, 

P h il .  Mag., 33, 383 (1942).
(18) H. Falkenhagen and G. Kelbg, A n n .  P h y s . ,  11, 60 (1952).

Fig. 4.— Charge density in the diffuse double layer, com­
parison of Freise’s12 calculations: I, v+ =  v- =  »so)v; II, 
»ions =  0.5»Soiv; III , »ions =  2weoiv, with the exponential 
course of Gouy and Chapman14 (Boltzmann distribution).

interactions and, therefore, to approximate the 
real situation, especially in cases of strongly hy­
drated ions.

4. Thermodynamic Functions 
(a) Complete Dissociation.—The calculation 

of the electrostatic part of the free energy Ae/  
has been carried out according to Debye and Hiickel 
by solving the Poisson-Boltzmann equation with 
suitable boundary conditions and applying the 
Debye charging process, leading to

A e/ =  - n  —  X  2  z^ e»2 (4—1)
e +  -

with
n =  number of electrolyte molecules per cm .3, dissociated 

into v + n cations and v~ n anions (n  =  Nbc/1000, 
NL =  Avogadro’s number) and c =  electrolyte 
concn. in moles/1.

e =  dielectric constant of the solvent 
z\ =  valency of the ion sort i 
Q =  [In (1 +  an') -  an' +  (a //) 2/2 ]/(m c ')3 
a =  mean hydration radius (see section 2)

, 1“4 W  / 1 n \ r̂-> »
K = 1- d c f n { ■ 4- J

where
1/k =  radius of the ionic atmosphere after Debye and 

Hiickel

l/E = I f  d where 5 = 2 [ i f  + if ]
=  the mean hydration volume of positive and nega­

tive ions

Corrections for the higher terms in the expansion 
of exponential—according to Gronwall, La Mer 
and Sandved19—do not essentially influence this 
expression of the free energy, if hydration radii of 
4 A. and more are supposed.

Equation (4-1) differs from the corresponding 
expression, used by Debye and Hiickel, in the pres­
ence of the additional factor (1 — n/N) in k , which 
produces a minimum in the concentration depen­
dence. According to our model of mutual penetra­
tion of the hydration spheres of oppositely charged 
ions (Fig. 1) the “ distance of closest approach”

(19) T. H. Gronwall, V. K. La Mer and K. Sandved, P h y s ik .  Z ., 29, 
358 (1928).
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This is represented for some 
1-1,1-2,1-3 and 2-2 electro­
lytes in Figs. 5-8 (see be­
low). Examples for nearly 
complete dissociation are 
hydrochloric acid, Li halides, 
MgCL and others. The ex­
perimental values for activ­
ity coefficients of these elec­
trolytes are well reproduced 
by expression (4-3).

2nd : The differentiation 
of Ae//T with 1 IT leads to 
the “ integral heat of dilu­
tion” We. For a completely 
dissociated electrolyte the 
calculation yields

We
à  A „ f / T \  A h  

/  n

( r  ,2 v  - e g )\1 +  O.K /
ò ln a  

ò ln T

1n/N  /

1 -  n/N  V1 +  aK'

2 Q) m S  <«>
with

v  =  1 +
ò In e
51ÏTT 0.37

for water at 25°,
following W ym an20

Fig. 5 .— Mean aetivity coefficients of 1-1 electrolytes at 2 5 °: full lines calcd. by eq. , , ,  ..
4 -3  or 4 -1 2 ; dashed lines, D H , =  limiting law (Debye-Hiickel), D H 2 =  Debye-Hilckel an,4 ^ne limiting 
second approx, with a =  5 Â. W er  1

law value

between the central and counter ions, “ a,”  may 
be connected with the hydration radius, determin­
ing the steric interactions in the ionic atmosphere, 
by the “ approximate relationship”

V =  4 / 3  X a 3 (4 -2 )

“a” is then the only disposable constant in equa­
tion (4-1). From expression (4-1) some well- 
known thermodynamic functions—-suitable for 
comparison with experiment— may be obtained by 
simple differentiation processes as follows.

1st, the differentiation with respect to the 
stoichiometric concentrations of the ions n-, yields 
the chemical potential and the activity coef­
ficient /  of the completely dissociated electrolyte. 
We obtain

n7 /ln /i =  k/k' ( l  - ^ - [ 1 / ( 1  +  a«') -  2Q] +  2Q k'/k

(4 -3 )
where

ln /i  =  —z+ z-e02K/2ekT (4 -4 )

is the limiting law value of the Debye-Hiickel 
theory.

Equation (4-3) shows—if “ a” -values of about
4.5-6 A. are chosen— the characteristic feature 
of the concentration dependence of completely 
dissociated electrolytes at higher concentrations: 
the minimum and the subsequent rise above unity.

W °i  =  -  ATl / Y ,  ^  T  ( 4 _ 6 )
+  -

In addition to “a,” expression (4-5) contains as 
disposable parameters the differential quotients 
£> In a/d In T and d In N/d In T =  N '; these may 
be estimated with sufficient accuracy from the 
above mentioned experimental determinations of 
the temperature dependence of apparent molar 
functions at infinite dilution.22 The concentration 
dependence of the heat of dilution of a completely 
dissociated electrolyte according to equation (4-5), 
shown in Fig. 9, is found to agree better with ex­
perimental data (e.g., LiBr) of Lange and Robin­
son23 at higher concentrations than that calculated 
by Lange and Meixner24 on the basis of the Debye- 
Hiickel theory.

(20) J. Wyman, Phys. Rev., 35, 623 (1930).
(21) E. Lange, Fortschr. Chem., Phys. physikal. Chem., 19, 6 (1928). 

For a calculation of eq. (4-5) see also E. Lange and K. Mohring, Z. 
EleJctrochem., 56, 927 (1952).

(22) The connection between a and 'V according to equation (4-2) is 
not suitable for the temperature dependence of these values; the 
variation of the distance “ a” with temperature is only very small ac­
cording to the small temperature dependence of the interior hydration 
layers (see Fig. 1), while the variation of N , which is essentially deter­
mined by the temperature dependence of the exterior hydration layers 
is in general quite considerable (5). The values for b In A /bln  T ^  
N \  estimated from experiments, are quoted in Fig. 9.

(23) E. Lange and A. L. Robinson, Chem. Revs., 9, 89 (1931).
(24) E. Lange and J. Meixner, Physik Z ., 30, 670 (1929).
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3rd: The third possibility for testing the theory 
is given by the second differential quotient (d2Ae/ /  
dT2), leading to the concentration dependent 
part of the apparent molar heat capacity,26 for 
which we obtain
Aer , _____T  / 5 2AeA  N i _  a  W± ,
A <7p -  T [ dT2 n ~  AlCf> X  +

W ^ { ^ P )  P (4 -7 ) 

with the “ limiting law heat capacity”
AiCp «  3.13 ^  X / z*2P i^ I//2 V L  cal./deg. mole (4 -8 )

which was first derived by La Mer and Cowperth- 
waite26 (neglecting the difference between free 
energy and free enthalpy) and also discussed in 
detail by Gucker.27 The second term on the right 
hand side of equation (4-7) is in general negligible 
with respect to the other term, as shown by a 
numerical estimation411 (even by use of extreme 
values of the less exactly known differential quoti­
ent d W /d T 2) . The influence of this term lies in any 
case within the limits of error of the experimental 
values of the apparent molar heat capacities, which 
amount to about ± 1  cal./deg. mole. Therefore 
we have approximately

a°Cp «  A , e p {W°/W° i )  ( 4 - 9 )

and the concentration dependence of AeCp becomes 
similar to that of We, represented by equation 
(4-5). This means for concentrations above 0.5 m, 
within the error limits of about ± 1  cal./deg. mole, 
a course nearly proportional to s/c. The decli­
nation of this curve, however, is smaller than 
that of the limiting law. This is represented in 
Fig. 10; the calculations with eq. (4-9) fit the ex­
perimental data7'27'28 for LiCl and LiBr.

Analogous treatment with respect to the pres­
sure derivatives, resulting in the apparent molar 
volumes29 and compressibilities,30 leads to expres­
sions which are very similar to those above con­
sidered (d /dT to be substituted by d/’dp).

The calculations of the three thermodynamic 
functions, starting from the uniform basis of eq. 
(4-1), have shown that there exists a group of 
electrolytes for which, in all three cases, agree­
ment with the experimental data up to relatively 
high concentrations is obtained, and for which 
therefore the supposition of complete dissociation 
may be justified. An essential feature of the 
model, used in these calculations (for instance in 
the case of LiCl), consists in the different steric 
interaction of the ions of like and unlike sign. The 
anions and cations approach each other only to a 
distance “ a,” in which they still keep their interior

(25) We note that the apparent molar heat capacity consists of two 
parts of which one is independent of concentration. This part 
(AoC'p) describes the ion-solvent interactions at infinite dilution as 
mentioned in the second section (cf. ref. 7). We will here engage 
the second (concentration dependent), in the ionic interaction part 
only.

(26) V. K . La Mer and I . A. Cowperthwaite, J .  Am. Chem. Soc., 55, 
1004 (1933).

(27) F. T. Gucker, Jr., Ann. À*. Y .  Acad. Sci., 51, 680 (1949).
(28) M . Randall and F. D . Rossini, J. Am. Chem. Soc., 51, 1004 

(1933).
(29) O. Redlich and P. Rosenfeld, Z. physik. Chem., A155, 65 (1931).
(30) Ch. Bachem and H. Falkenhagen, Z. Eiektrochem., 41, 570 

(1935).

Fig. 6.— Mean activity coefficients of 2 -2  electrolytes at 25 0 
(see Fig. 5).

hydration layers (distance 6 A.). The electrolyte 
can therefore be termed as “ completely dissociated” 
(see Fig. 1). This steric interaction, however, in­
fluences the “ vacant site factor” in the distribution 
formula only unimportantly with respect to the 
“ exclusion”  of the hydrate spheres of equally 
charged ions, for which the whole hydration 
sphere, being especially rigid through the electrical 
repulsions, has to be taken into account (radius G A.).

(b) Incomplete Dissociation.— In the numerical 
calculation of activity coefficients, the individual 
behavior of the different electrolytes may be de­
scribed by variation of the parameter “ a." This, 
however, is only successful, if wre permit the “ a” 
values zo vary from 1 A. or less up to about 6 A. 
The resulting ionic or hydration volumes would 
then vary over several orders of magnitude— rather 
in contrast to all conventional hydration models. 
This contrast becomes still more striking in the 
treatment of the heats of dilution, of which none 
of the negative values which are observed for some 
electrolytes at higher concentrations can be de­
scribed by changing the “ a”—parameter, or by 
other corrections in the electrostatic term. For 
these and other reasons, we have introduced the 
additional assumption of incomplete dissociation, 
as already suggested by Nernst,31 Onsager,32 Fuoss

(31) W. Nernst and W . Orthmann, Z. physik. Chem.. 135, 199 
(1928).

(32) L. Onsager, Physik. Z., 28, 277 (1927).
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Fig. 7.—-Mean activity coefficients of 2 -1  electrolytes at 2 5 ° (see Fig. 5).

and Kraus33 and others. The quantity char­
acteristic of this second kind of ionic interactions 
is the degree of dissociation, a, defined by the law of 
mass action

(4 -10 )

Where /  is the mean activity coefficient according 
to eq. (4-3), which is to be modified by using the 
“ true”  ionic concentrations ac instead of c. Ke 
stands for the dissociation constant, which is 
connected with the heat of dissociation Hœ by the 
well known Van’t Hoff relation

à ln K , D œ
àT RT* (4 -11 )

(D „ is the enthalpy for c -*■ 0 of the reaction
(33) R. M . Fuoss and Ch. A. Kraus, J . Am. Chem. Soc., 55, 476, 

2387, 3614 (1933) (c/. ref. 1.).

A B  — >■ A + (aq) +  ft~ (aq)

producing two ions of the same valency (these 
considerations are restricted to this case). K c 
and H» are two new empirical constants, for 
which we have to choose suitable values. The 
arbitrariness of these choices is rather restricted 
by the condition that we must fit three different 
experimental curves with one set of constants.

The more detailed calculations are already com­
municated in a previous paper.4d Here we will 
briefly deal with the results only, and give an ac­
count of the additional terms occurring in the 
thermodynamic functions considered above.

1st: In case of an incompletely dissociated elec­
trolyte the expression (4-3) for the mean activity 
coefficient /  is to be completed by the term In a. 
Thus we have

In fa = In (af) (4 -12 )
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V c
Fig. 8.— Mean activity coefficients of 3 -1  electrolytes at 25° (see Fig. 5).

with a according to eq. (4-10) and /  being a func­
tion of (ac) instead of c. Measurements with the 
various methods lead directly to the quantity f a .

2nd: For the heat of dilution we find the extra 
term AaTF = —(1 — a)D„ in addition to the elec­
trostatic part We according to eq. (4-5) which is 
now also a function of (ac)

W ea =  aW °  -  (1 -  ct)Da (4 -13 )

3rd: For the apparent molar heat capacity, two 
additional terms have to be taken into account

AaCp =  D , (doc/dT)p -  (1 -  a) (Z D ^/dT )p (4 -14 )

but the numerical calculation shows that the second 
term is negligible within the above-mentioned limits

of error. The first term reads explicitly

Aa&p «  G (a ) X  (4 -15 )

with
D c =  D „  — 2 R T * ( d  In f / d T ) „  

the heat of dissociation at the concentration c (in 
general «  Dm) and G(a) =  a (l — a) / 1 +  (1 — a). 
The complete concentration-dependent part of the 
apparent molar heat capacity then becomes

A « eC p =  o: A°(7P +  A « C P (4 —1 6 )

An analogous expression is obtained for the influence 
of dissociation on the isothermal compressibility 
of the solution
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VcT
Fig. 9.— Integral heat to dilution of 1-1 electrolytes at 2 5 °: full lines are course according to eq. 4 -5  or 4 -1 3 ; dashed 

lines according to Debye-Hiickel theory,23 exptl. values in ref. 21.

A«,3t =  ~  X  G (a) X  {£̂ -  (4 -17 )

where AE0 represents the difference of partial 
molar volumes analogous to the above-mentioned 
enthalpy difference Z)c. We come back to this

expression in the following section because this 
quantity, occurring in the expression for the sound 
absorption of an incompletely dissociated elec­
trolyte, gives the possibility of determining the 
dissociation part independently from the other 
ionic and solvent interaction terms.
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(c) Discussion of the 
Results.—The numerical 
evaluation of the above 
quoted formulas for the 
activity coefficients, heats 
of dilution and apparent 
molar heat capacities of 
incompletely dissociated 
electrolytes is represented 
by Figs. 5-10. The limit­
ing case of complete dis­
sociation with K r —► co 
has already been dis­
cussed in Section 4a. For 
the other cases the re­
spective empirical con­
stants are noted beside 
the curves.

Of particular interest 
with respect to the incom­
plete dissociation seems 
to be the activity coeffi­
cient of MgS04 (Fig. 
6). The Debye-Hückel 
theory can also repro­
duce the experimental 
values by using essen-
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Fig. 10.— Concentration dependence of apparent molar heat capacity of 1-1 electrolytes 
at 2 5 ° : full lines are I, calcd. for complete dissocn. (eq. 4 -9 )  with a =  6 A., N ' =  1.5 K„ 
=  ; II and III  calcd. for incomplete dissocn. (eq. 4 -1 6 ) with a =  5 A . and N '  =  1.5 (II,
K e =  2.5, D „  — 3.0 kcal./mole, III , K e =  6, D m =  4.4 kcal./mole. Dashed line shows the 

tially smaller “ a” -param- limiting law. For exptl. values see refs. 7, 26, 27. The respective A0C'P values are: LiBr, 
eters. On the other hand, — ^ a C l, —23; KC1, —28; KBr, —29 cal./deg. mole.

our calculations lead to a term of incomplete dis- salts (see Table 1), the additional term is nearly
sociation, which agrees with results of Davies, and 
of Jones and Monk34 and which we also have been 
able to confirm independently with the above-men­
tioned sound absorption method (see Section 5).

The experimental values of all three functions 
are well reproduced by one set of constants over a 
relatively wide concentration range. The “ a” 
values differ only between 4.5 and 6 A. and are not 
in contrast to the usual conceptions of the hydra­
tion of atom ions. The values of K c (see in 
Table I) and D ra may be taken only as orders of 
magnitude with respect to the very crude model, 
used in the calculations. But they enable us to 
explain especially the negative heats of dilution 
which are a characteristic phenomenon of incom­
plete dissociation, which cannot be explained by 
the “ electrostatic”  or “ exclusion”  effects.

T a b l e  I

D e g r e e s  o f  D isso ciation  o f  Som e  z-z E l e c tr o ly te s  i n  
A queous  So lu tio n  a t  20°

Concn. moles/1. 0.01 0.1 1 K c, moles/I.

NaCl 1 .0 0 .99 0 .93 6
KBr 1 .0 0 .9 8 0 86 2 .5
CsBr 0 .9 9 0 .9 4 0 .6 9 0 .9
TlNCh 0 .9 7 0 .8 5 0 .4 7 0 .3
MgSO, 0 .6 3 0 .3 6 0 .2 0 0 .005

Furthermore the calculations with reference to 
the incomplete dissociation reproduce the AeaCp 
curves of the apparent molar heat capacities at 
higher concentrations7’27'28 which were hitherto 
hardly to be understood theoretically. For de­
grees of dissociation nearly equal to unity, which 
are realized in the case of the above-mentioned 1-1

(34) C. W . Davies, Trans. Faraday Soc., 
Jones and C. B. Monk, ibid., 48, 929 (1952).

23, 351 (1927); H. W.

proportional to y/c (see Fig. 11) and is responsible 
for the individual y/c dependence of the apparent 
molar heat capacity of these salts. For smaller 
dissociation constants, as in the case of metal sul­
fates, the dissociation term goes through a maxi­
mum at a w 50% according to the quantity 
G{a) in equation (4-15). This theoretically pre­
dictable fact seems to be realized for these types 
of electrolytes as shown by Fig. 12, in which ex­
perimental values for Z11SO4, obtained by La Mer 
and Cowperthwaite26 are plotted against y/c. 
This really is the course to be expected from equa­
tion (4-16).

The foregoing treatment of ion-ion interactions, 
based on the two additional hypotheses, i.e., the 
hydrate volume “ exclusion”  and incomplete dis­
sociation, seems to be suited to render the essential 
features of the thermodynamic functions of elec­
trolytes at higher concentrations. Apart from 
some simplifications, made in the theory and justi­
fied partly by respective numerical estimations, 
the results are obtained by use of three constants, 
which are sufficient to fit at least three different 
experimental curves of any electrolyte. This seems 
to indicate that our assumptions and models, in 
spite of their rather crude nature, correspond to 
real phenomena, at least qualitatively. But it 
does not mean that our considerations comprehend 
all influences occurring at higher concentrations, 
or that; our method of treating the different effects 
is the only possible one. In this connection we 
remark developments by Bjerrum36 and by Stokes 
and Robinson,36 who considered a direct influence

(35) N. Bjerrum, Z. anorg. Chem., 109, 275 (1920).
(36) R. H. Stokes and R. A. Robinson, J. Am. Chem. Soc., 70, 1871 

(1984).
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V c.
Fig. 11.— Calcd. values of dissocn. term A<rCp, eq. 4-1, in 

this case \/c dependence.

Fig. 12.— Concn. dependence of partial molar heat capac­
ity A*CP of ZnSOu full line exptl. curve24 corresponding to 
eq. 4 -1 6 ; dash line, Debye-Hiickel limiting law.

of hydration, and especially of Van Rysselberghe 
and Eisenberg,37 Mayer,38 Poirier,39 and of Falken- 
hagen and Schmutzer,40 who discuss a “ co-volume” 
or “ virial”  influence of the hydrated ions in the 
solution like that of real gases. The reflections 
of these authors aim almost at the same effects as 
ours. Thus, in our model, additional influences 
of this kind are— though surely present—only of 
subordinate importance. The nature of our “ co­
volume”  effect is for the prevailing part an electro­
static one, for this effect is determined essentially 
by the electrostatic and hydration interactions 
and not to be treated independently from the 
other electrostatic effects. Apart from this for the 
residual effect of a non-electrostatic “ co-volume” 
of ions the situation is another and more compli-

(37) P. Van Rysselberghe and E. Eisenberg, J. Am. Chem Soc., 61, 
3030 (1939); 62, 451 (1940).

(38) J. E. Mayer, J. Chem. Phys., 18, 1426 (1950).
(39) J. C. Poirier, ibid., 21, 965. 972 (1953).
(40) H. Falkenhagen and Schmutzer, Naturwiss., 40, 314, 602 

(1953), who start from the distribution formula (3-3) (2b), modified for 
several particle sorts18 and calculate “ co-volume” effect of an analo­
gous gas from the pressure gradient on the wall of the vessel, or as an­
other way— they sta:*t directly from the entropy term in the statisti­
cal calculation of the distribution formula (c/. ref. 4b: page 556, eq. 
21 and 22.) The calculation of the activity coefficients by this method 
requires two empirical constants. The formula differs somewhat from 
ours, but describes the same physical effect in another way.

cated one than that of real gases. With respect 
to the more empirical calculations of Bjerrum, 
Robinson and Stokes it may be noted that the 
essential influence of water structure restricts it­
self to the molar thermodynamic properties at 
infinite dilution like that of A0CP (sec page 12 ref.25). 
An essential influence beyond this occurs only at 
relatively high concentrations, for instance if com­
petition of the ions for the H20  molecules in the 
hydration shells comes into play. Another effect 
of this type may be the disturbance of the water 
structure (association equilibria), in this sense, re­
flections of Frank and Robinson41 may become 
interesting. They consider corresponding effects 
with respect to the entropy of dilution. Such re­
finements are not yet taken into account in our 
model, and it would be of some interest, what 
modifications would be necessary in the considera­
tions of such effects.

5. Relaxation Effects
Our calculations in the preceding sections were 

restricted to reversible thermodynamic behavior 
and therefore to equilibrium effects only. On the 
other hand, for an extension of our considerations to 
irreversible phenomena the problem of the rate 
of attainment of equilibrium and of relaxation ef­
fects may become important. Therefore, it seems 
to be justified to make in closing some remarks on 
this problem, which leads us—in addition— to some 
interesting applications.

In our calculations three equilibria have been 
considered in detail: 1st, the equilibrium between
ions and water molecules, i.e., hydration equilib­
rium; 2nd, the equilibrium of distribution in the 
ionic atmosphere; 3rd, the dissociation equilibrium 
of the electrolyte. Information about the rate of 
attainment of the first equilibrium may be ob­
tained from a study of the heat conductivity of 
water and aqueous solutions, as pointed out pre­
viously.42 Pure ivater shows an anomalous heat 
conductivity, arising from an additional structural 
part (transport of heat), analogous to that in dis­
sociating gases. The theoretical treatment of these 
effects enables us to estimate the time required for 
formation or breaking of single hydrogen bonds 
in the liquid water, which is found to be 10-12 to 
5.10~13 sec. The time required for the orienta­
tion and disorientation of the exterior hydrate 
water molecules is of the same order of magnitude, 
while that required for the formation or dissociation 
of higher associates or of interior hydration bonds 
is essentially longer. No difficulties exist thereby 
for the water molecules in the exterior hydration 
layers to arrange themselves -within times of the 
order of that required for normal position ex­
changes. Analogous conclusions result from mod­
els of the anomalous mobility of protons in tvater, 
for which the diffusion rate of a structure sphere 
(hydration shell) determines the mobility.43

The rate of attainment of the second equilib­
rium mentioned above, the relaxation of the ionic 
atmosphere, is important in the electrical con-

(41) H. S. Frank and A. L. Robinaon, J. Chem. Phys., 8, 933 (1940).
(42) M . Eigen, Z. Elektrochem., 56, 176, 836 (1952).
(43) E. Wicke, M . Eigen and Th. Ackermann, Z. physik. Chem. 

“ Neue Folge,” 1, 340 (1954).
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ductivity of electrolytes and appears most obviously 
in the “ Debye Falkenhagen effect,” 44 the well 
known dispersion effect of electrical conductivity 
at high frequencies. According to Debye and 
Falkenhagen the relaxation time of this effect is 
given by

with p being the mean frictional coefficient of the 
ions. Equation (5-1) becomes, e.g., for KC1 at 
25°

0 271
6 =  —— 1 X  10~10 sec. 

c

The introduction of the new distribution for­
mulas (3-2) and (3-3) into the theory of Onsager,46 
Debye and Falkenhagen44 does not influence this 
time lag, as shown by Falkenhagen, Kelbg and 
Leist.46 But an influence exists for the expression 
of the electrical conductivity, and the considera­
tion of this and of the radius effect of the central 
ions leads to a good agreement with experimental 
data up to concentrations of about 0.5-1 molar.46

The time required for the attainment of the dis-
fcisociation equilibrium AB A+ +  B - , may be
k2

written

r =  h  +  2 a c k2 (5 _2 )

the k’s being the conventional rate constants. If r 
is essentially different from the relaxation time d 
of the ionic atmosphere, then it may be possible to 
separate the two relaxation effects by suitable dis­
persion measurements. Suited for such measure­
ments are, for instance, the 1st and 2nd Wien- 
effect,47-60 i.e., the conductivity shift for strong and 
weak electrolytes at high electrical field densities. 
The “ dispersion” of the dissociation field effect 
(2nd Wien-effect) was recently theoretically treated. 
Experiments of this type are under way and are des­
cribed elsewhere.51

Another method— still more suitable— is the 
measurement of the above-mentioned sound ab­
sorption, which was discussed recently together 
with Tamm and Kurtze.62 The dissociation ef­
fect gives rise to a sound absorption term53

M« 2 tt
Mr A aß, 

1 +  w M  ßo
(5 -3 )

with cc = 2ttv, v =  frequency, r =  relaxation time 
A„/js =  dissociation term of adiabatic compres-

(44) P. Debye and K. Falkenhagen, Physik. Z ., 29, 121, 401 
(1928).

(45) L. Onsager, ibid., 27, 388 (1926); 28, 277 (1927).
(46) H. Falkenhagen, M . Leist and G. Kelbg, Ann. Phys., [6] 11, 51

(1952) .
(47) M . Wien, ibid., 83 327 (1927); 85,795 (1928); 1,408 (1929).
(48) M . Wien and J. Schiele, Physik. Z., 32, 545 (1931).
(49) L. Onsager, J. Chem. Phys., 2, 599 (1933).
(50) D. J. Mead and R. M. Fuoss, J. Am. Chem. Soc., 62, 2047 

(1940).
(51) M . Eigen, Disc. Faraday Soc., (1954).
(52) M. Eigen, G. Kurtze and K. Tamm, Z. Elektrochem., 57, 103

(1953) . For the measurements see, G. Kurtze and K. Tamm, Acustica 
Zurich, 3, 33 (1953); G. Kurtze, Nachr. Ges. Wi'ss. Göttingen, 57 (1952); 
K. Tamm, ibid., 81 (1952).

(53) ß is defined by the exponential decrease of the energy density 
E, in a progressive plane sound wave: E ' — E'o exp — (¿td/X), where 
d =  distance in direction of propagation; X =  wavelength.

sibility and /?0 = adiabatic compressibility of the 
solution.64

This term increases to a maximum at to = 1/r 
which in many cases lies several orders of magni­
tude above that for the sound absorption of water 
or of solutions of completely dissociated electro­
lytes. The effect is well reproduced by eq. (5-3), 
especially too in cases of typically weak electro­
lytes (NH3).°

In a different direction, the relaxation measure­
ments, i.e., the sound absorption, the dispersion 
of the dissociation field effect, and a corresponding 
temperature relaxation effect60 give the possibility 
for a study of extremely fast ionic reactions in 
aqueous solutions (e.g., of reactions with half 
times of 10-3 to 10-9 sec. such as neutralization, 
hydrolysis, and other ionic reactions),9’60 which 
cannot be followed with the conventional methods. 
Thus the consideration of the relaxation effects opens 
some further interesting aspects, in addition to the 
possibility for an independent proof of some of our 
above treated theoretical developments.

DISCUSSION
G e o r g e  Sc a tc h a r d  (Massachusetts Institute of Tech­

nology).— It is difficult to discuss this very interesting paper 
in a few words. The Eueken model of aqueous solutions, 
which pictures liquid water as composed of H 20 , (H 20 ) 2, 
and (H 20 ) 4 and (H 20 ) s, may be considered the antithesis of 
that by Debye, which pictures liquid water as a structure­
less medium characterized by its dielectric constant. The 
conclusions from either, except for the Debye-Hiickel 
limiting law, may be expressed at least approximately in 
terms of the law of mass action. There are three types of 
interaction which I have described as ion-ion, ion-molecule 
and molecule-molecule. * *

Eigen and Wicke are successful in representing approxi­
mately the behavior of salt solutions with only a few param­
eters, but it would take a more quantitative comparison 
to show that their approximation is closer for the halogen 
chlorides than one I made from the Debye picture f using the 
crystal radii of Pauling and only two other parameters for 
fifteen salts.

The treatment of Eigen and Wicke seems to me to have 
three difficulties which make the interpretation of the param­
eters uncertain. (1) A t least in the rigid sphere approxi­
mation, the activity coefficients calculated are those of the 
ions as they exist in dilute solutions, that is, the hydrated 
ions, but they are compared with those of the anhydrous 
ion components. (2) Although the work of displacing the 
charged medium should be included in the electrostatic 
work, the statistics used for the case of unequal volumes 
seem seriously at fault in that the electrostatic interaction 
of two ions of the atmosphere is calculated as depending 
only on their distance from the central ion and not on their 
distance from each other. (3) Two ions held at a fixed 
distance will attract water between them much more strongly 
if their charges have the opposite sign than if they have the 
same sign. Any penetration of the hydration shells must be 
due to the competition of the stronger attraction between 
the two ions of opposite signs. This competition does not 
stop with one layer of water left between the ions.

I can sum up m y position by quoting from an earlier 
review. “ W e may say that any truly satisfactory solution 
must wait a development that can express chemical action 
in precise physical terms and one that can treat a liquid 
taking into account the existence as molecules of every
species present.........In the meantime progress will be made
by developing different phases of the theory along different 
lines. It will be desirable to use every available method,

(54) The difference between adiabatic and isothermal compres­
sibility can practically be neglected for aqueous solutions because of 
(dT/dp)a ^  0 in this case.

* G. Scatchard, Chem. Rev., 13, 7 (1953).
t G. Scatchard, ibid., 19, 309 (1936).
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and this will lead to some confusion for it will be difficult to 
avoid counting the same effect twice as expressed in different 
terms.”

M . E ig e n .— W e agree with Professor Scatchard’s opinion 
that our theoretical treatment is merely a provisional attempt 
on the way to a truly satisfactory solution of the problems 
in question. But, in spite of its rather crude nature, it seems 
to render the essential characteristic influences occurring at 
higher concentrations.

W ith respect to the three difficulties indicated by Prof. 
Scatchard, our treatment of these effects may be justified as 
follows:

First: The difference between activity coefficients of an­
hydrous and hydrated ion components has been considered 
by N . Bjerrum. But these considerations correspond to a 
hydration model of rigid, stoichiometric compounds (de­
scribed by a change of the molar fraction of the water). The 
treatment according to our model can not use this correction, 
otherwise we would count the same effect twice.

It corresponds to our model to treat the hydration shells—  
with respect to the statistical exchange with freewater mole­
cules or associates— not as part of rigid, stoichiometric com­
pounds with the ions, but only as a changed water structure 
in the surroundings of the ion.* The main influence of this 
structure change upon the free energy is linear in the electro­
lyte concentration and leads, for the partial molar functions, 
only to terms which are independent of concentration (c/.

* The same effect causes the different distance of closest approach for 
like-charged and oppositely charged ions. Our calculations contain 
this hydration influence only upon the ionic interaction; they do not 
lead to the thermodynamic functions of the whole hydration complexes 
(i.e., ions +  water molecules involved in the hydration shells). The 
hydration influence occurs in our model as a repulsion effect of partly 
electrostatic nature, effecting a weakening of the electrostatic part of 
the free energy. The activity coefficients, obtained by differentiation 
with n, then show the characteristic minimum and rise above unity, 
while the part of free energy, Ae/> is always smaller than zero.

the terms mentioned in ref. 7 in our paper). Our omission 
of this influence in the calculation of activity coefficients, 
heats of dilution, and concentration dependent part of ap­
parent molar heat capacities concerns therefore— if we com­
pare with experimental values— only the concentration terms 
of higher order.

Second: Our model indeed is too crude to describe any in­
dividual interactions between ions in the ionic atmosphere 
around the central ion; but our distribution formula should 
be a better approximation than the Boltzmann formula used 
in the Debye-Hückel theory, as it contains the influence 
which we consider essential at higher concentrations, namely, 
the limited number of ion sites. In this respect, the situa­
tion is comparable with that of adsorbed gases, for which 
the Langmuir formula is also a better approximation than 
the simple Boltzmann formula.

Third: W ith respect to this point, concerning the inter­
pretation of the “ a” -values and the incompleteness of dis­
sociation, more information wras obtained from the sound 
absorption measurements, mentioned only shortly in our 
paper. In fact these results, in which ionic atmosphere ef­
fects and dissociation effects occur separately, restrict the 
arbitrariness of the assumptions made in our calculations of 
the “ dissociation influence” upon the thermodynamic func­
tions (for instance in the case of 2 -2  electrolytes). It should 
be interesting, too, to compare these results on formation and 
structure of ion complexes with those given by other methods 
(for instance, spectroscopic or magnetic resonance measure­
ments).

Finally, we may admit that the quantitative interpreta­
tion of our parameters may be uncertain because of the 
omissions and other formal assumptions made in the cal­
culations. But the fact that these parameters have the right 
order of magnitude, as known from other investigations of 
ionic hydration, and that the calculations fit the experi­
mental values of three different thermodynamic functions 
by use of one single set of values for these parameters, seems 
to indicate that the effects which are treated in our model 
correspond to real physical phenomena.

THE STATISTICAL MECHANICS OF ELECTRICAL CONDUCTION
IN FLUIDS1

By M elville S. Green

Department of Physics, University of Maryland, College Park, Md.
Received July 26, 196J+

A  method has been developed to discuss irreversible processes in fluids from a statistical mechanical point of view. The 
flows of macroscopically observable quantities are shown to be linear functions of corresponding thermodynamic forces with 
coefficients given explicitly in terms of certain random processes. In this presentation the theory will be applied specifically 
to a model of an electrolyte in which certain molecular species carry electrical charges and in which external fields are pos- 
sibly present. Expressions for conductivities and other irreversible coefficients in terms of specific random processes will be 
given. The thermodynamic forces will be discussed.

I want to talk today about the application of a
general statistical theory of irreversible phenom­
ena2 * to the problem of electrical conduction in 
fluids. To talk about this theory at an electro­
chemistry symposium at Yale University is, per­
haps, to bring it back to its source since its two 
motivating ideas are (a) Onsager’s theory of re­
ciprocal relations,8 (b) Kirkwood’s statistical 
theory of Brownian motions,4 * * * both of which are 
closely associated noth the theory of electrolytes 
and with Yale University.

As in Onsager’s theory the macroscopic state of 
the system is described by certain functions de-

(1) This research was supported by the United States Air Force 
through the Office of Scientific Research of the Air Research and De­
velopment Command.

(2) M . S. Green, J. Chern. Phys., 20, 1281 (1952); 22, 398 (1954).
(3) L. Onsager, Phys. Rev., 37, 405 (1931); 38, 2265 (1931).
(4) J. G. Kirkwood, J. Chem. Phys., 14, 180 (1946).

fined in its phase space
0 ,(9 0  • • • • Or(9C)

(9C signifies a point in phase space and represents 
the position and momentum of all particles of the 
system.) In our case there are enough of these 
to give an adequate description of the spacial dis­
tribution of the several species present as well as 
of the energy density and velocity. The number 
required may be quite large, perhaps of the order 
of a million or a billion, but, of course is still small 
compared to the number of degrees of freedom of the 
system.

The primary mathematical object of the theory 
is a Fokker-Planck type equation which governs 
the probability of transition from one macroscopic 
state to another. In many cases, however, and 
ours is one of them, an adequate description is 
given by a set of ordinary differential equations
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for the most probable values ax(t) ■ ■ ■ ar(t) of the 
macroscopic variables.

dai 
d t <■■> +  r  6 i ^3 = 1 ÔO, j +

diij
ÔOj

t>i(9C) is the rate of change of the variable Oi(9C) 
at the point X while the brackets mean average 
in the ensemble which represents the macroscopic 
state. W is what one might call the phase volume 
density of the macroscopic state and therefore 
k log W is the entropy of the macroscopic state. 
The quantities £j are related to the elements of the 
correlation matrix of the v-, at different times.

iij = j  ( <v-,(0)i’i(<r)> — <V\> <Vj> ) dff

Here v-}{a) is the rate of a-} at time a considered 
as a function of the phase point SC through which 
the system passed at time 0. i>i(0) = Vi(X). The 
integrand represents the correlation between v\ and 
Vj at two different times and may be expected to 
be small when the interval between the times, <r, 
is larger than a certain macroscopic time r. The 
integral is taken between zero and r. The quanti­
ties <vi>, £ij and log W  may all be functions of the 
macroscopic state, i.e., of ax ■ ■ ■ ar.

Many of you will recognize the relation of this 
equation to Kirkwood’s form of the Langevin equa­
tion of Brownian motion theory and to Onsager’s 
form of the phenomenological equations of ir­
reversible phenomena. The quantities are 
generalizations of Kirkwood’s friction constant 
while the quantities 5 log TF/d a-, are essentially 
Onsager’s thermodynamic forces. The first term 
in these equations can be shown to represent 
reversible effects while the second and third terms 
contain all irreversible effects. In our case the third 
terms can be shown to be negligible.

As you all know, electrical conduction is a special 
case of a general conduction-diffusion problem 
which is appropriately considered as a whole. 
In this problem we are interested in the rates of 
change of the most probable local concentrations 
of the several species px (9C), X =  1 . . . v. Some 
of these species may be ions bearing charges ex. 
I want to consider for a moment, and then leave 
the question of a possible hydrodynamic mass 
motion of the fluid. The first reversible terms in 
the equations for the most probable macroscopic 
state lead to the statement that the composition 
is constant along the stream lines of the mass mo­
tion. Diffusion-conduction then represents the 
irreversible deviation from this first reversible 
approximation.

In order to evaluate the second terms we have 
to determine the entropy as a function of the 
macroscopic state. This is the familiar albeit 
usually very difficult problem of determining the 
volume of a region of phase space. The analogous 
problem for a system of uncharged species has 
been considered elsewhere. The result given there 
must be modified to allow for two new circum­
stances. (a) The possible existence of small local 
deviations from electrical neutrality which give 
rise to long range interaction between widely 
separated parts of the system and (b) the possible

existence of sources of electrostatic, field external 
to the system. An “ educated guess” at the neces­
sary modification is

log W  =  »  /  S (£ * (x ) , Pl(x ) ■ ■ ■ ■ p ,(x))dx

where § is the entropy density considered as a 
function of concentrations px(x) and the intrinsic 
energy density E*(x) and the integration is over the 
whole volume of the system. The intrinsic en­
ergy of a volume element is defined to be its total 
energy less 1/ 2 of the energy of interaction of its 
space charge with all other space charges of the 
system less the potential energy of its space charge 
in the external field. The thermodynamic force 
corresponding to px (x) is the partial derivative or 
rather the functional derivative of log W with re­
spect to px(x). It contains two terms— one, the 
negative chemical potential of the Xth species di­
vided by kT, the second, — ex<p(x)/kT where <p(x) 
is the total electrostatic potential at the point x, 
i.e., that due to internal and external charges. 
The result is the negative electrochemical potential 
divided by kT.

— (jux(x) +  ex <p{x)/kT

The equations for the rates of change of the 
concentrations are

pK =  x  vL«x vOx + lx )̂01 x
and the most significant conclusions of the theory 
are autocorrelation expressions for the coefficients 
Lk\ which appear in them.

Lkx =  1 /3 kT  dir lim F  ^  „  F - 1< a (0 )-C x (< r )>

Here Cx (<r) is the sum of the velocity vectors of all 
particles of X at the time a and the limit is taken 
as the volume of the system goes to infinity keep­
ing the concentrations and the intrinsic energy 
density constant.

There are three things which can be proved in 
general about these coefficients. The first is a 
consequence of the principle of conservation of

v

momentum. Because ^  w*xCx the total momen- 
* = 1

turn of the system, is a constant of the morion, 
where mx is the mass of a particle of species X, 
can be shown that

V V
^  m„LK\ = LK\m\ = 0 
«=i x = 1

The second is Onsager’s well-known symmetry rela­
tion

Lk\ = L\„
and the third, which is equivalent to the principle 
of increase of entropy in an irreversible process, 
is that the matrix A*x is positive (semi-) definite.

The general formula for the LkX as well as the 
general statements which can be derived from it 
have a wide range of validity and in particular are 
independent of the nature and concentrations 
of the species subject to two provisos. Possible 
internal degrees of freedom of the species have not 
been taken into account so that, for instance, the
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role of an electric polarizability has not been deter­
mined. (This probably makes no difference in the 
formal result.) Secondly and more seriously it 
has been assumed that the relaxation time for a

deviation from electroneutrality while macro- 
scopically short, is long compared to the correla­
tion time of the C*. This is probably not true for a 
very high concentration of ions.

THERMODYNAMIC PROPERTIES OF MIXTURES OF ELECTROLYTES IN
AQUEOUS SOLUTIONS

By T. F. Y o u n g  a n d  M a r t i n  B. S m i t h 1

George Herbert Jones Chemical Laboratory, University of Chicago, Chicago, Illinois
Received July 26, 1964

The mean apparent molal volume of two electrolytes in an aqueous solution may be calculated from known values of the 
apparent molal volume of each electrolyte in the binary solution whose ionic strength is that of the ternary solution. The 
relatively small discrepancies between the values so calculated and experimental data can be represented by simple alge­
braic expressions, i.e., (‘interaction terms.”  Combination of the interaction terms with the basic equation leads to equations 
which may be differentiated to yield explicit expressions for partial molal volumes. The calculations agree well with “ experi­
mental” determinations of partial molal volumes. The forms of the curves representing the changes in enthalpy occurring 
when two solutions of the same ionic strength are mixed are comparable with the corresponding volume curves. Some 
general relations have been observed between the constants of equations for the enthalpies of binary solutions of electrolytes 
of the 1-1, 1 -2 , 2 -1  charge types. These relationships when extended by further experiments promise to make it possible 
to base predictions of enthalpies of solutions upon the constitutions of the electrolytes involved.

According to the ionic strength principle the 
mean ionic activity coefficient, Y± , of any “ strong 
electrolyte is the same in all solutions of the same 
ionic strength.” 2- 5 It follows that F(excess), 
defined by equation 1 is also determined by the 
ionic strength, y

Aexcess) =  R T  In =  F  -  F °  -  R T  In (1)

Here F° denotes the standard partial molal free 
energy of the electrolyte, m± the geometrical mean 
molality of the ions, v the number of ions resulting 
from the dissociation of one formula unit (“ mole­
cule” ) of the electrolyte, R  the gas constant and T  
the absolute temperature.

If F(excess) is to be determined by the total 
ionic strength a~ each temperature it follows that 
H(excess) defined by equation 2 is also a function 
of the ionic strength, y

H iex  cess) =  R  — H ° =  L  (2)

Here H  denotes the partial molal enthalpy and H° 
is its standard value. Similarly, if F (excess) is 
to be determined by y_&t each pressure throughout 
a range of pressures, V (excess) defined in equation 
3 is also determined by the total ionic strength

V  (excess) =  V — V° (3)

V° in equation 3 denotes the standard partial 
molal _volume._ For the purposes of this paper 
both H° and Vc refer to properties of the solute in 
infinitely dilute solution.3'6’7

The validity of the ionic strength principle is
(1) The Ethyl Corporation, Baton Rouge, La.
(2) G. N . Lewis and M . Randall, J. Am . Chem. Soc., 43, 1112 (1921).
(3) G. N. Lewis and M . Randall, “ Thermodynamics and the Free 

Energy of Chemical Substances,” McGraw-Hill Book Co., Inc., New 
York, N. Y ., 1923.

(4) P. Debye, Physik. Z., 25, 97 (1924).
(5) “ The Collected Papers of Peter J. W . Debye,”  Interscience 

Publishers, Inc., New York, N. Y ., 1954, p. 326.
(6) I. M . Klotz, “ Chemical Thermodynamics; Basic Theory and 

Methods,”  Prentice-Hall, Inc., New York, N. Y ., 1950.
(7) F. D. Rossini, “ Chemical Thermodynamics,”  John Wiley and 

Sons, Inc., New York, N. Y ., 1950.

restricted unfortunately to very limited concentra­
tion ranges. It is difficult therefore to obtain 
sufficiently precise _data to demonstrate the rela­
tionship of S  and V to the ionic strength. Never­
theless H. E. Wirth8 attacked the problem for 
aqueous solutions of potassium chloride with 
sodium chloride, potassium bromide with sodium 
chloride, and potassium sulfate with sodium chlo­
ride. He found that the (excess) partial molal 
volumes of the salts in these mixtures were in ex­
cellent agreement with the volume corollary of the 
ionic strength principle even for values of y as 
large as one molar.

Later, aqueous solutions of sodium chloride with 
hydrogen chloride9 and of sodium perchlorate with 
perchloric acid10 were investigated. For solutions 
of these electrolytes the failure of the ionic strength 
principle was as spectacular as was its success 
when applied to the three sets of solutions studied 
earlier.

Some years ago an attempt was made in this 
laboratory to explain the properties of dilute 
solutions of sulfuric acid in terms of the concentra­
tions of the ionic species involved.11 One step 
in the theoretical analysis of the heat of dilution 
curve was a hypothetical mixing of two solutions 
of the same ionic strength to produce a ternary 
solution of that ionic strength. It was assumed 
that the heat of mixing under these conditions is 
zero or negligible. Klotz and Eckert12 in their 
study of the apparent molal volumes of dilute 
sulfuric acid solutions made the similar assump­
tion that the change in volume resulting from the 
mixing of two solutions of the same ionic strength 
is zero (or small). The assumptions were at first 
regarded as approximations, probably rougher

(8) H. E. Wirth, J. Am. Chem. Soc., 59, 2549 (1937).
(9) H. E. Wirth, ibid., 62, 1128 (1940).
(10) H. E. Wirth and F. N. Collier, Jr., ibid., 72, 5292 (1950).
(11) T. F. Young and L. A. Blatz, Chem. Revs., 44, 93 (1949).
(12) I. M . Klotz and C. F. Eckert, J. Am. Chem. Soc., 64, 1878 

(1942).
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Fig. 1.— The mean apparent molal volume (at 2 5 °) of 
KC1 and N aCl as a function of m»- Point? are experimental; 
lines for the ternary solutions were calculated from equation 
5. The topmost curve denotes binary solutions of KC1 in 
water; the lowest, binary solutions of N aCl in water.

than the ionic strength principle, but more con­
venient for some purposes. This paper contains 
reports of several studies of a mixture rule em­
bodying these assumptions.

A p p a r e n t  M o l a l  V o lu m e s .—Extensive tests of 
the new rule were made possible by the beautifully 
planned and very precise density measurements of 
Wirth8'9 and Wirth and Collier.10 Thisf paper 
deals with tests of the rule for electrolytes of the 1-1 
charge type only. Hence /xv in this paper indicates 
merely the total molarity, and /¿w the total molal­
ity. Let the mean apparent molal volume be 
defined by equation 4

in which Vi° denotes the molal volume of pure 
water and V the volume of solution containing nx 
moles of water, n2 moles of one solute and w3 moles of 
a second solute. The mixture rule to be tested 
may be stated thus

=  V m  +  (5 )
1%2 72.3

In this equation denotes the apparent molal 
volume of substance number two in a binary solu­
tion whose ionic strength is that of the ternary 
mixture. Similarly <p3 represents the apparent 
molal volume of the other solute in a solution of 
the same ionic strength and containing only water 
and that one solute. Equation 5 is tantamount 
to the statement that the mixing of the two binary 
solutions of the same ionic strength produces a 
ternary solution whose volume is exactly the sum 
of the volumes of the binary solutions.

Fig. 2.— The mean apparent molal volume of K B r and 
N aCl shown as a function of ju„. Points are experimental; 
lines for ternary solutions were calculated from equation 5.

As pointed out by B. B. Owen13 the only data 
available for an adequate test of equation 5 are 
those contributed by Wirth. Figure 1 shows $T  
for solutions of potassium chloride and sodium 
chloride; Fig. 2 shows <f>F for potassium bromide 
and sodium chloride. The differences between 
the calculated and experimental values are prob­
ably within the limits of precision of the meas­
urements. These solutions therefore obey both

Fig. 3.— The mean apparent molal volume of HC1 and 
NaCl in aqueous solution at 25°. Both series of points are 
experimental. The short dashed line at the extreme left 
represents the data of Redlich and Bigeleisen (ref. 14). 
Two lines denote the binary solutions of HC1 and NaCl, 
respectively. The other lines were calculated from equa­
tion 5 and are for ternary solutions. The abscissae are nv,.

(13) B. B. Owen, in “ Electrochemical Constants,”  National Bu­
reau of Standards Circular 524, Washington, D. C., 1953, p. 193.
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Fig. 4.— The mean apparent molal volume of HCIO4 and 
NaC,104 in aqueous solution at 25°. The meanings of the 
symbols are similar to those in Fig. 3.

the new rule and the older ionic strength principle. 
$  V for solutions of sodium chloride and hydro­
chloric acid14 is shown in Fig. 3. The independent 
variable arbitrarily chosen for this figure is the 
weight ionic strength rather than the volume ionic 
strength. The deviations are not greatly affected 
by a change of uv to m w ■ It is to be understood 
that when mw is used <pi denotes the magnitude 
of the apparent molal property in a binary solu­
tion whose nw is that of the ternary mixture. 
When mv is used <pi is the magnitude of the ap­
parent molal property in a binary solution whose 
mv is the same as that of the ternary or more com­
plex mixture. In Fig. 3 there are two sets of 
points for ternary solutions. Each curve in one 
set represents a series of additions of sodium chlo­
ride to a single solution of hydrogen chloride. 
Each curve of the other set represents a series of 
solutions in which the molality of sodium chloride 
is constant but that of hydrogen chloride is variable. 
The two sets of theoretical lines were calculated 
from equation 5. It is obvious that (because of 
mathematical considerations) all of the curves 
originating in the region where Mw is less than 2 
molal pass through the same point at Mw =  2 
molal. Some of the discrepancies between theory 
and experiment are clearly outside of the limits

(14) According to Wirth’s data the slope of the HCI-H2O curve does 
not approach the limiting slope expected from the Debye-Hiickel 
theory. In later work the left portion of the curve was investigated 
extensively by Redlich and Bigeleisen [J . Am. Chem. Soc., 64, 758 
(1942)], Their data are represented by the short dashed line drawn 
just below the left end of Wirth’s curve. According to these later 
measurements the limiting slope appears to be the same for HC1, 
NaCl and for other electrolytes of the 1-1 charge type. Compare 
B. B. Owen and S. R. Brinkley, Jr. [Ann. N. Y. Acad. Sci., 51, 753 
(1949)1.

Fig. 5.— Tlie mean apparent molal volume of HC1 and 
N a C l calculated from equation 6 which contains the correc­
tion term S. One empirical constant is adequate for all of 
the solutions shown, i.e., for nw as large as 4 molal.

of experimental error. Nevertheless the success of 
equation 5 is remarkable.

Figure 4 shows a similar comparison of calcu­
lated and experimental values of 4>F for solu­
tions containing sodium perchlorate and perchloric 
acid. All of the discrepancies are probably within 
experimental error. Indeed the average deviation 
is only a little larger than the average deviation 
found by Wirth and Collier10 between experiment 
and the empirical equations derived by them to 
represent their data. The equation for each of 
their lines contains two empirical constants (other 
than the ip of the solute in the binary solution 
in which the curve starts)— twenty empirical con­
stants for the ten curves. Since in Fig. 4 all of 
the curves for the ternary solutions were computed 
without the introduction of a single empirical 
constant it is obvious that equation 5 is quite 
satisfactory for these solutions.

The usefulness of a mixture rule such as equation 
5 is measured not only by its ability to represent 
the facts by itself but also by the nature of devia­
tions from it. A rule is most useful if deviations 
from it can be represented by simple equations 
amenable to mathematical manipulation. In the 
systems discussed here the only discrepancies 
large enough to study are those for the HCFNaCl 
mixtures. Even they are too small to permit a 
thoroughly satisfactory examination. Hence it 
was assumed that the deviations <5 at a single 
ionic strength were proportional to S(2)S(3), the 
product of the respective solute fractions defined by

S (2) =  ; S(3)n2 +  n
_ n3 _
712 ~f~ H 3 (6)

and that 5/iS(2)»S(3) is proportional to m- These 
two assumptions lead to

5 =  K mS(2)S (3) (7)
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Fig. 6.— The calorimeter equipped with a pipet closed with 
ground stoppers.

The addition of equations 5 and 7 leads to

<I>F =  n2<P2 +  n w  +  K MS (2 )S (3 ) (8 )
l ^3

in which K  is an empirical constant. Calculations 
were carried out with both y.\ and ¿tw- The value 
of K  derived by trial from Wirth’s data is —1.0 X 
10-4 liter2 mole-2. This is the value to be used 
with )x\. The constant to be used with nw is 
— 0.8 X 10-4 liter kilogram mole-2. The inter­
change of fxv and nw each accompanied by its re­
spective constant does not lead to expressions which 
are strictly equivalent mathematically. The dis­
crepancies between theory and experiment, how­
ever, are not visibly different on the two plots. 
Either equation seems to represent the data within 
experimental error. The weight ionic strength 
was chosen as the independent variable for Fig. 5 
in which the data are compared with equation 8. 
The single “ interaction term”  proves to be suf­
ficient to bring the calculated values of 4>F into 
completely satisfactory agreement with experi­
ment.

Apparent Molal Enthalpies.—The new mixture 
rule can be applied also to the heat contents of 
ternary mixtures but direct comparisons such as

Fig. 7.— The heat absorbed, AH, when a solution contain­
ing § (2 )  mole of KC1 is mixed with one containing S(3) 
mole of NaCl each in an m  molal aqueous solution. The 
data shown are for 25° and m  =  unity. Note that A H  is 
negative; heat is evolved. The line represents the enthalpy 
analog of equations 7 and 8.

those shown in Figs. 1 to 5 are not possible because 
we do not deal with absolute values of molal en­
thalpies; we work only with the changes in enthalpy 
which are observed when thermodynamic processes 
occur. Equations 5 and 8 therefore may be re­
placed by the statement that AH of mixing, i.e., 
the heat absorbed, when two solutions of the same 
ionic strength are mixed is zero or small. Experi­
ments made to test the rule result in direct deter­
minations of the 8 term.

Since no thermal data ŵ ere available for com­
parison with these hypotheses several calorimetric 
investigations were made. The calorimeter (Fig. 
6) was similar to one previously described16 but 
was equipped with a tantalum pipet closed with 
tantalum stoppers ground into seats at the ends 
of the pipet. A pull on the rod opened first the 
lower and then the upper stopper. The stoppers 
were sealed with a petroleum jelly which had been 
shown to impart no appreciable conductivity to 
water after prolonged contact. Because the vol­
ume of the pipet in the calorimeter was only about 
one-tenth of the total calorimeter volume, mixing 
experiments were arranged in a program of five or 
six steps. The ternary mixture produced in one 
step was subsequently mixed with a binary solu­
tion to produce the next ternary solution.

The heats of mixing of potassium chloride with 
sodium chloride are shown in Fig. 7. The heat ef­
fects are small16 and conform rather closely to 
equation 7. Data for the mixing of LiCl and NaCl 
are shown in Fig. 8. Again the curve has the 
general form represented by equation 7, though 
deviations from it are observable. Empirical 
equations which represent the observations more 
closely are

F o t{ n ! c i ^  =
— 37.68S(KCl)<S(NaCl)( 1 +  0.030<S(KC1)) (9)

For LiCl
NaCl A H

+78.45<S(LiCl)S(NaCl) , .
1 -  0.1443S(LiCl) 1 ;

(15) T. F. Young and J. S. Machin, J. Am. Chem. Soc., 58, 2254 
(1936).

(16) They are small, for example, in comparison with the heat effect 
observed when 0.5 mole of NasSOt and 0.5 mole of HC1 are mixed (ca. 
2500 cal.) or in comparison with the heat of solution of one mole of 
NaCl in several kilograms of water (ca. 1000 cal.).
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Fig. 8.— The he it absorbed, AH, when a solution contain­
ing S(2) mole of LiCl is mixed with one containing S(3) 
mole of NaCl each in an m molal aqueous solution. Note, 
that AH  is positive; heat is absorbed. The data shown 
are for 25° and m =  unity. The line represents the enthalpy 
analog of equations 7 and 8.

The forms of these equations have no significance; 
they were chosen empirically solely to represent the 
observations.

Partial M olal Volumes.— If equation 4 be re­
arranged to present an explicit expression for V it 
may be differentiated and an equation for V of 
each of the three constituents thus derived

V3 =
* + W3 [°2 £  + °3 £ ]  

+  1000 L°2 dMy +  63 d jiiv j

(ID

In equation 11, the symbol w3 denotes a factor de­
pendent on the charge type of the electrolyte. 
It is unity for the purposes of this paper which 
deals with mixtures of electrolytes of the 1-1 charge 
type only. If m and juw be used as the concentra­
tion variables instead of C and fiv the denominator 
becomes unity, and

V3 ~  <p3 +  W3 dy>2 . d^3~|
m2 -,------- h to3 -,

C1MW UM W 'J
(12)

If a 5 term (equation 7) be included differentiation 
leaves

Vs =  <p3 +  w3 fw i +  m3 _)_ )/hK  (13) 
L  umw UmwJ

Equations 11, 12 and 13 were applied to Wirth’s 
data for hydrochloric acid-sodium chloride mix­
tures with the aid of empirical equations derived 
by least square methods for the two binary solu­
tions
HC1 in water: <pV =  18.052 -f  1.00090 v W  —

0.06736/xw (14)

NaCl in water: ¡pV =  16.587 +  1.90065 v W  -f-
0.01795 mw (15)

For solutions less concentrated than two molal, 
F(HC1) was calculated from equation 11. The 
results are shown as lines in Fig. 9. The points 
represent Wirth’s values calculated by differentia­
tion of a set of empirical equations. Each had been 
derived to represent the density data correspond­
ing to a curve representing a single series of experi­
ments. The Wirth values will be referred to as “ ex­
perimental”  points. The agreement between the­

Fig. 9.— The partial molal volume of HC1 in NaCl solu­
tions calculated with equation II  (without the 6 term). 
The topmost line represents V  of HC1 when the concentra­
tion of HC1 approaches zero.

ory and “ experiment” is excellent in Fig. 9 but not 
quite perfect. In Fig. 10 is a similar comparison of 
theory with Wirth and Collier’s “ experimental” 
values for HCICh-NaCICh solutions. There prob­
ably are no significant discrepancies. The un­
modified rule seems to be as good as these very 
precise “ experimental”  data. In Fig. 11 the par­
tial molal volumes of HC1 in NaCl calculated

Fig. 10.— The partial molal volume of NaCICb in H C104 
solutions and of HCIO4 in NaCICh solutions calculated with 
equation 11. The points are W irth’s experimental ones.
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from  equ ation  13, fo r  con cen tration s as large as 
2 m olal, are com pared  w ith  “ experim en tal”  values. 
T h e in trod u ction  o f a single em pirical con stan t 
(in the 5 term ) is, in th is case, sufficient to  elim i­
nate all sign ificant discrepancies. T h e agreem ent 
in  F ig . 11 is essentially  perfect.

Fig. 11.— The partial molal volume of HCI in N a d  
solutions calculated with equation 13 (with the 5 term).

I f  the prin cip le  p rop osed  here is basica lly  cor­
rect we should  exp ect it to  b ecom e b etter as con ­
centrations are decreased. I t  w as som ew h at dis­
con certin g  at first, therefore, to  find appreciable  
deviation s betw een  th eory  and  “ experim en t”  
for  th e  m ost d ilute solu tions stu d ied : n ote  th at the 
experim ental poin ts on  tw o  cu rves are s ligh tly  low  
over part o f the range b u t th at the last p o in t in  
each  series is so high that it appears to  lie on the 
curve a b ov e  the one on  w hich  it  belongs. A  glance 
at F igs. 3 and 5, how ever, reveals th at n o  large 
d iscrepan cy  betw een  th eory  and experim ent exists 
in this con cen tra tion  range. C arefu l exam ination  
revealed th at equ ation  5 w hich  possesses n o  em ­
pirical con stan t w hatever represents W irth ’s origi­
nal den sity  data  fo r  tern ary  solutions b etter than 
the th ree-con stan t em pirical equ ation  th at had 
been derived  originally  to  represent each  o f the tw o 
curves. In  F ig. 11 as in F ig . 5 there seem  to  be 
no discrepancies w hich  are sign ifican t.17

W irth 8 observed  in his data  ev iden ce that V  is a 
linear fu n ction  of C2 or C:¡ w hen /uv is held con ­
stant. B o th  equ ation  12 and equ ation  13 p red ict 
such a linear relationship. F igure 12 show s a 
th eoretica l ca lcu lation  (from  equ ation  13) co m ­
parable to  F ig . 3 in  W irth ’s article.

(17) The plot of V  of NaCl in HCI solutions on the other hand does 
reveal some discrepancies which are a little larger than was expected. 
These would be reduced materially if a curve for <p of HCI correspond­
ing to the Redlich and Bigeleisen densities (ref. 14) were substituted 
for the Wirth values. This condition implies that the small error 
which afflicts the left end of Wirth’s curve for hydrochloric acid in 
water does not seem to have affected his work with the ternary solu­
tions containing dilute HCI.

0 0.5 1.0

m2.
Fig. 12.— The variation of V  of HCI and NaCl at constant 

mw. The abscissas are m2, the molalities of the respective 
solvent electrolytes. The dashed lines were calculated 
from equation 12, the solid lines from equation 13. The 
points are “ experimental,”  i.e., calculated by Wirth with 
the aid of empirical equations. All discrepancies are 
probably within the limits of error of the measurements. 
The two points distinguished by arrows represent the 
two observations similarly distinguished in Fig. 9 and Fig. 
11.

It is instructive to compare the results of this 
treatment of the properties of ternary electrolytic 
solutions with other studies of mixtures. The mean 
apparent molal excess free energy is similar to a 
function defined and used by Scatchard18 in 
investigations of the properties of binary mixtures 
of non-electrolytes, the molal “ excess free energy 
of mixing” which is the free energy of mixing minus 
the free energy calculated for the mixing of liquids 
forming ideal solutions of the same mole fractions. 
Some of his curves for the excess free energy and 
for the enthalpy of mixing of two non-electrolytes 
are similar in form to Figs. 7 and 8. It is important 
to observe, however, that not all of the curves are 
of that type.

Bronsted,19 in one of his celebrated papers on 
the “ principle of the specific interaction of ions,”  
discussed the variation of log y±  of an electrolyte 
when the total concentration is held constant while 
the solvent electrolyte is changed continuously 
from one salt to another, e.g., NaNOs to K N 03. 
He presented data supporting his arguments that 
log y ± (and hence the partial molal free energy) 
is a linear function of the concentration of one of 
the electrolytes when the total ionic strength is

(18) G. Scatchard, Chem. Revs., 8, 321 (1931); G. Scatchard and 
W. J. Hamer, J. Am. Chem. Roc., 57, 1805 (1935); G. Scatchard, 
Chem. Revs., 44, 7 (1949).

(19) J. N. Bronsted, J. Am. Chem. S oc., 45, 2898 (1923); E. A. 
Guggenheim, Phil. Mag., (7) 19, 588 (1935); G. Scatchard and R. C. 
Breckenridge, T his Journal, 58, 590 (1954).
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mall and constant. Linear variations of log y ± 
have been observed by Harned20 and others even 
for very large constant ionic strengths. The solid 
lines of Fig. 13 are exact analogs of the Harned 
linear variations (the Harned rule). The dashed 
lines, on the other hand, are close analogs of the 
relationship discussed by Bronsted.

10 - 4r.

Fig. 13.— 0 versus T of equation 17 for electrolytes of the 
1-1 charge type at 2 5 ° : O, NaCl, NaBr, NaC103, N a N 0 3, 
N a B r03 and N a I0 3, respectively; • , KC1, KBr, K C 103, 
K N 0 3 and K C 104; □ , N (C H 3)4CL

The slopes of the dashed lines in the lower half 
of the figure are the negatives of the corresponding 
slopes of lines in the upper half; in other words, 
the sum of the two slopes corresponding to each 
ionic strength is zero. The sum of the slopes of

It must not be assumed that the deviations from 
any equation of the type of equation 5, can be 
represented by analogs of equation 7 or of the 
related equations 8 and 13. It has been shown 
by Harned and Harris,22 and by Harned and 
Cook23 that solutions of sodium hydroxide in 
sodium chloride and potassium hydroxide in potas­
sium chloride do not obey the free energy analog 
of equation 13. According to the point of view 
discussed here such results are to be expected. The 
calculations exhibited, however, indicate that 
equation 5 and its analogs wall often serve as basic 
relations from which deviations can be represented 
by relatively simple expressions. Equation 7 is 
but one example of these.

Enthalpies of Binary Solutions.— The purpose 
of the mixture rule discussed in the preceding para­
graphs is to facilitate the estimation of the proper­
ties of solutions containing two or more electro­
lytes. The use of the rule depends upon the 
availability of information concerning the binary 
solution from which the ternary ones may have 
been prepared. The last section of this paper is a 
report of useful relations that have been observed 
between the thermal properties of certain binary 
aqueous solutions of electrolytes.

The enthalpies of those electrolytes of the 1-1, 
1-2 and 2-1 charge types which had been exten­
sively investigated were shown by Young and 
Seligmann24 to be representable by equations of the 
types

S  = d ipH/d \/m =  S °  -f- 0 ojra  +  Fm  +  • • • (16) 
<pH =  <pH° =  S °  V m  +  pm/2 +  rm 3A /3  q----------  (17)

i o - 4r.
Fig. 14.— 0 versus T of equation 17 for electrolytes of the 1-2 and 2-1 

charge types at 2 5 °: O, Li2S 0 4, N a2S 0 4, I<2S 0 4, R b2S 0 4 and 0 s 2S 0 4; 
•  . M g (N 0 3)2, C a (N 0 3)2, S r(N 0 3)2, B a (N 0 3)2; ■, M gBr2, CaBr2, SrBr2, 
BaBr2; a, SrCl2, BaCl2. The parameters for M gCl2 and CaCl2 have 
been omitted; they do not fall near the line.

the solid lines for each ionic strength is a constant, 
2K. The latter relationship between the experi­
mental slopes for partial molal free energies has 
been pointed out by Glueckauf, McKay and 
Mathieson.21

(20) H. S. Harned and B. B. Owen, “ The Physical Chemistry of 
Electrolytic Solutions,’ ’ 2nd ed., Reinhold Publ. Corp., New York, 
N. Y., 1950, pp. 457-466.

(21) E. Glueckauf, H. A. C. McKay and A. R. Mathieson, J. Chem. 
Soc., S299 (1949); R. A. Robinson, “ Electrochemical Constants,” 
National Bureau of Standards Circular 524, 171 (1953).

Here S°, /3 and T are empirical constants deter­
mined from published calorimetric data by least 
square methods. The limiting derivative, S°, 
can also be computed from the limiting law of 
Debye and Huckel. Excellent agreement be­
tween the theory and experimental values was 
demonstrated.

(22) H. S. Harned and J. M. Harris, J. Am. Chem. Soc., BO, 2633, 
(1928).

(23) H. S. Harned and M. A. Cook, ibid., 59, 1890 (1937).
(24) T. F. Young and P. Seligmann, ibid., 60, 2379 (1938).
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To increase the precision of estimates of /3 and T 
the constant S° was fixed at the theoretical value 
and a second set of empirical equations derived. 
Figure 13 shows f3 for all the salts of the 1-1 charge 
type plotted against F of the same salts. All of 
the values fall surprisingly close to a single line. 
This fact leads to the suspicion that the constants 
of equations 16 and 17 are more than empirical 
ones ; it is probable that they will prove to have 
important theoretical significance. The suspicion 
is strengthened by the existence of a similar /3-T 
plot for salts of the 1-2 and 2-1 charge types; Fig.
14.

If the constants do indeed have theoretical 
significance they may be expected to show inter­
esting variations with constitution. So few data 
are available that few comparisons can be made at 
present. In Fig. 15 however /S of four potassium

10 —4/S, K + salts.

Fig. 15.— 0 of four sodium salts versus /3 of the corre­
sponding potassium salts. 0 is indicated by lines for several 
other salts of sodium and potassium.

salts is plotted versus 13 of the corresponding sodium 
salts. To show the range of variation, values of ¡3 
are indicated (by lines) for several salts whose 
counterparts in the other series have not been 
studied. If the difference between a potassium 
salt and the corresponding sodium salt were the 
same for each anion the property ¡3 would be de­
scribed as an additive one. Additivity would 
imply a straight line having a slope of unity. The 
line in Fig. 15 is nearly straight throughout the 
short range in which a comparison is possible but 
the slope differs from unity by about a factor of 
two. The parameter ¡3 is therefore not an additive 
function of the ions.

Figure 16 is a plot of 1 /¡3 of the potassium salts 
against 1/(3 of the corresponding sodium salts. 
The slope is unity. For these eight salts therefore 
1/(3 is an additive function of the ions.26

Concerning the generality of the additivity of 
1//3 there is not enough information at present for 
much more than speculation. The existence of a 
simple relationship of any kind, however, sup­
ports the conclusion drawn from the orderliness 
observed in Figs. 13 and 14 that the parameter /3 
is significant and worthy of extended study. When 
enough information has become available to estab­
lish general laws, those laws may be combined with

(25) T. F. Young, R ec o r d  C h em . P ro g ress  (K re s g e -H o o k e r  S r i. L ib .),
12, 81 (1951).

lO4/0, K  + salts.
Fig. 16.— Reciprocal of 0 of four sodium salts versus 1/0 of 

the potassium salts.

equations of the types of 5 and 8 for a better under­
standing of the thermodynamics of equilibria in 
solutions of electrolytes.

Acknowledgments.—-The calculations reported 
here are extensive. Least square procedures were 
used throughout, and most of the volume calcula­
tions were made both for volume ionic strengths 
and weight ionic strengths. They were made at 
various times throughout an interval of more than 
ten years. We are especially grateful for the gen­
erous and thoughtful aid of Dr. Warren E. Henry, 
Dr. L. Margaret Kraemer, Dr. Helen E. Krizek, 
(Dr.) Sister Mary Dorcas Smith and Mr. Roger A. 
Pickering. The completion of the calculations 
needed for this paper was made possible by the 
Office of Naval Research, Department of the 
Navy.

DISCUSSION
B. B. O w e n  (Yale University).— Professor Young’s 

equations involving A V  of mixing make it probable that 
apparent molal volumes in ternary mixtures could be deter­
mined most effectively by an experimental procedure similar 
to that of W . Geffcken, A . Kruis and L. Solana [Z. physik. 
Chem., B35, 317 (1937)].

T . F. Y o u n g .— The use of a method which makes it possi­
ble to measure directly the small S term would facilitate the 
study of the volumes of mixtures. W e should, of course, 
still want such methods as that used by Wirth for the in­
vestigation of the binary solutions. The first problems 
to be attacked might well be the determination of more 
details of functional relationship between the S term y. 
and S for the solutions which were the subjects of W irth’s 
precise measurements.

M . E ig e n  (University of Gottingen).— The slope curves 
of the heat of dilution of 1-1 and 1 -2  electrolytes, shown by 
Professor Young, show negative deviations from the limiting 
law value. If the electrolyte is incompletely dissociated, a 
negative deviation corresponds to a positive heat of dissocia­
tion, while negative heats of dissociation must lead to posi­
tive deviations from the limiting law. Sound absorption 
and other measurements in solutions of 2 -2  electrolytes 
seem to indicate an incomplete dissociation.* Davies, 
Jones and Monk (ref. 34, p. 711) calculated for these elec­
trolytes negative heats of dissociation. I should like to ask 
Professor Young whether he has studied this case too and 
whether he has found for these electrolytes positive devia­

* The maxima of sound absorption— found in these solutions— can 
not be explained by normal ionic interaction effects due to the ionic 
atmosphere (cf. ref. 46, p. 713). The different maxima, however, 
seem to indicate that there may be several steps, including gain or loss 
of water, in the formation of the ionic complexes.
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tions from the limiting law value opposite to those in 1-1  
and 1 -2  electrolytes.

T . F. Y o u n g .— The deviations for magnesium sulfate, 
calcium sulfate, zinc sulfate, cadmium sulfate and copper 
sulfate are positive and large. The slope curves must pass 
through sharp maxima in the low-concentration region if the 
limiting law is to be approached. There is some evidence

that such maxima do exist, but they have not been demon­
strated conclusively.

The largest positive deviations observed are in the heat-of- 
dilution curve for the 1 -2  electrolyte, sulfuric acid. Some 
experimental determinations of the slope are as high as ten 
to fifteen times the limiting law value. For sulfuric acid 
we have a quantitative explanation of the experimental 
observations.
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A CHAIN MODEL FOR POLYELECTROLYTES. I
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The various theories of polyelectrolyte behavior are examined and the nature of the approximations inherent in each are 
discussed. A new model of the polyion in solution is proposed and an outline is described for the evaluation of the free 
energy of the polyelectrolyte solution, including the effects of dissociation, binding and entropy of distribution of the un­
ionized groups, ions and bound ion pairs. The binding of counter ions by the polymer is related to the pH, and comparison 
with experimental data of the theoretical relationship gives indications as to the nature of the binding process. The entropy 
of distribution among charged and uncharged sites on the polymer chain is evaluated, considering interaction between near­
est neighboring sites, and is found to decrease markedly from its value for a random distribution, especially at intermediate 
degrees of neutralization. This large decrease in entropy as the degree of neutralization increases is responsible for the ex­
tensive binding of counter ions which is experimentally observed. These manifestations of non-ideal behavior make it im­
possible to use the previously accepted relationship between the pH of the solution and the thermodynamic properties of 
the polyion.

I. Introduction
In  the past few  years there h ave been  several at­

tem pts to  ca lcu late  the th erm odyn am ic properties 
o f p o lye lectro ly te  solu tions from  som e m olecular 
m odel o f the p o ly io n  in solu tion . In  the earliest 
theories, the p o ly ion  w as considered as a spherical 
d istribution  o f charge, and the d istribu tion  o f sm all 
ions in  the system  w as assum ed to  be  described  b y  
the P o isson -B o ltzm a n n  equation . H erm ans and 
O verbeek 2 proceed ed  from  this p o in t b y  solv in g  the 
P o isson -B o ltzm a n n  equ ation  w ith  the linearization 
approxim ation  o f D e b y e  and H iick e l,3 and ca lcu ­
lating the electrostatic poten tia l and  free energy o f 
the p o ly ion  as a fu n ction  o f its size and charge. 
K im ball, C utler and S am elson ,4 on  the other hand, 
suggested th at the effect o f  the electrostatic p oten ­
tial is n ot adequ ately  approxim ated  b y  the D e b y e -  
H iickel approxim ation , and in  turn  assum ed that 
the d istribu tion  o f sm all ions cou ld  b e  ca lcu lated  
using the D on n an  con d ition  th at the term  o f the 
P o isson -B o ltzm a n n  equ ation  in vo lv in g  derivatives 
o f  the poten tia l cou ld  be  neglected . S olu tion  for 
the poten tia l and  p o ly ion  size cou ld  then  be  m ade, 
treating the p o ly m er as a co llection  o f charges 
bou nd  b y  a centra l force . H ow ever, the m axi­
m um  expansion  w h ich  is perm itted  b y  this th eory  
is on ly  b y  a fa ctor  v 72, w h ich  is far less than  the 
experim ental values.

F lo ry 3 to o k  a som ew hat different approach  and 
ignored  the p oten tia l a ltogether, considering the 
system  to  b e  determ ined  b y  the osm otic  effects o f 
th e  sm all m ob ile  ions in th e  presence o f the b ou n d  
charges o f  th e  polye lectro ly te . T h e  equilibrium  
value o f the expansion  is then  fou n d  b y  m inim izing 
the free en ergy  o f the system .

B o th  the H erm ans- 0 verbeek  and F lo ry  theories 
pred ict expansions w h ich  are in qu a lita tive accord  
w ith  experim ent, b u t the th erm odyn am ic quanti­
ties com p u ted  from  these theories are generally  o f 
the order o f a fa ctor  o f  100 to o  sm all.67 A n oth er 
im portan t d raw back  is the fa ct  th at th e  replace­
m ent o f  the p olym er chain  b y  a spherical m odel

(1) Union Carbide and Carbon Fellow, 1953-1954.
(2) J. J. Hermans and J. T .  G .  Overbeek, Rec. trav. chim., 67, 761 

(1948).
(3) P. Debye and E. Hiickel, Physik. Z., 24, 305 (1923).
(4) G. Kimball, M. Cutler and H. Samelson, This Journal, 56, 57 

(1952).
(5) P. J. Flory, J. Chem. Phys., 21, 162 (1953).
(6) D. T. F. Pals and J. J. Hermans, Rec. trav. chim., 71, 458 (1952).
(7) N. Schneider, Thesis, Harvard University, February, 1954.

m odifies its properties in a m anner w hich  can not 
even  be approx im ately  calcu lated , and  n o  in d ication  
can be  g iven  as to  the extent o f  error in trodu ced .

T h e  first a ttem pt to  dedu ce  the properties o f 
p o ly e lectro ly te  solu tions from  a chain  m odel for  
the po lym er was due to  K u h n , K iin zle  and K a tch - 
a lsk y .8 T h ese  authors assum ed that, the p rob a ­
b ility  o f  the variou s possib le  con figurations o f  the 
chain depended  on ly  u pon  its end to  end d istance 
and  ca lcu lated  the electrostatic in teraction  b e ­
tw een  the different charges o f  the chain  as a fu n c­
tion  o f the en d -to -en d  distance. A  m o st serious 
approxim ation  o f  such  a random  chain  m od el is the 
n eglect o f  the fa ct that the p rob a b ility  o f  a g iven  
con figuration  o f a charged chain null depend upon  
th e  distances betw een  all pairs o f  links o f  the chain 
as w ell as the end to  end distance, th ose  configura­
tions w hich  p lace large am ou n ts o f  the chain in 
close  p rox im ity  occu rrin g  w ith  far less than  their 
random  a priori p rob a b ility . A n oth er serious ap ­
proxim ation  is m ade b y  the assum ption  that the 
entire e lectrostatic en ergy  is capab le  o f  causing ex­
pansion  o f the coil. H ow ever, a large p ortion  o f  the 
electrostatic energy will arise from  in teractions b e ­
tw een  charges on  ad jacen t m onom ers, and the fixed 
va len ce angles preven t these forces from  produ cin g  
a n y  substantial expansion . S ince each  o f these 
approxim ation s m aterially  overestim ates the free 
energy available fo r  p rodu cin g  expansion , it  is n ot 
surprising that there is n ot even  qu a lita tive  agree­
m en t betw een  ca lcu lated  and experim en ta lly  o b ­
served  expansions.7 W e  m ust, therefore, regard 
the random  chain  m odel as p rov id in g  on ly  an initial 
approx im ation  to  the th erm odyn am ic properties 
and m ean con figuration  o f the p o ly ion  as a fu n ction  
o f  its charge.

T h e  use o f  the chain m odel described  a b ov e  for  
the ca lcu lation  o f the poten tia l in the p o ly ion  so lu ­
tions is su b je ct to  further im p orta n t reservations. 
O ne o f these resides in  the assum ption  th at th e  
charge o f the p o ly ion  is d istribu ted  u n iform ly  a long 
the po lym er chain . Such  an assum ption  m ight 
w ell be  adequate fo r  ca lcu latin g  the expansion  be­
cause the m ost p robab le  d istribu tion  o f charge w ill 
indeed  be  uniform , m ark ed ly  u neven  d istribu tion  
o f the charge on  the po lym er skeleton  bein g  h igh ly  
en ergetica lly  u n favorab le . H ow ever, the p o ten tio - 
m etric properties o f  th e  p o ly ion  depend  also upon

(8) W. Kuhn, O. Kiinzle and A. Katchalsky, Helu. Chim. Acta, 31, 
1994 (1948).
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th e  en trop y  o f d istribution  o f its charged groups, 
and  the electrical in teractions w ill cause this en­
tro p y  to  deviate  m ark ed ly  from  its va lu e fo r  ran­
d om  distribution . In  fa ct, w e shall sh ow  in the 
present com m u n ication  th at the free energy due to  
the d istribution  o f charged and  uncharged groups 
on  the p o lym er chain becom es su fficiently large at 
in term ediate degrees o f d issociation  th at it  is n ot 
possib le  to  use the expressions for  p oten tiom etric  
titrations derived  under the assum ption  th at this 
free energy is adequ ately  described  b y  its va lu e  for 
random  distribution .

A n  add itional p h enom enon  w hich  m u st h ave an 
im p ortan t e ffe it  on  the expansion  and  th erm od y ­
nam ic properties o f  po ly ion s  is the bin d in g  o f cou n ­
ter ions b y  the po lym er at higher degrees o f  neu­
tralization . T h e  b ou n d  cou nter ions w ill partia lly  
neutralize the charge o f the polym er, and also will 
stron g ly  a ffect the en trop y  o f d istribu tion  discussed 
in the preceding  paragraph. S ince experim ental 
d a ta9 in d icate  th at at com plete  neutra lization  as 
m an y  as 6 0 %  o f the cou nter ions o f  the p olym er 
m a y  be  bou n d , this ph enom enon  m u st p la y  an im ­
p ortan t role in  the p o ly e lectro ly te  th eory .

In  the present com m u n ication  is presented an 
outline fo r  the evaluation  o f the free energy o f a 
p o lye lectro ly te  solution , including the effects o f 
dissociation , b in d in g  and  en trop y  o f d istribu tion  o f 
the un-ion ized  groups, ions and b ou n d  ion  pairs 
am on g the possible configurations on  the chain  as 
w ell as the free energy due to  the d irect e lectro­
sta tic in teraction . W e  shall investigate  the con n ec­
tion  betw een  the b in d in g  o f cou nter ions and the 
oth er th erm od yn am ic properties o f  the p o ly e lectro - 
ly te  solutions. In  addition , a ca lcu lation  is m ade 
o f the en trop y  o f d istribution  o f charged and un ­
charged sites, assum ing, as a first approxim ation , 
th at interactions occu r w henever tw o  ad jacen t 
sites are occu p ied  b y  charged groups, sites occu p ied  
b y  b ou n d  ion  pairs being regarded as uncharged. 
T o  this approxim ation , the p rob lem  is treated  b y  
the m ethods first developed  for  the m agnetic spin 
system s o f a one dim ensional Ising lattice.

T h e  succeeding  paper w ill p roceed  to  the evalua­
tion  o f the d irect e lectrostatic in teractions w hose 
va lu e depends m ore critica lly  u p on  finer details o f 
the m odel ad op ted  fo r  the polym er. I t  w ill at 
that tim e be possible to  com pare the results o b ­
tained  using the th eory  here d eveloped  w ith  the 
results o f  experim ental m easurem ents o f  the pH , 
degree o f  b inding and expansion  in p o lye lectro ly te  
system s.

H. p H  and Binding
W e  shall discuss for  definiteness the properties 

o f  an  aqueous solu tion  o f a p o ly a cid . T h e  exten­
sion  to  p o lym eric  bases is com p lete ly  analogous. 
L et the p o ly m er chain  b e  com posed  o f Z  d issociable 
groups, or, as th ey  w ill be  su bsequ ently  referred to, 
sites. E ach  o : these sites is then assum ed to  be  o c ­
cu p ied  either b y  an un-ion ized  group , a charged 
grou p  or a bou n d  ion  cou nter ion  pair. I t  is im por­
tant to  n otice  th at in  the foregoin g  assu m ption  is 
in clu ded  the n otion  th at the sites fo r  bou n d  pairs are

(9) J. R. Huizenga, P. F. Grieger and F. T. Wall, J . A m . Chem . S oc .,
72, 2636, 4228 (1950).

the sam e sites as those fo r  charged and for  u n -ion ­
ized  groups.

Free Energy.— C onsider the free energy, F, o f  the 
p o lye lectro ly te  solution  to  be  d iv ided  in to  three 
parts, one o f w h ich , F i, describes the free energy 
o f the free hydrogen  ions and cou nter ions eligible 
to  take part in bin d in g  and neutra lization  phe­
nom ena. T h e  rem ainder o f the free energy will then 
be the con tribu tion  o f the poly ion  itself. T h e  first 
p ortion , Fi, o f  this free energy w ill b e  the electrical 
free energy o f th e  n et charge o f the p o ly ion , regard­
ing th e  ion  pairs as uncharged sites com p lete ly  
equ iva len t to  un-ion ized  groups. F 2 w ill thus in ­
clude the in teraction  energy betw een  portions o f  the 
net charge o f the polym er, and  th e  en trop y  asso­
cia ted  w ith  m ixing charged and  uncharged  groups 
on  the p o ly m er chain. T h e  rem ainder, F3, o f  the 
p o ly ion  free en ergy  therefore includes the chem ical 
free energy associated  w ith  the state o f  ion ization  
and b inding o f the polym er, com pu ted  from  a refer­
ence state in  w h ich  the p o lya cid  is in  its com p lete ly  
u nd issociated  form . A lso  included  in F 3 will b e  the 
free energy o f m ixing o f the b ou n d  ion  pairs and  u n ­
ion ized  groups am on g the uncharged sites o f  the 
chain.

L et us define a to  be the degree o f neutralization  
o f the p olym eric  acid, and /  as the fraction  o f the 
d issociated  sites occu p ied  b y  b ou n d  ion  pairs. I t  is 
then clear th at the net fraction al charge o f the 
po ly ion , w h ich  w e shall refer to  as a', w ill be a ( l  — 
/ ) ,  and  the fraction  o f b ou n d  sites, referred to  the 
to ta l num ber o f sites o f  the polym er, w ill be  af. 
F rom  the w a y  in  w hich  the various con tribu tion s 
to  the free energy h ave been  defined, we see th at F2 
w ill be  a fu n ction  o f the net charge o f the po lym er 
on ly , b u t th at F 3 w ill depend u p on  the num bers o f 
un-ion ized  sites and ion  pair sites separately. F\ 
is o f  course expressible in term s o f the activ ities 
« h +, « c+ o f  the free h ydrogen  ions and cou n ter ions 
in the solu tion . W e  shall fo r  s im p licity  assum e the 
cou nter ions to  be  all u n ivalent and o f the sam e 
species. O ne m a y  accord in g ly  w rite

F = Fi(oh+, Oo+) +  F f a ’ ) +  F f a ,  a f )  (1)

Equilibrium Conditions.— T h e equilibrium  h y ­
drogen  ion  a ctiv ity  m a y  n ow  be  determ ined b y  
m inim izing the free energy o f the p olym er solu tion  
w ith  respect to  the degree o f  neutralization  o f the 
po lya cid . I f  the derivative is taken  regarding a 
and a f  as the tw o  in dependent variables, we have

+  Ft + (2)

w here the n ota tion  F f  refers to  the d eriva tive  o f  F-2 
w ith  respect to  its argum ent. E qu ation  2 m a y  be 
sim plified b y  in trodu ction  o f the chem ical potentia l 
o f  the h ydrogen  ions, ¡xn+. O ne m ay  see that 
(bFi/da)af  =  Z\xh + since a change in a  im plies a 
change in the num ber o f h ydrogen  ions in the solu ­
tion , keeping the num ber o f cou n ter ions constant. 
T h e  iden tifica tion  o f ( d F i /b a ) « /  w ith  %uh + is va lid  
if  changes in the charge o f the polym er d o  n ot d i­
rectly  a ffect the activ ities o f  the sm all ions. Such 
a conclusion  is reasonable under con d itions such 
th at the D e b y e -H iick e l lim iting law applies and 
that the charge attached  to  the polym er is n o t m o -
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bile and  can n ot con tribu te  to  the effective  ion ic 
strength  o f the solu tion .

In  an  entirely  analogous m anner the equ ilib ­
rium  degree o f  b in d in g  /  can  be  determ ined  from  
the requirem ent that the free energy be  a m inim um  
w ith  respect to  af, a t con stan t degree o f  neutraliza­
tion  a. In  this case w e recogn ize — (dF i/daf)a — 
Zpc + w here the rem arks o f the preceding paragraph 
again a pp ly . T h e  n egative  sign arises from  the 
definition  o f / ,  s ince /  increases w hen the num ber o f 
free cou nter ions dim inishes. T h e  equ ation  corre­
sponding  to  2 is

and  the sim plifications discussed a b ov e  enable (2) 
and (3 ) to  be  w ritten  as

Zm *  +  TV +  =  0
(4)

z-* -  + ( 3 ) .  -  °
The Term F3.— T o  p roceed  further it is necessary 

to  in trodu ce  the specific nature o f  the free energy 
F 3. W e  shall w rite F3 in  the form

F2 =  Za(n°coo- — m°cooh) +  Z a f(n coo-c+ ~  mcoct) — TSm
(5)

w here Sm denotes the en trop y  o f m ixing o f the ion  
pair and un-ion ized  groups. T h e  standard  chem ical 
potentials p0 refer to  states w h ose  free energy does 
n o t in clude a n y  in teraction  betw een  the ions o f 
the p o lym er and the atm ospheres o f  sm all ions 
around them . T hese  e lectrica l in teractions are, 
therefore, to  be  in clu ded  in F 2. W e  m a y  sim p lify
(5) b y  in trodu cin g  equ ilibrium  constants fo r  the 
acid  d issocia tion  and ion  pair form ation  processes. 
T rea tm en t o f  the ion  pair form ation  as an equ ilib ­
rium  is suggestive o f  the B je rru m 10 ty p e  ion  asso­
ciation  and  m a y  b e  regarded as a reasonable as­
su m ption  if  the intrinsic ion  pair d issociation  con ­
stan t fo r  an isolated  acid  an ion  can  b e  assigned a 
large va lue. T h e  acid  d issocia tion  con stan t can be 
determ ined  b y  extrapola tion  o f p H  m easurem ents 
to  low  values o f  a, fo r  w h ich  it w ill be  show n the 
th eory  can  be  g reatly  sim plified. I f  w e let K & be 
the intrinsic d issocia tion  con stan t fo r  the acid  and 
K s for  the ion  pair, w e m a y  redu ce F 3 to

Fz =  Z a (  — h T  In A a — p0̂ )  +
Z a f { k T  In A s +  mV )  -  T S m (6)

W e n ext use the definitions /i h + =  m°h + +  hT  In 
u h +, Pc+ =  p°c + +  fcT In a c + and differentiate equa­
tion  6 w ith  respect to  a  and  «/• C om bin in g  the 
result w ith  equ ation  4

Fz' -  ZkT  In A a +  ZkT  In aH+ -  T )  =  0
\ a a  /  a f

- F z '  +  ZkT  In K ,  -  ZkT  In -  T ( j — )  =  0
(7)

I f  a su fficiently detailed  m odel had been  adopted  
to  perm it eva lu ation  o f F2, the equations 7 cou ld  be  
used to  ob ta in  the poten tiom etric  and  bin d in g  
properties o f  th e  po lym er in term s o f the electrical 
in teraction s betw een  its charges. W h ile  such  a

(10) N. Bjerrum, Kgl. DansJce Vid. Selsk., Math.-fys. Medd., 7, 
no. 9 (1926).

ca lcu lation  w ill be  d iscussed elsew here11 in  con ­
ju n ction  w ith  a specific m odel fo r  F2, it  is n ot n eces­
sary  to  a d op t such  a detailed  m od el to  secure useful 
results from  equ ation  7. A dd in g  the tw o  equ a­
tions 7, w e obta in  a fter rearrangem ent

pH  +  log «„+ =  p A a -  p K „  —
0.434

Zk

(8)

w here the p H  is g iven  in  term s o f quantities w h ich  
are k n ow n  if the degree o f b in d in g  o f the p o ly ion  
has been  m easured.

Entropy of M ixing.— T o  use equ ation  8, it on ly  
rem ains to  evaluate the en trop y  o f m ixing Sm. 
Since neither the un-ion ized  groups nor th e  ion  
pairs possess net charge, a reasonable first a pprox i­
m ation  to  Sm m ight be  ach ieved  b y  considering a 
ran dom  distribution  o f un-ion ized  and ion  paired 
groups. H ow ever, since the nature o f  the bou nd  
state is n ot u n derstood  in  detail, it  is certa in ly  pos­
sible th at all d istributions o f  the b ou n d  pairs m ight 
n o t b e  equ ally  probab le . F or  random  m ixing

s. -  - »  [a -  -) 1« ( ¡A r f u )  +

J ] (9)
and the derivatives o f  Sm w ith  respect to  a  and  a f  
are

=  Z k  In
1 -

1 — a +  a f

-  Z k  In
a f

1 — a +  a f

(10)

S u bstitu tion  o f these expressions fo r  the deriva­
tives in to  equ ation  8 yields

pH +  log <z0+ +  log ------- - -  log /  =a
pK* -  PK B =  P &  (11)

w here pK i is defined b y  equ ation  11.
Comparison w ith Experiment.— E q u a tion  10 can 

be  com pared  w ith experim ental results fo r  p o ly - 
m ethacry lic  acid  w hose p H  at vary in g  degrees o f  
neutralization  and cou nter ion  con cen tra tion  has 
been  m easured b y  O th  and D o t y .12 T h ese  authors 
also studied  the exten t o f b in d in g  o f the cou nter 
ions, b u t w e shall use fo r  b in d in g  data  the m ore  ac­
curate m easurem ents obta ined  in p o ly a cry lic  acid  
solutions b y  H uizenga, G rieger and W a ll9 based 
u p on  transference and diffusion  m easurem ents o f  
rad ioactive  sod ium  ions in the po lym er solutions. 
T h e  structure o f po lym eth acry llc  and  p o ly a cry lic  
acids d iffer on ly  in details w h ich , a ccord in g  to  the 
th eory  here set forth , shou ld  n o t a ffect the degree o f 
binding. C on firm ation  o f the sim ilarity  in  degree 
o f  b in d in g  betw een  polym eth acry lic  and p o ly a cry lic  
acids is availab le b y  com parison  w ith  the p rov i­
sional b inding data  o f O th  and D o ty . S ince the 
m easurem ents o f  O th  and D o t y  w ere m ade w ith ou t 
adding  salt to  the p o lym er solu tion , the con cen tra ­
tion  o f sod ium  cou nter ions is equal to  the net 
charge on  the p o ly m er and  m a y  b e  w ritten  as the 
sto ich iom etric con cen tra tion  o f N a + ions m ultip lied  
b y  the fa ctor  1 — / .

(11) S. A. Rice and F. E. Harris, This Journal, 58, 733 (1954).
(12) A. Oth and P. Doty, ibid., 56, 43 (1952).
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I t  shou ld  b e  observed  th at the q u a n tity  actu a lly  
desired fo r  use in  equ ation  1 1  is the a c t iv ity  o f  the 
sod ium  ions rather than their con cen tration . S ince 
all the m ob ile  ions in the solu tion  are o f  the sam e 
sign, it is n o t clear th at one sh ou ld  use the D e b y e -  
H iickel th eory  in its usual form  to  ca lcu late  ion ic 
strengths and a ctiv ity  coefficients. S ince the cor­
rect treatm en t o f  the ion ic  a ctiv ities  under these 
con d itions is a m ore com plica ted  prob lem , w e defer 
its consideration  and, fo r  the present, rep lace the 
activ ities b y  con cen tration s. I f  the ion ic  a ctiv ity  
coefficients depend sign ificantly  u p on  oth er param ­
eters than  the ion ic  strength , defined in  term s o f 
the m ob ile  ions, the argum ent leading to  equation  
4 w ill also need to  b e  re-exam ined.

V alues o f  p K u w h ich  accord in g  to  the foregoing  
shou ld  b e  in dependent o f  a  and c, w ere ca lcu lated  
from  experim ental data  and equ ation  1 1  and are 
listed in  T a b le  I. T h e  original p H  data  v a ry  over 
a range o f som ew hat m ore  than  3 p H  units, and it 
can  be  seen th at the present treatm ent has on ly  
m anaged to  halve this spread, leaving significant 
differences betw een  results at low  and a t h igh de­
grees o f d issociation . S ince the assum ptions in­
v o lv e d  in the d ed u ction  o f the th eory  are n ot 
stron g ly  dependen t in m an y  respects u p on  the form  
o f th e  in teraction  betw een  the various charges o f 
the m olecule, one m u st con clu de p rov ision a lly  that 
either som e im p ortan t fa ctor  govern in g  the beh av ­
ior  o f  the system  has been  om itted  or  th at the as­
su m ptions regarding the nature o f  the cou nter ion  
bin d in g  are incorrect. I t  shou ld  be  p o in ted  ou t 
th at th e  m agn itude o f  the free energy changes asso­
ciated  w ith  the electrostatic in teractions, ion ization  
and binding, d o  n o t enter in to  these conclusions, 
b u t th at the im p ortan t factors in fluencing the 
present considerations are the assum ptions in vo lved  
in  enum erating the p robab le  sites fo r  the b inding 
process.

T a b l e  I

V a l u e s  o f  p K i  fo r  P o l y m e t h a c r y l ic  A cid

g ./1 0 0  cc. or =  0.08 a =  0.20
vK\

a = 0.35 a = 0.50 a  = 0.75
0 .2166 3 .9 0 4 .4 2 4 .5 5 4 .9 0 5 .51

.1083 3 .73 4 .2 8 4 .4 5 4 .81 5 .4 6

.05415 3 .59 4 .1 6 4 .31 4 .6 5 5 .39

.02707 3 .3 5 4 .0 0 4 .1 7 4 .4 8 5 .29

.01353 3 .2 0 4 .03 4 .3 5 5 .0 9

O ne fa ctor  deliberately  om itted  from  considera­
tion  was the d ev ia tion  o f  the a c t iv ity  coefficients 
from  u n ity . A lth ou gh , as was m en tioned  earlier, 
w e h ave n o  unam biguous w a y  o f ca lcu lating a ctiv ­
ity  coefficients o f ions w hen all the m obile  ions are 
o f  the sam e sign, an estim ate o f  the order o f  m ag­
n itude o f the change to  be expected  in pK i due to  
inclusion  o f a ctiv ity  coefficients m a y  be  m ade b y  
use o f the D e b y e -H iick e l th eory . I f  such  calcu la­
tions are m ade, it  is fou n d  th at the variation  o f 
pK i  w ith  po lym er con cen tration  can b e  drastically  
reduced , bu t the change in  pK i w ith  degree o f  neu­
tra lization  is m u ch  to o  large to  be  a ccou n ted  for  
in  th is m anner.

A n o t h e r  A p p r o x im a t io n  to  Sm.— A n oth er possible 
source o f  d iscrepan cy  betw een  equ ation  1 1  and 
experim ental results cou ld  reside in the assum ption

o f ran dom  d istribution  o f the b ou n d  cou nter ions 
and the un-ion ized  hydrogens. I f  w e retain  the 
assum ption  th at the free energy o f the d istribution  
o f charges is govern ed  b y  the d istribution  o f on ly  
th e  net charge o f  the p o ly ion , w e then  m a y  in tro ­
du ce n on -ran dom  m ixing o f the b ou n d  cou nter ions 
and  hydrogens b y  assum ing, fo r  exam ple, th a t a 
b ou n d  cou nter ion  can not be  loca ted  a d ja cen t to  
an un -ion ized  hydrogen . T h is assum ption  w ou ld  
b e  reasonable if  the m echanism  for  b in d in g  required 
the presence o f  an ad jacen t ion ized  (b u t n ot neces­
sarily  u n b ou n d ) site on  either side o f  the site w here 
the b in d in g  is to  occur. A lth ou gh  the statistics 
o f  this p rob lem  are to o  d ifficu lt to  so lv e  in an en­
tire ly  rigorous m anner, an approxim ate indication  
m a y  be  obta in ed  w h ich  w ill enable us to  decide 
w hether a m echanism  o f this ty p e  cou ld  explain 
the d iscrepan cy . W e  approxim ate b y  assum ing 
the centers o f  net charge to  be  equ ally  spaced  a long 
the p olym er chain. T h e  proposed  n on -random  dis­
tribu tion  o f cou nter ions and proton s then corre­
sponds to  filling the spaces betw een  a pair o f  centers 
o f  net charge all w ith  the sam e species, and there­
fore  the n um ber o f possible d istributions o f  p roton s 
and  cou nter ions w ill decrease as the average num ­
ber o f  sites betw een  centers o f net charge increases. 
I f  we ca lcu late  the ratio o f  the num ber o f possible 
d istributions w ith  and  w ith ou t the added  restric­
tion , the en trop y  change u p on  goin g  from  the ran­
d om  m ixing to  the m ore restricted  situation  m a y  be  
fou n d  to  be

ASm =  Z k (l -  a ) ( - -------- 1— . -  2 ) ( / I n /  +

(1 -  / ) In (1 -  / )) (12)

T h e  use o f  equ ation  12 in add ition  to  9 causes the 
add itional term
0.434 r/òA Sn , 

Zk  L\ 0 « ) . , W £ r ) . ] - ( u u r + v / - 2 )

(13)

to  b e  added  to  the left-h an d  side o f  equ ation  1 1 .
I f  the correction  im plied  b y  (13) is m ade, the v a l­

ues o f pK\ increase v e ry  sharply at low  values o f  a, 
w hile rem aining substantia lly  u nchanged  fo r  a >  
0.4.

I f  a m ore m oderate restriction  o f configurations 
than  th at w h ich  led  to  equ ation  13 is considered  to  
be  a  m ore appropriate  approxim ation  to  the true 
situation , w e m a y  em p loy  a restriction  on the o ccu ­
pation  o f sites in a m anner w h ich  w ill effect a partial 
p roh ib ition  o f occu p ation  o f the sites w h ich  were 
form ally  to ta lly  proh ib ited . I f  such  an a pprox i­
m ation  w ere adopted , sem i-qu antita tive ca lcu la ­
tions indicate th at a lthough  pK i can  be m ade su b ­
stantia lly  con stan t in the range a  ^  0.4, n o  such 
approx im ation  can com plete ly  a ccou n t fo r  the in ­
crease in pK i  a t higher degrees o f  neutralization . 
T h e  m ethods outlined  a b ove  h ave n ot led  to  a value 
o f pK i  con stan t to  w ith in  less than  0.9 unit. T h e 
three treatm ents m entioned  a b ov e  are p lo tted  in 
F ig . 1. C u rve  n um ber 1 refers to  the case o f  ran­
d om  m ixing, cu rve  2  to  to ta l proh ib ition  and curve 
3 to  partial p roh ib ition  o f site occu pation .

W e, therefore, con clu d e  th at there y e t rem ains a 
sign ificant degree o f  d ifference betw een the m od el
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ad op ted  here fo r  the b in d in g  o f cou n ter ions b y  
p olym eric ions, and  the actual experim ental situa­
tion, as observed  in po lym eth acry lic  and p o ly ­
acry lic  acids.

I l l
W h ile  the discussion  o f the preced in g  section  in­

d icated  the c lose  con n ection  betw een  the ion ization  
to  be  expected  o f a  p o ly io n  and the b in d in g  b y  it  o f 
cou nter ions, n o  in d ica tion  was g iven  as to  the ex­
tent to  w h ich  th e  b in d in g  sh ou ld  occu r. W h ile  it  is 
n o t our present task  to  fu lly  ca lcu late  the free en­
ergy  F-> o f  a  charged  p o ly m er chain , w e can in tro ­
d u ce forces betw een  ion ized  grou ps on  ad jacen t 
p olym er sites, and  ca lcu late  the en trop y  o f  the 
p o ly m er arising from  the d istribu tion  o f its charge 
as a fu n ction  o f the net charge o f the p o ly ion . T h e  
ca lcu lation s thus p rop osed  d o  n o t depend u p on  
the statistica l treatm en t o f the d im ensions o f the 
coiled  p o ly m er and  w ill b e  va lid  w hen  th e  in terac­
tion  en ergy  betw een  a d ja cen t sites is su fficiently  
large com pared  w ith  that betw een  sites further re­
m oved  from  each  other. W e  thereupon  w rite Ft as 
a sum , Fi +  F b, w here F t is the free energy arising 
from  the d istribu tion  o f charged  and  uncharged  
sites, and F$ is th e  rem ainder o f  F 2.

W e  proceed  b y  the m eth od  used  b y  K ram ers and 
W annier for  the solu tion  o f the v e ry  sim ilar one­
d im ensional Ising  spin  la ttice . 1 3 - 1 6  C onsider the 
p o lym er as a chain  consisting o f  Z  sites, each  o f 
w hich  can  be  in one o f tw o  states, ion ized  or u n ­
ion ized. W ith  each  site le t us associate a state 
variable  rji, i  =  1 , . . . .  Z, w here th e  sites are n um ­
bered  con secu tiv e ly  a lon g  the chain . T h e  1 7 , m ay  
have tw o  values, 0  and  1 , 7 7  =  0  referring to  an un­
ion ized state, and 77 =  1  an ion ized  state. W e  next 
find it con ven ien t to  in trodu ce  a fu n ction  related to  
a  grand partition  fu n ction , G(\, T )

G {\ ,T )  =  X  e - s  «*'.( + ,/ kT \ sVi (14)
|«i|

w here the su m m ation  is to  b e  carried  ou t ov er  all 
possib le  va lu es o f  the 7 7 T h e  q u a n tity  wt> + i 
is the en ergy  o f in teraction  betw een  sites i  and i  +  
I, and  is equal to  x  i f  b o th  sites i  and i +  1 are ion ­
ized  an d  zero otherw ise. O b v iou sly , =
XViVi+i is a  sa tis fa ctory  form  fo r  wM-+1 . T h e  
q u an tity  X p lays a role an alogou s to  th at o f  an 
absolu te a c t iv ity  serving as a param eter w h ose 
va lue w ill b e  determ ined  b y  the n um ber o f charges 
on  the p o ly m er  chain.

T h e  eva lu ation  o f eq u ation  14 m a y  be  perform ed  
b y  the m ethods used fo r  the one-d im ensional Ising 
lattice . T h e  su m m ation s over 77 2 ,  . .  . v z  -  1  m a y  be  
regarded as th e  expression  o f the m atrix  p rod u ct 
V z ~ *, w here th e  m atrix  V  is defined as

Vm' =  \(v+vO/ie~vv'x/kT ( 1 5 )

W h en  th e  defin ition  equ ation  15 is used , equ ation  
14 becom es

G (\ ,T )  =  X  ( T z - i)w x(,,,+ ’’z>A ( 16)
V Z

Since the chain  is v e ry  long, end  effects m a y  be  neg-
(13) H. A. Kramera and G. H. Wannier, P h y s .  R e v ., 60, 252 (1941).
(14) L. Onsager, i b id . ,  65, 117 (1944).
(15) G. F. Newell and E. W. Montroll, R e v s . M o d .  P h y s . ,  25, 353 

(1953).

Fig. 1.— Dependence of pKi on degree of neutralization. 
Curve 1 is for random distribution of bound ion pairs and 
un-ionized sites. Curve 2 is for complete prohibition of oc­
currence of bound ion pairs on sites adjacent to un-ionized 
sites, and curve 3 applies when such configurations are per­
mitted with reduced probability chosen to secure optimum 
constancy of •pKl.

l e c t e d ,  a n d  q u a n t i t ie s  w h i c h  w i l l  n o t  p r o d u c e  a  
la r g e  c h a n g e  in  l o g  G m a y  b e  o m i t t e d  w i t h o u t  e r ­
r o r .  T h e r e f o r e ,  t h e  e x p r e s s io n  1 6  f o r  G m a y  b e  
a p p r o x im a t e d  in  t e r m s  o f  t h e  la r g e s t  e ig e n v a lu e ,  <p, 
o f  t h e  m a t r ix  V.

G (\ T )  ~  * *  (17)

T h e  d e t a i ls  o f  p r o c e e d in g  f r o m  e q u a t io n  1 6  t o  e q u a ­
t i o n  17 a r e  a m p ly  d is c u s s e d  in  s e v e r a l  p la c e s  a n d  
w i l l  n o t  b e  e la b o r a t e d  u p o n  a t  t h is  t i m e .13' 14

T h e  n e c e s s a r y  e ig e n v a lu e ,  <p, o f  V, is  r e a d i l y  o b ­
t a in e d  b y  s o lv in g  t h e  s e c u la r  e q u a t io n

S in c e  t h e  e le m e n t s  o f  V  a r e  a l l  p o s i t iv e ,  t h e  la r g e r  
e ig e n v a lu e  is

<P =  i/ 2[Xm +  1 +  V ( X m +  l ) 2 -  4X(ti -  1 )] (19)

w h e r e

u  =  e - x / k T  (20)

R e t u r n in g  t o  t h e  d e f in i t io n  e q u a t io n  1 4  o f  G a n d  
u s in g  s t a n d a r d  s t a t i s t i c a l  m e c h a n ic a l  m e t h o d s ,16 
i t  is  p o s s ib le  t o  s e e  t h a t

u s in g  t h e  f a c t  t h a t  t h e  m o s t  p r o b a b le  v a lu e  o f  X 1?*
i

m a y  b e  id e n t i f ie d  w i t h  a'Z, t h e  n e t  n u m b e r  o f  
c h a r g e s  o f  t h e  p o ly i o n .  O n e  m a y  a ls o  f in d  t h a t  
t h e  f r e e  e n e r g y  m a y  b e  e x p r e s s e d  in  t h e  f o r m

- F ( a ') =  hT In G -  a'Z kT  In X (22)

D if f e r e n t ia t i o n  o f  e q u a t io n  2 2  w i t h  r e s p e c t  t o  T,
(16) For a simple discussion see G. S. Rushbrooke, “ Introduction to 

Statistical Mechanics," Oxford Univ. Press, New York, N . Y ., 1949.
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keeping a' fixed, enables one to  obta in  the fo llow in g  
equ ation  fo r  th e  en tropy

S (a ')

a 'Z  (M* In X ) ) a , (23)

In trodu cin g , from  equ ation  17, In G =  Z  In <p, 
equ ation  23 becom es

S{a ’ ) =  Z k l n v  +  Z f ( ÿ ) ai

Zka' ln X
Z a'kT

X
(24)

T h e  con d ition  21, determ ining X, m a y  be  sim ilarly 
transform ed  in to

E q u a tion  24, how ever, is n o t y e t  a con ven ien t form  
fo r  com p u ta tion  since <p is g iven  b y  equ ation  19 in 
term s o f the variables T  and  X, w hereas the differ­
en tia tion  o f <p is required hi (24) at con stan t a'. 
A ccord in g ly , observ in g  the id en tity

w h ich  fo llow s from  the basic rule fo r  partia l d if­
feren tia tion  and  th e  use o f  equ ation  25, w e  rear­
range equ ation  24 to  the form

£(<*') =  Z kln  v  -  Zka' lnX  +  —  (27)
\O lJ\

F o r  th e  quantities in  w hich  w e are interested, it 
is necessary  to  k n ow  \/Z(bS{a')/i>a')T■ B y  su it­
able m an ipu lation  o f equ ation  24 and the use o f 
25, one obta ins

1 / òS (a ') \ 
Z \  òa' Jt — k ln X —

kT
(28)

A gain  there appears on  the right h and  side o f  (28) 
a deriva tive  w h ich  can n ot b e  taken  b y  direct 
m eans. B u t u p on  in trodu cin g  the id en tity

(28) m a y  b e  con ven ien tly  evaluated . 
T h e  resulting equations are

, _  X[u +  (Xu2 — u  +  2 )/~ 'A ] 
“  Xu +  1 +  J'/t

J  =  (Xu +  l ) 2 -  4X(u -  1)

site in teraction  to  the en trop y  o f  p o ly ion  system s. 
F o r  a random  d istribution , u  =  1, a ’ =  X /(X  +  1), 
and

=  — k i n  — -, (random ) (32)

T h e  lim iting beh av ior fo r  sm all u, correspon d in g  to  
large nearest site interactions, is som ew hat m ore 
com plex. I f  u is set equal to  zero, w h ich  im plies 
absolu te  p roh ib ition  o f the occu p a tion  o f ad jacen t 
sites b y  charge, ( ò S ( a ' ) / ò a ' ) 2 \ tends stron g ly  to  
— ro as approaches 0.5. T h is  beh av ior is to  be  
expected  from  the assum ed im possib ility  o f charging 
a d ja cen t sites, in add ition  to  w h ich  the charging o f 
alternate sites p rodu ces an extrem ely  w ell ordered 
state. A s will b ecom e m ore apparent w hen actual 
num erical va lu es o f  u  are com pu ted , w e shall be  in ­
terested in values o f u  su fficiently  sm all that the 
qu alitative beh av ior o f  (òS (a ')/ d a ') t  is a great deal 
like th e  lim iting case ju st discussed. W e, therefore, 
consider the region  1 > >  u >  0 in  detail.

E q u a tion  30, relating a' w ith  X, can  b e  sim plified  
fo r  m ost values o f  a '. I f  X is such th at Xu < <  1, 
equ ation  30 reduces essentially  to

a ' =  1 +  4X +  (1  +  4X)‘A  ^

and the corresponding  value o f ( T /\)(ò\/òT )a> 
con tribu tes neglig ib ly  to  the en tropy . In spection  
o f equ ation  33 show s th at values o f  a' from  zero up 
to  n early  0.5 are in cluded  in the range o f app lica ­
b ility  o f  equ ation  33 for  su fficiently sm all u. W h en  
Xu =  1, equ ation  30 indicates an exact va lu e  o f a ' =  
0.5 and (T /\ )(ò\/òT )a' =  —In u. On the other 
hand, w hen  X becom es su fficiently  large th at 
(X u)2 0(X), equ ation  30 sim plifies to

, _  Xn +  [(Xu)2 +  2X][(Xu)2 +  4X]'A 
“  Xu +  [(Xu)2 +  4X]‘A  1 ’

and the equ ation  corresponding  in  this ev en t to  (31) 
is
7YÒX \ —Xu In u w
\ \ ò t ) a ' -  «'(Xu +  [(Xu)2 +  4X]‘A  X

, a'Xw Xu(Xhi2 +  6X) -

~  a ~  À7(XÜ)2 +  4X ( ( ^ ) *  +  4XVA
, , . (Xu -  (X2«2 +  2X)(X2u 2 +  4 X )-A )

L y/ (Xu)2 + 4x J
I t  is also apparent th at this form ulation  applies for

« '(Xu -  I ) / " 1/» +  J ~3A j(2Xu -  l)(X 2u2 -  2Xu + 4 X  +  1) -  (X*u -  X)(Xu2 -  u + 2 ) } ]  

a'(Xu +  1 +  / ‘A ) [ ~ r  a . +  j - .A  (u -  (Xu2 -  u +  2) J - ' A)J

T h e  free energy E , is t o  b e  defined  as arising on ly  
from  the en trop y  o f the d istribu tion  o f con figura­
tions and  is, therefore, g iven  b y  — T S (a ') and n ot 
b y  F (a ') .  T h e  en ergy  term s associated  w ith the 
in teraction  betw een  nearest neighbors w ou ld  have 
been  in cluded  in  b y  d irectly  using the expression 
o f equ ation  22, b u t  if th is energy w ere in cluded , it 
w ou ld  b e  m ore  difficu lt to  a d op t a  sim ple approx i­
m ation  to  the energy o f in teraction  F5 betw een  all 
the charges o f  the p olym eric chain.

IV
U sing the equations 28, 30 and 31, one m a y  pro­

ceed  to  evaluate the con tribu tion  o f the ad jacen t

(31)

values o f  a ' ranging dow nw ard  from  u n ity  to  qu ite  
close to  0.50.

I t  should be observed  that for  an y  va lu e  o f  u the 
beh av ior to  be  expected  in the lim it o f  low  a ' w ill 
approach  th at o f  a  chain w ith ou t in teraction  b e ­
tw een charged sites. T herefore, (dFi/ d a ')r  ap ­
proaches — T (d S (a ')/ ba ')T  (ra n d om ), w here the 
latter qu an tity  is g iven  b y  equ ation  32. In  add i­
tion , (dSm/da)af  approaches zero since the num ber 
o f bou n d  sites goes to  zero as m a y  be seen form ally  
from  equ ation  10. T h e  p ortion  o f (dE 5/ 5 a ' ) r  d e ­
pending upon  interactions betw een  charges on the 
po lym er will also vanish  in  the lim it o f  low  a'
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T a b l e  I I “
E n t r o p y  o f  N on - R andom  D is t r ib u t io n  o f  C h arg e  S ites

Z k\ d a ' / t

0.25

- 0 .2 8

1 /àS  (random )\
- 1 . 1 0

Z k \ à a ' )  t

1 / à(S — S  (random )''
) 0.82 
1 TZk\ da’ )

“ u =  5 X  1 0 - '8.

0.30 0.40 0.444

+ 0 .2 5 +  1.80 + 2 .9 9

- 0 .8 5 - 0 . 4 1 - 0 .2 2

1 .1 0 2 .2 1 3 .2 1

0.476 0.50 0.75

+ 4 .6 0 + 7 9 .6 +  160

- 0 .0 9 0 +  1 .1 0

4.69 79 .6 159

and the on ly  con tribu tion  to  F 2' rem aining w ill be 
term s o f (dF5/da') t d epending upon  the in teraction  
o f charges o f th e  p o ly m er w ith  their respective ion  
atm ospheres. B ecause the b inding o f cou nter 
ions becom es un im portan t at low  degrees o f  neu­
tralization, a  approaches a ' and the tw o  quantities 
m ay  be  regarded as interchangeable. In  th is lim it 
equation  7 sim plifies to  the equation

pH  =  p K .  +  log +  ~ZkT \ d a / t ( 3 6 )  

originally  derived  b y  O v erb eek .17

V
I t  is now  necessary to  in vestigate  the range o f  u 

w hich  w ill a ctu a lly  arise :n  p o ly e lectro ly te  solu ­
tions. In  p o lym eth aery lic  acid  (P M A ), the car­
b o x y l groups are separated  b y  a d istance o f  ap prox i-o
m ately  2.5 A . T o  com p lete  th e  ca lcu lation  o f u, 
it is also necessary to  k n ow  w h at va lu e to  assign the 
loca l d ielectric  con stan t o f  th e  region  betw een  
charges on  n eigh borin g  sites. I f  ad jacen t ca rb ox y l- 
ate ions are in a con figuration  w hich  places them  on 
opposite  sides o f  th e  po lym er skeleton, th e  space 
betw een  them  w ill be occu p ied  b y  organic m atter o f  
d ielectric con stan t o f the order o f 2 .18 On th e  
o th er hand, if th e  charges are in a con figuration  
such th at on ly  w ater cou ld  be  betw een  th em , at 
m ost one w ater m olecu le  w ou ld  be  able to  squeeze 
in to  th e  sm all space betw een  the tw o  large n egative  
ions, and a n y  such w ater m olecu le  w ou ld  be  unab le  
to  orient coop era tive ly  w ith  neigh borin g  w ater to  
e ffect the large d ielectric  polarization  characteristic 
o f th e  pure substance. In  -view o f th is situation , w e 
have chosen  th e  va lu e 5.5 fo r  the loca l d ielectric 
con stan t19 becau se it is o f  th e  order o f  m agn itude o f 
th e  polarization  w hich  m a y  be  a ttribu ted  to  w ater 
m olecules n o t free  to  orient in an e lectric field. 
S ince th e  d ielectric  con stan t o f the p o ly m er skele­
ton  is less than 5.5, th e  va lu e chosen  prov ides a 
usefu l low er b ou n d  t o  th e  en ergy  o f  in teraction . 
F urtherm ore, th e  ca lcu lations w ill be  fou n d  to  be  
n ot at all sensitive to  the exa ct va lu e chosen fo r  the 
in teraction  energy w hen it is large com pared  w ith  
kT. In  P M A  the in teraction  energy w ill be  x  =  
e2/Dr =  39 .8k T. T h e  correspon d in g  va lu e  o f 
u is 5 X  10 ~18.

A  few  values fo r  (bS (a ')/ ba ')T  ca lcu lated  from  
equ ation s 28 and 33 to  35 are show n in T a b le  I I . 
T h e  values clearly  in d icate  a large decrease in  en ­
tro p y  as th e  fraction  o f charged  sites approaches

(17) J. T. G. Overbeek, Bull. soc. c h im . Beiges, 57, 252 (1948).
(18) J. G. Kirkwood and F. II. Westheimer, J .  C h em . P h y s . ,  6, 506, 

513 (1938).
(19) J. B. Hasted, D. M. Ritson and C. H. Collie, ibid., 16, 1 (1948).

0.5, and  sh ow  th at the redu ction  o f net charge b y  
b in d in g  o f cou nter ion s can  e ffect a substantial 
decrease in  free energy from  the e n tro p y  o f  m ixing o f 
charged  and uncharged  sites.

T h e  treatm ent o f  the e n tro p y  o f m ix in g  o f 
charged  and  uncharged  sites described  here is 
based on  the assum ption  th at on ly  charges on  ad­
ja cen t sites can  in teract. T h e  in clusion  o f the 
e ffect o f  forces betw een  sites n ot im m ed iate ly  ad­
ja cen t to  each  o th er will, o f  course, fu rth er in ­
crease th e  free en ergy  at h igher fraction s o f  net 
charge bu t b y  am ou n ts w hich  should  be m u ch  less 
than  the correspon d in g  quantities in  T a b le  I I  
since the greater d istance betw een  sites and  the 
increased effective  d ielectric con stan t a t th is d is­
tan ce will greatly  reduce the m agn itude o f the in ­
teraction . D u e  to  th e  d ifficu lty  o f  the ca lcu lation , 
w e h ave n o t been ab le  to  m ore  q u a n tita tiv e ly  esti­
m ate th e  error m ade b y  om ission  o f  fu rth er inter­
actions.

T h e  dev iation s o f the free en ergy  o f m ixing from  
the values obta in ed  in  the absence o f  in teraction  
betw een  sites are a lso  show n  in  T a b le  II . I f  equa­
tion  36 is used to  p roceed  fro m  experim ental p H  
data  to  values o f  1 /Z ( d F 5/ d a ' ) r  and  the latter 
identified  w ith  tip, w here \p is the “ p o ten tia l”  in  
the solu tion , values o f  ep/kT  are obta ined . M a n y  
approx im ation s in v o lv in g  electrostatic in teractions 
in  the solu tion  depend fo r  their va lid ity , or rapid 
con vergence, u p on  th e  m agn itude o f ep/kT. W e  
are n ow  in a position  to  observe  th at the actu a l v a l­
ues o f  tp/kT, assum ing th at all th e  con tribu tion s  
to  Fi are electrica l in  nature and  th at th e  identifi­
ca tion  l / Z ( d F 5/ d a ' ) T  =  tip  is a g ood  approx im ation  
w ill be low er than  the va lue ca lcu lable  using equa­
tion  36 b y  the d ev ia tion  in  the e n trop y  o f m ixing 
o f charged  and uncharged sites from  its ideal value. 
B y  con su lta tion  o f  T a b le  I I , w e can  see th at there 
w ill be a large difference betw een  values o f tp/kT  
ca lcu lated  in cluding , or n eglecting, the n on -idea lity  
o f  the e n tro p y  o f m ixing.

VI
T h e  preced in g  d iscussion  w hich  has dea lt first 

w ith  the general fram ew ork  o f the th erm odyn am ics 
o f  p o ly e lectro ly te  solu tions, and secon d ly  w ith  the 
en trop y  o f m ixing o f charged  and uncharged  sites 
u pon  the polym er, in d icates clearly  the general p a t­
tern  o f beh av ior o f th e  poly ion s. F rom  th e  rela­
tions betw een  the degree o f  b in d in g  to  be expected  
o f a p o ly io n  and  its neutra lization  characteristics, 
it  has been  possible to  see th at the presence o f  ex ­
ten sive bin d in g  m u st be sy m p tom a tic  o f  strong 
electrostatic forces w hich  m ust be considered  if  an 
adequ ate  th eory  o f p o ly e lectro ly te  system s is to



732 F r a n k  E. H a r r i s  a n d  S t u a r t  A. R i c e Vol. 58

be form ulated . A n  attem p t w as m ade to  quanti­
ta tiv e ly  relate the p oten tiom etric  and bin d in g  data  
fo r  a p o ly a cid , and  the lack  o f to ta l success in so 
do in g  m u st be  taken  as an in d ication  th at n o t all 
significant fa ctors  pertinent to  the th eory  h ave been 
com p lete ly  evaluated .

T h e  e n trop y  o f  m ixing o f  charged  and uncharged  
sites on  the po lym er chain  was evalu ated  using a 
nearest n eigh bor approx im ation  and  show ed that 
this e ffect is large enough  to  be  o f  great im portan ce . 
S ince this con tribu tion  to  the free energy is om itted  
if  the con ven tion a l expression  36 fo r  the poten tia l 
is used, potentia ls ca lcu lated  in th at m anner will be 
to o  high b y  a  v e ry  sign ificant am ou n t. I t  is ap ­
paren t from  the d iscussion  o f the present paper 
th at th e  m ost desirable procedu re w ou ld  be  to  
com pare  the th eory  w ith  an  experim ental result 
such as the p H  rather than  to  com pare  w ith  another 
q u a n tity  w hose ca lcu lation  depends u p on  assum p­
tions as tenuous as the m ain  b o d y  o f the th eory  
itself.

In  the fo llow in g  paper w e proceed  to  evalu ate the 
free energy term , F 6, and  ca lcu late  the expansion  
and degree o f  b in d in g  o f som e p o ly e lectro ly te  solu ­
tions, m aking the add itional assum ptions necessary 
to  m ore  com p lete ly  describe a satis fa ctory  m odel 
fo r  the p o ly ion  system s.

A ck n ow led gm en ts .— W e  wish to  thank D rs. 
B arth olem ew  H a rg ita y  and A lfred  H oltzer  fo r  a 
va lu ab le  discussion  o f the con ten ts o f  this paper. 
W e  are also in debted  to  P rofessor P aul M . D o t y  
fo r  his interest in  this w ork  and fo r  critica lly  reading 
the m anuscript.

D IS C U S S IO N

H. M o r a w e t z  (Polytechnic Institute of Brooklyn).—  
The binding of counter-ions quoted by Professor Wall is an 
operational concept defined in terms of an electrophoresis 
experiment. As a matter of fact, the fraction of counter­
ions found to travel with the polyions would probably be 
appreciably sensitive to the potential gradient used. It 
seems to me, therefore, that it is rather difficult to correlate 
these results with the equilibrium properties of a polyelec­
trolyte. In any case, we certainly do not know how close an

approach of the counter-ion to the poly ion charge is implied 
by the “ binding” as defined by W all’s experiments.

F. E . H a r r is .— The model used by us for counter-ion 
binding is admittedly crude and, as we pointed out, does not 
completely reproduce the experimental situation. However, 
the main purpose of the present exposition is to discuss 
qualitatively, or at best semi-quantitatively, the_ various 
contributions to the thermodynamic functions arising from 
binding so as to see whether the gross properties of poly­
electrolyte solutions can be explained in terms of concepts 
now understood. While the “ binding free energy”  will 
certainly depend upon the exact distance of closest approach 
between counter ions and polymer, many features of the 
present development depend only upon an assumed cor­
respondence between sites for ionization and for binding. 
In fact the binding free energy was left as a parameter to be 
determined from the experimental data. W e believe that, 
as also pointed out by Prof. Hermans (see discussion after 
the next paper) a more serious question could be raised as 
to the adequacy of the site hypothesis for the binding.

R. A . Marcus (University of Maryland).— I should like 
to mention another treatment (This Journal, 58, 621 
(1954)) similar in several respects to the one presented here. 
It considered the titration behavior of these polymeric acids 
from the viewpoint of nearest neighbor repulsions between 
like charges on the polymer chain. It was felt there that 
such an approximation would be justified only at the higher 
ionic strengths for only then would this interaction between 
the fixed charges fall off sufficiently rapidly with distance r, 
roughly as e~kr/r. Further, with certain reservations, it is to 
be expected that the change in the p K  value of the polymeric 
acid going from 0 to 100%  neutralization would be related 
to the difference of the first and second dissociation con­
stants of the corresponding dibasic acid. This was observed 
to be the case at higher ionic strengths. Under such condi­
tions the difference between the Ising model and the simpler 
model which assumes a random mixing of neutralized and 
unneutralized acid groups on the polymer chain was esti­
mated there to be small.

In connection with the remark concerning the “ binding” 
of the counter-ions of a polyelectrolyte, as reflected by the 
electrical transference properties observed by W all ( / .  Am. 
Chem. Soc., 72, 2636 (1950)), a somewhat different approach 
toward this behavior also might be used. In many of the 
theoretical models of these systems, one usually regards the 
polymeric ion and its counter-ions as being in a volume equal 
to the total volume of solution divided by the number of 
macro-ions. If ^  denotes the potential difference (arising 
from these ionic charges) between the boundary of this 
volume and any region within it, then it seems reasonable 
to regard as “ bound” all counter-ions within regions for 
which \eip/kT\ =  1, as a rough approximation.
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The chain model for polyelectrolytes proposed in the preceding paper is further developed by considering in more detail 
the electrostatic interaction energy between the charges of the polymer. It is pointed out that not all of the electrostatic 
energy is effective in expanding the polymer and that the weighting of the probability of the configurations must depend 
upon factors other than their end-to-end distances. Expansions are calculated assuming that only nearest neighboring links 
of the polymer chain interact to alter the distribution of lengths. Calculated and experimental expansions are compared 
for carboxymethylcellulose and polymethacrylic acid. The results for C M C  are in good agreement with the theory while 
those for P M A  deviate in the direction expected if significant higher order interactions were omitted. The degree of binding 
of counter ions is also calculated and compared with experimental values for polyacrylic acid. It is found that the calculated 
degree of binding is not very sensitive to the approximations used and semi-quantitative agreement with experiment is ob­
tained. The discrepancy is of the right sign and magnitude to be interpreted in terms of further interactions whose effect 
was neglected in the present calculations.

I. Introduction
In  a  preced in g  p aper2 it  has been poin ted  ou t that 

the use o f  spherical m odels o f  p o ly ion s  m odifies the 
free en ergy  in  a m anner w h ich  can n ot be  quanti­
ta tive ly  ca lcu lated . In  add ition , the m odels em ­
p loy ed  b y  H erm ans and O verbeek ,3 K im ba ll, C u t­
ler and  S am elson ,4 F lo r y ,5 and K agaw a6 lead to  re­
sults w h ich  are n o t a ltogeth er in  sa tisfa ctory  
agreem ent w ith  experim ent. O n  the o th er hand, 
the use o f  a  chain  m od el in  w h ich  the p rob a b ility  
o f  a n y  con figuration  is assum ed to  depend on ly  
u pon  its en d -to -en d  extension  is also fou n d  to  lead 
to  results w h ich  d iffer m ark ed ly  from  experim en t.7 
T h e  tw o  m ost ob jection a b le  approxim ation s o f  this 
random  chain  m od el are, first, the inclusion  w ith  un­
d im inished statistica l w eight o f  all con figurations 
o f  the p o ly io n  w ith  the sam e end to  end d istance, 
and, secon d , th e  assum ption  th at it is the to ta l elec­
trostatic in teraction  energy w h ich  is capable  o f 
causing the p o ly io n  to  expand. In  actu a lity , the 
con figurations w ill be  w eighted  accord in g  to  the 
am ou n t o f  loca l k inking, those configurations w hich  
p lace  large am ou n ts o f  chain  close togeth er occu r­
ring w ith  fa r less than  their random  a priori p roba ­
b ility . W h en  using the con cep t o f  statistical ele­
m ent, care m u st be taken  th at on e does n ot think 
th at the last m on om er in a g iven  elem ent is inde­
pen den t o f  the first in  the n ext elem ent. Such a 
conclusion , o f  course, is n o t true since there is a 
con stan t b on d  angle betw een  the tw o  m on om er 
units. H ow ever, it  is ju st such  in teraction s as 
these betw een  charges situated  on  ad jacen t m on o ­
m ers th at con stitu te  a large part o f  the to ta l elec­
trostatic in teraction  energy. T herefore , fa r  less 
than the to ta l in teraction  energy is e ffective  in 
expanding the p o ly m er coil.

In  order to  rem ove the first o f  these a pp rox i­
m ations, w e shall find it  advan tageous to  proceed

(1) Union Carbide and Carbon Fellow, 1953-1954.
(2) F. E. Harris and S. A. Rice, This Journal, 68, 725 (1954), here­

inafter sometimes referred to as part I.
(3) J. J. Hermans and J. T. G. Overbeek, Rec. trav. chirn., 67, 761 

(1948).
(4) G. E. Kimball, M . Cutler and H. Samelson, This Journal, 66, 

57 (1952).
(5) P. J. Flory, J. Chem. Phys., 21, 162 (1953).
(6) F. Osawa, N. Imai and I. Kagawa, J. Polymer Sci., 13, 93 (1954).
(7) (a) W . Kuhn, O. Kiinzle and A. Katchalsky, Helo. Chim. Acta, 

31, 1994 (1948); A. Katchalsky, O. Kiinzle and W. Kuhn, J. Polymer 
Set., 5, 283 (1950); A. Katchalsky and S. Lifson, ibid., 11, 409 (1953), 
and references quoted therein; (b) F. E. Harris and S. A. Rice, ibid., 
12, in press (1954).

b y  in troducing , step  b y  step , the in teraction  be­
tw een  the charges o f  the p o ly ion , rigorou sly  ca lcu ­
lating the change in the d istribu tion  o f configura­
tions at each step o f the process. T h e  m eth od  we 
shall em p loy  to  in trodu ce  in teraction s betw een the 
charges will be  to  consider, first, pairw ise in terac­
tions betw een  nearest neighbor links o f the p olym er 
chain, then  those betw een  the charges on  next 
nearest neigh bor links, and so  forth . W h ile  w e will 
be unable to  evaluate the results o f  the higher ap ­
proxim ations, such a  schem e w ill p rov ide , con cep ­
tu a lly  at least, a m echanism  b y  w hich  an y  desired 
approx im ation  to  the actu al beh av ior o f  the p o ly ­
ion  chain  can be  calcu lated . B y  the use o f  the 
m eth ods o f statistical m echanics, the angular cor­
relation  betw een  a link o f the p o lym er chain and 
the preceding links can be evaluated , and the th eory  
o f ran dom  flight processes w ith  partia l correla ­
tion s8 em p loyed  to  ca lcu late the resulting d istribu ­
tion  o f m olecu lar lengths. T hese  statistical m e­
chanical m ethods w ill also enable us to  evaluate 
the th erm odyn am ic fu n ction s o f th e  p o lym er coil.

W h en  ca lcu lating the expansion  o f  the poly ion  
from  the extension  characteristic o f  an uncharged 
polym er chain , it is assum ed th at th e  actu al d istri­
b u tion  o f charges on the p olym eric chain can be 
replaced b y  an average d istribu tion  characterized  
b y  an equal spacing betw een  the charges o f  the 
poly ion . A lth ou gh  such  an approx im ation  should  
be  relatively  g ood  for  m ost purposes, since this uni­
fo rm ly  charged con figuration  is also the m ost p rob ­
ab le  one, the approx im ation  is n o t adequ ate for  
ca lcu lating the en trop y  arising from  the various 
possible choices o f  charged and uncharged ion izable 
groups. I t  is, therefore, necessary w hen eva lu at­
ing the th erm odyn am ic fu n ction s o f  p o ly e lectro ­
ly te  solutions to  include in the en trop y  o f the chain 
m olecu le the con tribu tion  arising from  the actual 
d istribu tion  o f charged and  unch arged  sites on  the 
poly ion . T h e m ethods b y  w hich  this a im  can  be 
accom plish ed  h ave been  discussed in  the preced ing  
paper o f  this series.

T h e  calcu lations o f  the preceding  paper in d icate  
th at the en trop y  decreases so rap id ly  a t h igh de­
grees o f  ion ization  th at b in d in g  o f counterions b y  
the p o ly ion  m ust occu r  w hen a large p rop ortion  o f 
th e  ion izable portions o f  a p o lya cid  are rem oved . 
T h e  en trop y  in vo lved  w hen bin d in g  occu rs is so

(8) C. M. Tchen, J. Chem. Phys., 20, 214 (1952).
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far from  th at o f  a  random  d istribu tion  o f ion ized  
and un -ion ized  groups th at there is a serious ques­
tion  as to  the sign ificance o f  com parin g  th erm od y ­
nam ic data  w ith  th eoretica l quantities ca lcu lated  
om itting  a  g ood  treatm en t o f  this effect. S ince 
such a treatm ent depends cru cia lly  u p on  the inter­
action  en ergy  betw een  ions at v e ry  sm all separa­
tions a lon g  the p o ly m er chain, it  is n o t justifiab le 
to  approxim ate  the in teraction  as that betw een  
poin t charges in a con tin u ou s dielectric.

I I
T h e  m od el fo r  a p o ly io n  u pon  w h ich  the fo llow in g  

discussion  w ill be based consists o f  a chain  o f N  
“ statistical elem ents”  or links, each o f length  A and 
net num ber o f charges f ,  con n ected  togeth er a t the 
ends b y  universal jo in ts . B y  a  statistical elem ent 
is m ean t a num ber o f m on om er units such th at the 
m ean square length  h02 o f  a sim ilar b u t uncharged 
p o lym er coil is correctly  g iven  b y  the ran dom  flight 
form ula9

V  =  N A 2 (1)

T h e  statistica l elem ent w ill d iffer from  the real 
m on om er u n it in such a w ay  as to  take in to  con sid ­
eration  fixed b o n d  angles, h indered rotation , etc., 
b u t n o t  th e  effect o f  th e  charges. S ince th e  idea  o f 
a statistica l elem ent has been in trodu ced  to  take 
in to  a ccou n t th e  loca l orientational order caused b y  
forces com m on  to  b o th  the charged  and  uncharged 
polym er, it  w ou ld  b e  con trary  to  the sp irit o f  the 
present m od el t o  assum e th at th e  beh av ior o f  a 
statistica l elem ent w hen charged  shou ld  a ffect 
its length .

I f  w e consider each possib le  con figuration  o f the 
chain  as being b u ilt u p  b y  su ccessively  ad d in g  links 
to  the chain , the p rob a b ility  o f  add in g  the j t h  link 
in a g iven  relative orien tation  to  the preced ing  links 
w ill be govern ed  b y  the energy o f in teraction  o f the 
charge o f the j t h  link w ith  links j  — 1, j  — 2, . . . 
I f  the in teraction  betw een  links falls off sufficiently 
rap id ly  as th ey  becom e separated on the chain, the 
sequence o f approxim ations to  the d istribu tion  of 
configurations generated b y  su ccessively  consider­
ing in teraction s betw een  sets o f  segm ents separated 
on  th e  chain  b y  increasing num bers o f  units will 
converge. T h e  first such approxim ation , a fter 
that o f  the com p lete ly  random  chain , is p rov ided  
w hen one assum es the con figuration  o f each link to  
depend on ly  u p on  the one added  im m ediately  before 
it. Such a dependen ce generates a M a rk o ff p ro c ­
ess, 10 and  it  can be con clu ded  th at the d istribu tion  
o f lengths becom es gaussian in  the lim it o f large N  
w ith  th e  average en d -to -en d  d istance increasing as 
N '/2. T h e  higher approxim ation s are also M a rk off 
processes bu t w ith  the n um ber o f p o lym er seg­
m ents per M a rk off unit increasing to  tw o , three, 
etc. T hese approxim ations, therefore, correspon d  
to  M a rk o ff chains in higher dim ensional vector  
spaces.

O ne m ust n ot con clu de, how ever, th at in general a 
sequence o f approxim ation s o f  the ty p e  described , 
each  defining a M a rk o ff process, converges to  a 
M a rk o ff process in the lim it o f  increasing num ber o f

(9) For a discussion of random flight processes, see S. Chandrase­
khar, Revs. Mod. Phys., 15, 1 (1943).

(10) J. Doob, “ Stochastic Processes,”  John Wiley and Sons, Inc., 
New York, N. Y ., 1953.

in teractin g  links. W e  are assum ing here th at the 
in teraction  betw een  successive links falls o ff su f­
ficien tly  rap id ly  to  render such a conclusion  tenable. 
S im ilar considerations in d icate  th at th e  lim iting 
dependen ce u p on  the degree o f  po lym erization  o f 
the size o f  chain  m olecules com p osed  o f links o f  non­
zero vo lu m e  can n ot b e  ascertained b y  th is ty p e  o f 
approx im ation  unless th e  m eth od  is k n ow n  to  be  
con vergen t to  a  M a rk o ff process.

In  v iew  o f th e  rap id ly  increasing m athem atica l 
com p lex ity  as one proceeds to  h igher approx im a­
tions, w e shall con fine the m ore detailed  d iscussion  
to  the case o f  nearest neigh bor in teraction  only. 
A fter  finding to  w h at exten t m od ifica tion  o f the 
ran dom  flight d istribu tion  occu rs, one m a y  then 
ask w hether proceed in g  to  h igher approxim ation s 
is w orthw hile. I t  should  be em phasized, how ever, 
th at proceed in g  to  higher approxim ation s requires 
n o  fu n dam en ta lly  new  developm en t, b u t m erely  
necessitates m ore ted ious calcu lations.

In  order to  com plete  the specification  o f the m odel 
described  here, it  is necessary also to  consider the 
in teractions betw een  the charges on  m on om er units 
o f  the sam e statistical elem ent. T hese in teractions 
w ill o f  necessity  depend  u p on  the net degree o f  ion i­
zation  o f the p o ly m er and  w hen there are several 
charges per statistical elem ent, in tra-elem en t in ­
teractions w ill m ake the m a jor  con tribu tion  to  the 
potentia l. M ean s o f evaluating the in teraction  
energy w ith in  a  statistical elem ent w ill be d is­
cussed in d iv idu a lly  fo r  the various p o lym eric  spe­
cies concerned.

I l l
W e  are n ow  ready  to  consider m ore  exp lic itly  the 

nearest neigh bor approxim ation . W e  find it  con ­
ven ient to  discuss separately  the end to  end  exten ­
sion  o f the p o ly ion  and its free energy.

Expansion of Polyions.— Since the o n ly  in ter­
action  betw een  links o f the p o ly m er is assum ed to  
be  the electrostatic fo rce  d irected  a long the lines 
con n ectin g  the charges o f  a pair o f  n e ighboring  
links, the d istribution  o f orientations o f  a n y  link 
w ill be  axially  sym m etric w ith  respect to  the pre­
ced ing  link. In  this case the correlation  betw een  the 
orientations o f  successive links can be defined as 
the average va lue o f the cosine o f the angle y  .be­
tw een the vectors  sp ecify in g  the directions o f  the 
successive elem ents. W ritin g  <  cos y >  =  c it is 
possible to  sh ow 8 th at the average square length  h r  
approaches, fo r  large N, the value

*■* -  w (r= i)  (2)
Since the d istribu tion  o f lengths is G aussian, it  is 
g iven  b y  the form u la 8

V (h )  dh =
3 \ ’/>4h 2 J h \

.2h,2)  2h'2 (3)

where V(h) dh is the p rob a b ility  that the en d -to - 
end  d istance is in  the range from  h to  h +  dh. I t  
shou ld  be  em phasized  th at the sim ple form ula  2 
on ly  applies w hen there is axial sym m etry .

T h e  eva lu ation  o f c m ay  be  accom plish ed  by  
the standard  m eth ods o f statistical m ech an ics ,11

(11) J. E. Mayer and M. G. Mayer, “ Statistical Mechanics,”  John 
Wiley and Sons, Inc., New York, N. V., 1940.
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c <COS y >
f  OOS y e  u (y )/ k T  dH  

/ e - » ( i ) / s r  dS2 (4)

where u ( 7 ) is the poten tia l energy o f in teraction  be­
tw een  the charges on  ad jacen t chain  segm ents. 
T h e  integral o f  (4) is u n derstood  to  be extended  
over all orientations, and  d ! 2  is th e  elem ent o f  solid 
angle. I f  the in teraction  energy u (y )  is w ritten  as 
the sum  o f the con tribu tion s o f pa ir potentia ls, and 
the in teractions betw een  a pair o f  charges is approx i­
m ated  b y  a screened C ou lom b  potential

m( y ) =  XJ
i,j

€i6je K'yij('y) 
D rn(y)~ (5)

where the sum m ations are to  be extended  over all 
net charges i  on  one statistical elem ent, and all net 
charges j  o f  the other, ei is the m agn itude o f charge 
i, D  the d ielectric con stan t o f the m edium , and  n\{y) 
is the d istance betw een  charges i  and  j  w hen the 
angle betw een  their statistical elem ents is y. T h e  
screening con stan t m a y  be taken  as the reciprocal 
D eb y e  length , k, and  is g iven  b y 1 2

9 4-ire2
K ~  D kT V  X  'li %

(6)

w here the n\ refer to  the n um ber o f ions o f ty p e  i  in 
the solu tion , per m acrom olecu le , and V  is the v o l­
um e per p o ly m er m olecule.

E q u a tion  5 is n ot in  a con ven ien t form  for  actual 
use in  find ing u (y )  and, m ore im portan t, the exact 
loca tion  o f the variou s charges on  the statistical 
elem ent is n o t generally  know n. W e, therefore, 
will approxim ate  equ ation  5 b y  m ov in g  all the net 
charge o f each  statistica l elem ent to  its center. In  
this approx im ation

u ( y )  =
f2e2 g i 7)

Drai 7 )

»'ü( y ) =  A  c o s

(7)

T h e  exten t o f  the approx im ation  in go in g  from  equa­
tion  5 to  equ ation  7 depends u p on  at least tw o fa c ­
tors. T h e  first o f  these resides in the approx im a­
tion  inherent in the use o f  the con cep t o f  “ statistical 
elem ent,”  and is due to  the fa ct  that the charges 
near the end o f a statistical elem ent can not have 
their full e ffect as in d icated  b y  equation  0  in forcin g  
orientation  o f the next statistical elem ent because 
the actual m olecu le  can not ben d  sharply  at a g iven 
p o in t w hile the m od el can. Indeed  th ou gh  a m a jor 
portion  o f the e lectrostatic in teraction  energy arises 
from  the in teraction s o f  ad jacen t charges, this part 
o f the energy is com p lete ly  in effective in expanding 
the p o ly ion  due to  the con stan t b on d  angle betw een  
ad jacen t m onom ers. In  fa ct the first segm ent on 
w hich  the in teraction  can h ave a n y  orienting effect 
a t all is a n ext nearest n eigh bor and  this effect 
m a y  be m ark ed ly  redu ced  i f  there is a  large p oten ­
tial restricting rotation  a b o u t the m o n o m e r -m o n o ­
m er b on d . A  secon d  approx im ation  w hich  we can 
qu a lita tive ly  evalu ate is the change in e lectrostatic 
in teraction  w hich  occurs w hen a group  o f charges, 
situated  at po in ts  o f  the statistical elem ent, are re­
p laced  b y  the sum  o f their charges at their centroid . 
S ince, as m en tion ed  earlier, charges less than  a sta­

(12) See for example H. Falkenhagen, “ Electrolytes,”  Oxford Uni­
versity Press, New York, N. Y., 1934.

tistica l elem ent apart can not exert their full force  
tow ard  expanding the chain, the approx im ation  o f 
lum ping the charge shou ld  largely  cancel th at o f 
overestim ating the e ffective  in teraction  o f n eigh bor­
ing charges. T o  exam ine the p robab le  size o f this 
e ffect w h ich  will decrease the electrostatic in terac­
tion , we m a y  approxim ate the loca tion  o f the 
charges o f each statistical elem ent b y  a set o f 
equ a lly  spaced  charges on  a line. T h e  difference 
betw een  u (y )  as ca lcu lated  b y  a  single charge m odel 
and the d istributed  charge m od el is d iscussed in 
con n ection  w ith  the various experim ental results.

Thermodynamic Functions of Polyions.— W hile 
treatm ent o f the p o ly ion  expansion  as a M a rk off 
process enables its d istribution  o f lengths to  be 
determ ined, such considerations d o  n ot facilitate  
determ ination  o f the th erm odyn am ic fun ction s. 
F or  this purpose w e will d iv ide  the free en ergy  o f the 
p o ly e lectro ly te  solu tion  in to  a num ber o f parts in 
the m anner indicated  in the preced in g  paper. W e 
shall at on ce specialize to  po lyacids , n oticin g  that 
for  p o lym eric  bases an analogous developm en t can 
be  m ade.

T h e  first con tribu tion  to  the free energy, F ,, is 
th at of the free h ydrogen  ions and cou nter ions eli­
g ib le  to  take part in bin d in g  and neutralization  
phenom ena. T h e  secon d  term , F 2, is the sum  o f the 
con tribu tion s o f  the e lectrostatic  in teractions o f  the 
p o ly ion  w ith  itse lf and  w ith  the sm all ions. T h e  
th ird  term , F 3 , is the free en ergy  change th at a c ­
com panies the processes o f b in d in g  and  dissocia­
tion , togeth er w ith  the con tribu tion  o f  the en tropy  
o f m ixing o f b ou n d  and u nd issociated  sites.

T h e  d iv ision  o f the free energy o f the p olym er 
in to  parts F 2 and F 3 depends u p on  the assum ption  
th at the e lectrosta tic  effect o f  b in d in g  can be re­
garded m erely  as a redu ction  in net charge o f the 
polym er. In  add ition  the eva lu ation  o f F3 re­
quires further assum ptions regarding the b inding 
process. T h e  nature o f these assum ptions and 
the p robab le  extent o f  their v a lid ity  h ave been  dis­
cussed in part I.

Fi w ill be  a fu n ction  o f aH+, the a c t iv ity  o f the 
free h ydrogen  ions in the solu tion , and a0+, that o f 
the cou nter ions. F 2 w ill be  expressible in  term s o f 
the net fraction  o f charge, a', o f  the po lym er chain. 
a ' is related to  ct, the degree o f  d issociation  o f the 
polym er, b y  the form ula  a ' =  a ( l  — / ) ,  w h e r e / i s  
the fraction  o f the d issociable grou ps b ou n d  b y  
cou n ter ions. In  this n otation , f ,  the n u m ber o f 
charges per statistical elem ent is expressible as f  =  
a'Z/N . F s will depend u p on  a a n d /s e p a r a te ly  as 
well as u p on  the d issociation  constants, K& and K e 
for  th e  acid ic groups and b ou n d  ion  cou n ter ion 
pairs, respectively . W e  m a y  sum m arize m uch  o f 
the a b ov e  in  the equation  

F  =  F , ( o h +, a c+) +  F 2{ a ' )  +  F 3( cx, / ,  K n, K s ) ( 8 )

F ollow in g  the n otation  o f the previou s paper we 
will further su b d iv ide  F 2 such that

F2 =  Ft +  Ft =  Ft +  F6 +  F-i +  Ft (0)

w here F 4 is the con tribu tion  to  the free energy aris­
ing from  the en trop y  o f the statistical d istribu tion  o f 
the net charge o f the po lym er am ong the sites on 
the chain . F 6 arises from  the in teraction  betw een 
statistical elem ents and here w ill be  approxim ated
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as being satisfactorily  described  b y  term s including 
on ly  th e  in teraction  o f nearest n eighboring sta­
tistica l elem ents. T o  ca lcu late Ft, it is convenient 
to  con sider th e  set o f  angles ly i .i+ i)  =  { 7 *} b e ­
tw een the orientation  o f the succeeding  statistical 
elem ents. T h e  { 7 , }  are independent, as fo llow s 
im m ed iate ly  from  the lim itation  o f in teraction  to  
nearest neighboring elem ents. In  add ition , the 
{ 7 i J suffice to  determ ine the en ergy  o f th e  system  
o f in teracting links. T h e y  are, therefore, su itable 
quantities to  use in a statistica l m echan ica l ensem ­
ble. W e  m a y  define a con figuration  partition  
fu n ction , Q, b y  the form ula

Q =  f e ^ (y )/ k T  do. (10)

and the change in  free energy, Ft, resu lting from  
the in trod u ction  o f the in teraction  u (y )  wall b e 11 

F6 =  -N k T Q n  Q -  In Q°) (11)

w here Q° refers to  the va lu e  o f Q w hen  u (y )  is zero. 
B y  d irect in tegration  w e k n ow  Q° =  4X, so

F t = - N k T  l n ( £ )  (12)

F7 is the free  en ergy  change accom p an y in g  the 
bu ild ing u p  o f ion  atm ospheres a b ou t each  o f the 
ions o f  the system . W e  take this a s12

Fi =  —
62Ka'Z
~~ZD~

(13)

I t  m ust be em phasized  th at equ ation  13 p rob a b ly  
holds when th e  ion ic  strength  is du e to  added  salt. 
W h en  the on ly  ion ic strength  is th at due to  the 
cou nterion s o f  the p o ly ion  itself, the s itu ation  is n ot 
p resen tly  clear as to  the p roper status o f  equation  
13. T h is  u ncerta in ty  arises from  the use o f  the 
D e b y e -H iick e l equ ation  w hen  the n egative ions 
are im m obile . T hu s, th ou gh  each fixed negative 
ion  m a y  h ave an  atm osphere o f  p ositive  ions abou t 
it, the positive  ions d o  n ot h ave an  atm osphere o f 
n egative  ions a b ou t th em  in the m anner prescribed 
b y  the D e b y e -H iick e l theory.

F inally , it  is necessary to  add  the free energy, 
Fit o f the e lectrostatic in teraction  w ith in  the sta­
tistical elem ents. T h e  exp licit form  o f Es w ill be 
determ ined  b y  the m odel chosen  fo r  the statistical 
elem ent. T o  calcu late Fa, w e use a crude m odel in 
w hich  the charges are assum ed to  be  equ a lly  spaced 
in a  straight line a long the statistical elem ent. Fa 
is then  g iven  b y  the sum  over all pairs o f  the pair 
in teraction  en ergy  and m a y  be  con ven ien tly  w rit­
ten as

F , =
N tV
DA %  M

~ j * A /  S' (14)

T o  proceed  to  a ca lcu lation  o f the poten tiom etry  
or degree o f  b in d in g  o f th e  p o ly ion , w e shall find it 
necessary to  obta in  derivatives o f  the various term s 
o f Ft w ith  respect to  the fraction  o f net charges a'. 
C arrying ou t the in d icated  differentiations we o b ­
tain

d!<\
d a ’

ÒFz _  2Z f u ( y ) e  u(y)kT (jn
d a ' i f e  u(y)/kT dí2

ÒF, éuZ
da' 3 D

É l  y  ( É  _  !  
D A  ^  \ j

-  kA +  j

(15)

(16)

(17)

I t  should  be n oted  th at equations 14 and  17 are n ot 
well defined fo r  non-in tegral values o f  f  and are to  
be regarded as rep laced  b y  appropriate  con tin u ou s 
fu n ction s fo r  non-in tegral f .

T h e  rem aining con tribu tion  to  d F 2/ d c / ,  nam ely 
dFt/da', is g iven  b y  equations 28, 30  and 31 o f part 
I. T h e  con d ition s  determ ining the poten tiom etry  
and  the bin d in g  o f  cou nter-ion s o f  the p olym eric 
e lectro ly te  are obta ined  b y  m inim izing the free en ­
ergy  under appropria te  cond itions. T h e  results 
are g iven  in equ ation  7 o f  part I.

- ^ , + Z k T \ n K . - Z k T \ n a c* - t ( ^ )  = 0  (18)
da \OaJ / a

+  ~  -  ZkT  In /A  +  ZkT  In am  -  T ( ^ )  =  0

T h e  term s in vo lv in g  <Sm, the en trop y  o f  m ixing o f 
bou n d  ions and  undissociated  sites, arise from  the 
free en ergy  term  F3. E xpressions fo r  the deriva ­
tives in d icated  in equ ation  18 m a y  be  fou n d  as 
equ ation  10 o f P art I.

IV
T h e  experim ental quantities usually  com pared  

w ith  a th eory  o f p o lye lectro ly te  b eh a v ior  are the 
expansion  o f the p o ly ion  as a  fu n ction  o f ion ic 
strength, and the poten tia l as determ ined from  a re­
lation  betw een  th e  p H  o f th e  solu tion , a  con stan t 
characteristic o f  th e  d issociating grou p , and  the 
free energy o f m ixing o f  th e  ion ized  a n d  un-ion ized  
sites. T h e  expansion  o f the p oly ion s is a g o o d  test 
o f  th e  th eory  since its experim ental determ ination  
is com p lete ly  in depen den t o f  a n y  assum ptions co n ­
cerning the beh av ior o f  p o lye lectro ly tes in solu tion . 
On the oth er hand, the usual com parison  o f th eoret­
ica l and experim ental potentia ls is n ot a g ood  test. 
T h e  a ccep ted  relation  betw een  the th erm odyn am ic 
fu n ction s o f  the p o ly ion , the p H  an d  the degree o f  
d issociation  is 13

pH =  VK 0 -  log +  0.434 ! t  (10)
a Kl

where K 0 is the ion ization  con stan t o f the d issoci­
ating groups in the absence o f the interference o f 
e lectrostatic in teractions and  is the electrostatic 
poten tia l o f  the poly ion . T h e poten tia l as defined 
b y  (19) is  related to  the e lectrostatic free energy 
(i.e., F5 o f  the present developm en t) b y  (d E s /d a )*  
=  Zeyp. E q u a tion  19 im plies random  d istribu tion  
o f charged and  uncharged sites, and we have sh ow n 2 
on  the basis o f  a m odel em ployin g  in teractions be­
tw een neighboring charge groups that the e n trop y  
o f m ixing o f such a system , w hile approach in g  the 
ideal value fo r  low  degrees o f ion ization , dev ia tes 
con siderably  and to  an increasing exten t as the d e ­
gree o f  ion ization  increases. In  order to  ca lcu late  
the potentia l, it  is necessary to  a ccou n t q u an tita ­
t iv e ly  fo r  the entire e lectrostatic free energy o f the 
po ly ion . T o  d o  this correctly , the treatm en t m ust 
in clude th ose  con tribu tion s arising from  bin d in g  and  
other n on-ideal effects as w ell as the m ore obv iou s  
electrostatic term s. H ow ever, it  is n o t su itable 
m erely  to  reduce the degree o f  neutralization  to  
com pensate fo r  the b in d in g  an d  then use equ ation  
19 since the b in d in g  is sym p tom a tic  o f  som ething  
fu n dam en ta lly  w ron g  w ith  th e  assum ptions inher-

(13) J. T. G. Overbeek, Bull. soc. chim. Beiges, 57, 252 (1948).
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ent in the use o f  equ ation  19. T hu s, all o f  the data 
in the literature obta in ed  from  experim entally  o b ­
served  p H  values w hich  were then  con verted  to  
values o f  e\p/kT b y  m eans o f relation  19 are cer­
ta in ly  a t best in applicable  to  test an y  th eory  an d  at 
w orst com p lete ly  in correct. T h e  correct relation 
betw een  th e  p H  and the electrical properties o f  the 
p o ly io n  w as discussed in  p aper I  o f  this series.

T h e  p oten tia l has been  sh ow n 2 to  be  in tim ately  
related to  the degree o f  b in d in g  o f cou nter ions b y  
the p o ly ion  and, therefore, it  suffices to  com pare 
either th e  p H  o f  th e  solu tion  or the degree o f  b in d ­
in g  w ith  experim entally  observed  values. T h e  
secon d  test o f  the th eory  to  be  applied  here, then, 
will be  the agreem ent o f  the ca lcu lated  values o f 
the b in d in g  w ith  th ose  d irectly  observed  experi­
m en ta lly  b y  transference or d iffusion  m easurem ents.

Binding.— T h e  exten t o f  b in d in g  was evaluated 
assum ing th at the e n trop y  o f m ixing, Sm, o f  bound  
ion  pairs and un-ion ized  sites is g iven  b y  the ideal 
solu tion  expression . (bSm/da)af  is then given b y  
equ ation  10 o f paper I . E q u a tion  18 o f the present 
paper w as then  so lved  b y  an iterative  p rocedu re 
assum ing a va lu e  o f 10 fo r  K „  I t  w as fou n d  that 
the va lu e  o f K e ch osen  does n o t seriou sly  a ffect the 
results since (bF^/ba') varies extrem ely  rap id ly  
w ith  a ' fo r  the va lues o f  a ' w ith  w h ich  w e are con ­
cerned. T h e  m a jor  con tribu tion s to  (bF 2/ba ') are 
fou n d  to  arise from  th e  in teractions w ith in  the sta ­
tistica l elem ent in cluded  in  F s, and  from  th e  n on - 
random  m ixin g  term  /A . F or  this reason the 
am ount o f  b in d in g  w ill increase sharply  as the dis­
tan ce betw een  neigh borin g  charges is decreased. 
O ne m ight, therefore, exp ect th at th e  am ou n t o f 
b in d in g  in  carboxym eth y lce llu lose  (C M C ), w here 
the sites are 5 A . a p a rt,14 w ou ld  be  less than  that 
observed  under correspon d in g  con d itions fo r  p o ly ­
acry lic  acid  (P A A ) w here th e  sites are separated b y  
b u t 2.5 A . A  serious d ifficu lty  in eva lu ation  o f  the 
necessary  free en ergy  term s depends u p on  the 
ch o ice  to  be  m ade fo r  the effective  d ielectric con ­
stan t betw een  a  pair o f  charges on ly  a few  ang­
strom s apart. T h is  sm all space  w ill u n d ou b ted ly  
be partia lly  o ccu p ied  b y  oth er portions o f  the p o ly ­
m er m olecu le , w h ich  as K irk w ood  and W esth e im er15 
h ave ind icated , sh ou ld  be  recogn ized  exp lic itly  as 
having  a m u ch  low er d ielectric  con stan t than  the 
bu lk  o f the aqu eous m edium . I t  sh ou ld  also b e  re­
m em bered  th at even  in th e  absence o f  p o lym er 
chain  betw een  charges th e  decrease in  d ielectric 
con stan t fo r  the w ater m olecu le  in  such close p rox ­
im ity  to  ions w ou ld  be  m ost im p o rta n t.16 F or  the 
reasons enum erated in  the preced ing  paper, we 
h ave chosen the va lu e 5.5 fo r  the loca l d ielectric 
constant.

B in d in g  fo r  P A A  ca lcu lated  accord in g  to  the 
a b ov e  d iscussion  is listed  togeth er w ith  th e  experi­
m ental v a lu es17 in T a b le  I . I t  w ill be  observed  
th at the ca lcu lated  bin d in g  decreases faster than

(14) The properties of this sample of CMC are further discussed in 
succeeding paragraphs.

(15) J. G. Kirkwood and F. H. Westheimer, J. Chem. Phys., 6, 506 
(1938).

(16) J. B. Hasted, D. M . Ritson and C. H. Collie, ibid., 16, 1 
(1948).

(17) J. R. Huizenga, P. F. Grieger and F. T. Wall, J. Am. Chem. 
S o c ., 72, 2636, 4228 (1950).

the experim ental findings in d icate  it should. A 
possible explanation  o f this dev ia tion  is the neglect 
o f  higher order in teractions betw een  the charged 
groups. A t  h igh a' this om ission  m akes little  d if­
ference since there is a large decrease in the pair 
in teraction  energy on goin g  from  nearest to  next 
nearest n eighboring pairs. T h is decrease is due to  
b oth  the increased d istance betw een  the charges 
and the increase in  e ffective  d ielectric  con stan t at 
the larger d istance. O n the other hand, at low  a', 
the charges are on  the average further apart, and 
the further neighbors con tribu te  p rop ortion a lly  
m ore o f the to ta l in teraction . S ince the d ifficu lty  
o f  extend ing  the ca lcu lations to  in clude next near­
est n eighboring sites is considerable, we m ust be 
con ten t w ith  the em inently  satis fa ctory  qu a lita tive 
agreem ent n ow  obta ined .

T a b l e  I

C o m p a r is o n  o f  t h e  C a l c u l a t e d  a n d  O b s e r v e d  B in d in g  
in  P o l y a c r y l ic  A cid  

a  =  1 a  — 0.5 a  =  0.2

Exptl.17 0.63 0.45 0.20
Calcd. 0.65 0.36 ~ 0 .0

Expansion. 1. Sodium Carboxymethylcellu­
lose.— D a te  on  C M C  were taken  from  the w ork  
o f D r. N . S chneider18 w ho has con d u cted  an exten ­
sive investigation  o f the size and shape o f C M C  as a 
fu n ction  o f ion ic strength using light scattering, 
v iscom etric, p oten tiom etric  and various oth er ap­
propria te  techniques. A  short descrip tion  o f the 
m ethods we used to  obta in  the data  required fo r  
the calcu lation  is n o t ou t o f p lace at this tim e.

F rom  th e ' observed  w eight average m olecu lar 
w eight and  assum ing that the p o lyd ispersity  cou ld  
be adequ ately  a ccou n ted  fo r  as a F lory  distribu­
t io n ,19 the z  average m olecu lar w eigh t was ca lcu ­
lated from  the relation  M z =  1 .5 d fw. F rom  the z 
average m olecu lar w eight, the z average con tou r 
length  L  was obta ined . T h e  va lu e  o f the unper­
turbed  p o lym er size w as determ ined  b y  extrapola ­
tion  o f the light-scattering data  to  infinite ion ic 
strength  and  was fou n d  to  be  2100 angstrom s for  a 
p olym er o f w eight average m olecu lar w eight 435,- 
000. T h e  K u h n  statistica l elem ent len gth 20 
can  then be  calcu lated b y  solv in g  the sim ultaneous 
equations

Ac2 =  ATI2 (20)
L =  NA

In  this m anner A  was fou n d  to  be 335 angstrom s. 
T h e  p olym er was characterized as possessing 1.1 
carboxy l groups per 5.1 angstrom s and the degree 
o f neutralization  was 0.96.

T h e  expansion  fa ctor  hi/h0 was ca lcu lated  b y  
the use o f equations 2 and  4. T h e  integrals n ec­
essary to  evaluate (4) were com pu ted  n um erica lly  
b y  m eans o f  a 20-pOint in terpolation  form ula, and 
equ ation  7 was used fo r  the fu n ction  u (y ). D  was 
taken  as 80. A  com parison  o f the experim ental 
values o f  hi/h0 w ith  the ones ca lcu lated  assum ing 
n o  bin d in g  is g iven  in  T a b le  I I . I t  can  be  seen  that

(18) N. Schneider, Thesis, Harvard University, February, 1954.
(19) For a discussion of the distribution of molecular weights arising 

from condensation polymerization see P. M. Flory, “ Principles of Poly­
mer Chemistry,”  Cornell University Press, Ithaca, N. Y ., 1953.

(20) W . Kuhn, Kolloid Z . ,  76, 258 (1936); 87, 3 (1939).
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at low  ion ic  strengths the ca lcu lated  expansion  is 
to o  large in  sp ite o f  the fa c t  th at the m eth od  used  
w ou ld  be  exp ected  to  g ive  a low er va lu e  th an  th at 
actu a lly  observed . B u t w e h ave a lready  seen in 
part I  th a t th e  interactions betw een  n eighboring 
charge sites on  the po lym er chain  w ill m ake it im ­
possible to  rem ove all the sod iu m  ions from  the 
chain. T h is b inding reduces the e ffective  charge 
per statistical elem ent, th ereby  decreasing the 
in teraction  betw een  elem ents. In  T a b le  I I  we 
have also listed  the ca lcu lated  expansions fo r  3 3 %  
and 6 7 %  binding and  h ave  p lo tted  all th e  data  o f 
th e  table  in  th e  accom p an y in g  graph  (F ig . 1).

Fig. 1.— Expansion of sodium carboxymethylcellulose as a 
function of ionic strength. The curves are calculated as­
suming the amounts of counter ion binding indicated. The 
circles are experimental points.18 Top curve, 0 % ; middle 
curve, 3 3 % ; bottom curve, 6 7% .

W h ile  the experim ental error o f  approx im ately  
1 0 %  does n ot perm it a decisive  ch o ice  at higher 
ion ic strengths, the data  at low  ion ic strength  
poin ts to  a sm all am ou n t o f binding, p ro b a b ly  som e­
w h at less than  3 3 % . T h is  con clu sion  is in  accord  
w ith  ou r discussion  o f b in d in g  w here w e suggested 
th at the extent o f  b inding in  C M C  sh ou ld  be  less 
than  th at in P A A . T h e  exten t o f  b in d in g  observed  
fo r  P A A  at com plete  sto ich iom etric neutra lization  
is a b ou t 6 3 % .17

T a b l e  II

C o m p a r is o n  o f  t h e  C a l c u l a t e d  a n d  E x p e r i m e n t a l  
E x p a n s io n  F a c t o r s  h i / h o  f o r  S o d iu m  C a r b o x y m e t h y l ­

c e l l u l o s e

Columns 1, 2 and 3 are calculated on the basis of the theory 
presented in this paper. Column 4 is based on the theory of 
Katchalsky and Lifson7b and column 5 is based on the theory 
of Hermans and Overbeek.3 Column 6 presents the experi­

mental results of Schneider.18
No Binding Binding

1A binding 33% 67% K.L. H.O. Exptl.
6 1 .07 1 .07 1 .06 2 .00 1.41 1.09

13.8 1.13 1.11 1.09 4 .16 1 .81 ' 1 .16
3 0 .4 1 .38 1 .30 1.19 10.9 2 .45 1.39
44
50

1 .72
1.91

1.57 1.31 13.8 2 .87 1.59

I t  is qu ite  clear that the present ca lcu lation  treats 
the electrostatic in teractions in a qu ite  different 
w ay  than the m ore random  m odel o f  K u h n , K iin zle  
and K atch a lsk y . T h e  effect o f  the m odifications 
in trodu ced  in the present th eory  m a y  be  seen b y  
com parin g  results com p u ted  using the form ula  o f 
K a tch a lsk y  and L ifson 7“ w ith  the other entries in

T a b le  I I .21 A lso  listed  in the table  are the expan ­
sions ca lcu lated  from  the spherical m odel o f  H er­
m ans and O v erb eek .3 A  substantial im provem ent 
over all these theories has been  realized.

2. Polymethacrylic Acid.— T h e  on ly  structural 
d ifference betw een  the m on om eric  group  in p o ly ­
m eth acry lic  acid  (P M A ) and  p o ly a cry lic  acid  
(P A A ) is the presence o f a m ethy l group  on  the 
carbon  a tom  a  to  the carboxy l group  in P M A . In  
b o th  polym ers the spacing betw een  charged  sites is
2.5 angstrom s so  th at to  th e  approx im ation  in ­
v o lv e d  in  the th eory  described  here w ith  th e  possi­
b le excep tion  o f the statistica l e lem ent length, 
there sh ou ld  b e  little  d ifference betw een  P M A  and 
P A A . T h e  m a jo r  con tribu tion s to  the e lectro ­
static free  en ergy  arise from  th e  n on -ran dom  free en­
ergy o f m ixing and  the in teraction  betw een  nearest 
n eigh bor charge groups. T h e  in teraction  betw een  
the statistica l elem ents is a sm all add ition a l term  
w hich , even  i f  the statistical elem ents in  P M A  and 
P A A  are n ot identica l, can not be  v e ry  different for  
the tw o  polym ers . R ecogn iz in g  this s im ilarity  
betw een  th e  polym ers, w e h ave assum ed th a t  the 
extent o f  b in d in g  in  P M A  w ill be  the sam e as the 
extent o f  b in d in g  in  P A A  w hich  is 6 3 %  at co m ­
p lete neutra lization .17

T h e  ca lcu lated  expansions for  P M A  in  the absence 
o f  added  salt are com pared  w ith  the experim ental 
va lues o f  O th  and  D o t y 22 in T a b le  I I I .  I t  is easily  
seen th at the ca lcu lated  values, even  fo r  zero b in d ­
ing, fa ll b e low  the experim ental value.

T a b l e  III

C o m p a r is o n  o f  t h e  C a l c u l a t e d  a n d  E x p e r i m e n t a l  
E x p a n s io n  F a c t o r s  h i / h o  f o r  S o d iu m  P o l y m e t h a c r y l a t e  

A  =  10. A.
No binding 60% binding Exptl.22

3 .2 6  1 .64  6 .0

T h e  m od el em p loyed  in  this th eory  neglects in ­
teraction s betw een  segm ents further separated 
than  nearest neighbors. In  C M C  w here the statis­
tica l elem ent is 335 angstrom s long, the shielding 
radius 1 / k is on ly  abou t one eighth the elem ent 
length  even  at the low est ion ic strength in vesti­
gated. In  this case the neglect o f  higher order in ­
teractions is n o t serious. In  P M A  the statistical 
elem ent is on ly  10 angstrom s lon g  and  the experi­
m ental lengths listed  in  T a b le  I I I  w ere determ ined  
under con d itions such th at the shielding radius 
1 / k w as never less than  30 angstrom s. U nder 
these circum stances it is to  be  expected  th at higher 
order in teractions w ill be  im portan t and  th at the 
ca lcu lated  expansions w ill be  sm aller than  th e  ex­
perim ental values.

S ince the statistica l elem ent length  in P M A  cor­
responds to  on ly  fou r  m on om er u n its ,22 it is possible 
to  m ake an estim ate o f  the decrease in  electrostatic 
energy w hen w e replace th e  d iscrete ensem ble o f 
charges spaced  in  som e m anner a lon g  the elem ent 
w ith  one large charge at the cen troid . In  principle

(21) Katchalsky and Lifson’s equation (21) for hi/ho lias been shown 
to be incorrect. However, the correction does not seriously influence 
the results of the theory under the experimental conditions for which 
it has been used. A discussion of this point may be found in reference 
7b.

(22) A. Oth and P. M . Doty, T his Journal, 56, 43 (1952).
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one m a y  w rite the exact solu tion  to  the in teraction  
betw een  the pairs o f  charges on ad jacen t segm ents, 
bu t this expression  is in con ven ien t fo r  num erical 
ca lcu lations due to  its great com p lex ity  w hen  there 
are a large num ber o f charges on  a statistical e le­
m ent. F o r  the elem ent o f fou r  m on om ers, w ith  
equ a lly  spaced  charges, the error in v o lv ed  in  re­
p lacing  the fou r charges w ith  one o f m agn itude 
fou r is o f  the order o f  2 5 %  at m oderate ion ic 
strengths and decreases at low  ion ic strength. It 
is to  be  expected  th at the error in v o lv ed  in over­
estim ating the in teraction  en ergy  due to  the m odel 
being able to  ben d  sh arp ly  is in the opp osite  d irec­
tion  and is p ro b a b ly  o f the sam e order o f m agn i­
tude.

V. Acknowledgments.— W e ackn ow ledge inter­
esting discussions w ith  D rs. B arth olom ew  H arg itay  
and A lfred  H oltzer. W e  also w ish to  thank D r. 
N athan  Schneider for  m akin g  availab le to  us b e ­
fore p u b lica tion  the experim ental results q u oted  
in this paper, and  P rofessor P aul D o t y  for  criti­
ca lly  reading the m anuscript.

D IS C U S S IO N

J. J. H e r m a n s  (University of Groningen).— The papers 
by Harris and Rice represent a very interesting attempt to 
account for ion binding. The concept of specific sites may 
prove very useful in the treatment of this problem, but I 
believe that it has been somewhat overemphasized in their 
papers.

I have two further comments in connection with earlier 
theories. In the first place it is not, I think, quite sure that 
the calculations of Kuhn and Katchalsky and of Katchalsky 
and Lifson are the only ones that preserve the chain-like 
character of the molecule. In the spherical model the chain­
like character is preserved completely as far as the statistical 
treatment is concerned. The sphericity plays a part only

in the calculation of the electrical free energy, and it was 
shown that the result is almost independent of the charge 
distribution in the sphere: if the dimensions are defined in 
terms of the radius of gyration,* the result for the electrical 
free energy in the absence of counter-ions is 0.00 Z V ! d i  
for uniform charge, 0.63 Z 2e2/e /i  for a Gaussian distribution 
and 0.70 Z W /tR  for a simple exponential decay. W hat is 
more, it does not change much with the shape of the par­
ticle, either. For an axial ratio of 2, one finds 0.60 Z V / elt)  
for an axial ratio of 3 the result is 0.71 Z-e-/eR. The 
situation in the presence of counter-ions is similar.

For this very reason the approximation involved in the 
assumption that the probability of a configuration is de­
pendent only on the over-all dimensions of the molecule is 
not quite so serious as the authors appear to believe.

J. R. V a n  W a z e r  (Monsanto Chemical Company).—  
In the discussion of this and previous papers, emphasis has 
been placed on the “ binding” of simple cations by the high 
charge of the polyanion. I wish to emphasize that there can 
also be covalent binding of the cations, which are then held 
in the form of a “ complex.” Work on the chain phosphates 
(polyphosphates) indicates that both types of binding are 
found for all of the common metal ions with these polv- 
anions. For metals such as sodium, the charge interaction 
predominates over the covalent type of binding; but, for 
transition metals, the reverse is true.

From the published papers and recent undisclosed studies 
in our laboratories, it seems that the various methods of 
determining the amount of cation bound by the polyphos­
phates will lead to different results, depending on the method. 
Some measurements include the entirety, or a large part, of 
the counter-ion atmosphere, whereas others dig down into 
this ionic atmosphere and differentiate the close, covalently 
bound cations from the rest of the counter ions. Thus, the 
method by Schindewolf and Bonhoeffer [Z. Elektrochem., 
57, 216-21 (1953)] appears to cover the ionic atmosphere, 
whereas the methods of Van Wazer and Campanella [J. 
Am. Chem. Soc., 72, 655-63 (1950)] seem to primarily detect 
the covalently bound ions. Probably there will be con­
siderable argument during the next few years between the 
proponents of various methods, as to which gives the “ true” 
amount of bound cations.

*  R e f .  2  in  H a rris  a n d  R ic e ,  P a p e r  I .



740 F . T . W a l l  a n d  S . J. G i l l V o l. 58

CONDUCTANCE OF POLYELECTROLYTES UNDER PRESSURE1
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The conductivities of dilute aqueous solutions of potassium chloride, hydrochloric acid, acetic acid, polyacrylic acid, 
styrene-maleic acid copolymer, polyvinyl potassium sulfate and a series of sodium phosphates were measured at 25° and 
pressures up to 1000 bars. The degree of dissociation of polyacrylic acid was observed to be a linear function of pressure with 
the pressure coefficient a function of the concentration. The results are treated thermodynamically to obtain volume 
changes attending the process of ionization. The volume change associated with the ionization of polyacrylic acid at zero 
degree of ionization is — 17.7 ml. per mole of carboxyl groups, but with increasing degree of dissociation the volume change 
becomes less negative. The data are interpreted theoretically on the basis of a simple spherical model for the polyion. The 
sodium phosphates studied show an increasing pressure coefficient of conductance with increasing chain length.

Introduction
T h e  effect o f  pressure on co n d u ctiv ity  o f  solu­

tions o f sim ple e lectrolytes has been  a su b ject o f  in­
vestigation  for  a num ber o f years. T h e  usual pres­
sure range was from  one to  3 ,000 bars, a lthough  Zis- 
m an 2 records results to  10,000 k g . /c m .2. In vesti­
gations have also been  m ade on the pressure de­
pendence o f th e  ion ization  constants o f w eak acids ;

the m ost recent o f  these studies 
was th at o f  B ran der,3 w ho has re­
view ed  th e  field in considerable 
detail. S tudies o f this ty p e  have 
led to  calculations o f  the volu m e 
changes associated w ith  the ion i­
zation  o f a w eak acid  and the re­
sults so obta ined  generally  com ­
pared fa v ora b ly  w ith  estim ates 
m ade b y  independent m eth od s.4 
In  such calculations, approxim a­
tions m ust be m ade to  obta in  the 
degrees o f d issociation  a t d ifferent 
pressures. Such approxim ations 
can be m ade quite accu rate ly  b y  
using O nsager’s5 equation , w hich  

'////A  1 relates the equ ivalent con du ct- 
r///\A  ance to  the con cen tration  and 

other properties o f  the e lectro ly tic  
solutions.

T h e  dependence o f con d u ctiv ity  
upon  pressure is rather com plex  
because o f the fo llow in g  fa ctors :
(1) the increase o f  con cen tration  
accom pan yin g  increased pressure ;
(2) th e  anom alous pressure effect 
on  the v iscosity  o f  w ater ; and
(3) the m arked influence o f pres­
sure on the degree o f  ion ization  o f 
w eak electrolytes. T h e  beh av ior 
o f  sim ple e lectrolytes under pres­
sure suggested that interesting re­

sults m ight be ob ta in ed  fo r  p o lym eric electrolytes,

Fig. 1.— Con­
ductance cell. Top 
cap is removed 
when in use with 
is'ujol layer.

(1) The work discussed herein was supported in part by the research 
project sponsored by the Reconstruction Finance Corporation, Office 
of Synthetic Rubber, in connection with the Government Synthetic 
Rubber Program.

(2) W. A. Zisman, Phys. Rev., 39, 151 (1932).
(3) E. Brander, Soc. Sci. Fennica Commentationee Phys. Math., 6, 

1 (1932).
(4) G. Tammann and A. Rohmann, Z. anorg. allgem. Chem., 183, 1 

(1929); 182,353 (1929).
(5) See H. S. Harned and B. B. Owen, "The Physical Chemistry of 

Electrolytic Solutions," Reinhold Publ. Corp., New York, N. Y ., 1950,
p. 128.

particu larly  polyacids and polybases. T o  this end 
we chose to  s tu d y  dilute solutions o f  such e lectro­
lytes, w ith particular em phasis on the effect o f 
pressure on the intraion ic electrical free energy.

Experimental
A . P ressu re  System .— The high pressure components of 

the apparatus used for this study consisted of a pressure in­
jector, gages, a high pressure bomb and appropriate connec­
tions.6 A  10,000 p.s.i. Heise gage was employed for the 
low pressure readings (up to 500 bars), and a 50,000 p.s.i. 
Ashcroft gage was used for the higher readings. Both 
gages were calibrated against a dead weight gage. Electrical 
leads entered the pressure bomb through the piston-like 
bomb head, using the conventional cone, follower and nut 
technique.

B . Conductance B ridge and C ell.— The conductivity 
bridge assembly was constructed following the plans of 
Luder,7 with certain modifications. Six-volt tubes were 
used and the amplifier was connected to the voltage supply 
instead of to batteries. A  V1-C 7 variable inductor, made 
by United Transformer Corporation, was used in place of 
the honey-comb coil arrangement specified in the original 
plans. This inductor allowed a precise setting to be made 
at the desired oscillator frequency (1000 cycles). The 
balance point of the bridge was detected by an oscilloscope. 
A General Radio type 1432-N decade resistance box served 
for readings to 11,000 ohms. Higher resistances were meas­
ured by using in addition a group of 10,000 ohm precision 
G -R  resistors as described by Luder. The sensitivity of 
this apparatus was one part in one hundred thousand.

The conductance cells used in earlier high pressure inves­
tigations generally followed the design of Korber8 and 
Tam m ann.4 Zisman2 used a cell for which changes of cell 
constant with pressure could be calculated from geometric 
considerations. Adams and Hall9 described a cell for use 
with relatively concentrated solutions; they employed a 
layer of “ N ujol”  oil to transmit the pressure to the solution, 
instead of the mercury seal used by Korber.

With these earlier studies in mind we designed a cell for 
use in our work (see Fig. 1). Electrodes, made from 
sheet platinum (0 .004" thick) fashioned into bands of 2.0  
cm. diameter and 1 cm. width, were centered axially in 
a 3-cm. Pyrex tube approximately 5 cm. apart and were 
supported by indentations in the tube. Platinum wires, 
sealed through the glass walls, served as electrical connec­
tions. Standard taper (12 /1 8 ) joints were attached to the 
ends of the glass tube to facilitate closing the cell. The cell 
was standardized on seve.ral occasions, both before and after 
use, utilizing standard KC1 solutions described by Jones 
and Bradshaw.10 The reproducibility of the standardiza­
tion was within 0 .1 % .

When a pool of mercury was used to transmit the pres­
sure, reasonable results were obtained for 0.01 N  solutions, 
but marked irreversibility was encountered for more dilute

(6) The apparatus is described by P. B. Hill, Ph.D. Thesis, Univ. of 
III., 1953.

(7) W . F. Luder, J. Am. Chem. Soc., 62, 89 (1940).
(8) F. Korber, Z. physik. Chem., 67, 340 (1909).
(9) L. FI. Adams and R. E. Hall, This Journal, 35, 2145 (1931).
(10) G. Jones and B. C. Bradshaw, J. Am. Chem. Soc., 55, 1780 

(1933).
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solutions. W e concluded, as had Korber, that mercury 
contaminates the solution. W e further noted that the re­
action is strongly pressure dependent.

The method of Adams and Hall, in which a “ N ujol”  layer 
is used to transmit the pressure, was also investigated and 
found to give results consistent to ± 0 .2 %  even for ex­
tremely dilute solutions. For this arrangement, which was 
the one employed in the studies here reported, the bottom  
of the cell is closed off and the “ N ujol”  layer is placed on 
top of the solution.

An appreciable length of time had to elapse after each 
pressure setting for the system to reach thermal and chemical 
equilibrium. One hour was sufficient for all of the systems 
studied, except for the phosphates for which an hour and one- 
half proved to be necessary. Temperature measurements 
using a thermistor indicated that thermal equilibrium is 
obtained in approximately 40 minutes. The temperature 
outside the bomb was maintained by a temperature control 
bath at 25.00 ±  0 .02 °.

C . C hem icals and Standardization.— The P A A  (poly­
acrylic acid) was made by the organic preparations section 
at the University of Illinois. The SM A C  (hydrolyzed 
styrene-maleio anhydride copolymer) was prepared by the 
method described by W all and de Butts.11 Concentrations 
of the polymer solutions were determined by drying aliquot 
portions and by determining pH titration curves with a 
Beckman Glass Electrode pH meter, model G . The latter 
method gave results accurate to 0 .2 %  for the P A A  and to 
0 .4 %  for the S M A C . The drying method agrees exactly 
with the titration for P AA , but deviates 1 %  for the S M A C . 
Since our interest was in the number of functional groups, the 
titration method was believed tc give more dependable re­
sults.

The P VSK  (polyvinyl potassium sulfate) was supplied 
by D r. Hiroshi Terayama of this Laboratory. Solutions 
of this polymer were standardized by the conventional sul­
fate determination.

Solutions of reagent grade sodium phosphate and sodium 
pyrophosphate were standardized by pH titrations. Sodium 
tripolyphosphate was obtained from Professor L . F . Au- 
drieth and solutions of the same were prepared from weighed 
amounts of the hexahvdrate material. The sodium poly­
metaphosphate had been prepared from directions found in 
“ Inorganic Syntheses.” 12 Aqueous solutions were prepared 
from weighed amounts of the material, and an average chain 
length of 70 units was determined by titration of the end 
groups using the method of Van Wazer and Holst.13

All of the solutions were made from water redistilled over 
potassium permanganate. The water so prepared had a 
specific conductance of 1 X  10 -6 ohm -1 cm .-1 at 2 5 °.

Treatment of Data
F or ca lcu lating changes in con cen tration  w ith  

pressure, it was assum ed th at th e  solutions obeyed  
the T a it  equ ation  fo r  the com pressib ility  o f pure 
water. A t  2 5 ° this equ ation  is14

Vo«*’ 0.3150 log
( 2996 +  P  Ì 
) 2997 \ (1)

w here Fo(P) is the specific vo lu m e o f w ater a t 25 ° 
under a pressure P  expressed in bars. I f  A(,r> and 
R(p) denote, respectively , the equ ivalen t con d u ct­
ance and th e  resistance at pressure P, then w e can 
also w rite that

A<p> E ^ V o lP>
A (1> S ' P > F o (1>

B y  com bin in g  equations 1 and 2, one can calculate 
the equ iva len t con du ctan ces from  resistance m eas­
urem ents. In  m aking the calcu lations it was as­
sum ed th at th e  cell constant was independent o f 
pressure, although  a sm all correction  (0 .1 % ) m ight

(11) F. T. Wall and E. de Butts, J. Chem. Phys., 17, 1330 (1949).
(12) L. F. Audrieth, Editor, “ Inorganic Syntheses,”  Vol. I l l , Mc­

Graw-Hill Book Co., Inc., New York, N. Y ., 1947. p. 91.
(13) J. R. Van Wazer and K. A. Holst, J. Am. Chem. Soc., 72, 639 

(1950).
(14) See B. B. Owen, J. Chem. Educ., 21, 59 (1944).

be applied  at 1000 bars. In  calcu lating th e  ratio 
R a}/R''p>, the initial / ¿ (1) reading was used fo r  as­
cen d in g  pressure settings and the final R a) fo r  de­
scending settings. In  all cases the initial and final 
va lues agreed w ith in  0 .5 % . A  correction  fo r  sol­
v en t con du ctan ce  was app lied  to  the KC1 solutions. 
C om parison  o f results for  KC1 and HC1 a t 2 5 ° (see 
F ig . 2) w ith  the va lue obta ined  b y  in terpolation  be­
tw een  K o rb e r ’s experim ents at 20 ° and those o f 
Z ism an at 3 0 ° show ed excellent agreem ent (w ithin 
0 .1 % ) at 500 and 1000 k g . /c m .2. F or  d ilu te  solu­
tions it  w as fou n d  th at A (f>)/ A (I> w as independent 
o f  concentration .

Fig. 2.— Relative equivalent conductance of dilute solutions 
of HC1 and KC1 versus pressure.

T o  ca lcu late th e  degree o f  d issociation  o f a p o ly ­
m eric acid  at different pressures, it  is necessary to  
k n ow  the equ ivalent con du ctan ce  o f the h ydrogen  
ion  at those pressures. V alues w ere obta ined  b y  
a pp ly in g  O nsager’s equation  fo r  the equivalent 
con du ctan ce  o f HC1 and K C P  in con ju n ction  w ith 
equation  2 and th e  relation

Ah+<p) =  Ahci(P) — U  A kci(,,) (3 )
w here fa is the an ion  transference num ber o f KC1, 
w ith  a  va lue o f 0 .510 at 25° and 1 a tm .15 16 I t  was 
supposed that fa is independent o f  pressure, w hich  
is n o t an unreasonable a ssu m ption .I5a

T h e  va lu e  o f the degree o f  d issociation , a, for  
a cetic  acid  was ca lcu lated  b y  assum ing for  the 
equ ivalent con du ctan ce  at in fin ite d ilution

“Ahac<p> =  X  °Abac<1> (4 )

T h e value o f °Ahac(1>, nam ely  390.7, was taken from  
K ortiim  and B ock ris ,16 and a was ca lcu lated  b y  the 
approxim ate relation

a  =  Ahac<p )/°A hAc<P) (5 )

F or P A A  on the other hand, a  was calcu lated 
using the equation

Ah+(?> =  hApAA (6)
a

W e  assum ed U, the transference num ber o f th e  h y ­
drogen  ion  in P A A , to  be a fu n ction  o f a  on ly , and 
applied  an approxim ate correction  fo r  the e ffect o f 
a on  transference num ber using the relation o f W all, 
S tent and O n d re jcin .17

tc =  1.008 -  2a (7)

(15) G. Kortiim and J. O’M . Bockris, “ Electrochemistry,”  Elsevier 
Press., Houston, Texas, 1951, p. 696.

(15a) Recent measurements in our laboratory indicate that the 
transference number of KC1 is slightly pressure dependent but not 
enough to affect our calculations appreciably.

(16) L. G. Longsworth, J .  Am. Chem. S o c ., 54, 2741 (1932).
(17) F. T. Wall, G. S. Stent and J. J. Ondrejcin, T his Journal, 54, 

979 (1950).
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C om bin in g  equations 6 and 7 w e obtain
1.008Apaa(p) ,0,

“  Ah+(p) +  2Apaa<p> W
F or th e  s tyren e-m a le ic  acid  copolym er, sim ilar 

equations were u sed .17
£~smac =  a (9)

______ Asmac(f) n n s
“  A h *<p » +  A s m a c (P) ( 1 0 )

T h e  equ ivalent con du ctan ce  and the degree o f dis­
sociation  were observed  to  be  linear fu n ction s o f 
pressure fo r  acetic acid  and p o lya cry lic  acid  (see 
Figs. 3, 4  and 5 ). T h e  data  fo r  p o ly a cry lic  acids

acid versus pressure.

w h ich  appears in equ ation  12 is a fu n ction  o f c0, th e  
con cen tration  o f the solu tion  w hen AP  =  0. I t  
fo llow s, therefore, th at m can be  regarded as an 
im plicit fu n ction  o f a(co). I f  1 Jm is p lo tte d  vs. 
a(co) fo r  A P  =  0, a straight line is obta in ed  w ith  an 
in tercept l / w 0 corresponding to  a =  0  (see F ig . 6). 
T h is result can be expressed in  the form

— = ------ f- ka(co) (13)
m mu

A n  analysis o f  the graph show s th at l/mo equals 
3000 bars fo r  P A  A  and th at k =  4 .179 X  104 bars.

E q u iva len t con ductances of solutions o f  S M A C , 
P V S K , sod ium  phosphate, sod ium  pyroph osph ate , 
sod ium  tripolyph osph ate  and sod ium  p o ly p h os­
phate are p lo tted  versus pressure in Figs. 7 and 8.

Discussion
A s n oted  above , equ ivalen t con du ctan ce  and d e ­

gree o f  d issociation  o f a w eak acid  such as acetic 
acid  are linear fu n ction s o f pressure up to  1000 bars, 
a result observed  previou sly  b y  F a n ju n g .18 T h e  
dependence o f d issociation  con stan t on  pressure 
can be used to  calcu late the change in vo lu m e at­
tending the dissociation  o f a w eak acid  as fo llow s.
Since

/ ò  In K \ A V (14)
(  dP ) r R T

and
K  =  <x2c / ( l — a) (15)

PRESSURE (BA RS).
Fig. 4.— Relative equivalent conductance of polyacrylic acid versus pressure: A, 1.741 X  10“ 1 N ; B, 6.96 X  10-2 N -  C,

1.738 X  10“ 2 N ; D , 8.69 X  IQ -3 A ;  E , 1.734 X  1 0 "3 N.

w ere fitted  to  the fo llow in g  equations b y  least 
squares w ith  standard deviation s less than  0 .3 %

A<p)
=  1 +  bAP  (11)

a (P)
=  1 +  mAP  G 2 )

In  th e  a b o v e  equations, AP  equals the excess pres­
sure a b o v e  one atm osphere. T h e  coefficient, m,

w e con clu de  that

A 7 =  (16)

E q u a tion  16 y ields values o f A V  a t one bar equal to  
— 12.57, — 12.97 and  — 12.94 cc. fo r  a cetic  acid  o f 
con cen tration s 9.92 X  10~4, 9 .94 X  10“ 3, 9.95 X  
10 ~ 2 N , respectively .

(18) I. Fanjung, Z. physik. Chem., 14, 697 (1894).
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Fig. 5.— Relative degree of ionization of polyacrylic acid versus pressure : A , 1.741 X  10_1 1V; B, 6.96 X  10_ 2 iV; C, 1.738 X
10“ 2 N ; D , 8.69 X  10“ 3 N ; E , 1.734 X  10“ 3 N.

A pp lica tion  o f equ ation  16 to  a p olym eric  acid  in­
v o lves  several difficulties, th e  m ost serious o f w hich  
is the fa ct th at a spectrum  o f d issociation  constants 
is necessary to  describe the system . T h is  prob lem  
can be resolved  b y  use o f  B jerru m ’s eq u a tion 19 for  
successive d issociation  constants o f  a p o lybasic  
acid. T h is equation , w h ich  has been  successfu lly  
applied  to  p o lym eric  acids, is

K  =  A» exp ( -A P e i /P P )  (17)

w here K q is th e  “ inherent d issociation  con sta n t,”  
A P ei is the excess free energy o f d issociation  b e ­
cause o f th e  increased charge, and  K  is the e ffective  
d issociation  con stan t o f  the p olyacid . (A F ei is 
really  the change in electrica l free energy per unit 
ion ization .) M o re  deta iled  theories o f p o ly e lec­
trolytes h ave been  w ork ed  ou t b y  K u h n , K iin zle  
and K a tch a lsk y ,20 as w ell as b y  H erm ans and O ver­
b eek .21'22

V olu m e changes associated w ith  the process o f 
ion izing a p olym eric  acid  can be  calcu lated b y  using 
equation  14 in con ju n ction  w ith  certain  em pirical 
equations fo r  p o ly a cry lic  acid  describ ing the effect 
o f pressure upon  its degree o f d issociation . Substi­
tu tion  o f equation  15 in to  equ ation  17, fo llow ed  b y  
differentiation  w ith  respect to  P  h old ing T  constant, 
yields
d In c 2 — u (P ,c)  ò In a(P ,c) 
~àP~  +  1 -  a(P ,c) ÒP

_  AFo 
R T

AFei
R T

AF  
R T (18)

In  equ ation  18, A F 0 is the “ inherent volu m e
(19) N. Bjerrum, Z. physik. Chem., 106, 219 (1923).
(20) W . Kuhn, O. Kiinzle and A. Katchalsky, Helv. Chim. Acta, 31, 

1994 (1948).
(21) J. J. Hermans and J. Th. C. Overbeek, B u ll .  soc. chim. Belg., 57, 

154 (1948).
(2 2 )  J . T h .  C .  O v e rb e e k , ib id .,  57, 2 5 2  (1 9 4 8 ) .

Fig. 6.— 1 /m  versus degree of ionization for polyacrylic acid 
at one bar.

ch ange,”  A F ei is the additional vo lu m e change a t­
tributab le  to  the in tra -poly ion  charge effect, and 
A F  is th e  over-all vo lu m e change fo r  th e  process. 
In  m aking the calcu lations it was stipu lated  th at 
A F ei m ust vanish  fo r  zero degree o f  d issociation  
and so  under those lim iting circum stances A F 0 b e ­
com es equal to  A F . H en ce allow ing a  to  approach  
zero in equ ation  18 one obtains

d In c , n f ò  In a(P,c)~l
~àP~  +  L dP J a  = 0

AFo
R T (19)

M ak in g  use o f  equations 12 and 13 w e observe 
that

« (P,c)~| 
dP Ja = 0

mp
1 +  moAP

(20)
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Fio- 7 — Relative equivalent conductance of styrene-maleic aeid copolymer vers us pressure: A, 2.01 X  10 1 .V; B, 2.77 X
10 ~2 N ; C, 2.77 X  10 ~3 N.

Fig. 8.— Relative equivalent conductance versus pressure for polyvinyl potassium sulfate and a series of linear phosphates.

Substitu ting equ ation  20 in to  equ ation  19 y ields

A Ft = - rt K f +
2m0 ~|

1 +  tooAp J
(21)

E qu ation  21 can be sim plified through  use o f an 
approxim ate form  o f equ ation  1 to  g ive  for  P A A  the 
fo llow in g

-2 .1 3 7 F T  
2999 +  P

(22)

Since R T  equals 2.48 X  104 b a r -cm .3 at 2 9 8 °K ., at 
a pressure o f one bar A F 0C1) equals — 17.65 ml.

F rom  equations 21 and 18, w e further obta in

AFei
T2 — a(P ,c)  dlna
Ll -  a (P ,c) dP

___ 2 m __  "1
1 +  TOoAPj

(23)

w h ich  allow s a calcu lation  o f A F ei from  experi-

m en ta lly  know n quantities. V alues o f A F ei at one 
bar are p lo tted  as a fu n ction  o f a in Fig. 9.

F or  th e  purpose o f in terpreting these results, it  is 
w orthw hile to  consider th eoretica lly  the d ep en d ­
ence o f A F ei upon  certain  o f the param eters o f  the 
system . F or  this purpose let us consider th e  sim ple 
m od el o f  H erm ans and O verbeek 2122 consisting o f 
spherical an ion  particles, h om ogen eously  charged, 
at infinite d ilution . F or  this case, the change in 
free energy brou ght abou t b y  increasing the charge 
on the sphere b y  one unit is g iven b y

AFei
&Z£
5rD

(24)

w here Z  is th e  n um ber o f electronic charges, «, 
th rou ghou t a  sphere o f  radius r in  a m edium  o f d i-
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Fig. 9.— AFei versus degree of ionization for polyaerylic acid 
at one bar.

electric con stan t D. (F or  the sake o f sim plicity , 
we d o  n ot use th e  m ore com p lex  expression  o f 
K u h n , et al.'M) E q u a tion  24 can  be  rew ritten  as

AF„i =  const X  ^  (25)

and will n ow  be  applied  to  P A A  solutions w ith  d e -

grees o f d issociation  from  0.01 to  0.05. F o r  low  a, 
equations 17 and 25, com bine  to  g ive

In a 2c ^  In Ko — const (26)

A  sem i-log  p lot o f experim ental values o f  cPc vs. a 
fo r  P A A  (F ig. 10) is linear, w h ich  m eans th at equa­
tion  25 adequ ately  describes the beh av ior o f P A A  
at low  a. E v id en tly  AFei depends prin cipa lly  upon  
a, and the relative change in  r w ith  a is m in or in 
this range. T h e  in tercept (4.83 X  10-5) at a  =  0 
m ust equal K 0, a  qu an tity  o f the sam e order o f  m ag­
n itude as the d issociation  con stan t fo r  sim ple acids.

A ssum ing equ ation  24 conta ins the m ost im p or­
tan t factors, the relative change o f r w ith  pressure 
can n ow  be calcu lated . T h is ca lcu lation  in vo lves 
the determ ination  o f

d In a F ei 
ÒP

- A F .

F F  In
(1 -  a )K o

(27)

A  p lo t o f  this derivative  vs. a fo r  P A A  is g iven  in 
Fig. 11.

F rom  equation  25 it fo llow s that

A In r b In a b In D  5  1nA F et ,osn
~dP  " d f i  bP  ~  bP  1

din r /d P  was evaluated  fo r  P A A  using the form ula  
for  the pressure deriva tive  o f  the d ielectric con stan t 
o f  w ater23 and our experim ental results for  a  as a 
fu n ction  o f pressure. T hese values are p lo tted  in 
F ig. 12. I t  is in teresting to  n ote  th at for  a g iven  a, 
the relative increase in r becom es greater w ith  in­
creasing P . T h is can  be explained b y  the increas­
ing com pression  o f the p o ly m er assum ing th at fo r  a 
g iven  a  th e  radius o f  the an ion  w ill be less the 
greater th e  pressure. F urther increase in pressure

(23) B. B. Owen and S. R. Brinkley, Jr., Ann. N. Y. Acad. S c i 51, 
760 (1949).
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to  p rod u ce  a  change in  a w ill th en  sim ultaneously  
p rodu ce  a  larger re la tive  ch ange in  r.

Fig. 12.— 5 In r/dP versus degree of ionization for polyaerylie 
acid.

T h e  va lu e o f  A F o(1) fo r  P A A  ( — 17.7 m l.) is con ­
s id erab ly  m ore negative than  th e  va lue fo r  acetic 
acid . T h e  reason fo r  the difference is in d icated  
b y  values w hich  F an ju n g  determ ined  for  a series 
o f  sim ple acids, n am ely : form ic, — 8.66 m l. a t 1 5 °; 
acetic , — 10.63 at 1 4 °; p rop ion ic , — 12.39 at 14 °; 
and  b u tyric  — 13.44 at 1 6 ° .18 A lth ou gh  these 
values m ay  n o t be  to o  accurate, th ey  sh ow  th at 
th e  longer the acid  m olecu le th e  larger th e  vo lu m e 
change. H en ce  the va lu e  — 17.7 m l. shou ld  n ot be 
unreasonable for  an in fin itely lon g  chain  fa t ty  acid. 
A t  h igher tem peratures (2 5 °) the vo lu m e change is 
even  m ore  negative.

M easurem ents on the s tyren e-m a le ic  acid  co p o ly ­
m er indicate a dependence o f  equ iva len t con d u ct­
ance on  pressure sim ilar to  th at fo r  p o ly a cry lic  
a cid , a lthough  equ ation  12 does n ot appear to  
hold . I t  should be poin ted  ou t th at the degrees 
o f d issociation  o f this acid  were con siderably  
greater than  for  P A A  w hich  suggests a reason for  
this departure.

T h e  m easurem ents on  the sod ium  ph osphate 
com pou n ds are p lo tted  in F ig. 8 a lon g  w ith  those 
fo r  p o ly v in y l potassium  sulfate. I t  is in teresting 
to  note  th at as the phosphate chain  length  increases, 
the slope o f these p lots increases. T h is beh av ior 
can be  explained b y  the fa ct  th at the longer the 
chain, th e  less the in itial d issociation . H en ce  there 
are m ore groups availab le to  respond to  the effect 
o f pressure. A s the ph osphate chain length  in­
creases, the num ber o f sod ium  ions a ttached  to  the 
chain also increases. T h is  observation  is in agree­

m en t w ith  con clu sion s reached from  exchange 
studies on these com p ou n d s.24

D IS C U S S IO N

Dr. H elffekich .— In measuring the electrical conductivity 
of polyelectrolytes, an interesting effect has been discovered 
by U. Schindewolf25 and K . Heekmann26 in our institute and 
independently by B. Jacobson27 in Sweden.

The conductivity of flowing solutions of polyelectrolytes 
containing non-spherical poly-ions is anisotropic, if there is a 
gradient in the flowing velocity. In a glass tube or a Couette 
apparatus the conductivity of the flowing solution is greater 
than that of the resting solution when measured in direction 
of flow, smaller than that of the testing solution when 
measured perpendicular to the flow. The change in con­
ductivity may be 2 0 %  or more; of course there is a depend­
ence on the velocity gradient, but the effect approaches a 
limiting value with increasing gradient.

W e suggest a simple explanation: the poly-ions will be 
oriented, by the velocity gradient, nearly parallel to the 
direction of flow (this can be seen from birefringence meas­
urements on such systems). Now a chain-, rod-, or plate­
shaped poly-ion will move more easily forth and back than 
sideways— similar to a ship. Thus the measurements could 
be accounted for, though other effects may have their part, 
which the authors will discuss in more detail elsewhere.

The change in conductivity is greater the higher the 
molecular weight of the polyelectrolyte, that is to say the 
longer the chains. On the other hand, it decreases with 
increasing concentration and decreases when salt (for in­
stance NaCl) is added. The chains stretched in dilute solu­
tion by electrostatic action of their fixed charges will then 
coil, because the counter-ion atmosphere becomes denser 
and the charges will be more effectively shielded one from 
another. This effect is well known.

Schindewolf studied polyphosphates, Jacobson thymo- 
nucleic acid, whereas Heekmann obtained similar results 
with sodium oleate. There, of course, micelles instead of 
poly-ions are present.

Using a Couette apparatus consisting of two concentrical 
cylinders, one of which rotates, the solution being in the slot 
between the cylinders, it should be possible, by suitable 
sets of electrodes, to detect whether a poly-ion or micelle 
is chain- or plate-shaped. But quantitative data are not 
yet at hand.

P a u l  D o ty  (Harvard University).— D o you consider 
ADei to arise from an increase in the partial molal volume of 
polymer or in the spacial expansion of the polyion when 
ionization occurs? W hat would be the effect on ADei 
of added salt? If the expansion of the polyion does play a 
role, does this imply that an extended configuration has a 
larger molecular volume than a smaller configuration?

F. T . W a l l .— When a monobasic acid undergoes ioniza­
tion in aqueous solution, there is a diminution of volume 
that can be attributed to shrinkage accompanying the 
hydration of ions. In the case of a polyelectrolyte there will 
be somewhat less hydration about each of the charged sites 
in the polvion because of the proximity of like charges. 
An isolated charge will have associated with it a certain 
number of solvent molecules, but in the polyion the charges 
compete with each other, thus diminishing the tendency for a 
given solvent dipole to orient itself about a particular charge. 
This results in less shrinkage of total volume, and is the 
source of what we call AD„i, a quantity of opposite sign to 
ADo. The expansion of the polyion is incidental to all this, 
and I believe it would be difficult to relate the over-all 
molecular configuration to ADei. I cannot predict the 
effect of added salt on AD«i.

(24) F. T. Wall and R. IT. Doremus, J. Am. Chem. Soc., 76, 868
(1954).

(25) U. Schindewolf, Naturwissenschajten, 40, 435 (1953); Z.physik. 
Chem., (none Folge) 1, 128 (1954).

(26) K. Heckman, Naturwissenschaften, 40, 478 (1953).
(27) B. Jacobson, Nature (London), 172, 666 (1953); Rev. Sci. Instru­

ments, 24, 949 (1953).
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THE TRANSITION FROM TYPICAL POLYELECTROLYTE TO POLYSOAP. 
I. VISCOSITY AND SOLUBILIZATION STUDIES ON COPOLYMERS 
OF 4-VINYL-N-ETHYLPYRIDINIUM BROMIDE AND 4-VINYL-N-w- 

DODECYLPYRIDINIUM BROMIDE
B y  U lrich  P . Strauss and  N orman  L. G ershfeld

Ralph G. Wright Laboratory, School o f Chemistry, Rutgers University, New Brunswick, New Jersey
Received March 16, 1954

Poly-4-vinyl-N-ethylpyridinium bromide and four polysoaps, prepared by quaternizing 6.7, 13.6, 28.5 and 3 7 .9 %  of the 
nitrogens of poly-4-vinylpyridine with n-dodecvl bromide and the remainder with ethyl bromide, were compared by vis­
cosity and solubilization studies in aqueous solutions. While the reduced viscosity showed a more than hundred-fold over-all 
decrease in going from the first to the last of these compounds, the decrease did not occur uniformly with the increase in 
dodecyl group content, but several irregularities appeared. Thus extraordinarily high reduced viscosities were reached by 
the “ 6 .7 % ” polysoap at higher concentrations, while y«p/C for the “ 2 8 .5 % ” polysoap was lower than for the “ 3 7 .9 % ” poly­
soap. The greatest reduced viscosity decrease occurred in going from the “ 6 .7 % ” to the “ 1 3 .6 % ” polysoap. Solubilized 
n-decane, benzene and 1-heptanol influenced ysp/C  as follows: decane and benzene behaved as with previously studied 
polj'soaps, but the benzene maximum was absent in some instances. Heptanol showed both a maximum and a minimum 
in concentrated solutions of the “ 2 8 .5 % ” and the “3 7 .9 % ” polysoaps. YVith decreasing polysoap concentration the maxi­
mum disappeared but the minimum remained. Deviations from this behavior appeared with the “ 1 3 .6 % ” polysoap. The 
viscosity results are interpreted in terms of two fundamental properties of the polysoap molecule, its effective size and the 
hydrophobic fraction of its surface. The best solubilizer for the three additives was the “3 7 .9 % ” polysoap. Decane solu­
bilization dropped off extremely rapidly with decreasing dodecyl group content, reaching a value of zero for the “ 1 3 .6 % ” 
polysoap. The solubilization limits of benzene and heptanol decreased by factors of ten and two, respectively, from the 
“ 3 7 .9 % ” to the “ 1 3 .6 % ” polysoap. Dilute solutions of the “ 6 .7 % ” polysoap or the polyvinylethylpyridinium bromide 
solubilized neither benzene nor heptanol to any measurable extent.

Introduction
In  several recen t stu d ies1-4 it has been  show n 

th at polysoap s (w h ich  are defined as p olym ers to  
w hose chain  structure soap5 m olecu les are chem i­
ca lly  a ttached ) d iffer con siderab ly  in  their ph ysica l 
properties from  the con ven tion a l syn th etic  p o ly ­
e lectro ly tes.6 T hese  differences m ust be  du e to  
the presence o f  the long  h y d rop h ob ic  side chains 
in the polysoap  m olecules, fo r  it  is on ly  in this 
respect th a t the tw o  typ es  o f  substances are chem i­
ca lly  d istinct. I t  is then  o f in terest to  s tu d y  the 
gradual transition  from  ty p ica l p o ly e lectro ly te  to  
p o lysoap  b y  progressively  attach ing  a greater 
num ber o f such side chains to  th e  flexible b a ck bon e  
o f a m acro-ion .

T h e  eth y l b rom ide  add ition  p rod u ct o f  p o ly -4 - 
v in y lpyrid in e  w as chosen  as th e  ty p ica l po lye lec­
tro lyte . F ou r p o lysoaps w ere prepared  from  this 
same sam ple o f p o ly -4 -v in y lp y rid in e  b y  quatern iz­
ing 6.7, 13.6, 28.5 and 3 7 .9 %  o f th e  n itrogens 
w ith  w -dodecyl brom ide  and the rem aining n itro ­
gens w ith  eth y l brom ide. In  this w ay  the d od e cy l 
group con ten t cou ld  be  varied  while at the sam e 
tim e the e lectro ly te  den sity  a lon g  the p o ly m er chain 
was held  constant. A n  exp lora tory  stu d y  o f the 
v iscosity  and solubilization  properties o f  these 
com pou n ds in aqu eous so lu tion  w as then  under­
taken , and the results o f  this s tu d y  are presented 
and com pared  in th is paper.

Experimental
M aterials.— Poly-4-vinylpyridine (our sample N o. G 13) 

was prepared at 49° by the emulsion .polymerization of 400

(1) U. P. Strauss and E. G. Jackson, J. Polymer Sci., 6, 649 (1951).
(2) E. G. Jackson and U. P. Strauss, ibid., 7, 473 (1951).
(3) L. H. Layton, E. G. Jackson and U. P. Strauss, ibid., 9, 295 

(1952).
(4) U. P. Strauss, S. J. Assony, E. G. Jackson and L. H. Layton, 

ibid., 9, 509 (1952).
(5) The term soap is used here in its broader sense including both 

cationic and anionic detergents.
(6) R. M. Fuoss, Science, 108, 545 (1948).

g. of 4-vinylpyridine (b .p . 5 6 -56 .5 ° at 11 m m .) with 0 .4  g. 
of benzoyl peroxide and 1 g. of Nekal A E M A  in 800 g. of 
water according to the method of Fitzgerald and Fuoss.1 2 3 4 5 6 7 
The yield was 360 g. Nitrogen8 was 1 3 .5 5 % , theoretical 
1 3 .3 3 % . The portion which was to be used for the charac­
terization of the polymer was dissolved in ¿-butyl alcohol 
in order to remove a slight amount of insoluble material9 10 by 
filtration. After freeze-drying, the intrinsic viscosity in 
92.0 weight per cent, ethanol (density =  0.8080 at 25°)  
was 4.88 at 2 5 °. From this value we estimate the degree 
of polymerization to be about 6000.

Each of the four dodecyl bromide addition compounds 
(our samples N o. G 335, G 137 A , G  137 B , G 137 C) was 
prepared as follows: one part of the poly-4-vinylpyridine 
was dissolved in 28 parts of a 1 :1  nitromet.hane-nitroethane 
mixture, and after filtering out the slight amount of insoluble 
gel9 50 parts of n-dodecyl bromide (b .p . 140° at 11 m m .) 
were added at 4 9 °. After allowing the reaction to proceed 
for the desired time (2, 5, 9 .7 and 17.7 hours, respectively), 
the reaction mixture was poured into three volumes of 
ethyl acetate at 0 ° .  The precipitated polymer was dried 
in vacuo and purified by precipitation from a 5 %  solution of 
a butanone-ethanol mixture (containing just enough eth­
anol to dissolve the polymer) into four volumes of ethyl 
acGtat©1® el\> 0  ̂

Polymers G 335, G 137 A , G 137 B and G 137 C were 
analyzed for bromide ion content by potentiometric titra­
tion with silver nitrate and for hydrogen ion content by po­
tentiometric titration with sodium hydroxide in 5 0 %  eth­
anol solution. Bromide ion was 0 .543, 1.083, 1.697, and 
1.995 m e q ./g ., respectively, and hydrogen ion 0 .028, 0.130, 
0.121, 0.121 m e q ./g ., respectively. Nitrogen8 was 10.8, 
9.78, 7 .73, 6 .9 3 % , respectively. The bromide ion to ni­
trogen atom ratio gives the fraction of the pyridine groups 
which are substituted. The hydrogen ion to nitrogen atom 
ratio determines how much of this substitution is due to 
hydrogen bromide. The difference (multiplied by 100) 
gives the percentage of pyridine groups quaternized with 
dodecyl bromide. These values are 6 .7 , 13.6, 28.5 and 
3 7 .9 % , respectively.

Each of the four polysoaps (our sample N o. G 339, 
G 147, G 146, G 145) was prepared by refluxing three parts

(7) E. B. Fitzgerald and R. M . Fuoss, Ind. Eng. Chem., 42, 1603
(1950).

(8) All nitrogen analyses reported in this paper were performed by 
W. Manser, Mikrolabor der E. T. H., Zurich, Switzerland.

(9) Approximately 2%  of the polyvinylpyridine was cross-linked.
(10) In the case of polymer G 335 a 1:1 ethyl acetate-isooctane 

mixture was used instead of the ethyl acetate.
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of the desired intermediate polymer (N o. G 335, G 137 A , 
G 137 B and G 137 C , respectively) with 13 parts of ethyl 
bromide in 68 parts of nitromethane at 49° for 72 hours. 
The reaction mixture was poured into three volumes of 
ethyl acetate11 at 0 ° , and the precipitated polysoap was 
purified several times by precipitation from dilute ethanol 
solution into an excess of ethyl acetate12 at 0 ° .

Fig. 1.— Effect of dodecyl group content on reduced vis­
cosity of polyelectrolytes: 1, poly vinyl-N-ethylpyridinium  
bromide; 2, “ 6 .7 % ” polysoap; 3, “ 1 3 .6 % ” polysoap; 4, 
“2 8 .5 % ” polysoap; 5, “ 3 7 .9 % ” polysoap.

The analytical results and the composition values which 
were calculated as above (using the dodecyl bromide sub­
stitution of the appropriate intermediate polymer) are given 
as follows.

“ 6 .7 % ”  Polysoap (our sample N o. G 339): N , 6 .3 0 % ;  
Br~, 4.29 m e q ./g .; H +, 0.094 m e q ./g .; 6 .7 %  of pyridine 
groups substituted with n-dodecyl bromide, 86.4  with ethyl 
bromide, 2.1 with hydrogen bromide, 4 .8  free.

“ 1 3 .6 % ”  Polysoap (our sample N o . G 147): N , 6 .1 8 % ; 
Br~, 4.15 m e q ./g .; H +, 0.159 m e q ./g .; 1 3 .6 %  of pyridine 
groups substituted with n-dodecyl bromide, 77.0 with ethyl 
bromide, 3.6 with hydrogen bromide, 5 .8  free.

“ 2 8 .5 % ”  Polysoap (our sample N o . G  146): N , 5 .3 7 % ; 
Br~, 3.79 meq /g . ;  H +, 0.149 m e q ./g .; 2 8 .5 %  of the py­
ridine groups substituted with n-dodecyl bromide, 66.6  
with ethyl bromide, 3.9 with hydrogen bromide, 1.0 free.

“ 3 7 .9 % ”  Pclysoap (our sample N o . G 145): N , 5 .3 3 % ;  
B r_ , 3.57 m e q ./g .; H +, 0.146 m e q ./g .; 3 7 .9 %  of pyridine 
groups substituted with n-dodecyl bromide, 52.1 with ethyl 
bromide, 3.8 with hydrogen bromide, 6.2 free.

Poly-4-vinyl-N-ethylpyridinium bromide (our sample 
N o. G 254) was prepared from the polyvinylpyridine (N o . 
G 13) and ethyl bromide in a similar manner as a butyl 
bromide analog previously described.13 Nitrogen was 6 .3 5 % , 
bromide ion 4.53 m eq ./g ., and hydrogen ion 0.087 m eq ./g . 
indicating that 9 7 .8 %  of the pyridine groups were substi­
tuted with ethyl bromide, 1.8 with hydrogen bromide while 
0 .4  remained free.

(11) In the case of polysoap G 339 a 1:1 ethyl acetate-isooctane 
mixture was used instead of the ethyl acetate.

(12) In the case of polysoap G 339 dry dioxane was used instead of 
the ethyl acetate.

(13) R. M. Fuoss and U. P. Strauss, Ann. New York Acad. Sci., 51,
836 (1949).

The solubilizates, benzene (thiophene free), n-decane and 
1-heptanol (Eastman Kodak white label products) were re­
distilled before use.

Procedure.— Viscosities were measured in a Bingham  
viscometer14 whose constant (p£)o for water at 25° was 7506 
gram seconds per square centimeter.

Previously described methods were used for preparing 
and equilibrating the polysoap solutions containing the de­
sired amounts of solubilizate.2“ 4

R esu lts  and D iscu ssion
R e d u ce d  V iscosities .— T h e w ay in w hich  the 

num ber o f soap m olecules a ttached  to  the po lym er 
chain affects the v iscosim etric beh av ior in aqueous 
solu tion  is show n in Fig. 1, w here for  each  o f the 
five sam ples v^p/C, the reduced  v iscosity , is p lotted  
against C, the p o ly m er con cen tration  in g. per 100 
m l. Starting our discussion w ith  the p o lye lec­
tro ly te  conta in ing  n o  d od ecy l side chains (sam ple 
N o . G  254), w h ich  is represented b y  cu rve  1, 
we find the b y  now  fam iliar pattern  fo r  such a p o ly ­
e lectro ly te : the reduced v iscosity  w h ich  is v ery  
large at h igh dilutions because o f the h igh ly  ex­
tended con figuration  o f the flexible po ly ion s  
decreases w ith  increasing p o lym er con cen tra tion  as 
the electrostatic repulsions betw een  ion ized  groups 
are d im in ished ; at still h igher con cen tration s, the 
reduced  v iscosity  increases again because o f the 
short range in teraction s betw een  prox im ate  p o ly ­
ions. C urve 2 illustrates the beh av ior o f  the 
“ 6 .7 % ”  polysoap  w hich  m a y  be  im agined  as having 
been  created from  the p o ly e lectro ly te  o f  cu rve  1 
b y  rep lacing  the eth y l side chains o f 6 .7 %  o f the 
pyrid in e n itrogens w ith  n -d o d e cy l side ch a in s .1“ 
T h e  e ffect o f  this change is strik ing and m anifests 
itself in tw o  w ays, b o th  o f w h ich  m a y  be  explained 
in term s o f th e  va n  der W aals a ttractive  forces 
betw een  th e  lon g  h y d rop h ob ic  side chains. In  the 
d ilute region  the reduced v iscosity  is depressed b y  
a b ou t 30 to  5 0 %  w hich  m a y  be  ascribed  to  a con ­
traction  o f the flexible p o lym er coils b rou gh t abou t 
b y  the a ttraction s betw een  d od ecy l groups belon g­
in g  to  the same p o ly ion . In  the con cen trated  
region , on  the other hand, curve 2 rises m u ch  m ore 
steep ly  than  curve 1, w h ich  m a y  be  ascribed  to  
aggregate form ation  o f the p o ly m er m olecu les 
b rou gh t a b ou t b y  the attraction s betw een  d o d e cy l 
grou ps belon gin g  to  different po ly ion s. T h is  appar­
en t “ stick iness”  o f  the p o lysoa p  m olecu les is v e ry  
sensitive to  tem perature ch anges: w hile a 5 %  
solu tion  o f th is po lym er is p ractica lly  a stiff gel at 
2 5 °, it  is qu ite  fluid ‘a t 50 °. E v id en tly  th e  in ter- 
m olecu lar attraction s are redu ced  as the opp osin g  
therm al forces b ecom e larger.

C u rve  3 show s the beh av ior o f  th e  “ 1 3 .6 % ”  
po lysoap  w hich  contains ju st abou t tw ice  as m an y  
d o d e cy l groups as the p o lysoa p  o f cu rve  2. T h is 
change in  com p osition  is seen to  p rodu ce  a reduced  
v isco s ity  depression  am ounting  to  m ore than  an 
order o f  m agnitude. T h e large con traction  o f the 
p o ly soa p  m olecules, w hich  is in d icated  b y  this 
v iscos ity  change, also decreases the exten t to  w hich  
th e  po lysoap  m olecules fill the solu tion  vo lu m e 
and hence the exten t o f  con ta cts  betw een  them .

(14) E. C. Bingham, “ Fluidity and Plasticity," McGraw-Hill Book 
Co., Inc., New York, N. Y ., 1922.

(15) The small differences in the hydrogen bromide content and in 
the number of unquaternized pyridine groups should have a negligible 
effect and are therefore ignored in the discussion.
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A s a con sequ en ce  o f this decrease in in term olecu lar 
interactions curve 3 is seen to  rise far less steep ly  
than cu rve  2 in the region  o f h igher po lysoap  con ­
centrations.

T h e  beh av ior o f the “ 2 8 .5 % ”  po lysoap  is repre­
sented b y  curve 4. T h e  change from  cu rve  3 to  
curve 4 is in  the expected  d irection , and  the reduced  
v iscosity  reaches values on ly  slightly  h igher than 
0.1 w hich  is qu ite low  fo r  a po lym er w hose m olec­
ular w eight is o f the order o f  IQ6. T h e  van  der 
W aals forces are seen to  con tra ct these p olysoap  
m olecu les to  a lm ost prote in -lik e  com pactness.

A s still m ore  d o d e cy l groups are in trodu ced  in to  
the po lysoap  m olecu les the h ith ertofore  observed  
decreasing tren d  in  the redu ced  v iscos ity  is re­
versed. C urve 5 w hich  represents the “ 3 7 .9 % ”  
p o lysoap  is seen to  lie a b ov e  curve 4. T h e  steep 
rise o f  cu rve  5 in  th e  h igh con cen tra tion  region  
indicates th at th is reversal in trend is due to  in­
creased in teraction s betw een  po lysoap  m olecules. 
A p p a ren tly  th e  “ 2 8 .5 % ”  p o lysoa p  m olecu les are 
a lready  so  com p a ct th at a  fu rth er increase in d o ­
d ecy l grou p  con ten t increases their “ stick iness”  
m u ch  m ore  th an  their com pactness.

Solubilization.— It  has been  show n th at the 
reduced v iscosity  o f  solutions o f  po lysoaps derived  
from  p o ly -2 -v in y lp yrid in e  is affected  in different 
w ays depend ing  on  w hether aliphatic or arom atic 
h yd rocarbon s are so lu b ilized .3 A s increasing 
am ounts o f  a liphatic h yd rocarbon s are added , the 
reduced  v iscos ity  decreases u n iform ly  until h y d ro ­
carbon  saturation  is reach ed ; on  th e  oth er hand, 
w ith  arom atic h yd rocarbon s the redu ced  v iscosity  
goes first throu gh  a m axim um . T h e  sam e beh av ior 
is observed  w ith  a 6 %  solu tion  o f our 4 -v in y lp yri- 
d ine derived  “ 3 7 .8 % ”  polysoap  as is show n  in 
F ig. 2 w here the effects o f w -decane and benzene are 
illustrated b y  curves 1 and 2, respectively . In  this 
and sim ilar fo llow in g  figures the abscissa K  repre-

Fig. 2.— Effect of three solubilizates on the reduced vis­
cosity of a 6 %  solution of the “3 7 .9 % ” polysoap: 1, decane; 
2, benzene; 3, heptanol.

sents the con cen tration  o f ad d itive  in  units o f  g ./lO O  
m l., w hile the experim ental p o in ts  labeled  w ith  the 
sy m b ol S correspond to  saturated  solutions con ­
taining a v isib le excess o f  add itive . C u rve  3 
illustrates th e  effect o f  1 -heptanol on  the reduced  
v iscosity  o f  th e  sam e solu tion . A s  increasing 
am ounts o f  h eptan ol are solubilized , the reduced 
v iscosity  passes first th rou gh  a  m axim um  sim ilar 
to , th ou gh  higher than, th a t du e to  benzene and 
then throu gh  a m inim um  before  h eptan ol satura­
tion  is reached. T o  find ou t m ore  a b ou t th e  nature 
o f  these effects, studies w ere also m ade a t low er 
con cen tration s o f  the sam e po lysoap . In  F ig. 3, 
curves 1, 2 and 3 sh ow  th e  in fluence o f decane, 
benzene and heptan ol, respectively , on  the reduced 
v iscosity  o f  a 2 %  polysoap  solu tion . I t  is seen 
th at the low ering o f the po lysoap  con cen tra tion  has 
caused th e  benzene m axim um  to  com p lete ly  dis­
appear, thus further su pportin g  th e  prev iou sly  
reached con clu sion 3 th at this m axim um  is caused 
b y  interactions betw een  p o lysoa p  m olecu les.16 
In  the case o f  h eptan ol the m axim um  is ju st barely  
present in the 2 %  polysoap  solu tion  and com plete ly  
absent in a 0 .5 %  po lysoap  solu tion  as is show n in 
curve 4. T h e  redu ced  v iscosity  m inim um , h ow ­
ever, persists at all po lysoap  concentrations. 
T hese results suggest th a t th e  m axim um , ju st as 
in the case o f  benzene, is caused b y  in teractions 
betw een  the p olysoap  m olecu les w hile th e  m ini­
m um  reflects changes in  their size. T hese  poin ts 
can  b e  seen som ew hat m ore clearly , if  th e  data 
are presented in  a som ew hat different form . In

Fig. 3.— Effect of three solubilizates on the reduced vis­
cosity of dilute solutions of the “ 3 7 .9 % ” polysoap: 1, de­
cane; 2, benzene; 3, heptanol; 1, 2 and 3 in 2 %  polysoap 
solution; 4, heptanol in 0 .5 %  polysoap solution.

(16) In contrast, the maximum is still quite pronounced in 2%  solu­
tions of polysoaps derived from poIy-2-vinylpyridine.3 This difference 
between the two types of polysoaps is probably due to the greater 
stiffness of the poly-2-vinyl pyridine chain which causes the polysoap 
molecules derived from this parent polymer to be less compact, which 
in turn produces a greater number of intermolecular contacts and 
hence more interaction between different polysoap molecules.
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F ig. 4 each  cu rve  represents a  reduced  v iscosity  
against po lysoap  con cen tration  p lo t. C u rve  1 
represents the po lysoap  w ith ou t added  h eptanol. 
W h en  0.058 g. o f h eptanol per g. o f po lysoap  has 
been  so lu b ilized ,17 cu rve  2 results. T h e  fa c t  that 
this curve starts ou t b e low  curve 1 at low  con cen tra ­
tions and then rises sharply a b ov e  it as th e  p o ly ­
soap  con cen tration  increases indicates th at the 
solubilization  o f this sm all am ount o f h eptan ol has 
on  the one hand m ade th e  p o lysoa p  m olecu les m ore 
com p a ct and on  the oth er has en orm ou sly  increased 
their ten d en cy  to  in teract w ith  one another. A s 
m ore h eptan ol is solubilized  the steepness o f  the 
curves a t the higher con cen tration s decreases 
again. C urve 3 w hich  corresponds to  a solubiliza­
tion  o f 0 .217 g ./g .  and  cu rve  4 w hich  corresponds 
to  h eptanol saturation  (0 .387 g . /g .)  are seen to  be 
rela tive ly  flat, in d icatin g  th at th e  in teractions b e ­
tw een  p o lysoa p  m olecu les have b ecom e qu ite  weak. 
T h e  redu ced  v iscos ity  increase from  cu rve  3 to  
cu rve  4 m a y  therefore  be  interpreted  as due to  a 
sw elling o f the polysoap  m olecules.

Fig. 4.— Effect of solubilized heptanol on plot of reduced 
viscosity against concentration of “3 7 .9 % ” polysoap; 
grams of heptanol solubilized per g. of polysoap: (1) 
0.000 ; (2) 0.058; (3) 0.217; (4) 0.387.

T h e  w a y  in  w hich  the h eptanol brings abou t 
these changes is som ew hat difficu lt to  understand. 
H ow ever, the fo llow in g  m echanism  seem s reason­
ab le : at first the h eptanol m olecu les are p redom i­
n an tly  solubilized  w ith  their h y d rox y l groups located  
in th e  polar region  near the p o lym er b a ck bon e  and

(17) This and similar values appearing later have been corrected 
for the amount of heptanol which is dissolved in the water with the 
assumption that for a given polysoap solution the distribution ratio 
of heptanol between the polysoap molecules and the water is constant 
for all heptanol concentrations. This distribution ratio is calculated 
at heptanol saturation from the known solubility of heptanol in water 
and from the measured solubility in the polysoap solution.

w ith  their a liphatic chains extend ing  in to  the 
h y d roca rb on  reg ion  o f  th e  po lysoap  m olecu le . 
T h is  w ill con tra ct th e  p o la r  reg ion  w h ich  th erefore  
w ill be  less able to  shield th e  h y d roca rb on  region  
from  th e  aqueous m edium . T h e  h yd rocarbon  
w h ich  is thus exposed  at the surface o f the p o ly ­
soap m olecu le  w ill be  a ttracted  b y  van  der W aals 
forces  to  sim ilarly exposed  h yd roca rb on  o f oth er 
po lysoap  m olecu les, w ith  the result th at the p o ly ­
soap m olecu les w ill ten d  to  stick  to  one another. 
T hese  in teractions are responsible fo r  th e  in itia l 
v iscos ity  increase in  th e  6 %  solu tion , w h ile  the 
sim ultaneous con traction  o f the p o ly soa p  m olecu les 
causes th e  in itial v iscos ity  decrease in the 0 .5 %  
solution . In  order to  explain  w h at happens w hen 
m ore h eptanol is added , w e h ave to  assum e th at 
the h eptan ol m olecules also can  be solubilized  at 
th e  h y d ro ca rb o n -w a te r  in terfaces in  such a w ay  
th a t the h y d rox y l groups are in the w ater w hile the 
a liphatic chains are anchored  in th e  h y d roca rb on  
region  o f the p o lysoa p  m olecules. In  this m anner 
the exposed  h yd roca rb on  becom es shielded b y  the 
h y d rox y l groups and  th e  “ stick iness”  decreases. 
T h e  resulting decrease in th e  in teraction s is re­
sponsible fo r  the decline in the reduced  v iscosity  
b e y o n d  th e  m axim u m  in  th e  6 %  solu tion . T h e  
sam e ty p e  o f m echanism  m a y  also redu ce the 
v a n  der W aals forces betw een  d ifferent parts o f  the 
sam e po lysoap  m olecule. T h is  w ou ld  explain  the 
sw elling o f the p o ly soa p  m olecules w hich  is in ­
d icated  b y  the reduced  v iscosity  increase b ey on d  
the m in im u m .18

Sim ilar effects are observed  w ith  the “ 2 8 .5 %  
p o ly so a p ”  as is show n in  F ig. 5. C u rve  1 illus­
trates th e  influence o f  solubilized  h eptan ol on a 1 %  
po lysoap  solution . A fter  a slight decrease the 
redu ced  v iscosity  increases a b ov e  its original value, 
reflecting correspon d in g  changes in  th e  size o f  the 
po lysoap  m olecu les. In  cu rve  2 w h ich  show s the 
e ffect o f  h eptan ol on  a 3 .9 8 %  p o ly soa p  solution , 
the in teraction  m axim um  is present again. T h e 
m inim um  occurs w hen the in teractions b ecom e 
sm all again. I t  is seen  th at at this p o in t th e  p o ly ­
soap m olecules are already sw ollen b ey on d  their 
original size. F o r  com parison  the sm all decrease 
o f th e  redu ced  v iscosity  o f this solu tion  brou gh t 
abou t b y  decane is show n b y  curve 3.

T h e  effects o f  th e  various solubilizates on  b o th  a 
d ilute and a con cen trated  solu tion  o f the “ 1 3 .6 % ”  
po lysoap  are show n in Figs. 6 and 7, respectively . 
T h e  curves 1 indicate th at decane is n o t solubilized 
b y  this p o lysoap . In  v iew  o f th e  fa ct  th at the 
m olecu les o f  this p o lysoap  are m ore  th an  tw en ty  
tim es as com p a ct as those o f th e  p o ly e le ctro ly te  
w ith ou t the d od ecy l groups, it is surprising th at 
the d od e cy l groups w hich  bring abou t th is co m ­
pactness are unable to  bring a b ou t the solubiliza­
tion  o f decane. T h e  sign ificance o f  this result m ay  
be  th at a dense h yd rocarbon  region  o f a definite 
m in im um  size in the interior o f  th e  polysoap  m ole­
cules is necessary fo r  solubilization  o f a liphatic h y ­
drocarbon s to  tak e  place.

(18) In those cases where the viscosity first goes through a maximum 
the swelling may begin while the interactions are decreasing. As a 
consequence, the viscosity minimum will appear at a higher heptanol 
concentration than the one corresponding to the beginning of the swell­
ing.
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Fig. 5.— Effect of heptanol and decane on the reduced vis­
cosity of the “ 2 8 .5 % ” polysoap: 1, heptanol in 1 %  polysoap 
solution; 2, heptanol in 3 .9 8 %  polysoap solution; 3, dec­
ane in 3 .9 8 %  polysoap solution.

T h e  curves 2 in  F igs. 6 and 7 illustrate the e ffect 
o f benzene. T h e  redu ced  v iscos ity  is seen to  de­
crease until saturation  is reached , and  n o  v iscosity  
m axim um  appears. A pp a ren tly  th e  relatively  
few  d od ecy l groups are shielded b y  the polar region  
even  w hen  th e  la tter is con tracted  b y  the solubil­
ized benzene. T h e  sam e reason w ou ld  a ccou n t 
fo r  th e  absence o f the v iscos ity  m axim a in the curves 
3 w hich  illustrate the influence o f heptanol. T h e 
absen ce o f the v iscosity  m in im um  in  the 1 .8 8 %  
p olysoap  solu tion  is m ore difficu lt to  explain. T h e  
fa ct th a t con siderab ly  less h eptan ol can be  solubil­
ized  p er g. o f p o ly soa p  in  th is solu tion  than  in the 
7 %  polysoap  solu tion  w here th e  m in im um  does 
appear m a y  h ave a bearing on  this p rob lem . P os­
sib ly  the po lysoap  m olecu les are n o t com p a ct 
enough  in  the 1 .8 8 %  solu tion  to  a llow  fo r  th e  ty p e  
o f h eptan ol solubilization  w h ich  in th e  m ore  co m ­
p a ct p o lysoa p  m olecu les p rod u ce  th e  final increase 
in size.

T h e  solubilizing pow ers o f  th e  “ 3 7 .9 % ,”  “ 2 8 .5 % ”  
and “ 1 3 .6 % ”  polysoaps at variou s concentrations, 
C, are com pared  in  T a b le  I. T h e  quantities 
m arked  S  represent th e  am ou n t o f  organic sub­
stance solubilized  b y  the p c ly soa p  per 100 m l. o f 
solution . S  is obta ined  b y  su btracting  the solubil­
ity  in  w ater (decane, 0 .000 g ./lO O  m l.19; benzene, 
0 .179 g ./lO O  m l.20; 1-heptanol, 0 .18 g ./lO O  m l.21) 
from  th e  so lu b ility  in  th e  p o ly soa p  solu tion  w hich  
is determ ined  in the usual m anner from  the t]BP/C 
against K  p lo t .2’3 T h e  values o f  <8/(7, w h ich  rep­
resent the so lu b ility  p er g. o f p o lysoap , are seen to

(19) J. W. McBain and P. H. Richards, Ind. Eng. Chem., 38, 642 
(1946).

(20) R. L. Bohon and W . F, Clausen, J. Am. Chem. Soc., 73, 1571
(1951).

(21) J. A. V. Butler, D. W . Thomson and W. H. Maclennan, J. 
C h em . S o c .f 674 (1933).

K.
Fig. 6.—Effect of three solubilizates on the reduced vis­

cosity of a 1.88% solution of the “ 13.6%”  polysoap: 1, 
decane; 2, benzene; 3, heptanol.

Fig. 7.— Effect of three solubilizates on the reduced vis­
cosity of a 7%  solution of the “ 13.6%”  polysoap: 1, decane; 
2, benzene; 3, heptanol.

decrease fo r  all solubilizates as the num ber o f d o ­
d ecy l groups per p olysoap  m olecu le  decreases. In  
this con n ection  it should be poin ted  ou t th at b y  
visual inspection  the solubilities o f  b o th  benzene and 
h eptan ol in 1 %  solutions o f the “ 6 .7 % ”  po lvsoap  
were fou n d  to  be  less than 0.01 g. per g. o f  polysoap . 
T h e sam e results were also fou n d  fo r  the p o lye lec­
tro ly te  w ith ou t d od ecy l groups.

Since these results clearly  in d icate  th at it is the 
presence o f  the d od ecy l groups w hich  causes the



752 U l r i c h  P. S t r a u s s  a n d  N o r m a n  L. G e r s h f e l d Vol. 58

T a b l e  I

So l u b il iz a t io n  L im its

Polysoap
c,

g./100 ml.
5,

g./100 ml.

Decane

s/c,
g./g.

T,
moles/ 
mole Ci2

s,
g./100 ml.

Benzene

S/C,
g./g-

T,
moles/ 
mole Cu

S,
g./100 ml.

1-Hept.anol

S/C,
g-/g.

T,
moles/ 
mole C;

'3 7 .9 % ” 0 .5 0 0 .19 5 0 .3 9 2 .3

2 .00 0 .11 0 .055 0 .2 7 0 .5 2 0 .2 6 2 .3 0 .77 .39 2 .3

6 .00 .35 .058 .28 1 .76 0 .2 9 2 .6 2 .32 .39 2 .3

‘2 8 .5 % ” 1 .00 0 .30 .30 2 .4

3 .9 8 .06 .015 .10 1.36 .34 2 .7

‘ 1 3 .6 % ” 1 .88 .00 .00 .00 0 .056 0 .03 0 0 .6 4 0.31 .17 2 .4

7 .00 .00 .00 .00 0 .2 0 0 .029 0 .6 2 1.60 .23 3 .3

solubilization  to  take place, it is o f interest to  ca l­
cu late T, the num ber o f solubilizate m olecules w hich  
are solubilized per d od ecy l group. T h e  sharp d e­
cline o f this num ber for  b oth  decane and benzene 
as the am ou n t of d od ecy l groups per p olysoap  m ole­
cule decreases is n otew orth y  and indicates that it is 
the synergistic e ffect o f a large num ber o f d od ecy l 
groups in the sam e p olysoap  m olecu le  w hich  con ­
trols the solubilization  o f these h yd roca rb on s.22

In  the case o f h eptanol, on  the oth er hand, the 
values o f  T  seem  to  increase w ith decreasing d o ­
d ecy l con ten t o f the polysoaps. T h e  reason for 
this is n ot clear. M oreover , w hile in all o th er in­
stances variations in the po lysoap  con cen tration  
had n o  observab le  e ffect on T  (w ithin  the precision 
lim its o f  a b ou t 1 0 % ), in the case o f the “ 1 3 .6 % ”  
p olysoap  th e  increase o f T  w ith  increasing polysoap  
con cen tration  is m u ch  larger than the experim ental 
u ncerta in ty . T his increase o f T  w ith  increasing 
p o lysoa p  con cen tration  m ay  be due either to  inter­
actions betw een  polysoap  m olecules or to  their 
greater com pactness at the higher concentrations. 
In  v iew  o f the v iscosity  beh av ior w hich  has al­
ready  been  discussed the latter v iew  is favored  at 
present. F urther w ork  in vo lv in g  oth er long  chain 
alcoh ols and e lectrolytes as add itives is necessary 
before  these difficulties can be resolved.
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D IS C U S S IO N

Pa u l  D o t y  ("Harvard University).— Do you not have to 
consider that the distribution of substitution may be so 
wide that dodecyl-rich molecules may solubilize dodecyl- 
poor molecules? Have you any independent evidence that 
the solutions are molecularly disperse?

U. P. S t r a u s s .— The polysoap molecules discussed in this 
paper become more hydrophobic with increasing dodecyl 
group content, but they all are soluble in water. For these 
reasons, solubilization of dodecyl-poor molecules by dodecyl- 
rich molecules is unlikely. On the other hand, studies 
involving the effect of electrolytes on the solubility of these 
polysoaps show some polydispersitv of the “ 1 3 .6 % ” and the 
“ 2 8 .5 % ” polyso ips with respect to dodecyl content. Since 
the amount of hydrocarbon which can be solubilized has 
been shown to increase much faster than linearly with the 
dodecyl content of the polysoap molecules, one may expect 
that a polydisperse “ X % ” polysoap will solubilize more 
hydrocarbon than a monodisperse “ X % ” polysoap. The 
preparation of reasonably monodisperse polysoaps is in 
progress in order to test this point.

R  M . Fuoss (Yale University).— How does the con­
ductance of polysoaps depend on the amount of solubilized 
oil?

U. P. S t r a u s s .— No electrolytic conductance of the poly­
soaps described in this paper has been measured. However, 
the conductance of aqueous solutions of a polysoap derived 
from poly-2-vinylpyridine decreased slightly with the addi­
tion of decane, much more so with the addition of benzene, 
and first decreased and then increased slightly with the 
addition of octanol (U . P. Strauss and S. Slowata, unpub­
lished results). The observation that the conductance 
decreased uniformly while the viscosity went through a 
maximum for both benzene and octanol indicates that the 
viscosity maximum is not caused primarily by changes in 
the electrical charge of the polysoap ion.

J. J. H e r m a n s  (University of Groningen).— It might be 
possible to distinguish between the effect of size and the 
effect of interaction on viscority if the experiments were 
carried out in the presence of small amounts of electrolytes, 
especially if use is made of the technique'of “ iso-ionic dilu­
tion” (D . T . F. Pals, Thesis, Groningen, 1951).

U. P. St r a u s s .— Such studies with electrolytes are in 
progress. However, there are two reasons which indicate 
that such a procedure is not as simple with polvsoaps as 
with conventional polyelectrolytes. First, it is experi­
mentally difficult to work at low polvsoap concentrations, 
especially in the presence of electrolytes, because of the 
very small values of the reduced viscosity. Second, the 
addition of electrolytes does not always cause a decrease of 
the interactions between polysoap molecules but in some 
cases causes an increase.

0 1 2  3
K.

(22) This, of course, does not imply that decane and benzene are
solubilized by the same mechanism.

Fig 8,— Effect of heptanol on the reduced viscosity of a 6 %  
solution of the “ 3 7 .9 % ”  polysoap at 25° and at 45°.
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H. M o r a w k t z  (Polytechnic Institute of Brooklyn).—  
What is the temperature dependence of the viscosity maxima 
and minima which you have obtained.

U. P. S t r a u s s .— The effect of temperature on the reduced 
viscosity of a 6 %  solution of the “ 3 7 .9 % ”  polysoap with 
solubilized heptanol is shown in Fig. 8. The viscosity 
maximum is seen to be strikingly reduced by a temperature 
rise from 25 to 45 °. It has been shown previously that a 20 0 
temperature rise hardly affects the reduced viscosity of 
polvsoap solutions when the reduced viscosity is predomi­
nantly a measure of the size of the polysoap molecules [L. H .

Layton and U. P. Strauss, J. Colloid Sci., 9, 149 (1954)]. 
Therefore the large viscosity decrease at the viscosity 
maximum is further evidence for the conclusion that the 
maximum is caused by interactions between polysoap 
molecules. The increase in the thermal energy presumably 
disrupts these interactions sufficiently to bring about the 
observed viscosity decrease. A t the viscosity minimum, 
on the other hand, the 20° temperature rise seems to be 
without effect on the reduced viscosity, thus confirming 
our conclusion that the minimum reflects a change in the 
size of the polysoap molecules.

REACTION RATES OF POLYELECTROLYTE DERIVATIVES. I.
THE SOLVOLYSIS OF ACRYLIC ACID-p-NITROPIIENYL 

METHACRYLATE COPOLYMERS1
B y  H erbert  M o raw etz and  P au la  E . Z im m ering2

Department o f Chemistry, Polytechnic Institute o f Brooklyn, Brooklyn 1, N . Y .
Received March 15, 1964

The solvolysis rate of acrylic acid copolymers containing up to 9 mole %  p-nitrophenyl methacrylate is independent of 
the composition of the copolymer. In methanol or water the reaction rate is controlled by the attack of a neighboring car- 
boxylate ion on the ester. In aqueous solution, the rate does not bear the usual relationship to hydrogen and hydroxyl ion 
concentration but is approximately proportional to the degree of ionization of the copolymer. Between pH  5 and 7 the 
hydrolysis of the copolymer is 5 to 6 orders of magnitude faster than that of p-nitrophenyl trimethylacetate. Addition of 
dioxane reduces the hydrolysis rate of the unneutralized copolymer sharply and increases the effectiveness of HC1 in slowing 
it down still further. For 9 .1 %  neutralized copolymer, the rate is a maximum in a medium containing 40 -50  volume %  
dioxane.

In troduction
T h e  base-cata lyzed  h ydrolysis o f  d icarboxy lic  

acids is retarded  b y  the m u tu al repulsion o f the 
cata lyzin g  h y d rox y l ion  and  th e  m on oester anion. 
In g o ld 3 has show n th at th is effect is related to  the 
ratio o f  th e  tw o  ion ization  constants o f  the d icar­
boxy lic  acid. T h e  com parison  o f h ydrolysis rates 
o f  p o ly e lectro ly te  derivatives and correspon d in g  
rates observed  w ith  uncharged  analogs w ou ld  
appear, in princip le, to  p rov id e  an a ttractive  
approach  to  the ca lcu lation  o f e lectrostatic p o ten ­
tials in  th e  n eigh borh ood  o f th e  poly ions. K a tch a l- 
sky  has recen tly  rep orted 4 th at poten tia ls ca l­
cu lated from  the rate o f  th e  alkaline hydrolysis 
o f  pectin  are in g ood  agreem ent w ith  those cal­
cu lated  from  titra tion  data.

T h e  results o f th e  present in vestigation  show  
that, instead o f this expected  retardation , a ttach ing  
an ester group  to  a p o ly e lectro ly te  chain  can  pro­
d u ce an acceleration  o f th e  reaction  b y  m an y 
orders o f  m agn itude. T h is e ffect can n ot be  due 
to  th e  con cen tra tion  o f h yd rogen  ions in  the neigh­
borh ood  o f  the polyan ion , since stron g  m ineral acid 
is fou n d  to  retard the solvolysis. T h e  availab le 
ev iden ce  indicates th at the pecu liar beh av ior o f 
the ester copolym ers is the con sequ en ce  o f a change 
in the m echanism  o f the reaction .

C opo lym ers  o f  a cry lic  acid  w ith  less than 10 
m ole  %  p -n itroph en yl m eth acry la te  were chosen  
fo r  this stu dy , since the high op tica l den sity  o f  the 
ester groups and the characteristic shift o f  the 
absorp tion  spectrum  on  solvo lysis  p rov ide  a con -

(1) Financial support of this research by the Eli Lilly Co. is grate­
fully acknowledged.

(2) Part of a dissertation to be submitted by Paula Zimmering to 
the Graduate School of the Polytechnic Institute of Brooklyn in partial 
fulfillment of the requirements for the Ph.D. degree.

(3) C. K. Ingold, J. Chem. Soc., 1375 (1930).
(4) A. Katchalsky, J. Polymer Sci., 12, 159 (1954).

ven ien t m eth od  fo r  fo llow in g  the reaction  at high 
d ilu tion  o f the copolym er.

Experimental
Monom ers.— Glacial acrylic acid (Rohm and Haas) was 

distilled under nitrogen at 20 m m . and the middle fraction 
boiling at 50 .2 ° collected. p-Nitrophenyl methacrylate 
was prepared from C.p. p-nitrophenol recrystallized twice 
by cooling a toluene solution from 63° to 5 ° and methacrylyl 
chloride made according to directions by Rehberg, Dixon 
and Fisher.6 The esterification was carried out in pyridine 
at 0 ° . After warming to 20° for 30 minutes, the ester was 
extracted with ether, washed with 0.5 N  FICl, water and 
0.5  ¡V N aO H , followed by water washing until the aqueous 
layer was colorless. After evaporating the ether, the crude 
crystals were washed with ice-water and recrystallized from 
ether five times. The p-nitrophenol content found spectro- 
photometrically after saponification was 2 %  above the 
theoretical value, m .p. 9 4 .5 -9 5 .5 °.

Polymerizations of acrylic acid homopolymer and copoly­
mers were carried out in benzene at 52° using 30 mg. of azo- 
bis-isobutyronitrile (Eastman Kodak C o.) 5 g. of monomer 
and 25 m l. of benzene. Copolymer conversions were held 
to below 2 0 % . After dilution with ether the polymer was 
separated by centrifugation, purified by repeated ether 
washing and freeze-dried from a benzene suspension. Co­
polymer compositions were determined by measuring the 
optical density of their solution in aqueous base at 404 mu 
(e 1.84 X  104 for p-nitrophenate ion). The copolymers 
contained between 2.2 and 2 .4  times as much ester as the 
mixed monomers.

p-Nitrophenol trimethylacetate was prepared from tri- 
methvlacetyl chloride6 (b .p . 30° at 150 m m .) using the same 
esterification procedure as for the methacrylate, m .p . 9 4 -  
9 6 °. The p-nitrophenol content found after saponification 
was 2 %  above the theoretical value.

Solvents.— Anhydrous methanol was prepared from the 
Fisher certified reagent by the method recommended by 
Fieser7 and its anhydrous condition was checked by titra-

(5) C. E. Rehberg, M . B. Dixon and C. H. Fisher, ./. Am. Chem. 
Soc., 67, 209 (1945).

(6) G. H. Stempel, R. P. Cross and R. P. Mariella, ibid., 72, 2299 
(1950).

(7) L. F. Fieser, “ Experiments in Organic Chemistry,”  D. C. Heath 
and Co., New York, N. Y-, 1941, p. 360.
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tion with Karl Fischer reagent before each use. C .p . di- 
oxane was refluxed with sodium and distilled under nitrogen. 
Freshly boiled distilled water cooled under nitrogen was 
used. Benzene ( C .p .) was fractionally crystallized. An­
hydrous ether (Mallinckrodt analytical reagent grade) was 
used without further purification.

Procedure.— Extreme precautions were employed to 
ensure anhydrous conditions in methanolysis studies, since 
water was found to accelerate the reaction strongly. The 
copolymer sample was introduced into one leg of a U-tube 
and anhydrous methanol in the other. The closed tube was 
cooled for three minutes in D ry Ice and solution effected by 
shaking for four minutes as it warmed to room temperature. 
The concentrated solution was then introduced into a 15- 
fold excess of methanol thermostated to 20 ±  0 .1 ° . The 
reaction was followed by reading optical densities at 318 m,u 
on a Beckman D U  Spectrophotometer (e 1.065 X  104 and 
9.46 X  102 for p-nitrophenol and its ester, respectively). 
Samples were withdrawn without exposing the bulk of the 
solution to the atmosphere and readings taken exactly 30 
sec. after sampling.

In hydrolysis experiments a thermostated concentrated 
copolymer solution in anhydrous dioxane was introduced 
into thermostated water or water-dioxane mixtures to start 
the reaction. For experiments with partially neutralized 
copolymer, the copolymer solution in dioxane was added to 
partially neutralized polyacrylic acid solution. For fast 
reactions, samples were diluted with equal volumes of 0.1 
N  HC1 in dioxane t o stop the hydrolysis and the optical density 
was determined at 320 m,u (e 9.80 X  103 for p-nitrophenol).

In fast reactions, the p-nitrophenol concentration corre­
sponding to complete solvolysis was obtained by measuring 
the optical density under the conditions of the run after a 
period of six or more half-lives. For slow reactions, the 
sample was diluted with aqueous base and the p-nitrophenol 
concentration calculated from the optical density.

pH determinations were made on a Cambridge Instru­
ment Co. research model pH meter with external shielded 
electrodes.

Results and Discussion
T h e  m ethanolysis rate o f  a cry lic  acid  copolym ers 

con ta in ing  sm all p roportion s o f  p -n itroph en yl 
m ethacry la te  (I ) was com pared  w ith  the reaction  
rate o f  p -n itrop h en y l trim eth y lacetate  in m ethanol 
solu tion  o f p o ly a cry lic  acid  (I I ) .
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I t  was fou n d , qu ite u nexpected ly , th a t the re­
action  rate is accelerated  b y  m a n y  orders o f  m agni­
tu de  w hen the ester is a ttached  to  the p olym eric 
acid . Thus, fo r  a cop o ly m er conta in ing  4.81 
m ole  %  ester in  m ethan ol solu tion  1.29 X  10 ~ 3 
norm al in  carboxy l groups the h alf-life  o f  ester 
in terchange was 103 m inutes at 2 0 °, while a solu ­
tion  o f the trim eth y lacetate  in m ethanol contain ing 
1.13 X  103 norm al p o ly a cry lic  acid  had n ot reacted  
to  a n y  m easurable exten t after seven  days at 58°.

T h e  m ethanolysis o f  copolym ers con ta in ing  1.53, 
2 .16, 4.18, 4.81 and 8.98 m ole  %  ester p roceed ed  b y  
first-order k in etics w ith  iden tica l rate constants

p rov id ed  the con cen tra tion  o f po lym erized  acid—  
present as cop o lym er or added  p o lya cry lic  acid—  
was held  con stan t.7a T h e  rate con stan t was reduced 
b y  increasing the con cen tra tion  o f the cop o ly m er 
or b y  adding  p o lya cry lic  acid  as show n in F ig . 1. 
T h e  data  m a y  be represented b y  ki =  2 .9 X  10-5 
m i n .^ /C V '83 w here ki is the observed  first-order 
rate con stan t at 2 0 ° and C a  the n orm ality  o f  p o ly ­
m erized acry lic  acid.

T h e  h ydrolysis  o f  th e  cop o lym er is stron g ly  in ­
h ib ited  b y  add ition  o f h ydroch loric  acid , in  con trast 
t o  the a c id -ca ta lyzed  h ydrolysis o f the trim eth y l­
acetate . P artia l neutralization  accelerates the 
h ydrolysis o f the cop olym er, w h ich  at 2 0 ° becom es 
to o  fast to  be m easured b y  con ven tion a l techniques 
a b ov e  5 0 %  neutralization  (p H  7). T h e  contrast 
betw een  th e  beh av ior o f  the cop o ly m er and  the 
tr im eth y laceta te  analog ester in HC1 and bu ffer is 
illustrated b y  data  listed in T a b le  I  and p lo tte d  in 
F ig . 2. O n the other hand, the h ydrolysis rate o f 
p -n itroph en yl acetate  in  p olym eric acid  solu tion  w as 
fou n d  to  d iffer on ly  slightly  from  rates m easured in 
bu ffer solu tions at th e  sam e pH .

T able I

H ydrolysis R ate of A crylic A cid- p-N itrophenyl-
METHACRYLATE COPOLYMERS AND OF p-NlTROPHENYL- 
TRIMETHYLACETATE (N P T A ) IN WATER CONTAINING 8.3 

V olume Per  Ge n t . D io xa n e  at -20°

A 1 106 X
Ester KPCa pH ki, min. -1 a a k\OH. +

Cop® 6.52 1.16** 2.33 X 1 0 "4 1.9 X 10~4 1 .2 16
Cop® 6.66 2.13d 1.52 X 10-* 1.5 X 10-3 1.0 11
Cop® 6.50 3 .09d 7.50 X 10“ 3 1.3 X 10-2 0.6 6.1
Cop® 6.58 3.86 1.92 X 10-2 2.1 X 10-2 .0 2.6
Cop5 1 0 .Ie 4 .88 ' 7.34 X 10-2 9.1 X 10-2 .8 0.97
Cop5 1 0 .2C 6 . IIe 3.40 X 10“1 2.7 X 10-1 1.3 .26
Cop5 1 0 .Ie 6.82e 5.84 X 1 0 "1 4 .5  X 10-1 1.3 .088
NPTA 1 .08d 1.65 X 10~6
NPTA 2.05d 2.32 X 10-6
NPTA 7 .83f 7.90 X 10-6
NPTA 1 0 .26s 2.53 X 10-2

“ Copolymer containing 1.53 mole %  ester. b Copoly­
mer containing 8.98 mole %  ester with added polyacrylic 
acid. c Total normality of carboxyl groups. d HC1 added. 
* NaO H  added. f Phosphate buffer of ionic strength 0.175. 
c Carbonate buffer of ionic strength 0.175.

I t  is be lieved  th at the rapid solvolysis o f  the 
cop o ly m er is due t o  the form ation  o f a s ix-m em bered  
cy clic  in term ediate through  a ttack  b y  a n eigh bor­
ing carboxy la te  ion  on the ester group . T hu s, the 
m echanism  o f the hydrolysis m a y  be  represented b y

R
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/ c h x
• • • /  % I I 2 ¿ h 3
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(7a) First order plots of similar p-nitro-acid were strongly concave 
toward the time axis. The cause of this unexpected behavior is un­
known.
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--------1-----------------1-----------------1___________i___________'
- 3 . 5  - 3 . 0  - 2 . 5  - 2 . 0  - 1 . 5

l o g  C a .

Fig. 1.— Methanolysis of acrylic aeid-p-nitrophenyl 
methacrylate copolymer at 2 0 °; mole %  ester in copoly­
mer: O , 8 .98; 4.81; # ,  4.18; □ ,  2 .16; H , polyacrylic
acid with 8.98 mole %  copolymer.

w here the form ation  o f the cy clic  in term ediate is 
the rate-determ in ing  step. T ransition  states o f 
this ty p e  have been  postu lated  fo r  the d isp lace­
m ent o f  halogen in trans a -a ce to x y  com p ou n d s ,* 8 
the h ydrolysis  o f  y -b rom oca p roa te  ion 9 and o f 
ch loroh ydrin s in neutral so lu tion .10 C onclusive  
ev iden ce  also has been  presented  fo r  a sim ilar 
m echanism  in th e  h ydrolysis  o f  sa licyl p h osp h a te11 
and a -ca rb ox y n a p h th y l p h osp h ates.12

I f  the so lvo lysis  rate depends on  the presence o f 
an ion ized  carboxy la te  group  next to  th e  ester 
group on  the p o ly m er chain, and  if the form ation  
o f the cy clic  in term ediate  is in depen den t o f the 
ion ization  o f  th e  secon d  ca rb oxy l neighbor, th e  rate 
shou ld  be  p rop ortion a l to  th e  degree o f  ion ization  
a  o f  the p o ly e lectro ly te . V alues o f  a  w ere cal­
cu lated  as fo llow s :

(a) In  solu tions con ta in in g  added  HC1, a  =  
K&/C hci/ ± 2 w here th e  acid  d issociation  con stan t 
K a o f the p o ly m eric  carboxy ls  w as estim ated  as
1.0 X  10 “ 6, using th e  pu blish ed  va lu e  fo r  d ie th y l- 
a cetic  a c id 13 and a llow ing  fo r  th e  effect o f  8.3 
vo lu m e %  d iox a n e .14 15 T h e  ion ic a c t iv ity  coefficient 
f ±  was assum ed to  be  equal to  th a t o f a solu tion  
conta in ing  the HC1 w ith ou t the p o ly m e r16 and Cam 
was the n orm ality  o f  HC1.

(b ) In  solu tions con ta in ing  on ly  polym erized  and 
copolym erized  acry lic  acid  a =  « m / C A / i -  I n 
these solutions on ly  a sm all fraction  o f the p olym er

(8) S. Winstein and R. E. Buckles, J. Am. Chem. Soc., 64, 2780, 2787 
(1942); 65, 613 (1943); S. Winstein, H. V. Hess and R. E. Buckles, 
ibid., 64, 2796 (1942); S. Winstein, C. Hanson and E. Grunwald, ibid., 
70, 812 (1948); S. Winstein, E. Grunwald, R. E. Buckles and C. Han­
son, ibid., 70, 816 (1948); S. Winstein, E. Grunwald and L. I. In­
graham, ibid., 70, 821 (1948); S. Winstein and E. Grunwald, ibid., 70, 
828 (1948).

(9) J. F. Lane and H. W . Heine, ibid., 73, 1348 (1951).
(10) H. W . Heine, A. D. Miller, W . H. Barton and R. W. Greiner, 

ibid., 75, 4778 (1953).
(11) J. D. Chanley, E. M. Gindler and H. Sobotka, ibid., 74, 4347

(1952).
(12) J. D. Chanley and E. M. Gindler, ibid., 75, 4035 (1953).
(13) J. F. J. Dippy, Chem. Revs., 25, 151 (1939).
(14) H. S. Harned and B. B. Owen, "T he Physical Chemistry of 

Electrolytic Solutions,”  Reinhold Publ. Corp., New York, N. Y.. 
1943, pp. 547, 548.

(15) Reference 14, p. 514.

Fig. 2.— Hydrolysis of acrylic acid-p-nitrophenyl meth­
acrylate copolymers and p-nitrophenyl trimethylacetate in 
water containing 8.3 volume %  dioxane at 2 0 °: O , co­
polymer; # ,  trimethylacetate.

carboxy ls  is ion ized  and  fo r  an* o f  the order o f 
10_4, / ±  is assum ed to  approach  un ity .

(c) In  solu tions o f  partia lly  neutralized c o ­
p o ly m er a  =  ( C b  +  a~K+/f±)/CA w here C b  is the 
con cen tra tion  o f added  base. V alues o f  th e  ion ic  a c­
t iv ity  coefficients in partia lly  neutralized p olym eric  
acid  solutions are u ncerta in 16 b u t since a H + //± C v  is 
sm all com pared  to  Cb/C.a a t degrees o f  neutraliza­
tion  o f 0.1 and higher, this term  has been  n eglected .

V alues o f k j  a  fo r  runs coverin g  a range o f acid i­
ties from  p H  1.16 to  6.82 are listed in T a b le  I and 
fa ll w ith in  the range 0 .6  to  1.3. W h ile  this varia ­
tion  indicates the presence o f  secon dary  effects 
(such  as the salt e ffect in  passing from  0.001 to  0.1 
N  HC1 and carboxy la te  association  w ith  sod ium  
cou nter-ion s in partia lly  neutralized co p o ly m ers17) 
it  shou ld  be com pared  w ith  the 180-fold  variation  in 
k\a-&+, w h ich  w ou ld  be  con stan t (ex cep t fo r  salt 
e ffects) i f  h yd roxy l ion  catalysis were rate deter­
m ining. E ven  fo r  m ethanolysis o f  th e  cop o lym er 
sim ilar values o f the ratio k\/a w ere obta ined . 
T hus, on  neutralizing 2 .5 4 %  o f  th e  cop o ly m er w ith  
sod ium  m ethox ide  in an hydrou s m ethan ol, th e  rate 
con stan t was 0.0557 m in .-1 correspon d in g  to  k j a  =
2.2. S ince form ation  o f the transition  state in ­
v o lv es  a dispersion  o f the an ion ic charge, the rate 
w ou ld  be expected  to  increase sligh tly  on  reducing 
the dielectric con stan t o f the m ed iu m .18

T h e  in terpretation  o f cop o ly m er h ydrolysis  data  
in various m ixtures o f  w ater and d ioxane is m ore 
uncertain , since the so lven t ra tio  in  th e  im m ediate  
n eigh borh ood  o f the m acrom olecu le  can n ot be  
identified  w ith  the bu lk  average com p osition  o f the 
m edium . H yd ro lys is  rates m easured in  the pres­
ence o f vary in g  d ioxane con cen tration s are listed 
in T a b le  I I  and p lo tted  in  F ig. 3.

(16) Ionic activity coefficients in half-neutralized polyacrylic acid 
solutions have been calculated from potentiometric data (W. Kern, 
Makromol. Chem., 2, 279 (1948)) but little is known about liquid junc­
tion potentials in presence of polyelectrolytes. The theoretical and 
experimental method of A. Katchalsky and S. Lifson (J . Polymer Sci., 
11, 409 (1953)) is only applicable for polyelectrolyte solutions contain­
ing some simple electrolyte.

(17) J. R. Huizenga, P. F. Grieger and F. T. Wall, J. Am. Chem. 
Soc., 72, 4228 (1950).

(18) C. K. Ingold, "Structure and Mechanism in Organic Chem­
istry,”  Cornell Univ. Press, Ithaca, N. Y., 1953, pp. 345-350.
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Fig. 3.— Hydrolysis of acrylic acid-p-nitrophenyl meth­
acrylate copolymer in dioxane-vvater mixtures, at 2 0 ° : O, 
un-neutralized copolymer; 0  9 .1 %  neutralized copolymer.

T a b l e  II

H y d r o l y s is  op  A c r yl ic  A c id - p - N it r o p h e n y l  
M e t h a c r y l a t e  C o p o lym e r s  in  D io x a n e - W a t e r

M ix t u r e s  a t  20°
Vol. %
dioxane 10>Ca 103Chci Cb /C a ki, min.“ 1

8 .3 10.05 0 .091 7 .3 4  X  10
19.0 10.13 .091 1 .22  X  10
3 0 .9 10.00 .091 1.91 X  10
4 5 .0 10.07 .091 2 .9 3  X  10
6 3 .3 10.05 .091 2 .4 2  X  10
8 1 .7 10.17 .091 4 .3 9  X  10

8 .3 6 .5 8 1 .92  X  10
73 .7 7 .86 2 .9 4  X  10
7 9 .2 8 .0 5 1 .80  X  10
9 0 .6 7 .35 4 .1 7  X  10
9 5 .2 8 .35 1 .34  X  10
9 9 .0 7 .79 9 .5  X  10

8 .3 6 .5 0 0 .91 7 .5 0  X  10
7 4 .3 7 .0 8 0 .9 6 3 .0 1  X  10

W hen the degree o f  ion ization  o f th e  cop o ly m er 
was fixed b y  partial neutralization  w ith  N a O H , the

h ydrolysis  rate was fou n d  to  be accelerated  b y  
a dd ition  o f up  to  4 0 -5 0  volu m e %  d ioxane, and 
decreased at higher d ioxane concentrations. T h is 
b eh a v ior  is sim ilar to  th at o f  th e  h ydrolysis  o f 
e th y l a ce ta te 19 and va lero la cton e20 in m ixed  solvents 
and has been  in terpreted20 as being due to  the sol­
v a tion  o f the transition  state in the m ixed  solven t 
m edium . W h en  th e  hydrolysis o f unneutralized 
cop o ly m er w as studied  in m ixed solvents, the a b ove  
effects were overshadow ed  b y  the influence o f  the 
m edium  on  cop o ly m er ion ization , and the rate was 
fou n d  to  fall o ff rap id ly  w ith  decreasing p o la rity  o f 
the m edium . T h e  data  corresponded  close ly  to  a 
p rop ortion a lity  o f  the rate con stan t to  the 5 /3  
p ow er o f  the w ater con cen tration . A lso , the low er 
th e  po larity  o f  the m edium , the m ore was the 
reaction  retarded  b y  the add ition  o f  stron g  acid. 
W hereas th e  addition  o f 0.001 N  HC1 slow ed the 
cop o ly m er h ydrolysis in the presence o f 8.3 vo lu m e 
%  d ioxan e b y  a fa ctor  o f  2.6, a hun dred -fo ld  re­
tardation  was observed  in a solu tion  con ta in ing  74 
vo lu m e %  d ioxane. T h is observation  agrees 
qu a lita tive ly  w ith  the m echanism  proposed  fo r  the 
reaction , since the degree o f ion ization  in solutions 
con ta in ing  on ly  ca rb oxy lic  acid  is p roportion a l to  
\ /A a , b u t becom es proportion a l to  K & in the pres­
ence o f  added  HC1.

D IS C U S S IO N

P a u l  D o t y  (Harvard University).— Would you agree 
that a polyacid which kept its ionized protons close to itself 
would not unduly catalyze a reaction that was first order 
in I I + but may exhibit a substantial effect in reactions of 
higher order in H  +?

H . M o r a w e t z .—-A great deal of experimental evidence 
supports the view that the rate of hydrogen ion catalyzed 
reactions depends on the concentration, rather than the 
activity, of the catalyzing ion. Thus, at any given pH  
the rate should be inversely proportional to the mean ac­
tivity coefficient, and since activity coefficients are low in 
polyelectrolyte solutions, the rate should be appreciably 
higher than in conventional buffer solutions of the same pH. 
W e have looked for this effect in the hydrolysis of ethyl diazo­
acetate, but did not find it, although there were some char­
acteristic differences when the reaction was carried out in 
buffer and partially neutralized polyacrylic acid, respec­
tively.21 As Dr. D oty points out, the “ polvelectrolyte 
effect” on reaction velocities should be particularly pro­
nounced for reactions with rates proportional to a higher 
than first power of hydrogen ion concentration. W e have 
considered in this connection rate studies of the benzidine 
rearrangement.

(19) J. E. Potts and E. S. J. Amis, J. Am. Chem. Soc., 71, 2112 
(1949).

(20) E. Tommila and M. P. O. Ilaraaki, Acta Chem.. Scand., 6, 1249 
(1952).

(21) M. Joseph and H. Morawetz, J. Colloid Science, 9, 197 (1954).
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A report is given of light-scattering studies on solutions of polymethacrylic acid and carboxymethylcellulose in methanol 
water, aqueous HC1 and aqueous NaCl solutions. The results are well in line with those obtained by other authors. The 
behavior in methanol and in aqueous solutions of high electrolyte content is much the same as for uncharged polymers. In 
water and in dilute salt solutions, however, a behavior is found which is typical for polyelectrolytes. Nevertheless, the 
change of dissymmetry with polymer concentration in water and in dilute salt solutions is almost normal for N a C M C . This 
is attributed todhe low charge density of this polymer. Five series of isoionic mixtures of N aC M C  and N aCl have been 
investigated. The effective radius calculated from the angular intensity distribution is in excellent agreement with that 
derived from viscosity in previous work. It is shown that the theory of Katehalsky and Lifson does not apply to our data. 
The second virial coefficients A  are compared with values obtained osmometrically and with values reported by D oty and 
Schneider for a sample of N aC M C  with twice the charge density of our sample. It is found that A  is approximately propor­
tional to the square of this charge density and to the * /, power of the reciprocal ionic strength.

Recent studies on the scattering of light by solu­
tions of charged colloid particles have been pub­
lished, among others, by Fuoss and Edelson,2 
Cashin,3 Wall, Drenan, Hatfield and Painter,4 
Oth and Doty,6 Doty and Steiner,6 Reichmann, 
Bunce and Doty.7 A review of work on proteins 
has been given by Edsall and Dandliker.8

We will use the customary notations: 70 is the 
irradiance of the incident beam, Re the reduced in­
tensity: ier2/Ig, P(d) the factor which determines 
the deviation from Thomson’s angular distribution 
1 +  cos2 6. In those cases where c/Re is a linear 
function of the polymer concentration c, we use the 
well-known equation

Kc/Re =  1 /M P(8) + 2  A c  (1)

where K  =  2x2n2(dn/dc) 2/A W a, Na being Avo- 
gadro’s number, n the refractive index and X the 
wave length in vacuo. Finally, z$ is the ratio be­
tween ie and ir-e (0 < 6  <  ir/2), and [z9] represents 
the limit of z0 when c approaches zero.

The formulas concerned can be found in the pa­
pers quoted. A short review has been given in a 
previous article9 where also the apparatus used has 
been described. The absolute values of Re were 
obtained from a comparison with Ludox solutions 
whose turbidities were determined in transmittance 
measurements.

1. Treatment of Solvents and Solutes
Polymethacrylic Acid.— A sample of this poly acid was 

purified and fractionated by precipitation, using dry meth­
anol10 as solvent and ether as precipitant. Its number aver­
age molecular weight was determined osmometrically by 
Benninga11 in solutions of the polysalt in 0.1 M  aqueous 
N aCl, the result being Af„ =  1.70 X  10s. The weight 
average derived from our light-scattering data (see below)

(1) Lab. for Inorganic and Physical Chemistry, University of Ley­
den.

(2) R. M . Fuoss and D. Edelson, J. Polymer Sci., 6, 767 (1951).
(3) W . M . Cashin, J. Colloid Sci., 6 , 271 (1951).
(4) F. T. Wall, J. W . Drenan, M . R. Hatfield and C. L. Painter, J. 

Chem. Phys., 19, 585 (1951).
(5) A. Oth and P. Doty, T h i s  J o u r n a l ,  56, 43 (1952).
(6) P. Doty and R. F. Steiner, J. Chem. Phys., 20, 85 (1952).
(7) M . E. Reichmann, B. H. Bunce and P. Doty, J. Polymer Sci., 

10, 109 (1953).
(8) J. T. Edsall and W . B. Dandliker, Fortschr. Chem. Forsch., 2, 1 

(1951).
(9) H. J. L. Trap and J. J. Hermans, Rec. trav. chim., 73, 167

(1954).
(10) N. Bjerrum and L. Zechmeister, Ber., 5 6 B ,  894 (1923).
(11) H. Benninga, thesis, Leyden, 1954, p. 98.

was 1.93 X  10s in methanol and 1.96 X  10s in 0.05 M , 
aqueous HC1.

Sodium Carboxymethylcellulose.— Except for slight 
changes in the procedure we followed a prescription given 
by Pals12: a 1 .5 %  solution in water was centrifuged for one 
hour to remove gel-like material. After filtering through 
a glass filter G -2, 0 .5 g. of NaCl was added to 1 liter of the 
solution and the polysalt precipitated by excess alcohol, 
stirring forcefully. This procedure was repeated twice. 
The polysalt was washed with 8 5 %  alcohol until free from  
chloride ions, then with 9 7 %  alcohol and finally with ether. 
In Pals’ osmotic measurements the number average molecu­
lar weight was found to be 0.64 X  106 (N aC M C -72 in refer­
ence 12). From our light-scattering results we derived a 
weight average of 0.86 X  106. This shows that our rather 
crude method of fractionation has been fairly successful: 
it is likely that the fractionation of carboxymethylcellulose 
proceeds partly with respect to degree of substitution rather 
than with respect to chain-length alone.

Methanol was purified according to the prescription 
given by Bjerrum and Zechmeister.10 Water (free from  
C 0 2) was distilled twice. Its specific conductivity was 
3 X  10-° i i ' 1 cm. All solvents and solutions were treated 
in the manner described previously9: the water used was 
filtered through collodion membranes, the solutions were 
centrifuged, and all glass vessels were made dust-free by 
Thurmond’s method.13

2. Polymethacrylic Acid and 
Carboxymethylcellulose in Various Solvents

T h e  light-scattering b y  po lym eth a cry lic  acid  at 
25 ° and  a w ave length  o f 5 4 6  ran was m easured at 
45, 90 and 135° in m ethanol, w ater, 0.001 M  aque­
ous HC1 and 0 .05 M  HC1. T h e  values o f dn/dc at 
25° in these solvents were fou n d  to  be  0.134, 0.142, 
0 .140 and 0.137 m l./g ., respective ly . T h is  gives 
th e  fo llow in g  values o f  107 K :  1.17, 1.33, 1.29 and
I .  24. T h e  data  are sum m arized in  F igs. 1 and  2. 
T h e  ro o t m ean square end  to  end  d istance ca lcu ­
lated  from  [z46] fo r  ran dom  coils w as 735 A . in 
m ethan ol and  780 A . in 0 .05 M  HC1.

R esults sim ilar to  F igs. 1 an d  2 h ave b een  p u b ­
lished b y  oth er au th ors; a  sem i-qu antita tive  ex­
p lanation  has been  given  b y  D o t y  and  S teiner.6

T h e  data  fo r  N a C M C  in  w ater, 0.001 M  N a C l, 
0 .005 M  N a C l, 0.01 M  N a C l an d  0 .05  M  N a C l 
(X =  436 m^) are co llected  in F igs. 3 an d  4. T h e  
curves o f  F ig. 3 are characteristic fo r  p o ly e lectro ­
lytes. T h e  change o f d issym m etry  w ith  con cen ­
tration , h ow ever, is a lm ost norm al. T h is  m u st 
p rob a b ly  be  a ttribu ted  to  th e  fa c t  th a t th e  eharge

(12) D. T. F. Pals, thesis, Groningen, 1951, Ch. I; D . T . F. Pals and
J. J. Hermans, Rec. trav. chim., 71, 433 (1952).

(1 3 )  C .  D . T h u r m o n d , J. Polymer Sci., 8, 6 0 7  (1 9 5 2 ).
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c X  10*.
Fig. 1.— Kc/R*  versus polymer concentration c for poly- 

methacrylic acid in water, O ; aqueous HC1 0.001 N , A; 
aqueous HC1 0.05 N, 9 ;  and methanol, □ .  2 5 °; X = 5 4 6  
m/t; c in g ./m l.

c X  103.
Fig. 2.— Dissymmetry factor zt5 for solutions of polymetha- 

crylic acid in four solvents, 25°; X =  546 m^.

density along the earboxyraethylcellulose chain is 
much lower than that along the polymethacrylic 
acid chain.

3. Isoionic Mixtures of NaCMC and NaCl
It has been shown by Pals12 that straight lines 

are obtained in the r)BV/c versus c diagram if NaCMC 
is diluted in such a manner that 1 equivalent of the 
polymer salt is replaced by 1 mole of NaCl. The 
mixtures in such a series of dilutions are called iso­
ionic. If the concentration c of the polysalt is ex­
pressed in g./ml. and the NaCl concentration x in 
mole/1., the quantities x and c in an isoionic series 
are related as

X +  1000 rc  = Xo (2)
where r is the number of ionized groups per gram 
polysalt, which can be determined by titration.

In all NaCl solutions examined the value of 
(dn/dc)x was 0.136 ml./g. at a wave length \ 436 
m,u. Light-scattering at X =  436 m^ was measured 
at various angles ranging from 30 to 135°. These

c X  103.

Fig. 3.— Kc/Rso as a function of concentration c (g ./m l.)  
for sodium carboxj-methylcellulose in five solvents, 25°' 
X = 436 m/i.

c X  103.
Fig. 4.— Dissymmetry factor for N aC M C  in water, □ ;  
aqueous NaCl 10-3  N , A; and aqueous N aCl 10-2 N , O, 
25°; X = 436 mM.

measurements were done in five isoionic series, i.e., 
for five values of x0, and for five concentrations of 
the polysalt in each of these series. The concen­
trations examined are given in Table I where, for 
convenience, the series are numbered 1 to 5. For 
each series a Zimm plot14 was made, but we will 
restrict ourselves to giving the extrapolated values 
of Kc/Re’. for 6 =  0 in Fig. 5 and for c =  0 in Fig. 6. 
Moreover, Fig. 7 shows the dissymmetry factor z45 
as a function of concentration.

T a b l e  I

I so io n ic  S e r ie s  E x a m in e d

Series xo, mole/1. -106c, g./ml.---------
i 0.1856 59.4 118.8 178.2 237.6 297.0
2 .0464 74.2 148.5 222.7 297.0 371.2
3 .0116 92.8 185.6 278.4 371.2 464
4 .0029 23.2 46.4 69.6 92.8 116
5 .000725 5.8 11.6 17.4 23.2 29.0

The normal behavior of (z45 — 1)_1 as a function 
of concentration confirms the conjecture that the 
polyelectrolyte molecules are not subject to large 
changes in size when the polymer is diluted isoioni- 
cally. The changes in size and therefore in [z] are 
quite pronounced, however, when going from one 
value of the ionic strength x0 to another.

The depolarization was of the order of only 1% 
and not too well reproducible. It was therefore neg­
lected in the calculation of the molecular weight, 
which was found to be M w =  86000.

(14) B. H. Zimm, J . C h em . P h y s ., 16, 1093, 1099 (1948).
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c X  103 (g ./m l.) .
Fig. 5.— Lim0 = o Kc/Re tor isoionic mixtures of N aC M C  

and NaCI in water at various ionic strengths xo (mole/1.) 
as a function of polymer concentration c: 2 5 °; X =  436 mp.

0.25 0.50 0.75
Sin2 (0 /2).

Fig. 6.— Lim c=o KcM /Re for isoionic mixtures of N aC M C  
and NaCI as a function of sin2(0 /2 ). 2 5 °; X =  436 mp.

c X  103 (g ./m l.).
Fig. 7.— Dissymmetry factor zK for isoionic mixtures of 

N aC M C  and NaCI at various ionic strengths x0 (mole/1.) as 
a function of polymer concentration c; 2 5 °; X =  436 mp.

once to calculate p for all other ionic strengths from 
the [^-values given in Table VIII of reference 12. 
Pals determined [?;] for ten values of x0, five of which 
coincide almost exactly with those of our light-scat­
tering measurements. They are given in Table II, 
where p̂  is the effective radius calculated from £, 
p, that'derived from [??] and

.. KcM /Ro -  
= 0 sin2(0/2)c

T a b l e  II

C o m p a r iso n  b e t w e e n  E f f e c t iv e  M o l e c u l a r  R a d iu s  pj 
D e r iv e d  fr o m  L ig h t -S c a t t e r in g  in  t h e  P r e s e n t  W o r k  
a n d  t h e  Sa m e  R a d iu s  pj F o u n d  b y  P a l s 12 on  t h e  B a s is  of  

V is c o s it y  D e t e r m in a t io n s

Isoionic mixtures of N aC M C -72 and NaCI in water at 25°
mole/1. £ p„ . Â. fa] , ml./g. p,. L
19 0 .5 2 415 365 396
048 0 .5 5 440 440 434
012 0 .7 4 500 588 501
003 1.03 590 866 608
00075 1.56 730 1275 732

4. Discussion
(a) Molecular Dimensions.—From the slopes 

of the curves in Fig. 6 at the limit 6 =  0 it is possi­
ble to derive15 the mean square radius X, <  Rj2 >/ 
P, where P is the degree of polymerization and Rj 
the distance between the jth  monomer group and 
the center of gravity. For comparison with vis- 
cosimetric data Table II gives the “ effective radius” 
defined by16

p 2 =  (5/3P)2j <  R j 2 >

Pals 12 has shown that the limiting viscosity num­
ber [17] of the sample investigated is in good agree­
ment with the theory developed for free-drained 
coils. Thus [17] is proportional to p2, and the ratio 
between these quantities can be derived from Table 
IX  in reference 12, where the values of p and [17] at 
the limit of infinite ionic strength are given : pro = 
400 A. and [17]= =  374 ml./g. This enables us at

(15) P . D ebye, T h is  J o u r n a l , 51, 18 (1947).
(16) P. Debye and A. M. Bueche, J. Chem. Phys., 16, 573 (1948).

It is seen that the agreement between pj and p„ is 
perfect. In fact, the high degree of agreement 
must doubtless be considered as to some extent 
fortuitous.

It is to be remarked, further, that although the 
viscosity data could be interpreted quantitatively12 
on the basis of the theory for random coils, the ex­
trapolated value of [17] at the limit of zero ionic 
strength could be accounted for almost equally 
well12 on the basis of Simha’s viscosity formula17 for 
rods. The value found by Pals for the length of the 
rod was 2300 A., whereas the theoretical fully ex­
tended length of the molecule was about 1650 A. 
A similar remark can be made in connection with 
our light-scattering data. When the ionic strength 
is 0.00073 mole/1., the dissymmetry factor 245 at the 
limit of zero polymer concentration has the value
2.0. Applyingothe formula for rods this leads to a 
length of 2000 A.

Finally, we may apply the present data to com-
(17) R. Simha, T his Journal, 44, 25 (1940).
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pare the theory of Hermans and Overbeek18 with 
that of Katchalsky and Lifson.19 It may be re­
membered that the results obtained by Pals12 
can be quantitatively accounted for by the theory 
of Hermans and Overbeek if the root mean square 
end-to-end distance /in of the uncharged molecule 
is properly adjusted. The formula used by these 
authors to connect the effective radius p with the 
ionic strength of the solution has the form 

3 y 2 -  2 =  (3 1 +  1.2 Kp +  1.2(KPy  
y  y 2 -  1 3 [1 +  0.6/cp +  0 .4 (*p )2]2

where
y  =  6p/(A.o5‘/ 0  and/3 =  (18/51/r)ZV/(ekThe)

Here k is the reciprocal characteristic length defined 
by Debye and Hiickel

k2 =  8 jte h i / d c T  ; n  =  10~3 x o N A

Na being Avogadro’s number. Further e is the 
elementary charge and Ze the charge of the poly­
electrolyte molecule; e is the dielectric constant of 
the solvent.

On the other hand, Katchalsky and Lifson de­
rived the formula
3hkT\/W  =  (Z V / eh 2) { ln (l +  m) -  m (l +  m )“ 1] (3)

m  =  6/t/ic/io2

Here h is the root mean square end-to-end distance 
of the charged molecule and is related18 to the ef­
fective radius p by the equation

p2 =  (5 /3 6 )  (A2 +  V )  (4)

X is a factor which is closely related to the inverse 
Langevin function of h/L

A =  (L/3h) L ~l{h/L)

L being the fully extended length of the molecule. 
According to Katchalsky, Kiinzle and Kuhn2u the 
function X may be approximated by

X = 1 + 0.6 (h/ L Y  [1 -  (X/L)2]-1
Our procedure21 to check eq. 3 was to calculate X 

for each of the x0 values given in Table II. The 
value of ho is known12 to be 760 A., Z =  140, e =  
78, h is derived from eq. 4. The result of the calcu­
lation is given in Table III. It is seen that all X-

T a b l e  III
C o m p a r iso n  w it h  t h e  F o r m u l a  o f  K a t c h a l s k y  a n d  

L ifso n

ho, Â. xo, mole/1. = 0.192 0.048 0.012 0.003 0.00075
P, Â. = 396 434 501 608 732

760 h, k . 735 88U 1110 1440 1810
X 0.08 0.21 0.38 0.52 0.59

703 h, A. = 785 925 1150 1470 1830
X = 0.06 0.17 0.32 0.42 0.50

The discrepancy observed between the experimental radius and 
that calculated from the Katchalsky and Lifson theory19 can be 
removed if care is taken in the calculation of Katchalsky and Lifson 
to ensure that h2 approaches ho2 when the ionic strength becomes very 
large or the moleeular charge Ze approaches zero. This can be 
achieved in the manner indicated by Hermans and Overbeek,18 and 
leads to eq. 3 of the present article provided with an extra term 3kT/h 
on the right-hand side. The application of this new formula to the 
data of Table III leads to X-values varying from 0.8 to 1.

(18) J. J. Hermans and J. Th. G. Overbeek, Rec. trav. chim., 67, 762 
(1948); Bull. soc. chim. belg., 57, 154 (1948).

(19) A. Katchalsky and S. Lifson, J. Polymer Sci., 11, 409 (1953).
(20) A. Katchalsky, O. Kiinzle and W. Kuhn, ibid., 5, 283 (1950).
(21) The calculation was done by F. van Voorst Vader.

values fall appreciably below unity whereas, ac­
cording to its definition, only values larger than 1 
are possible. One might object to the procedure 
that the ho value of 760 A. has been derived12 from 
the curve of [17] versus (r0) ~'h on the assumption 
that the theory of Hermans and Overbeek gives 
the correct answer. A straightforward extrapola­
tion12 of this curve to (r0)~ 1/! =  0 gives ho = 703 A. 
As can be seen in the second part of Table III, how­
ever, this makes the situation worse rather than 
better. This discrepancy cannot be removed by 
small changes in h and /i0; one would have to as­
sume p-values quite different from the experimental 
ones to obtain X-values which are larger than unity 
for all values of x0. It appears, therefore, that the 
theory of Katchalsky and Lifson does not apply to 
the molecules of carboxymethylcellulose.

(b) Second Virial Coefficient.—The mixture of 
NaCMC and NaCl in water is a three-component 
system. The light-scattering by solutions consist­
ing of more than two components has been dis­
cussed by Zernike,22 Brinkman and Hermans,23 
Kirkwood and Goldberg24 and Stockmayer.26 For 
three components we have, in Stockmayer’s no­
tation

Rw/K' — (ipl 0-33 — 2/2/3^23 +  — U|i)~l (5)
where K 1 =  103.27r2n2/ArAX4. The index 2 refers 
to the polymer salt, the index 3 to NaCl; \p\ =  
dn/dm-i where m,i is the concentration of component 
i in mole per liter; a\\ =  din a,/d»q where a\ is the 
activity of component i.

The application of eq. 5 to serum albumin in 
NaCl solutions has been discussed by Edsall, 
Edelhoch, Lontie and Morrison.26 Taking into 
account that the molecular weight of our polymer 
is about 80.000, the value of \p2 in our present in­
vestigations is about 11. Edsall, et al., mention a 
value of 13 for their serum albumin, and the con­
centrations of polymer and NaCl examined by them 
are of the same order of magnitude as in the present

T a b l e  I V

S f.co .nd  V ir ia l  C o e f f ic ie n t  A  fo r  N aC M C  in  A q u e o u s

NaCl fo r  V a r io u s  V a l u e s  o f  t h e  I o n ic  St r e n g t h  x 0

I, Pals, osmotic pressures; II , present work, light-scattering; 
III , D oty and Schneider, light-scattering; IV , D oty and 

Schneider, divided by 4 (see text).
xo ( = m3), 

mole/1.
103.4 from

Z 2/2m3-term I -103 A experimental 
II III IV '

0.5 7.7 ~ 3 ~1
.4 2.9 0.57
.2 5.7 1.6
.18 8.5
.05 77 13.8 3.45
.046 24 4.6
.04 28 0.4
.012 135 9.0
.01 385 37.6 9.4
.003 540 22
.0007 2150 78

(22) F. Zernike, Arch. Neerl. Sci. I l l ,  A4, 74 (1918).
(23) H. C. Brinkman and J. J. Hermans, J. Chem. Phys., 17, 574 

(1949).
(24) J. Kirkwood and R. J. Goldberg, ibid., 18, 54 (1950).
(25) W . H. Stockmayer, ibid., 18, 58 (1950).
(26) J. T. Edsall, H. Edelhoch, R. Lontie and P. R. Morrison, J. 

Am . Chem. Soc., 72, 4641 (1950).
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work. We need not, therefore, repeat their argu­
ment and may merely quote the result obtained. 
Kct/Rm =  l/M  +  ( 103/i l f 2)c2 [Z'-/2mz +  ftj -

^23^3 (2 +  ftsma)-1 ] (6)

Z is the valency of the polymer ion and M  its molec­
ular weight; ftj = din yjòm-, where y, is the ac­
tivity coefficient a\lmx of component i.

From the osmotic measurements of Pals27 it was 
concluded that the second virial coefficient can be 
qualitatively accounted for by the first term in the 
brackets: Z 2/2ra3. Quantitatively, however, the 
agreement was poor, as could be expected: the 
ratio between the experimental slope of the x /c  ver­
sus c line and that calculated from the Z 2/2m3 term 
varied between 2 and 4. As shown in Table IV, 
a similar result is obtained from an evaluation of our 
fight scattering data while, moreover, it is clear that 
the ratio between the experimental slope and that 
derived from the Z 2/2?ns term decreases with de­
creasing electrolyte content. In Table IV we 
have added the values of A reported by Doty and 
Schneider28 for a sample of NaCMC in aqueous so­
dium chloride. The carboxymethylcellulose inves­
tigated by these authors was not fractionated, had 
a weight average molecular weight of 1.75 X  105 
and contained 1.15 carboxymethyl groups per glu­
cose unit. This means that the charge density 
Z/M of their sample was about twice as large as 
that of ours. For this reason we have divided their 
A-values by 4 (sixth column of Table IV). It can 
be seen in Fig. 8 that all the A-values so obtained

x0 X  104.
Fig. 8.— Double logarithmic plot of second virial coeffi­

cient A versus ionic strength x»: dotted line, calculated from 
7 2/2m 3-term : (O )  Pals, from osmotic pressures; ( □ )  pres­
ent work, light>scattering: (A) D oty and Schneider, divided 
by 4 (light-scattering).

fall in fine with each other. The rather dubious
(27) D . T . F. Pals, thesis, G roningen, 1951, Ch. I I ;  D . T . F. Pals 

and J . J. H erm ans, Rec. trav. chim., 71, 458 (1952).
(28) P. D o ty  and N. Schneider, O N R  report, D ecem ber 15, 1952,

light-scattering value at x0 =  0.18 mole/1. has been 
omitted. It is doubtful whether the exception­
ally low values of A at ionic strengths 0.4 and 0.5 
mole/1. are real: according to our experience27 the 
NaCMC molecules show some tendency toward 
association when the NaCl content becomes high.

If in Fig. 8 attention were restricted to the os­
motic values, indicated by circles, one might be 
inclined to draw a fine parallel to the dotted one, 
which would mean that A varies linearly with 1/xo 
(see Pals, ref. 27). Taken together, however, the 
data suggest that A is roughly proportional to x0~! 
where s is about 2/ 3.

A closer comparison with eq. 6 would be possible 
if activity coefficients were known. A theoretical 
expression for In y3 has recently been given by 
Ivatchalsky and Lifson.19 In the notation of the 
present paper their equation runs 
— kT  In 73 — xe2/2e  -{-

( 3 7 2e2/e)(^ o2 +  6h)-hrh(2m z +  Zni f f " 1 (7) 

Here k is the characteristic reciprocal length of the 
theory of Debye and Hiickel. According to Katch- 
alsky and Lifson one must include in k- all the free 
ions but omit the charges fixed on the polymer chain 

A  =  (4ire2/A T )(2m 3 +  Zmf) 10~3 N A

To calculate fin and fin we must determine the 
change of lny3 with m2 and ms, respectively. In do­
ing so, we must take into account that not only k 
but also h undergoes a change when m2 or m3 is 
varied. The change in h should be derived from 
eq. 3. However, this leads to very complicated 
formulas, and we know already that eq. 3 does not 
apply to our sample anyway. For this reason we 
have neglected changes in h in the calculation of 
fin and fin, the more so since it can be shown that 
the inclusion of these changes would not affect 
the conclusion given below.

Furthermore, eq. 6 is a series expansion in powers 
of ci and eq. 7 was derived by Katchalsky and Lif­
son on the assumption that all colloid particles are 
far apart from each other. To be consistent we 
must therefore use the values of /S23 and fin at the 
limit of zero polymer concentration (this is also 
the reason why m3 was identified with xo). The re­
sult of the calculation at the limit m2 =  0 is 

ft , =  -Ze\/(4tkTx<f) -  (3Z2e*/2dcTxo) ( * W  +  6 /t ) -1 

f e  =  —e^K/fitkTxtf)

When substituting this in eq. 6 it is found that in 
all cases examined /333to3 is small compared with 
unity, as was to be expected. Further, finm3 is 
always less than 3%  of Z 2/2m3. Assuming that 
the theory of Katchalsky and Lifson gives the cor­
rect order of magnitude for fin and /S33, this result 
shows that the large difference between the experi­
mental second virial coefficient and that calculated 
from the Z 2/2m3 term must be attributed to the 
value of jS22. The fact that the A-values of Doty 
and Schneider were brought into fine with ours 
when multiplied by 1/4 suggests that fin is approxi­
mately proportional to Z'1.
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Light scattering, titration and viscosity studies have been carried out on a sample of sodium carboxymethylcellulose 
(Afw =  440,000 ar.d degree of substitution 1.15) in the ionic strength range of 0.5 to 0.005. The object of this investigation, 
beyond that of characterizing the configur ational properties of this important polyelectrolyte, was to determine the depend­
ence of the molecular size, pH  and second virial coefficient, B, on ionic strength in order thereby to test certain theories and 
concepts of polyelectrolyte behavior. It was found that the root mean square end-to-end length increased 4 5 %  as the 
ionic strength decreased in the range studied. The increase predicted by the Hermans-Overbeek and Flory theories is 
considerably greater than this, whereas the Katchalsky-Kuhn theory can provide no predictions for this case._ The potenti- 
ometry studies show the opposite situation in that the values of pH-pKo are several hundred per cent, higher than the 
Hermans-Overbeek theory predicts but agree much better with the Katchalsky theory. These conclusions demonstrate 
the substantial inadequacy or incorrectness of existing polyelectrolyte theories and have motivated a re-examination of the 
theoretical problem by Harris and Rice which is presented concurrently. The dependence of B  on ionic strength shows 
little relation to the classical Donnan term. It is, however, correctly predicted from the molecular size alone showing 
thereby that in th:s ionic strength range the interaction of the polymeric ion is essentially the same as that of neutral polymer 
molecules. This indicates that the net charge of the polymeric ion is effectively shielded by its counterion atmosphere so 
that the excluded volume of the molecular chain and not electrostatic repulsions characterizes the intermolecular inter­
action.

From the extensive research on polyelectrolytes 
during the fifteen years that have elapsed since 
Kern’s pioneering investigations, one can conclude 
that the principal features distinguishing poly­
electrolytes from ordinary polymers and ordinary 
electrolytes are (1) the sensitivity of molecular 
dimensions to ionic strength and degree of ioniza­
tion, (2) the titration behavior or the dependence of 
proton binding on proton concentration, and (3) 
the binding of oppositely charged counterions which 
may be of two types, binding at specific charged 
sites and a non-localized binding due to the poten­
tial of the polymeric ion. Although considerable 
progress has been made, the quantitative explora­
tion of these areas and the subsequent testing of 
theories by such data has not proceeded very far.

The work described here was undertaken to 
provide some information on the first two of the 
features listed above. In particular, our interest 
focused on two questions: first, how do the dimen­
sions of the polymeric ions depend on ionic strength 
and is this dependence adequately accounted for 
by any of the current polyelectrolyte theories? 
Second, how does the interaction of the polymeric 
ions in solution as characterized by the second 
virial coefficient depend on ionic strength and 
what is the role of the classical Donnan term?

For this investigation sodium carboxymethyl­
cellulose (NaCMC) seemed well suited for several 
reasons. First, because of the relatively expanded 
mean configuration of the cellulose chain, the 
densities of charged groups are at a minimum. 
Since the Debye-Hiickel approximation is used in 
most theories, the lower density of charged groups 
within the domain of the polymer chain will lead 
to lower potentials which may lie within the re­
quirements of this approximation. Secondly, it 
was of interest to see how an ionized derivative of 
cellulose compared in molecular properties with its 
more orthodox counterpart, cellulose nitrate, which 
was undergoing a re-examination in this Laboratory

(1) This work was supported in part by the Office of Naval Research
(Contract No. N5ori-07654) and was reported in part at the Los
Angeles Meeting of the American Chemical Society, March 20, 1953.

at the same time.2 A further argument for the 
choice of this polymer lay in the fact that, although 
it is a very important cellulose derivative, its 
behavior in solution had not been studied by the 
usual physical methods. However, since this work 
was initiated, such an investigation of NaCMC 
has been reported.3 There has been little overlap 
with this work because osmotic pressure determina­
tions rather than light scattering ones were em­
ployed. Some relationships between these investi­
gations are taken up in the last section.

Experimental Measurements
Sam ple.— The sodium carboxymethylcellulose (N aC M C )  

used in this investigation was kindly furnished by the Her­
cules Powder Co. It had been prepared from cotton linters 
on a laboratory scale under conditions which yield a product 
of greatest homogeneity with respect to substitution (U . S. 
Patent 2 ,517,577). The Hercules number for this sample 
was C M C  120 High, X7520-52.

Titration.— A sample of the polymer in 0 .5  N  N aCl was 
first adjusted to pH 11 and then titrated with standardized 
HC1. Corresponding data were taken for the solvent and 
after adjustment for the greater volume of the N aC M C  
solution at each pH the values for the solvent were sub­
tracted. For a 10-cc. sample containing 0.350 g ./d l. of 
N aC M C  5.39 cc. of 0.0294 N  HC1 was required. This 
corresponds to a degree of substitution of 1.15 carboxy- 
met.hyl groups per glucose unit in good agreement with 
the value of 1.2 which had been aimed at in the etherification 
reaction. M ost of the measurements recorded below were 
carried out at a degree of neutralization, a, of 0 .96 .

Approximate measurements were made of the pH at 
several degrees of neutralization for the four ionic strengths 
at which light scattering and viscosity measurements were 
made. These are listed in Table I . Except for the lowest 
ionic strength solution, these results extrapolate to a value 
of 3.40 for pKo, the pH at which a becomes zero. This is 
in agreement with Pals and Hermans.3

V iscosity .— Viscosity measurements were carried out in a 
three-bulb modified Ubbelohde viscometer with a large res­
ervoir, which made it possible to measure viscosities at 
three gradients with dilutions made directly in the instru­
ment. The gradients lay within the range of 50 to 250 sec.-1 . 
For N aC M C  in 0 .5  to 0.005 M  N aC l, the gradient depend­
ence was within probable experimental error and therefore 
the measurements may be accepted as free from gradient

(2) A . H oltzer, H . B en oit and P . D o ty , T h i s  J o u r n a l , 58 , 624
(1954).

(3) D . T .  F . Pals and J. J. H erm ans, Rec. trav. chim., 71, 433, 458, 
513 (1952).
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T a b l e  I

T h e  V a l u e  o f  pH +  l o g  (1  — a )/ a  f o r  N aC M C  S o l u ­
t i o n s  a s  a  F u n c t i o n  o f  I o n i c  S t r e n g t h  a n d  D e g r e e  o f  

N e u t r a l i z a t i o n

D egree o f 
neutraliza­

tion 0 .5 0 0
N orm ality  o f  N aC l 
0 .0 5 0  0 .0 1 0 0 .0 0 5

0 .4 0 3 .56 3 .77 4 .40 4 .95
0 .6 0 3 .62 4 .02 4 .69 5 .34
0 .8 0 3 .71 4 .1 4 4 .8 0 5 .55

dependence. The results in NaCl are shown in Fig. 1 and 
in other electrolyte solutions in Fig. 2.

Fig. 1.— Reduced specific viscosity of N aC M C  in various 
NaCI solutions.

Light Scatterin g.— The light scattering measurements 
were carried out in a modified Brice-Speiser Photometer4 
using an0Erlenmeyer-flask-shaped scattering cell and light 
of 4360 A . wave length. The specific refractive index in­
crement, dn/dc, for N aC M C  was determined in both a dif­
ferential refractometer and a Zeiss interferometric refrac- 
tometer. In 0 .5  M  N aC l the value of dn/dc was found to 
be 0.154 for a wave length of 4360 A . This gives for the 
constant K  in the light scattering equation a value of 3.93  
X  10 “ 7. A t the lower ionic strengths the Gladstone-Dale 
mixing law, which has been found to serve adequately in 
similar cases, gave for dn/dc 0 .158 and correspondingly the 
value of K  becomes 4.13 X  10-7 .

The solutions were clarified by centrifuging at least 90 
minutes at 44,000 g in a Spinco preparative ultracentrifuge. 
Two-ounce Polythene bottles with bakelite caps were adapted 
to serve for centrifuge tubes as described elsewhere.2 The 
solvent was measured first and then successive amounts of 
solution were added from the pipet in which the centrifuged 
solution was stored.

The circular uniformity of the cell was demonstrated by 
the fact that the scatterings from fluorescein solutions were 
constant to within ± 1 %  in the angular range of 3 0 -13 5 °. 
The cell constant, used to convert measurements for this 
type of cell to those for the square type with which the in­
struments had been calibrated, was determined by com­
paring the scattering from Ludox (SiCL) suspensions in both 
cells.

The results of a typical measurement are shown as a Zimm  
plot in Fig. 3 . In this and the other measurements it was 
found that the reciprocal envelopes (Kc/Re versus sin2 8/2) 
are curved and this causes some reduction in the accuracy 
of the extrapolation over that obtained with the usual linear 
envelopes.

(4) (a) B . A . B rice, M . H alw er and R . Speiser, J. Opt. Soc. Am., 
40, 768 (I9 6 0 ); (b ) P. D o ty  and R . F. Steiner, J. Chem. Phys., 18, 
1211 (1950).

Fig. 2.— Reduced specific viscosity of N aC M C  in various 
aqueous solvents.

The type of curvature observed here could conceivably 
arise from three causes: (1) polydispersity substantially ex­
ceeding that corresponding to a weight to number molecular 
weight average of 2, (2) the non-Gaussian character of the 
chains in the sense that the mean end-to-end dimension w'as 
less than about three times the contour length, and (3) the 
non-Gaussian character of the chains in the sense that the 
mean segment density about the center of gravity was more 
concentrated near the center than in the usual case. A  
similar situation has arisen in the study of cellulose nitrate2'6 
and there it was fairly definitely shown that this type of 
curvature in this molecular weight range is due solely to 
polydispersity. Accepting this as the case, a new method 
of evaluating such data becomes possible.5'6

Evaluation of Light Scattering D ata.— As shown in detail 
in the references cited, two limiting conditions apply to the 
reciprocal envelopes such as shown in Fig. 3 . A t sufficient 
low values of the parameter

(X' is the wave length of light in the medium, 8 the scattering 
angle, and r2 the mean square end-to-end dimension), that is, 
at sufficiently low angles or polymer chain dimension, we 
have the well known limiting case

r L 4 . [ >  +  ' h - ]  w
showing that the size determined is that of molecules hav­
ing the e-average molecular weight. However, since it is 
the weight average molecular weight that is determined by 
the intercept, the comparison of dimension and molecular 
weight or the evaluation of the effective bond length, 
(r^/Ny/t (N  is the degree of polymerization) requires an 
assumption or an estimate concerning the molecular weight 
distribution. The other limiting condition is that occurring 
at sufficiently high values of the parameter u where we have

+  (3)

This defines an asymptote, the slope and intercept of which 
give the number average molecular weight and the dimen­
sion thereof independent of the molecular weight distribu­
tion. Relying again on the experience with cellulose ni­
trate2'5 we can conclude that in the sample under considera­
tion the low angle measurements do lie on the limiting slope 
and the high angle points are at least close to the asymptote. 
Assuming this to be the case, the data at the four ionic 
strengths investigated can be evaluated. The results are 
assembled in Table II .

(5) H . B enoit, A . H . H oltzer and P . D o ty , T h i s  J o u r n a l , 58, 635
(1954).

(6) H . B enoit, J. Polymer Sci., 11, 507 (1953).
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Fig. 3.— Light scattering plot for N aC M C  in 0.05 M  NaCl.

T a b l e  II

D a ta  on N aCM C C omputed D ir e c t ly FROM L ig ht

Scattering P lots
Ionic B X

strength 10= Mw M u Tv,2, A. iv t  Â
0.500 1.35 365,000 121,000 2140 825

1.67 480,000 208,000 2420 1220

.050 5.70 410,000 170,000 2440 1140
5.70 410,000 170,000 2440 1140

.010 14.9 443,000 152,000 3170 1300
16.6 488,000 170,000 3030 1170

.005 26 .0 475,000 (94,000) 3660 (960)

Av. 440,000 165,000

The values of the dimensions listed in Table II  were ob­
tained by multiplying the square root of the ratio of slope 
to intercept by appropriate constants (see reference 5). 
Some improvement may be expected if the reciprocal of the 
average molecular weights above is used instead of the inter­
cepts obtained for each individual experiment. The re­
sults of this procedure are shown and averaged in Table III . 
The high angle data at 0.005 ionic strength clearly led to un­
acceptable results. This may be due either to increased 
experimental errors due to diminished scattering or to the 
onset of downward curvature_due to chain stiffness.7 As a 
consequence the value of y/f„2 in this case is computed by 
multiplying the V v  value by the average of the ratio 
(rn2/r 22)'/i =  2 .27 , for the other three sets of measurements. 
In addition the intrinsic viscosity data are listed in Table III .

Inasmuch as the experimental data from which these re­
sults were derived were obtained before the importance of 
high angle data was appreciated and since computations in­
volving such data require the additional assumption that the

T a b l e  III

S um m ary  of M o le c u l a r  P r o p e r t ie s  o f  S o d iu m  C a r b o x y - 
METHYLCELLULOSE AS A FUNCTION OF IONIC STRENGTH

Ionic B X Individual values Av. ■values
strength HP hi yfrTi y/rni y/fii y j  r,i2

0.500 1.51 6.8 2370
2230

970
1095

2300 1030

.050 5.70 10.2 2450 1110 2450 1110

.010 15.7 15.9 3010
2860

1265
1205

2935 1235

.005 26.0 20.5 3350 1475 3350 1475

data lie on the asymptote, the larger scattering of number 
average results is to be expected. It is interesting to note 
that if r2 is proportionahto M  as it was found to be in cellu­
lose nitrate2 the ratio, r^ / r j,  can be used in conjunction 
with the molecular weight measurements to estimate M ,. 
The value obtained is 850,000 and the proportion M n'M w: 
M t is 1:2.65:5.15. This result is considerably larger than 
that corresponding to the most probable distribution of 
molecular sizes but is very similar to the estimates made on 
cellulose nitrate samples.1'6 The z and number average de­
grees of polymerization are 3320 and 645 and the correspond­
ing contour lengths are 17,100 and 3320 A . Upon com­
paring these with the dimensions in the last two columns 
of Table I II , it is seen that the ratio of the contour length 
to the mean dimension in most cases exceeds a value of three 
to four which is usually taken as the criterion of chains 
whose mean configurations are Gaussian.8 The exceptions 
are number average values at the lower ionic strengths but 
since the lowest ionic strength value was obtained from the 
z-average dimension it is not likely that the results listed 
are significantly affected by the contribution of non-Gaus­

(7) A. Peterlin, M a k ro m o lek . C h em ., 9, 214 (19531- (8) H. Benoit and P. Doty, T his Journal, 57, 958 (1953).
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sian chains to the character of the reciprocal scattering en­
velope.

The Ionic Strength Dependence of the Molecular 
Dimensions

Since both number and z average sizes are avail­
able from Table III, we can utilize both by com­
puting the effective bond length, b =  (r2/N)l/l, 
employing the appropriately averaged degree of 
polymerization, N. In Table IV the values of the 
effective bond lengths computed in this way are 
listed. The differences between the values ob­
tained using the number and z average is of the 
order of probable experimental error : consequently 
they are averaged to obtain the values to be used in 
the following discussions. The last entry (0.005 
M  NaCl) is the least accurate for the reasons 
already mentioned. The values of (r2/V ) I/! extra­
polate to 37.4 A. at infinite ionic strength. This is 
to be compared with 35.0 for cellulose trinitrate in 
acetone.2

T a b l e  IV

T h e  E f f e c t iv e  B ond  L e n g th s  an d  D im en sio n s  of 
So d iu m  C a r b o x y m e t h y l c e l l u l o s e  as  a  F u n ctio n  of 

I o n ic  Str e n g t h

Ionic (r.yiYJ'/J, (roVJVn) V2, (rVAOav. »/>, (rw2) Vs,
s t r e n g t h A. Â . Â . Â . or O'2

0 . 5 0 0 3 9 . 8 4 0 . 6 4 0 . 2 1 6 7 0 1 . 0 7 8 1 . 1 6 1

.0 5 0 4 2 . 5 4 3 . 8 4 3 .  1 1 7 9 0 1 . 1 5 6 1 . 3 3 6

. 0 1 0 5 0 . 9 4 8 . 6 4 9 . 8 2 0 7 0 1 . 3 3 5 1 . 7 8 0

. 0 0 5 5 8 . 1 5 8 . 1 5 8 . 1 2 4 1 0 1 . 5 5 2 . 4 1

We now wish to compare these values with the 
theories due to Hermans and Overbeek,9 Kuhn, 
Katchalsky and others,10 and Flory.11 In the 
Hermans-Overbeek theory the polyion is considered 
as a sphere in which the separate charges are re­
placed by a continuous charge distribution and the 
small ions are assumed to be governed by the 
Poisson-Boltzmann equation. Using the Debye- 
Hiickel linearization approximation, the latter is 
solved and the electrical free energy of the polyion 
as a function of its size is thereby derived. Adding 
this to the customary entropy term in the exponent 
of the normal distribution function for molecular 
extensions, and averaging leads to the following 
expression relating size and ionic strength for the 
conditions under which our experiments have been 
made. The result is expressed in termsof quantity 
y2 which is equal to (1 +  r2/r 02) where r02 represents 
the mean square end-to-end length for the un­
charged polymer chain. Then

where a2 =  (36/5r02) ,/!(3Z2e2/2efcT), Z representing 
the number of charges per polyion and 6 the dielec­
tric constant, k is the reciprocal Debye radius. 
This relation can be approximated by a much 
simpler one in the range of interest9

y 2 =  l  +  «2 =  1.55 +  0.53 -  (5)

(9) J. J. Hermans and J. T. G. Overbeek, Rec. trav. chim., 67, 762 
(1948); Bull. soc. chim. Belg., 57, 154 (1948).

(10) A. Katchalsky, O. Kunzle and W. Kuhn, J. Polymer Sei., 5 ,  

283 (1950); A. Katchalsky and S. Lifson, ibid., 11, 409 (1953).
(11) P. J. Flory, J. Chem. Phya., 21, 162 (1953).

where a 2 has replaced r2/r 02. Thus it is seen that 
a 2 should vary linearly with 1 / k, that is, with the 
reciprocal of the square root of the ionic strength.

Since there is considerable evidence that cellulose 
derivatives are free-draining chains (see, for ex­
ample, reference 2), the intrinsic viscosity should 
be proportional to r2 and a2. Hence equation 5 
predicts that [r;] should be proportional to 1/ k. 
Behavior of this type has already been demon­
strated by Pals and Hermans3 and our results 
plotted in Fig. 4 provide further confirmation. 
Similar results would be expected when r2 or a2 
¡s plotted. Values of rw2 are obtained by multiplying 
the averaged values of the effective bond length 
by V N W. If these are plotted against 1/k, the 
extrapolation back to zero yields a value of 1550 
±  70 A. for \A y, With this value the expansion 
factor, a , can be evaluated: the results are listed 
in Table IV and plotted in Fig. 4.

Fig. 4.— Dependence of molecular expansion of N aC M C  
on ionic strength. Abscissa is Debye radius. Ordinate is 
intrinsic viscosity and a 2. The dashed line represents the 
variation of a 2 predicted by the Hermans-Overbeek theory. 
Values denoted by 0  correspond to [17] in calcium nitrate 
solutions.

Having seen that the functional relationship of 
Hermans and Overbeek is supported, it is of interest 
to see whether our data are in quantitative agree­
ment with equation 4. Hence a must be evaluated. 
Using the weight average charge per molecule, Z, 
we find a =  0.44, giving rise to the dashed line in 
Fig. 4. The slope of this dashed line in its nearly 
linear region is about 8-fold greater than the one, 
drawn through the experimental points. This 
means that the Hermans-Overbeek theory predicts 
about a three times greater rate of expansion with 
increasing Debye radius ( 1 / k )  than is found experi­
mentally for NaCMC.

Turning next to the Flory theory, we find again 
the spherical model employed and the method used 
is an extension of his basic calculation of the 
expansion of non-electrolyte polymers by long range 
interactions. The use of the Donnan equilibrium 
theory to calculate the osmotic contribution of the 
mobile ions to the free energy of expansion of the 
polymer molecule leads to the relation

-  a 3 =  2 C „ 7 ( 1  -  M 'A +  2 C ii2M l/*/S (0)
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where

Cl =  3.56 X 10-22 (h i2)  3/í M 0~-

Mo being the monomer weight, i the degree of 
charge, and $ the ionic strength. The first term is 
the non-ionic contribution and the second is the 
first of a series of terms making up the ionic con­
tribution. For univalent ions higher ionic terms 
may be neglected. The value of r02 in terms of 
which Ci is defined has here the clear meaning of 
the mean end-to-end length exhibited by the 
molecule when the second virial coefficient is zero. 
This is a somewhat different definition than that 
adopted by Hermans and Overbeek. In this case, 
however, it appears that the difference is small 
numerically. If the second virial coefficients in 
Table III are plotted against the reciprocal ionic 
strength or the square root thereof, it can be seen 
that either extrapolation leads to essentially zero 
values of B at infinite ionic strength. We shall 
therefore continue to use the same values of r02 
and a as before.

The comparison between equation 6 and the 
data is made in Fig. 5, where a6 — a3 derived from 
values given in Table IV is plotted against recipro­
cal ionic strength. Excluding the least reliable 
point a linear relation is observed. The small 
finite value of the intercept corresponds to a =
1.06. This is within probable experimental error 
of unity. However, if it were accepted as real and 
new r02 and a values computed, the slope of the new 
plot would be only 30% greater. This difference 
is negligible when we turn to the value of the slope 
predicted by equation 6. This is plotted as the 
dashed line in Fig. 5 and the slope is seen to be 
about 30 times that of the experimentally deter­
mined line. In terms of a this difference is com­
parable to that found for the Hermans-Overbeek 
theory. For example, in the 0.01 M  NaCl case, 
it is found that the Flory theory predicts a =  2.0 
and the Hermans-Overbeek 2.7 in comparison with 
the experimental value of about 1.4.

(Ionic strength)-1 .
Fig. 5.— Plot of a 5 — a z against reciprocal ionic strength: 

O, light scattering values; — , plot of equation 6.

The Kuhn-Katchalsky theories are the only ones 
which preserve in the model the essential chain-like 
character of the polyelectrolyte. In this theory it is 
assumed that the probability of the various possible 
configurations of the chain depends only on its 
mean end-to-end length. The electrical free energy 
is then computed in terms of the electrostatic 
interaction among the different chain charges as a 
function of the end-to-end length. The relation

between a and the ionic strength as represented by 
the Debye-Huckel k contains the mean end-to-end 
length V n  and a factor X defined in terms of the 
ratio of n/D  to the contour length (length at maxi­
mum extension), L. The result may be written

___z v ___

3 eiri’ V P X

6 a 2

r2

U a 7 t V r ! \~1
1 + 6 a 2A v W J

It is somewhat surprising to find that this equation 
has no solution for the values of ionic strength 
used in this investigation and hence no comparison 
is possible. The nature of this failure can be seen 
if X is set equal to unity since solutions then exist 
for all ionic strengths. These solutions, however, 
correspond to impossibly large values of r2, that is 
to values which would require the end-to-end 
length to exceed the contour length. Therefore, 
it appears that serious errors having the effect of 
vastly overestimating the expansion due to intra­
chain electrostatic repulsions have been made. 
Thus we conclude that this theory, while employing 
the most realistic model, offers the least adequate 
representation of the data. A thorough theoretical 
investigation of this situation has been undertaken 
by Harris and Rice12 and they are reporting their 
results concurrently.

Returning to the relatively moderate overestima­
tion of the expansion made by the Hermans-Over­
beek and Flory theories, the observation may be 
made that a correction in the required direction 
and order of magnitude could be introduced if the 
neglect of counter-ion binding were taken into 
account. If one uses as an estimate the measure­
ments on sodium polyacrylate13 and sodium poly- 
methacrylate,14 the charge Z should be reduced by a 
factor of about 2. Introducing this change into 
the expression for a, equation 5 is then brought into 
good agreement with the experimental points.
The Interrelation of pH and Molecular Expansion

In the dissociation of weak monobasic acids, the 
sum of the pH and log (1 — a)/a is equal to pKn 
where A'0 is the intrinsic dissociation constant. 
For polybasic acids the electrical free energy of the 
polyion opposes the dissociation. Overbeek15 pro­
posed that this effect on the pH of polybasic acids 
could be represented by

pH +  log (1 -  a)/a  =  PK 0 +  ( | J )  (8)

where Fe is the free energy of electrical origin per 
polyion and Z is the number of elementary charges 
per polyion. The expressions for (5Fe/dZ) ob­
tained by Hermans and Overbeek and by Katchal- 
sky are, respectively

( S ) -
648Ze2

5 3/2tK2 -(- 7-2)

/ ò / ’V
U  z ,

2 Ze2 
f(r2)’A

In ( i + m ? )
V Kr„2 /

(9)

(10)

(12) F. E. Harris and S. A. Rice, J. Polymer Sei., in press (1954); 
T his J ournal, 58, 725 (1954).

(13) J. R. Huizenga, P. F. Grieger and F. T. Wall, J. Am. Chem. 
Soc., 72, 2636 (1950).

(14) A. Oth and P. Doty, T h i s  J o u r n a l , 56, 43 (1952).
(15) J. T. G. Overbeek, Bull. soc. chim. B e l g 57, 252 (1948).
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Using these to compute the last term in equation 8, 
one obtains the results listed in Table V. These 
are to be compared with the values of pH +  log 
(1 — a)/a — pK0 which are tabulated in the last 
column. These values are obtained by extrapolat­
ing the data in Table I to a =  0.96 and subtracting 
pK0 (3.40).

T able V

Comparison of pH +  log (1 — a)/a  — pK« with Experi-
MENT

Ionic Equation
strength 9

0 .50 0 0 .0005
.050 .0044
.010 .0174
.005 .0256

Equation Experi­
10 ment

0 .123 0 .3
.371 0 .9
.795 1 .4

1.07 2 .2

It is seen that the Hermans-Overbeek equation 
underestimates this quantity by a factor of 100 to 
800 whereas the Katchalsky equation differs only 
by about a factor of 2. Since the use of the bulk 
dielectric constant can easily be in error by a factor 
of 2, we conclude that equation 10 adequately 
represents the experimental data.

It is paradoxical that the Hermans-Overbeek 
theory which serves rather well for the expansion 
of the polyion cannot predict the pH, whereas the 
Katchalsky theory which requires an impossible 
extent of expansion yields an accurate estimate of 
the pH. In other words, it appears that the 
Katchalsky theory adequately accounts for the 
potential close to the chain against which ionization 
occurs but fails badly in dealing with the effects of 
this potential on longer range interactions on which 
the expansion depends. The reverse situation 
seems to hold for the Hermans-Overbeek theory. 
These same conclusions can be derived from the 
earlier investigation of polymethacrylic acid.14

Despite the fact that a reasonable modification 
of the charge of the polyion to take account of 
counter-ion binding brings the Hermans-Overbeek 
theory into excellent agreement with chain ex­
pansion, two reservations must be made. One is 
the increasing inadequacy of the approximation of 
spherical symmetry with increasing expansion. 
The general success of the Flory molecular con­
figuration theory for non-electrolyte polymers 
indicates that this approximation is a useful one 
when only short range forces are involved. How­
ever, this approximation is surely put to a more 
severe test with longer range electrostatic forces. 
The other reservation lies in the use of the Debye- 
Hiickel linearization approximation which assumes 
that ep/kT is less than 1.

Now it has been proposed16 that ep can be 
identified with (dFe/0Z) and could therefore be 
determined from titration data. Using this pro­
cedure on the data in Table I, one finds that, 
ep/kT is less than 0.5 for the NaCMC investigated 
here only when the degree of dissociation is less 
than 0.5 and the ionic strength greater than 0.5. 
Under the conditions employed in this study, the

(16) G. S. Hartley and J. W. Roe, T ra n s . F a ra d a y  S o c ., 36, 101
(1940). See also A. Katchalsky, N. Shavit and H. Eisenberg, J .
P o ly m er  S c i ., 13, 69 (1954).

value of ep/kT ranges from 1 to 8.17 Consequently 
the requirements for the use of the Debye-Hiickel 
approximation do not exist in this system and the 
approximate agreement that has been obtained 
with the polyion expansion is probably fortuitous.
The Second Virial Coefficient in Polyelectrolyte 

Solutions
We pass now to a brief consideration of the effect 

of electrostatic forces on intermolecular interactions 
in dilute solution. These interactions are most 
clearly assessed in terms of the second virial 
coefficient, that is, the quantity B in the light 
scattering equation Kc/R0 =  1 /M +  2Be, and the 
osmotic pressure equation t/cRT =  l/M +  Be. 
The values of B listed in Table III show that it 
increases sharply as the ionic strength is decreased. 
Our principal interest lies in the origin of this varia­
tion.

Two extreme situations may be visualized. In 
the first the polyions exhibit a net charge whose 
shielding decreases with lowering ionic strength 
thereby increasing the mutual repulsion among the 
polyions. If the potential is so low (ep/kT <  1) 
that the counterions can distribute themselves 
between the atmosphere and the solution, this case 
approaches that of the classical Donnan membrane 
equilibrium and the dominant term in the expres­
sion for B should be 1000Z2/2H i2m3 where m3 is 
the molality of the third component, in this case 
NaCl. This has been shown to be the case in solu­
tions of charged protein molecules at ionic strengths 
below about 0.02.18 Mysels19 has recently examined 
in some detail the consequences to be expected 
in light scattering for the idealized case of Donnan 
equilibrium with all activity coefficients unity.

In the second case, representing the opposite 
extreme, the potential is quite high: ep/kT >  1. 
Under this circumstance the counterions are held 
close to the polymer chain. Since they are not 
lost to the body of the solution, the polyion is 
completely shielded and does not exhibit a net 
charge at average distances of approach to other 
similarly shielded polyions. In this case the charge 
Z does not manifest itself in intermolecular inter­
actions directly and the dominant term in B would 
be that due to the interactions of chains charac­
terized by the sizes which can be determined in­
dependently. Provided that the expansion is 
great enough for the value of B to be determined 
principally by the molecular size, the non-electro- 
static interaction energy being negligible, several 
ways exist for estimating the value of B for a chain 
molecule of given mass and end-to-end length. 
Perhaps the best of these is the relation based upon 
the Flory theory of molecular configurations which 
can be written in the following manner

»A N  
M 1 A

a 3) F (X ) (ID
(17) Harris and Rice (ref. 12) show that this identification of 

with (dFe/dZ) implies a random filling of charge sites with protons or 
bound counter-ions. If account is taken of this non-random filling, 
the value of ^  is reduced. Calculations similar to those made in their 
paper show that for the present case, however, the reduction would 
be quite small. Hence this estimate of e\p remains valid.

(18) J. T. Edsall, H. Edelhoch, R. Lontie and P. R. Morrison, 
J. Am. Chem. Soc., 7 2 , 4641 (1950).

(19) K. J. Mysels, T h is J o u r n a l , 58, 303 (1954).
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where N is Avogadro’s number and F(X) is a slowly 
varying function which takes on values in the 
range 0.98 to 0.76 for conditions employed here.

We can now see whether either of these extremes 
are satisfied by the data from Table III. The 
weight average of M  and Z is employed throughout. 
It can be shown that the average required is con­
siderably higher than the number average but some 
uncertainty is attached to the use of the weight 
average. The values of B calculated on the 
assumption that it arises only from the Donnan 
term or only from equation 11 are listed in Table VI 
together with the observed values. It is seen that 
Donnan term greatly overestimates B, becoming 
worse with decreasing ionic strength, whereas 
equation 11 offers agreement that is so good as 
to be at least partly fortuitous. Thus it appears 
that the second case described above is the one 
that applies to highly charged polyelectrolytes such 
as NaCMC.

T a b l e  V I

T h e  C o m p a r iso n  b e t w e e n  C a l c u l a t e d  a n d  O b s e r v e d  
S e c o n d  V ir ia l  C o e f f ic ie n t s

Ionic
strength Experimental

— B X  103----------
Donnan Eq. 11

0 .50 0 1 .45 1.01 1 .25
.050 5 .70 10. 1 3 .0 0
.010 15.0 5 1 .0 11.25
.005 2 0 .0 101.0 2 5 .0

This behavior is that which would be expected 
in view of the finding of the previous section that 
the value of t\p/kT is much greater than unity. 
As a consequence of these two observations, we 
view the polyion as a randomly-kinked chain en­
closed by a sheath of counterions which essentially 
neutralize its charge with respect to other polyions. 
The sheath of counterions is probably thinner than 
the Debye-Hiickel radius (4.2 to 42 A. in the pres­
ent case) but large enough to permit substantial 
repulsion of adjacent monomeric elements due to 
incomplete local shielding. This local repulsion is 
causes expansion with lowering ionic strength.

The Intrinsic Viscosity of Sodium Carboxymethyl- 
cellulose and Its Relation to Molecular Dimensions

In this final section we discuss briefly the de­
pendence of [y] on the composition of the aqueous 
solution serving as solvent, the relation of [y] to 
r2 and the related work of Pals and Hermans pre­
viously mentioned.3

The viscosity behavior in some other aqueous 
solutions is shown in Fig. 2. In dilute HC1 and in 
1 molar NaOH [y ] is found to be somewhat lower 
than in NaCl solutions of comparable molarity. 
Of course, in HC1 the acid groups are almost com­
pletely discharged and some difference is expected. 
The replacement of NaCl by NaOH, which changes 
[y] from 6.5 to 4.7, is hardly predictable but is pre­
sumably the result of the strong interactions 
possible between NaOH and the hydroxyl groups. 
It is interesting to note that cellulose trinitrate of 
the same chain length in acetone would exhibit 
very nearly the same intrinsic viscosity as found 
here for NaCMC in 1 M  NaOH.

The two measurements in Ca(N03)2 solutions 
serve to show the extent to which the ionic strength 
principle fails in polyelectrolyte solutions. If the 
Debye-Hiickel theory were applicable, it would be 
expected that no change would be brought about 
upon replacing Na~ by Ca++ at the same ionic 
strength. It is seen from Fig. 4, where these two 
points are plotted as diamonds, that very substan­
tial reductions [y ] occur. This may be due to more 
effective shielding of polyion charges by bivalent 
ions or to the contracting effects of chelation.

We turn now to the relations of the intrinsic 
viscosity to the sizes determined from light scatter­
ing (Table IV). If it is assumed that the polymer 
is at all ionic strengths behaving as a free draining 
coil, the Kirkwood-Riseman equation can be 
employed to calculate the frictional constant of the 
monomeric unit, f . This relation is

f  =  2400y0M o M /(rT W )

and upon substitution it is found that f  equals 2.70 
3.26, 3.78 and 3.70 X lO“ 10 for 0.5, 0.05, 0.01, and 
0.005 ionic strength, respectively. Recalling the 
greater uncertainty for the lowest ionic strength, 
there is some evidence here that the value of f  is 
increasing with expansion of the polymer chain 
but further work would be required to prove this 
point. The value of f  for the 0.5 M  NaCl solution 
is the same as that found for the best fit of the more 
extensive data on cellulose nitrate in acetone.2 
Consequently it appears that at high ionic strength 
chain dimensions and mean configurations are the 
same for NaCMC as for cellulose nitrate of equal 
degree of polymerization. Since Staudinger law 
behavior was found in the latter case it is likely 
that the Staudinger constant found for the cellu­
lose nitrate-acetone system would provide a good 
estimate of degree of polymerization for NaCMC 
when measurements are made in 0.5 M  NaCl.

Finally, we take up a quantitative comparison of 
this work with that of Pals and Hermans.3 Their 
principal conclusion is that the dependence of size 
computed from viscosity measurements is in ex­
cellent agreement with the predictions of the 
Hermans-Overbeek theory. However, our results 
show a pronounced difference and moreover indicate 
that the model employed for the theory is not repre­
sentative of NaCMC.

Pals and Hermans determine what we have called 
a by use of the relation: [y] / [y]o =  r2/r 02 =  a1 
where the subscript zero refers to the values extra­
polated to infinite ionic strength. When this is 
applied to our data, it is found that the fractional 
expansion  ̂(a — 1) is about double that deduced 
from r2/r 02- For example, in 0.01 M  NaCl the value 
of a from viscosity is 1.73 in comparison with 1.335 
from light scattering. This disagreement is equiv­
alent to the finding, noted above, that the frictional 
constant depends on the state of expansion because 
the use of the equality of the viscosity and r2 
ratios implies that the frictional constant remains 
constant. Because of the uncertainties in assigning 
values to [y]o and r02 and the probable error in r2, 
it does not appear that a choice can now be made 
as to which procedure yields the more nearly correct 
values of a. However, even if the viscosity esti­
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mates were taken as correct the gap between our 
earlier results and the Hermans-Overbeek theory 
would only be narrowed about one third of the 
way. The remainder, and really the major differ­
ence, lies in the evaluation of the quantity a in 
equation 5. For this we have used weight average 
values of the charge, Z, and the unperturbed 
length, r02. Pals and Hermans, on the other hand, 
have used a number average for Z and have evalu­
ated n,2 in an indirect fashion involving the use of 
the theory itself. Had we followed their procedure 
on this point, we would have obtained a value of r02 
that is 2.7 times that which we have employed. 
The sensitivity of this procedure to the molecular 
weight distribution and its dependence upon the 
theory which is being tested are sufficient causes for 
using a more direct evaluation of r02. Having done 
this, it is our conclusion that the difference between 
the value of a computed by using measured values 
of r02 and Z and determined experimentally, sub­
stantially exceed probable experimental error.

It is a pleasure to acknowledge helpful discussions 
of this work with Drs. H. Benoit, S. A. Rice and 
W. H. Stockmayer and to express appreciation for 
financial aid to part of this work from the Mallinc- 
krodt Fund.

DISCUSSION
J. J. H e r m a n s  (University of Leiden).— Part of the 

discrepancies between D oty ’s results and ours probably can 
be explained by the larger charge density on the polymer 
chains investigated by him. The Debye-Hiickel approxima­
tion will accordingly be less adequate to describe his results. 
In fact, if one calculates the electric potential from the 
theory, it turns out that e^/kT  is less than V* in all cases 
examined by Trap. This is not true for the quantity (6F / 
6e)/k'T as derived from the titration data, where F  is the 
free energy. I should like to point out in this connection 
that the results of titration experiments are of dubious value 
for several reasons. (1) To calculate the degree of dissocia­
tion of the polymer, one has to take into account that the 
concentration of hydrogen ions inside the coil is different 
from the average concentration, and this cannot be done with 
great accuracy. (2) A  considerable uncertainty is intro­
duced by the unknown activity coefficients of the ions 
present. Arnold and Overbeek, who carried out titration 
experiments in the presence of potassium chloride, could not 
obtain agreement with theoretical predictions unless they 
replaced the activity coefficient of potassium chloride by 
that of hydrogen chloride at the relevant concentration. 
(3) There is also the so-called suspension effect.

It is possible that a correction for these factors would 
considerably reduce the discrepancy between the data de­
rived from the expansion and those derived from titration 
experiments.

A point of great interest which is clearly brought out by 
D oty’s work is the great sensitivity of calculated molecular 
dimensions to the value of the molecular charge Ze. This is 
due to the fact that the electrical free energy contains the 
square of 2 . In D oty’s sample the ratio between average 
2  and number average Z  is about 2.5 and this introduces, 
therefore, data a very large uncertainty in the dimensions cal­
culated from theory. Both this and the dubious value of 
titration data do, of course, reflect also upon the comparison 
between the theory of Harris and Rice and experiment.

G . E h r lic h  (General Electric Company).— The emphasis 
on the Donnan term shown in the preceding papers20 appears 
to warrant a more careful examination of the proper formula­
tion of the light scattering from polyelectrolytes. The 
Donnan term arises in the usual discussions of the scattering 
from such systems solely because of the requirement of 
electrical neutrality which we impose on the volume element

for which fluctuations are calculated, in recognition of the 
long range forces between the various charged species in 
solution. A  formalism (such as that proposed by M ysels,19 
for example) which does not account for these interactions 
by including both the Donnan term and activity coefficients 
to correct for the non-ideality of the solute species as well is 
obviously inconsistent. The more significant the Donnan 
term, the more important the deviations from ideality, so 
that a quantitative agreement with experimental results 
cannot be hoped for without a theory for the activity correc­
tions (022, etc.). Inasmuch as such a detailed theory is still 
lacking, emphasis on the Dorman term is understandable 
though unfortunate.

It is, however, possible to present a formalism, as rigorous 
as that of Edsall, et al., without explicit consideration of the 
counter-ions. This is most readily accomplished bv circum­
venting fluctuation theory and considering instead the 
optical problem of the scattering from an array of molecules 
whose arrangement in space is specified by the radial dis­
tribution function [/(It). For a polyelectrolyte we neglect 
as usual scattering due to small ions and density fluctuations 
and thus obtain the familiar relation

R „  =  K cM P (a )  [ l  + ~ f  (g(R) -  I] “ dv]

in which K  takes proper account of the optical constants of 
the scattering centers. For dilute solutions in the limit of 
zero scattering angle, h - * 0, and

B  being the second virial coefficient. The problem of the 
scattering from polyelectrolytes is thus equivalent to that of 
ordinary polymer solutions, namely, that of evaluating the 
distribution in space of the scattering centers; the fact that 
we are dealing with electrolytes enters of course in the speci­
fication of the forces which dictate the configuration peculiar 
to such systems. The results presented by Professor D oty  
indicate, however, that these are very satisfactorily approxi­
mated by segment-segment interactions typical of non­
polar polymer molecules.

The fact that in this interference treatment the presence 
of counter-ions need not be explicitly recognized should be 
apparent from thermodynamic reasons as well. As already 
shown by Stockmayer,21 the fluctuations in the concentration 
of the macrocomponent are determined by (dto/dN^T.p.ti, 
that is, by the concentration dependence of the chemical 
potential m of the macrocomponent, with all other chemical 
potentials being held constant.

Finally, it should be noted that the relations presented by 
Edsall, et al., are formally incorrect, due to an error in trans­
forming the concentrations originally employed by Stock­
mayer. Thus, for a simple tivo component system, the 
scattering intensity is properly given by

R „ =  K M VlR T / (b^ / bc)T.p

where <pi is the volume fraction of solvent. This term, 
previously omitted, will not affect molecular weights deter­
mined by extrapolation to c —► 0 ; its neglect in expressing 
the concentration dependence of scattering must be justified 
for each particular system under consideration.

G e o r g e  S c a tc h a r o  (Massachusetts Institute of Tech­
nology).— The net charge of colloid particle and bound 
gegenions can be determined, at least approximately, by 
measuring electrophoresis. The f e  term can always be 
eliminated by assuming the binding of additional ions of 
both species. It is often convenient to define the colloid 
component so that each formula weight of component con­
tains one mole of particles. If the colloid particle in sodium 
chloride is pictured as containing n sodium ions, c chloride 
ions and a net valence of z, which will be negative (or 
zero) for an acid, the component would be pictured as 
N a +(n-2/2)PZCl ( c + z / 2) .

(20) J. T. Edsall, H. Edelhoch, R. Lontie and P. R. Morrison, J. Am. 
Chem. Soc., 72, 4641 (1950).

(21) W. H. Stockmayer, J. Chem. Phys., 18, 58 (1950).
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The diffusion coefficients, in dilute aqueous solution, of some representative materials whose molecular weights range 
from 19 to 68,000 have been determined at several temperatures. The results indicate that the temperature coefficient for 
diffusion increases only slightly with increasing particle size and is less than that predicted by the Stokes-Einstein relation 
(assuming the diffusion radius to be independent of the temperature) only for solute molecules so small that the solvent, 
water, cannot be considered a continuum.

Within the last few years methods have been 
developed1-3 that permit the determination of 
diffusion in liquids with a precision of about 0.1%. 
Since the older data were often uncertain by several 
per cent, or more, this development has not only 
made possible the study of many interesting prob­
lems such as the concentration dependence of the 
diffusion coefficient and the variation in the diffu­
sion behavior of isomers but has also necessitated a 
re-examination of some of the prevalent ideas based 
on the older results. One of these is that the 
temperature coefficient of diffusion increases with 
the size of the diffusing particle. This conclusion 
is based on a table published by Oholm4 in 1913 
and cited by Taylor.5 After conversion of Oholm’s 
data to cm.2/sec. they are as follows

D s0 X  106 28 23-21 18-16 14-13 9 -8  5 -3 2-1
d 20/d >0 1 .18 1 .20 1.22 1 .25  1 .29  1 .35 1 .40
E n 2730 3010 3280 3680 4200 4950 5550

and predict that if a substance has a diffusion 
coefficient at 20° in the range given in the first row 
the ratio of this to the value at 10° will be approxi­
mately as given in the second row. Reference to 
the activation energies, E0, in the third row will be 
made later in this report.

Since there are reasons to think that the dimen­
sions of a particle are nearly independent of the 
temperature the variation of the ratio D2o/Dw 
with D represents a contradiction of the Stokes- 
Einstein relation and will be discussed below. 
The purpose of this report is to present the results 
of diffusion measurements of selected solutes at a 
sufficient number of temperatures to establish not 
only the value of the temperature coefficient but 
also the manner in which this changes with the 
temperature. The materials selected have a molec­
ular weight range of 19 to 68,000 and include those 
that previous work6 has shown to have extreme 
values for the temperature coefficient.

Experimental.— The method employed in the present re­
search was that of free diffusion from an initially sharp 
boundary between solution and solvent, the spreading of the 
boundary with time being followed optically with the aid 
of Rayleigh interference fringes. The Tiselius electro­
phoresis cell, modified to facilitate the formation of the Ray­
leigh fringes, has served as the diffusion cell. Except for 
the use of a platinum resistance thermometer to measure 
the thermostat temperature the experimental procedure was

(1) G. Kegeles and L. J. Gosting, J. Am. Chem. Soc., 69, 2516 
(1947).

(2) L. J. Gosting and M . S. Morris, ibid., 71, 1998 (1949).
(3) L. G. Longsworth, ibid., 74, 4155 (1952).
(4) L. W . Oholm, Medd. Vetenskapsakad. Nobelinst., 2, 1 (1913).
(5) H. S. Taylor. J. Chem. Phys., 6, 331 (1938).
(6) L. G. Longsworth, J. Am. Chem. Soc., 75, 5705 (1953).

the same as in previous work by the author and has been 
adequately described.3’6

Measurements have been made at 1, 13, 25 and 3 7 ° . ' 
At 37° two sources of difficulty were encountered only one 
of which has been overcome. Solutions prepared at room 
temperature are frequently supersaturated at 37° with re­
spect to dissolved air and this is likely to appear as bubbles 
on the walls of the diffusion channel. The use of freshly 
boiled water in preparing the solutions and storing them 
under reduced pressure effectively prevented bubble forma­
tion. The more serious difficulty arises from the relatively 
high temperature coefficient, dn/dt, of the refractive index 
of water at 3 7 °. In the case of a thermostat regulating 
near room temperature little energy enters or leaves the 
system. This is not true, however, at other thermostat 
settings and appreciable thermal gradients are then present 
in the bath water. At settings near 0 ° dn/di is quite small7 
and the thermal gradients are not accompanied by schlieren. 
At 37° on the other hand dra/di is relatively large and the 
resulting schlieren in the path of the light through the bath 
produce “ quivering”  of the Rayleigh fringes at the photo­
graphic plate. Although this fringe movement is largely 
averaged out over the 3- to 4-second interval required for an 
exposure it impairs the fringe definition. At 37° the diffu­
sion coefficients computed from successive exposures show 
larger deviations from the mean value for the experiment 
than at the lower temperatures. Partial immobilization, 
with the aid of a metal trough immersed in the bath, of the 
water in the light path appeared to reduce the schlieren 
somewhat. The thermoregulator used in the present re­
search was a Rudolph Graves instrument (Stockholm, 
Sweden) with a sensitivity of 0.01 to 0 .0 2 °. In future work 
it is hoped that the use of a more sensitive regulator, to­
gether with immobilization of the bath water in the light 
path, will minimize the schlieren. It should be noted that 
at 1° and 37° gradients of as much as 0 .03 ° existed between 
the hottest and coldest regions of the bath. More vigorous 
circulation is not contemplated, however, owing to the pos­
sibility of disturbing the diffusion process thereby.

Materials.— The deuterium oxide used in this work was 
the material recovered from a previous investigation.8 Dr. 
Dexter French generously supplied the cycloheptaamylose.9 
The bovine plasma albumin was a crystalline product, Ar­
mour lot number G4502, and was found, on electrophoretic 
analysis by D r. Gertrude Perlmann of these Laboratories, 
to be free of globulins. A  second crystalline sample, Ar­
mour lot number 128-175, was also examined at 13° and 
gave a diffusion coefficient of 0.4672 X  10—6, a value 1 %  
higher than that of the first sample. These results, to­
gether with those of Akeley and Gosting10 for this protein, 
suggest that a recrystallization immediately prior to use 
may be essential if the values obtained are to be independent 
of the sample. However, the results for the three samples 
are in sufficiently close agreement to warrant the conclusion 
that the effect of temperature on the diffusion of a “ pure”  
sample would not differ significantly from the values re­
ported below. All other materials were of reagent grade 
and were used without further purification.

In the diffusion of D 20  high concentrations were required 
to give a reasonable number of fringes and the concentration 
dependence of D  made it desirable to extrapolate to infinite 
dilution. The extrapolations are shown in Fig. 1. Except

(7) L. W. Tilton and J. K. Taylor, ./. Research Natl. Bur. Standards, 
20, 419 (1938).

(8) L. G. Longsworth, J. Am. Chem. Soc., 59, 1483 (1937).
(9) D. French and R. E. Rundle. ibid., 64, 1651 (1942).
(10) D. F. Akeley and L. J. Gosting, ibid., 75, 5685 (1953).
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T a b l e  I

D if f u s io n  C o e f f ic i e n t s , D  X  10s, a n d  t h e  S t o k e s  R a d i i , r X  10s, o f  S o m e  S o l u t e s  in  A q u e o u s  S o l u t io n  a t  D i f f e r e n t

T e m p e r a t u r e s
1 2

c,
3

Du
4 5 6 7 8 9 10 II

Solute wt. % cm.Vsec. Du Dì fi Dzi ri r 13 î‘25 ra t rv
(kT/Sirr,) X  1013 1.1512 1.7255 2.4230 3.2573
HDO 0.00 11.28 22.61 1.021 1.072 1.93
Urea 0.38 6.885 10.043 13.781 18.08 1.672 1.718 1.758 1.802 2.59
Glycine .30 5.151 7.606 10.554 13.97 2 .235 2.269 2.296 2.332 2.58
Alanine .32 4.317 6.484 9.097 12.17 2.,667 2.661 2.664 2.676 2.88
Dextrose .38 3.137 4.736 6.728 9.088 OO ,.670 3.643 3.601 3.584 3.53
Cycloheptaamylose .38 1.492 2.274 3.224 4.362 7. 716 7.588 7.516 7.467 6.56
Bovine plasma albumin .25 .3066 .4626 .6577 37. 55 37.30 36.84 27.0

for the protein all other solutes were used at such a concen­
tration as to give about fifty fringes. The values of D  for 
the albumin refer to a 44 fringe pattern and a solvent of 
pH 4.6 that was 0.01 molai in both sodium acetate and ace­
tic acid and 0.15 molai in sodium chloride. Prior to the 
diffusion measurement the protein solution was dialyzed 
overnight against the buffer at 4 -6 °  and then at the tem­
perature of the experiment for 1-2 hours. The dialyzate 
was used to form the boundary with the protein solution.

Mole fraction D 20 .
Fig. 1.— Variation of the diffusion coefficient of H D O  with 

the mean concentration in the boundary.

Results.— In Table I the solute is listed in the 
first column and then the mean concentration to 
which the diffusion coefficients correspond. Subse­
quent columns of the table contain the observed 
values of these coefficients at the temperature 
denoted by the subscript. These are followed by val­
ues of the radius r at each temperature as computed 
from the Stokes-Einstein relation r =  kT/6irriD 
where k is the gas constant, T the absolute tem­
perature and ri the viscosity of water. The values 
for kT/6irri used in the computation of r at each 
temperature are given at the head of the appropri­
ate column. In the final column of Table I are 
values of the radius rv computed from the molai 
volume V of the solute at zero concentration, i.e., 
V = 4/3ttNr\-3 where N is Avogadro’s number.

In Fig. 2 the Stokes radius rt for a given solute 
at the temperature t has been divided by the value 
at 1° and plotted as ordinate against the tempera­
ture as abscissa.

Discussion.—From the data of Table I it will be 
seen that the variation of the Stokes radius with 
temperature is generally small in comparison with 
the discrepancy between this radius and that com­
puted from the molai volume. In the case of the 
larger molecules r >  ry and the difference is ade­
quately accounted for by hydration, or asymmetry, 
or such a combination of the two as to satisfy not

only Perrin’s extension of the Stokes-Einstein 
relation but also Simha’s for viscous flow. Since 
the assumption of the fluid as a continuum in the 
derivation of the Stokes relation implies that the 
dimensions of the diffusing particles are large in 
comparison with those of the solvent molecules it 
is not surprising that r <  ry for small molecules. 
The reaction rate theory11 suggests that for such 
solutes the numerical factor in the denominator of 
the Stokes relation is less than 671-. In the case of 
the most rapidly diffusing material of Table I, 
HDO, a factor of 37r would still allow for some 
asymmetry and interaction with the solvent.

Fig. 2 .— The variation of the Stokes’ radius, relative to its 
value at 1°, with the temperature for different solutes.

In the case of large molecules the decreasing 
Stokes radius with increasing temperature is 
usually ascribed to decreasing hydration, a reason­
able explanation since most solutions become more 
nearly ideal at high temperatures. An explanation 
for the fact that the radius of small molecules in­
creases with the temperature must await further 
development of the theory of the liquid state. 
However, the data of Table I suggest the generaliza­
tion that if the solute is large enough for the solvent 
to be considered a continuum the temperature 
coefficient of its diffusion will not be less than that 
predicted by the Stokes-Einstein relation.

Most of the twofold increase in D on raising the 
temperature from 1 to 25° is due to a decrease in 
the viscosity of the solvent, less than 10% being 
due to the increase in the kinetic energy, kT, of the 
diffusing particles. Although the Stokes-Einstein

(11) S. Glasstone, K. J. Laidler and H. Eyring, “ The Theory of Rate 
Processes,” McGraw-Hill Book Co., Inc., New York, N. Y., 1941, 
p. 521.
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relation predicts a relation between T and the Dt) 
product it does not indicate the temperature de­
pendence of either factor. The reaction rate theory 
is more useful in this regard, as may be illustrated 
with the aid of the data of Table I for alanine. In 
Table II the coefficients given in the second column

T a b l e  II

T e m p e r a t u r e  C o e f f ic ie n t s  fo r  t h e  D if f u s io n  of

A l a n in e

1 2 3 4
t Dt X 10« E d ,  cal. 100 a
1 4.317

13 6.484 5283 3.34
25 9.097 4783 2.80
37 12.171 4457 2.41

are those for alanine at the temperatures of column 
1. Subsequent columns of Table II contain derived 
quantities that are useful in considering the tem­
perature dependence of the diffusion coefficient. 
Thus the activation energy, Ed— column 3, defined 
by the relation

varies by 17% over the 36° interval of the table 
whereas the conventional temperature coefficient

_ 2 ZI2 — Di
+  D\ U_ — t\

changes by some 33%— column 4. Since Ed is 
more nearly independent of t than a it provides a 
better index of the temperature dependence of the 
diffusion coefficient for the comparison of data 
obtained over different temperature intervals.

Values of the activation energy for diffusion 
have been computed from the data of Table I 
for the 13-25° interval and are given in Table III.

T a b l e  III

A c t iv a t io n  E n e r g ie s  for  
from

D if f u sio n  o v e r  
13 to  25°

th e  I n t e r v a l

Selute £>21 X 10«
E d ,

cal. 19°

Urea 13.78 4470
Glycine 10.55 4627
Alanine 9.097 4783
Dextrose 6.728 4959
Cycloheptaamylose 3.224 4931
Bovine plasma albumin 0.6577 4969

Oholm appears to have been correct in his conclu­
sion that the temperature coefficient tends to 
increase with the size of the diffusing particle. 
In order to compare his results with those of Table 
III activation energies have been computed with the 
aid of equation 1 and are given in the third row of 
the table in the opening paragraph. Although 
Table III covers much the same range of particle 
size as Oholm’s the new results show a variation in 
Ej) of only some 11% whereas in the case of the 
older data the variation is about 100%. Appar­
ently HC1 was the most rapidly diffusing solute 
that Oholm studied. This accounts, in part, for 
the low value of Ed derived from his results since 
the low temperature coefficient for the electric

mobility of the hydrogen ion is one of the argu­
ments for its “ non-Stokesian”  conductance.12

At infinite dilution the diffusion and electric 
mobilities of ions are identical, the relation being 
D =  RT\/F2 for univalent ions, where X is limiting 
ionic conductance, F faraday equivalent and D 
ion diffusion coefficient as measured, for example, 
with the aid of tracers.13“ 16 Thus from the ex­
tensive conductance and transference data on 
electrolytes inferences may be drawn as to the diffu­
sion behavior of ions. Some typical data are given 
in Table IV. The ion diffusion coefficients in

T a b l e  IV

A c t iv a t io n  E n e r g ie s  fo r  I on  D iffu sio n

Ion £>25 X 10« E d , cal. 18°

H 93.11 3230
OH 52.7 3610
Cl 20.32 4220
K 19.57 4230
NO., 19.01 4030
Na 13.34 4690
Acetate 10.89 4590
Li 10.30 5040

column 2 were computed from the conductances 
at 25017 and are thus comparable with the values of 
Table III for non-electrolytes. This is also true of 
the activation energies since those of Table IV 
were computed from the values of a =  (1/A) 
(dX/di) at 18° as given in the I.C.T.18 The rela­
tion is Et> — RT( 1 +  aT). If the hydrogen 
and hydroxyl ions be excluded from consideration, 
owing to their abnormal transport in water, it is 
clear that the activation energies for ionic diffusion 
are similar to those for non-electrolytes and also 
tend to increase slightly, though irregularly, with 
increasing size until the particles are large enough 
to conform to Stokes relation. In no instance, 
however, are activation energies encountered as 
low as those derivable from Oholm’s data.

Since the variation in the radius r for a given 
temperature interval is less than that in Ed the 
Stokes-Einstein relation is a better interpolation 
formula than equation 1. However, in using this 
relation, for example, to correct the diffusion 
coefficient of a protein to the temperature at which 
its sedimentation constant has been determined, 
in the evaluation of its molecular weight, account 
should be taken of the variation in r.

Acknowledgment.—As mentioned above Dr. 
Dexter French of Iowa State College supplied the 
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(12) J. D. Bernal and R. H. Fowler J. Chem. Phys., 1, 515 
(1933).

(13) A. W . Adamson, ibid., 15, 760 (1947).
(14) J. H. Wang and J. W . Kennedy, J. Am. Chem. Soc., 72, 2080 
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(15) J. H. Wang, ibid., 73, 510 (1951).
(16) R. Mills and J. W . Kennedy, ibid., 75, 5696 (1953).
(17) D. A. Maclnnes, “ The Principles of Electrochemistry,”  Rein­

hold Publ. Corp., New York, N. Y ., 1939, p. 342.
(18) “ International Critical Tables,”  McGraw-Hill Book Co., Inc., 
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DISCUSSION
D . A. M acI n nes (Rockefeller Institute).— How does the 

hydronium ion fit into your system?

L. G. L ongswortii.— If one prepares a plot of the limiting 
diffusion coefficient as abscissa with the temperature co­
efficient, e.g., the activation energy for diffusion, as ordinate, 
the points are scattered about a line with a negative slope. 
With such a plot there is no clear segregation of the points 
for the few non-electrolytes for which the data are available 
from those for ions, i.e., a rapidly diffusing particle tends 
to have a low activation energy whether it is charged or un­
charged. Although isolated from any neighbors, owing to its 
very high mobility, the point for the hydronium ion is not 
markedly out of line with those for other solutes. Thus it is 
only in conjunction with other properties of the hydronium 
ion that its high mobility|and low temperature coefficient can

be taken as evidence for the abnormal transport mechanism 
of this species.

Cox and Wolfenden (Proc. Roy. Soc. (L on don ),A145, 475 
(1934)) have discussed the correlation between the ion 
mobility, its variation with temperature, and the B  co­
efficient in the Debve-Falkenhagen viscosity equation. 
Small and negative B  values are generally associated with 
high mobilities and low temperature coefficients. It would 
be of interest to see whether sufficiently mobile non-elec­
trolytes would reduce the viscosity of water, i.e., have nega­
tive B  values.

R . M . Fuoss (Yale University).— The correlation between 
the constant B  of the Debye-Falkenhagen viscosity equa­
tion and the diffusion constant suggests that the diffusion 
coefficient of bi-bolaform electrolytes would be quite small, 
because their R-values are very much larger than those of 
simple electrolytes (P. Goldberg and R . M . Fuoss, Proc. 
Natl. Acad. Sei. U. S., 38, 758 (1952)).
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Sedimentation analyses provide means for the determination of solute molecular weight and of distribution of molecular 
weights in systems of polyelectrolj'tes in proper solutions. The equilibrium method gives absolute molecular weights, while 
the velocity studies give valuable data about the actual form of the distribution curve. The combination of the two ap­
proaches, in effect a calibration of sedimentation constant in terms of molecular weight, serves several useful purposes. The 
application of such analyses to gelatin solutions establishes the fact that for the large molecules the sedimentation constant 
is closely proportional to the square root of the molecular weight. This fact and the intrinsic viscosity-molecular weight 
behavior lead one to assert that the gelatin molecules in saline solution exist in the form of random coils, with the solvent 
being entrapped to a considerable extent.

I. Introduction
a. The Nature of Gelatin.— For all the scientific 

work which has been done with gelatin systems 
there remains a substantial body of incompletely 
defined properties. There is much evidence of 
differences in behavior from gelatin to gelatin, 
perhaps not unexpected when one considers the 
various sources of the material and the several 
modes of manufacture.

Gelatin is obtained from the naturally occurring 
protein collagen. It can be expected that the 
amino acid compositions of parent and product will 
be the same, at least on the average. Also it seems 
quite probable that there will be some differences in 
amino acid composition between the various colla­
gens, depending upon the particular tissue, the spe­
cies, the age of the mammal or fish, etc., which is 
used. The respective gelatins will be correspond­
ingly variant.

In general, gelatin has high glycine and high pro­
line and hydroxyproline contents, and is lacking in 
cystine and tryptophan. The basic substances, 
lysine, hydroxylysine, histidine and arginine; and 
the acidic units, glutamic and aspartic acids; are 
present. In gelatin which has been prepared by 
an acid process some of the acidic residues will be 
present as amides. Such gelatins will have more 
basic groups than acidic ones, and thus have isoelec­
tric points at about pH 9. On the other hand, lime 
process gelatins will have more acidic than basic 
groups and the isoelectric point will occur at pH 5 or 
below. The amide groups will have been lost 
through an hydrolytic reaction which liberates am­
monia.

Thus, gelatin in solution answers the description 
of a polyelectrolyte. From the viscosity and sedi­
mentation experiments of Kraemer2 the solute mo­
lecular weights were found to be in the region
15,000 to 150,000. The systems were character­
ized by a high degree of polydispersity, so that such 
properties as viscosity and rigidity were described 
in terms of an average molecular weight. Little 
was determined by way of a description of the poly­
dispersity and its (possible) effects on the physical 
properties of the systems.

In the meantime much work has been done on
(1) This investigation has been carried out under contract between 

the Office of the Surgeon General, Department of the Army, and The 
University of Wisconsin (DA-49-007-MD-114). Released for publica­
tion on March 14, 1952.

(2) E. O. Kraemer, T his J ournal, 45, 660 (1941).

the fractionation of gelatin, and the methods of 
characterization have been extended to include 
fight scattering and osmotic pressure. It was 
hoped that by fractionation reasonably homogene­
ous molecular weight fractions of gelatin could be 
obtained and progess could be made in relating 
properties and structure. In general these hopes 
have not been realized, perhaps because fractiona­
tion does not give the desired homogeneity. At any 
rate, we have considered it to be important to de­
velop more effective and more exact methods by 
which the heterogeneity can be described.

Problems such as the ones suggested above have 
become more pressing since gelatin systems have 
been under serious consideration for use as “ plasma 
extender” materials. Such solutions meet many 
of the requirements, but there is a serious objec­
tion, manipulative in character, to its emergency 
infusion. At or somewhat below ordinary room 
temperatures the gelatin system sets to a solid or 
gel, and while it is perfectly fluid at body tempera­
tures it must be melted before application. When 
gelatin systems are autoclaved to form “ degraded” 
gelatin, the melting point of the system is indeed 
lowered, but at the same time the molecular size is 
so diminished that its retention time in the circula­
tory system, and therefore its value as an oncotic 
agent, is greatly reduced.

There have been several approaches in the at­
tempt to reduce the tendency of the gelatin system 
to set to a gel, at the same time maintaining a prac­
tical molecular size and osmotic pressure. Several 
chemical treatments have been suggested and at­
tempted, and the effects of the addition of gel 
point depressor substances such as urea and so­
dium acetyltryptophan have been studied. In the 
formation of the gels it has been supposed that the 
individual gelatin molecular chains are bound to­
gether by secondary attractive forces which are 
localized at widely separated points. Thus, among 
the molecules of various lengths which are present, 
it might be assumed that only the longer ones par­
ticipate in the gel formation, with the shorter ones 
being unable to do so. The effects of chemical 
treatments and of the addition of highly polarizable 
anions are assumed to be such that the attractive 
forces between molecular chains are diminished. 
The marked effects on the melting point which are 
produced are evidently the result of some specific 
interaction at the points where the attractive forces 
are normally operative.
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For this phase of the problem the important 
physical property of the gel is its rigidity. It is a 
well-defined property which may be measured in 
several basically different ways with concordant 
results. The modulus of rigidity is defined as the 
ratio of shearing stress (force per unit area) to 
shearing strain (angular deformation), thus it has 
the dimensions of force divided by area. The 
change in resistance to deformation when the gela­
tin solution sets to a gel is due to an abrupt appear­
ance of rigidity. It has been quite generally ac­
cepted that this gel point (or melting point) is quite 
sensitive to molecular weight, although even this 
point is now in some dispute. It must be noted, 
however, that where changes in physical properties 
(such as rigidity) which accompany gelation have 
been studied it has not been possible to use gelatin 
solutions in which the molecules have been predomi­
nately of one size or even where the several average 
molecular weights of the solute have been known.

With these ideas prevalent, retention time and 
gel point as functions of molecular weight, it will 
be understood that much of our effort has gone into 
the development of methods for the determination 
of molecular weight and molecular weight distribu­
tion in gelatin systems and into the study of meth­
ods whereby the material could be fractionated. In 
this report we present methods to describe the size 
distribution by using sedimentation analysis and 
we make some remarks about the molecular form 
in solution. The results of some selected and typi­
cal experiments with representative gelatin plasma 
extender systems serve to illustrate the approaches, 
sedimentation equilibrium and sedimentation veloc­
ity, and their combination, to these ends.

b. Descriptions of Molecular Weight Hetero­
geneity.— Perhaps the simplest procedure for ex­
pressing molecular heterogeneity is to make use of 
the several average molecular weights. If the 
system is homogeneous all these averages will have 
the same value, and as a qualitative statement, the 
greater the spread of the successive average molec­
ular weights, the greater is the heterogeneity. 
The most common averages are Mn and M w, the 
number average and the weight average molecular 
weights, respectively. In the definitions which 
follow it is assumed that the distribution is known 
as a continuous function, so that definitions based 
upon integrations can be set up. However, if the 
size distribution data are available in tabular form, 
summations may be used in the definitions. Spe­

M .
Fig. a.— Number distribution curve.

cifically we consider the cases of number distribu­
tion and weight distribution.

1. Number Distribution.—Fig. a
J ’ “

f n(M )d M  =  I , , .  x dM  
0 J o  d M

where f n is the mathematical function descriptive 
of the number distribution. If it is desired to de­
scribe the number of molecules in the sample which 
have molecular weights between Mi and Mi +  
dM  we write

JW i  +  dAf
fn (M )  d M

Mi

where/n is the number distribution function. Mak­
ing the approximations that

E  m = J *  M M )  dM

and

E  n j l i  =  M f n(M )  AM

we then have

I ,  =

J jn iM i
j______

" e ^ t

first moment of no. distribution curve 
area

The number distribution curve may be given in 
integral form by plotting Fn as a function of M, 
where

F, J' M

0
M M )  AM

Fig. b.— Weight distribution curve.

2. Weight Distribution.—Fig. b
Total wt. of the sample on the mol. wt. scale =

E  n J I  i =
i

where / w is the mathematical function descriptive 
of the weight distribution. Hence

E  E  wiMi E  CiMi
M  =  _i________  — _*_______  =  _i----------

W E  n-iMi E « >  E *
i i i

r M M )  AM

or

M  w r M M M ) a m

M M )  AM

M % (M ) AM

M fJ M ) AM
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The first fraction (in terms of the integrals) repre­
sents the first moment of the weight distribution of 
molecular weight curve relative to the frequency- 
axis, otherwise known as the centroidal ordinate of 
the curve. From the second fraction, it appears 
that the first moment of the weight curve is equal 
to the second moment of the number curve.

The weight distribution curve may be also ex­
pressed in integral form by plotting the function 
Fw as a function of M, where

F „  =  J ”  M A I )  dAI

These relationships readily can be generalized. 
The independent variable may be any quantity 
which is descriptive of molecular size or shape, or it 
may be any function of one of these quantities that 
is descriptive of the size and shape, such as sedimen­
tation constant, diffusion constant and electropho­
retic mobility. The dependent variable must sum up 
the total amount of one of these descriptive proper­
ties associated with one class of molecules with re­
spect to the property which determines the magni­
tude of the dependent variable per molecule.

The unique evaluation of a molecular size distri­
bution is an extremely complicated problem. In 
the case of the plasma extenders no real purpose 
would be served to perform such an intricate analy­
sis. In practice it is convenient to fit an assumed 
parametric function to the observed average molec­
ular weights. In a well-known example Lansing 
and Kraemer3 have used this approach to study the 
molecular weight distribution in some gelatin sys­
tems by using sedimentation equilibrium experi­
ments, and the significance of the results in con­
nection with the description of polydispersity in 
other macromolecular systems such as organic high 
polymers is at once evident. The distribution 
function selected, the logarithmic number distri­
bution curve, has a single maximum, furthermore 
it was chosen so as to have a substantially zero 
number of molecules at low molecular weights. It 
is

N
d?i =  e " 2 Ay

v  7T
in which

y =  (In Al/Ah)/ii 
N  =  total no. of molecules
dra =  no. of molecules corresponding to the interval between 

y  and y +  dy
|S =  “ non-uniformity” coefficient =  zero for a homogene­

ous material

On a weight basis the equation becomes
1 (hi) 
w <1.17

1 g-»2 - M M )

where
die =  wt. of material with mol. wt. between M  and M  +  AM 
M o =  mol. wt. at the maximum in the wt. distribution curve 
M „ =  no. av. mol. wt., obtained in the experiment

The logarithmic number distribution curve, with 
two parameters, is not the only possible distribu­
tion function which fits a given set of average mo­
lecular weights. Actually accuracy may be gained

(3) W. D. Lansing and E. O. Kraemer, J . A m . C h em . S o c ., 57, 1369
(1935).

by using equations with three and four parameters, 
again average molecular weights, but the problem 
then becomes more than correspondingly difficult 
without too much assurance that after all there 
may have been minor details of the distribution 
which have failed to make their appearance. Even 
though sedimentation velocity constant is a function 
both of molecular size and shape, the distribution of 
sedimentation constants is much more useful to 
show up such minor details of molecular weight dis­
tribution.

II. Sedimentation Equilibrium.—At least in 
principle, the most satisfactory method so far de­
veloped for the determination of the molecular 
weights in polydisperse macromolecular systems is 
by means of the sedimentation equilibrium in an 
ultracentrifuge. The equations which are descrip­
tive of the equilibrium can be derived from purely 
thermodynamic considerations. Such a deriva­
tion leaves out all reference to the shape of the mole­
cule and requires either that the solution be suf­
ficiently dilute so that it behaves like an ideal solu­
tion (usually not a practical situation) or that proper 
correction for the non-ideality be made. Since 
the theory has been described in several other 
places4-6 there is no need to present more than an 
outline of it in this report. We shall simply de­
scribe in brief some of the points in connection with 
the performance of the experiments and with the 
computations as they pertain to the particular gela­
tin systems which have been under study for their 
suitability as plasma extender fluids.

The experiments themselves were performed at 
2 5 ° .  From what is known about the reversible sol- 
gel transformation, 40° would have been a much 
more desirable temperature, but the rate of thermal 
degradation is now so great that in the time re­
quired for the establishment of the sedimentation 
equilibrium, eight to twelve days, an appreciable 
change in molecular weight would have resulted. 
At 2 5 ° ,  gelatin is probably aggregated in aqueous 
solution, so it was necessary to select a solvent sys­
tem in which this effect would be depressed. The 
earlier experiments of Kraemer2 had indicated that 
gelatin is molecularly dispersed in 2 M  KSCN solu­
tion at this temperature. The question at once 
arises as to whether this effect is caused by binding 
of KSCN by the gelatin, and if so, would there be 
introduced a considerable error in the molecular 
weights as determined. Boedtker and Doty7 have 
shown by light scattering measurements that there 
may be involved a 10 to 12% reduction in the 
weight average molecular weight in the presence of 
the salt. In order further to answer the question, 
a series of equilibrium dialysis experiments was 
performed. Pre-dialyzed gelatin was equilibrated 
for three days across a cellulose membrane with 
KSCN solution, and the resulting “ outside” solu­
tion titrated with standard silver nitrate to deter­
mine the CNS-  concentration. The equilibrium 
was approached from both sides. The observed 
concentrations agreed with those calculated from

(4) R, J. Goldberg. T his Journal, 57, 194 (1953).
(5) J. W . Williams, J. Polymer Sci., 12, 351 (1954).
(6) M . Wales. T his Journal, 52, 235 (1948).
(7) H. Boedtker and P. M . Doty, O. N. R. Technical Report No. 1, 

Contract N5 ori-07654., Dec. 15, 1952.
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simple dilution to within about 1%, on the average.
The gelatins studied were received in the form of 

transfusion samples of approximately 6% w./v. con­
centration. For our measurements it was necessary 
to determine the concentrations more accurately; 
this was done by drying a 10-cc. weighed sample for 
about 3 days at 105°. This result had to be cor­
rected for the sodium chloride contained in the 
samples; this was assumed to be 0.9 g./lOO cc., as 
stated. To correct from weight to volume concen­
trations, the density of two samples was determined 
pycnometrically.
Gelatin c =  5 .9 8  g./lOO cc. tl25̂  1 .022
Oxypolygelatin c =  4 .9 0  g./lOO cc. d2625 1 .0  1 9

These data are in good agreement with values which 
may be calculated from the partial specific volume, 
1.021 and 1.018, respectively.

All samples were opened in sterile manner. Af­
terward all samples were injected with 1 cc. of 10% 
merthiolate solution (yielding a final merthiolate 
concentration of 2:10,000).

In addition to the concentration, the sedimenta­
tion equilibrium calculations require knowledge of 
the quantities V, the partial specific volume of the 
solute; a = dn/dc, the refractive index increment; 
and B, the correction for non-ideality in the system. 
These will be briefly discussed in order.

1. For the partial specific volume, the value of 
0.680 given by Kraemer was used for both gelatin 
and oxypolygelatin. Kraemer also gives values 
for the density of KCNS solutions, used with the 
gelatin. Experiments with samples of oxypolygel­
atin were performed in 0.15 M  sodium chloride.

2. The refractive index increment was deter­
mined for both gelatin and oxypolygelatin, in the 
appropriate solvents at 25.0°. For gelatin in 2 M 
KCNS, a Pulfrich refractometer was used, using 
the Hg green line. The best straight line gives a = 
0.00168 in good agreement with the value 0.00163 
calculated from a previous determination in water, 
assuming the volume mixing law. For oxypolygel­
atin a value of 0.00179 is obtained, using an immer­
sion refractometer.

3. The constant B, the non-ideality correction, 
may be determined from the several sedimentation 
equilibrium experiments at various concentrations. 
Wales8 gives the expression

1 1 , p
M wi AD, +  Rco

in which
M „  =  weight av. mol. wt.

i -  weight av. mol. wt. calcd. by assuming B  =  0 (ideal) 
Co =  initial concn.

This equation is an approximation, valid for a small 
separation of molecular components. We have 
been able to show that, more exactly

l
M  w Mi

+  Be'

where

rM wxi2 cx2 (X +  ¿)dx I (X 4- 5)dx

M Wxi cx (x  +  S) d x j

(8) M. Wales, et al.. T his Journal, 55, 145 (1951).

c' (g./100 CO.).

Fig. ] .— Non-idealitv correction, gelatin P -20: A, 0.15 M  
N aC l; O , 2 M  K S C N ; A, 1/Jtfwi vs. c; B, l/.\K vs. c'.

Co (g. gelatin/100 ml.).
Fig. 2 .— Non-ideality correction, gelatin M FG .

x =  distance from center of rotation 
M wll =  ideal wt. av. mol. wt. at point x  in the cell.
Cx =  concn. at point x 
5 =  cor. for convergence of cell walls
a,b =  ends of the solution column

As typical of the kind of results which are obtained 
in the evaluation of the constant “ B”  we present 
data for two types of Knox gelatin; the standard 
P-20 material and a chemically modified gelatin, 
MFG, in Figs. 1 and 2. Both sets of experiments 
give a value of B =  1.34 X  10“ 5, which is quite 
large for a protein.9

It ivas observed that within the limits of the ac­
curacy of the sedimentation equilibrium experi­
ments the same non-ideality coefficient is obtained 
irrespective of whether the substances urea and 
potassium thiocyanate are present. An important 
constituent of the system is the sodium chloride 
which is used to repress the Donnan effects during 
the establishment of the sedimentation equilibrium.

For the oxypolygelatins a much smaller non-ideal-
(9) The data of J. Pouradier and A. M. Venet, J. chim. phys., 47, 

391 (1950), for osmotic pressure determinations in 4 M  urea solution, 
a comparable gelatin-supressing medium, give B — 1.4 X 10 “6.
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Fig. 3.— Integral distribution curves for several gelatins.

ity coefficient is obtained. Campbell, et al.,10 have 
measured the osmotic pressure of representative 
OPG systems as a function of protein concentration 
and have observed that the non-ideality coefficient 
is now substantially reduced. The osmotic pressure 
as a function of concentration may be represented 
by the formula

rection for non-ideality (Table I ) ; 2, in the form of 
integral distribution curves (Fig. 3). The average 
molecular weight data, M„, Mw and Mz, have been 
computed directly from the scale line displacement- 
distance curves which were obtained in the experi­
ment. The averages Mn and M w have been al­
ready defined. The average Mz, the next higher 
moment of the distribution curve, may be defined 
by the expression

where the sedimentation equilibrium coefficient B 
is related to the new osmotic pressure coefficient b, 
by the formula

B  =  Zb/RT

From the article of Campbell, et al.
A t c  =  0, 7r/c =  82 mm. H g /g ./1 0 0  cc. =  0.793 atm ./g .

A t c =  0.04 g ./cc., x /c  =  115 mm. H g ./g ./1 0 0  cc. =  1.113
atm ./g .

Therefore
=  5 =  8.0 (cc.)2 a tm ./g .2

and
(at 37°, the

R =  2 X  8.0 „ „ tn -¡  / m °le/g - temp, of the os-
82.05 X  310 ' /  g./lOO cc. motic pressure

experiments)

While this value of the coefficient B is lower than 
that found for the Knox gelatins of the series P-20 
and MFG, the two different figures are entirely 
consistent with the osmotic pressure data of Camp­
bell, et at., for gelatins which have and have not 
been treated with glyoxal and hydrogen peroxide 
and with our own sedimentation equilibrium ex­
periments.

Sedimentation equilibrium studies were carried 
out with a number of gelatin samples. The results 
of the experiments are presented in two ways: 1, 
as average molecular weights, obtained after cor­

(10) D. H. Campbell, J. B. Koepfli, L. Pauling, N. Abrahamsen, W.
Dandliker, G. A. Feigen, F. Lanni and A. Le Rosen, T e x a s  R ep o rts
B io l , a n d  M e d ., 9, 235 (1951).

y .  n-,Mi3 Y  w\M\2

■ M z =  ^ -----------
Y .  riiMi2 WiMi

i i

where, as before, n\ is the number of molecules of 
molecular weight M, while w-x is the total weight of 
that species. Values of Mz are subject to a consid­
erably higher degree of uncertainty as compared to 
those for Mw simply because they represent a 
higher moment of a distribution curve.

T a b l e  I

A v e r a g e  M o l e c u l a r  W e ig h t  D a t a  fo r  S o m e  G e l a t in  
S y st e m s

Gelatin M Mn M w M z B  X  106
Knox P-20 0.35 37,600 95,000 237,000 1.3
Knox P-111-20 .36 38,000 95,000 250,000 1.3
Knox P-180 .175 17,900 24,000 61,000 1.3
Knox MFG-2 .195 19,300 34,000 60,000 1.3
Knox MFG-7 .189 23,000 34,000 55,000 1 .3
OPG-152AY .140 10,000 33,000 150,000 0.65
OPG-153AY .157 15,000 35,000 160,000 .65
OPG-S230XA .137 15,950 26,100 42,700 .65

Representative experimental data for the several 
average molecular weights which characterize some 
of the more common gelatin materials are here 
tabulated. The several intrinsic viscosities, [17], 
are included for reference.

It will be noted from the table that the gelatins 
studied fall roughly into two classes, gelatins of 
the descriptions P-20 and P-180. Furthermore, the 
intrinsic viscosities and number average molecular
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M

2 ,000
4 .000
6 .000
8 ,00 0

10,000
12,000
13.000
14.000
15.000
16.000
17.000
18.000
19.000
20.000
30.000
40.000
50.000
60.000
70.000
80.000

100,000

weights of the P-20 and P-180 gelatins correspond 
closely with those of the preparations B and D of 
Scatchard, et a l . ,n  as they should. The figures indi­
cate the time in minutes in an autoclave at 205°. 
The materials P-180, MFG-2 and MFG-7 are sub­
stantially alike in all three average molecular 
weights. The OPG samples have similar weight 
average molecular weights, but there is a much 
greater spread over the several averages, indicative 
of a broader size distribution. At least one of the 
chemicals used, perhaps the hydrogen peroxide, 
has caused the modification in the distribution of 
molecular size.

In the Boedtker and Doty7 studies of light scat­
tering from dilute solutions of the Gelatin Knox P- 
111-20, the Mw values fell into two classes, those 
equal to 100,000, and those equal to 113,000. The 
lower value is that of the non-aggregated gelatin in 
KCNS solvent and is to be compared with our value 
of 95,000. When one realizes that a sedimentation 
equilibrium experiment must always give a value 
which approaches the true one from the low side, 
and the opposite represents the situation for light 
scattering, it is seen at once that the results obtained 
from the two methods are in excellent agreement.

In the construction of the distribution curves it 
was arbitrarily assumed that all of the distributions 
were of the Lansing-Kraemer form, that is

f (M )d M  =  - . ^ - - e - a h i n H / W d M
p lV l  n V  7T

where Mo and ¡3 are adjustable parameters which
(11) G. Scatchard, J. L. Oncley, J W. Williams and A. Brown,

,/. A m , C h em . S o c ., 66, 1980 (1944),

S o “ ™  
0 .0012  

.0095  

.0411 

.0908  

.1572  

.2248  

.2604  

.2958  

.3306  

.3646 

.3976  

.4294  

.4600  

.4891 

.7023 

.8255 

.8923  

.9390  

.9791 

.9819  
.9960

are obtained from M v and M z.12 In order that the 
procedure may be most simply understood we in­
clude an outline and the record of the actual com­
putations of the differential and integral distribu­
tion curves for the gelatin OPG-S230AX. It ap­
pears as Table II.

The integral distribution curves for the repre­
sentative gelatins are given in Fig. 3. It will be 
at once evident that the several curves make pos­
sible the computation of the weight per cent, of the 
material in each size class. We present some such 
data in Table III.

T a b l e  III
M o l e c u l a r  W e ig h t  D is t r ib u t io n s  %  in  E ach  S iz e  C lass

Size Class
Knox

P-111-20
OPG

S152AY
Knox

MFG-2

Less than 10,000 6 37 10
10,000-20,000 11 23 27
20,000-40,000 23 20 37
40,000-60,000 13 8 13
60,000-80,000 9 4 6
80,000-100,000 6 3 4
100,000-140,000 10 2 2
140,000-170,000 6 3 1
Over 180,000 16 1

III. Sedimentation Velocity.— The usual sedi­
mentation velocity criterion for the homogeneity

(12) Actually, it might have been better to make use of the idea 
of Scatchard, et al.,u in setting up a distribution function based still 
upon the original Kuhn and Flory equations but with more suitable 
modification. The exact form used in the earlier communication is 
now inconsistent with the weight and “ Z ” average molecular weights. 
While the latter are still subject to a considerable uncertainty the 
weight average figures now seem to be well established.

T a b l e  II
C o m p u t a t io n  of  D is t r ib u t io n s  of  M o l e c u l a r  Size  G e l a t in  O PG -S230XA  

M v =  26,100; M z =  42,700; M , /M w =  1.636

j f  =  ««-VC =  1.636; 0.5/35 =  0.492; 0 =  0.992

J¥p

M ,
M n

Mw
— 61.25/92 =

=  M pe°'*ß2 
=  M pe°-7bß2

26,100 26,100 _ 
e 123 =  3.4212 =  7 ’630 
=  7.63 X  IO3 X  1.636 =  
=  7.63 X  IO3 X  e0-738 =  7

12,500
.63 X  IO3 X  2.09 =  15,950

M/Mo ln M/Mo
ln M/M0 

v =  ß y2 e
W Y e —y 2

M * ï
0 .1 6 - 1 .8 3 3 - 1 .8 4 8 3 .415 0 .033 0 .11 8  X  10“ ‘

.32 - 1 .1 3 9 - 1 .1 4 8 1.318 .267 0 .952

.48 - 0 .7 3 4 - 0 .7 4 0 0 .548 .578 2.061

.64 -  .416 -  .419 .176 .839 2 .992

.80 -  .223 -  .225 .051 .950 3 .387

.96 -  .041 -  .041 .002 .998 3 .559
1 .04 +  .0392 +  .039 .002 .998 3 .559
1 .12 .1133 +  .114 .013 .987 3 .518
1 .20 .1823 .184 .034 .966 3 .444
1 .28 .2469 .249 .062 .940 3 .352
1 .36 .3075 .310 .096 .908 3 .238
1.44 .3646 .368 .135 .877 3 .127
1.52 .4187 .422 .178 .837 2 .984
1.60 .4700 .474 .225 .798 2 .845
2 .4 0 .8920 .899 .808 .445 1.587
3 .20 1.1632 1.173 1.376 .253 0 .902
4 .0 0 1.3863 1.397 1.952 .142 .506
4 .80 1.4061 1.417 2 .008 .135 .481
5 .60 1.7228 1.737 3 .017 .049 . 175
6 .40 1.8563 1.871 3 .501 .030 .107
8 .00 2 .0794 2 .096 4 .393 .012 .043
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of a protein is that a peak in the scale line displace­
ment-distance curves moves in the centrifugal field 
as a single, apparently symmetrical boundary when 
the protein is dissolved in buffers of various hydro­
gen ion concentrations and ionic strengths. Actu­
ally, this is judgment based largely upon diffusion 
and, to be more precise, the investigation should be 
made to determine whether the boundary has been 
broadened sole.y by diffusion. This may be ac­
complished by comparing the diffusion curves ob­
tained in the ultracentrifuge experiments (cor­
rected for the sector shape of the cell) with the theo­
retical curves calculated from the values of the dif­
fusion coefficient, D, found by independent diffu­
sion experiments.

A method has been developed to sort out the 
contributions of heterogeneity and diffusion to the 
spreading of the sedimentation boundary.13 In a 
combined distribution composed of independent 
distributions the second moments of the individual 
distributions are additive to give the second mo­
ment of the combined distribution. Thus the sec­
ond moment of the gradient curve, <r2, (the square 
of the standard deviation) is equal to the second 
moment which would have been observed had all 
the boundary spreading been due to diffusion plus 
the second moment which would have been found 
from the spreading due to the distribution of sedi­
mentation constants alone.

(1) The second moment due to diffusion is 
2Dt/(l — w2smi) where sm is the mean sedimentation 
coefficient and D is a weight average diffusion coef­
ficient.

(2) The second moment due to the distribution 
of sedimentation coefficient is

*■ [ * *  +  < - * “ • +  +  — ] ’

where
p =  std. dev. of the sedimentation constant distribution 
x =  distance in the cell 
w =  the angular velocity of the rotor 
t =  the time

Adding the second moments, and we have 
2 Dt

=  <ros + +  «■ [,»■<  + 1 - ; « + m t ]
1 -  w*st

To a good approximation we may write

(1 -  w**t) i ^ - * > • - *  +  * £ *

where D* is the apparent diffusion coefficient as in­
dicated from the standard deviations of the sedi­
mentation gradient curves.

The general distribution function, g(s), which 
gives the relative amount of the molecular species 
with sedimentation constant of s, is given by

£?(s) d n to2xt
dr ni — na

when diffusion is negligible. When diffusion is not 
negligible, an “ apparent distribution” defined in 
this manner may be extrapolated to infinite time to 
give the actual distribution of sedimentation con­
stants, since the spreading of the boundary due to 
differences in s is proportional to xt, while the

(13) R. L. Baldwin and J. W. Williams, J . A m . C h em . S o c ., 72, 4325
(1950)/ J. W. Williams, et a l., ib id ., 74, 1542 (1952).

spreading due to diffusion is proportional to t'/l, as 
is shown by the general equation.

The sedimentation velocity experiments with the 
several gelatin solutions were performed in a Sved- 
berg high-velocity oil-turbine ultracentrifuge. The 
gelatin was diluted to approximately 1% concen­
tration in 2 M KCNS. The ultracentrifuge was 
operated at 50,400 r.p.m. A schlieren optical sys­
tem was used to record the position and shape of 
the sedimentation boundaries as a function of time 
at this rotor speed.

The apparent distribution of sedimentation coef­
ficient was calculated by using the formula

; (Se) =  ew <  x  * ;  x  g  x  £~

where
se =  experimentally detd. sedimentation coefficient 
x ' =  position in cell from reference bar for material of 

s„ at time t
An/Ax =  height of gradient curve at x'
A — area =  limiting area obtained by plotting the area 

of various pictures vs. time and extrapolating 
to zero time

Viscosity corrections have not been indicated in the 
interest of simplicity.

By plotting g*(s) vs. 1 /xt and extrapolating to 
infinite time, the desired distribution, g(s), of the 
sedimentation coefficient was obtained.

To this point it has been assumed that the sedi­
mentation coefficient, s, is independent of the con­
centration of the gelatin solution. To obtain the 
true distribution of sedimentation constants with 
such concentration effects eliminated we can per­
form a reliable extrapolation to infinite dilution of 
several sedimentation velocity distribution dia­
grams at several finite concentrations. This true 
distribution curve, g(s0) vs. s0, is still a function of 
the parameters of size and shape of the sedimenting 
molecules, but the quantities, s0, are now sedimen­
tation constants.

This is a laborious procedure and Baldwin14 has 
demonstrated that it is possible to use the distribu­
tion of sedimentation coefficient curve at a single 
finite concentration, plus a knowledge of a function 
which describes the dependence of sedimentation 
coefficient with concentration for that particular 
macromolecular system to obtain the desired g(so) 
vs. s0 curve. The end result is the same; the two 
procedures may be defined by the terms graphical 
and analytical.

The results of a typical series of such sedimenta­
tion velocity experiments with the gelatin P-111-20 
are shown below in tabular and graphical form. 
The g(s0) vs. s0 curve, Fig. 4, has been obtained by 
the graphical procedure in which the points defining 
it are obtained by the extrapolation of g(s) values 
for a number of arbitrary sedimentation coefficients, 
s, each to zero concentration. The actual data are 
given by Table IV.

It is unfortunate that the ultracentrifuges of the 
present day have insufficient resolving power to 
analyze the more highly degraded gelatins of the 
several P-180 types, chemically treated or not. In 
principle, at least, the sedimentation velocity 
method has its advantages, because minor details

(14) R. L. Baldwin, ibid., 76, 402 (1954).
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So.
Fig. 4.— g(so) vs. so curves at several concentrations and at 

infinite dilution for gelatin P-111-20.

of the distribution make their appearance and any 
arbitrary distribution of velocities can be treated 
in the manner we have described.

T a b l e  IV
N o r m a l iz e d  D a t a , g(s), a s  a  F u n c t io n  o f  C o n c e n t r a t io n

G e l a t in  P -111 -20
g(s) at

s c = 0.746 e = 0.524 c = 0.304 c =* 0 0(3)
0 .5 0 .5 5 0 .5 0 0 .39 0 .3 7 0 .009
1 .0 1 .05 1 .22 1 .18 0 .8 7 .039
1.5 2 .24 2 .25 2 .25 1.81 .103
2 .0 5 .61 4 .25 3 .3 0 2 .8 5 .222
2 .4 6 .5 2 5 .0 4 4 .0 0 3 .4 7 .381
2 .8 4 .5 5 4 .1 4 3 .8 8 3 .5 0 .538
3 .0 2 .57 3 .4 6 3 .71 3 .4 3 .558
3 .5 1 .00 1 .74 2 .43 2 .9 4 .716
4 .0 0 .31 0 .83 1.31 1 .75 .841
5 .0 0 .1 3 0 .3 7 0 .55 0 .71 .956

IV . R elationsh ip  b etw een  S ed im en tation  C on ­
stant and  M olecu la r  W eig h t.— In an article which 
describes the determination of molecular mass dis­
tribution in some dextran samples16 it was shown 
that the results of sedimentation velocity and 
sedimentation equilibrium experiments could be 
combined in such a way that one can gain advan­
tage by a combination of both methods of analysis. 
It has been shown how f{M), the distribution of 
molecular weights and g(So), the distribution of 
sedimentation constants, can be obtained by ex­
periment. Then, if to each molecular species there 
corresponds one sedimentation constant and mo­
lecular weight, we may write

and
s(so)ds„ =  f{M )A M  

G W )  =  F (M ')

(15) J. W. Williams and W. M, Saunders, T his .1 oursat, 58, Nov.
(1954).

M X  103.
50 100 150 200

«20 X  101S.
Fig. 5.— Double plot of integral distribution curves of 

molecular weight, F (M ), and of sedimentation constant, 
G{s), to give relationship between s and M  for gelatin I’­
l l  1-20.

In the second expression G(so') is the weight fraction 
of the solute molecules with s ^  s', F(M') is the 
weight fraction with M < M', and s' corresponds to 
M '.

From the double plot, G(s') vs. s' and F(M') vs. 
M' for the gelatin P-111-20, shown in Fig. 5, we 
may determine the s' value which corresponds to a 
given M' by taking values of the two abscissas at 
equal ordinates. The curves have been plotted in 
such a way that the ordinates run from zero to 
unity, in other words they have been normalized. 
Further details of the mathematical analysis and 
the justification of the procedure have been given 
in another place.6 The interesting result is that 
the sedimentation constant is a linear function of 
the square root of the molecular weight, Fig. 6. 
The significance of this result will be discussed in an 
article devoted to a discussion of the form of the 
gelatin molecule in solution. In this place we make 
rather general remarks.

il /■•/*.
Fig. 6.— Plot of sedimentation constant vs. square root of 

molecular weight for gelatin P-111-20.
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V . T h e  M o l e c u l a r  F o r m  o f  G e la t in  M o l e c u l e s  
in  S o lu t io n .— I t  h a s  b e e n  e s t a b l is h e d  t h a t  f o r  p r o ­
te in  m o le c u le s  in  s o lu t io n  t r u e  s e d im e n t a t io n  v e l o c ­
i t y  c o n s t a n t  is  v e r y  n e a r ly  p r o p o r t io n a l  t o  t h e  
s q u a r e  r o o t  o f  t h e  a b s o lu t e  m o le c u la r  w e ig h t .  A s  
a  c o n s e q u e n c e  o f  th is  r e la t io n s h ip  o n e  is  le d  t o  a s ­
s e r t  t h a t  t h e  g e la t in  m o le c u le s  in  s o lu t io n  e x is t  in  
t h e  f o r m  o f  a  r a n d o m  c o i l ,  in s id e  o f  w h i c h  t h e r e  w ill  
b e  s o m e  s o lv e n t  m o le c u le s  a s  w e l l  a s  t h e  s e g m e n t s  
o f  t h e  p o ly m e r  c h a in s . T h e  s o lv e n t  w it h in  th e  
c o i l  is  e n t r a p p e d  t o  a n  e x t e n t  w h i c h  d e p e n d s  o n  
t h e  n u m b e r  o f  s e g m e n t s  w it h in  t h e  c o i l .  F o r  a  
s w o l le n  m o le c u le  w i t h  c o m p le t e  im m o b i l i z a t io n  o f  
s o lv e n t  s u c h  a  s q u a r e  r o o t  r e la t io n s h ip  b e t w e e n  
s e d im e n t a t io n  c o n s t a n t  a n d  m o le c u la r  w e ig h t  is  t o  
b e  e x p e c t e d .  O n  t h e  o t h e r  h a n d ,  f o r  a  f r e e -d r a in ­
in g  l in e a r  m o le c u le ,  t h e  s e d im e n t a t io n  c o n s t a n t  is  
a lm o s t  in d e p e n d e n t  o f  m o le c u la r  w e ig h t — a  t r u e  
“ s e d im e n t a t io n  b y  s e g m e n t s ”  b e h a v io r .

V i s c o s i t y  m e a s u r e m e n ts ,  c a r r ie d  o u t  u n d e r  i s o ­
e le c t r i c  c o n d i t i o n  a n d  in  t h e  p r e s e n c e  o f  s a lt , p r o ­
v i d e  a n o t h e r  m e a n s  f o r  t h e  s t r u c t u r a l  c h a r a c t e r ­
iz a t io n  o f  t h e  g e la t in  m o le c u le  in  s o lu t io n .  T h e  
e a r l ie r  in t e r p r e t a t io n  o f  e n h a n c e d  v i s c o s i t y  o f  a  
s o lu t io n  in  t e r m s  s o le ly  o f  s o lv a t i o n  a n d  s w e l l in g  
o f  t h e  s o lu t e  m o le c u le s  h a s  g iv e n  w a y  t o  t h e  n o t io n  
t h a t  i t  is  a  c o m b i n a t i o n  o f  s w e l l in g  a n d  m o le c u la r  
l e n g t h  ( f o r m )  w h ic h  is  r e s p o n s ib le .  T h u s ,  f o r  s i t u ­
a t io n s  in  w h i c h  t h e r e  is  a  s w e l l in g  ( im m o b i l i z a t i o n  
o f  s o lv e n t )  t h e  s o lu t e  m o le c u le s  w il l  a c t  in  p a r t  l ik e  
E in s t e in  s p h e r e s  in  t h e ir  e f f e c t  o n  in c r e a s in g  th e  
v i s c o s i t y  o f  t h e  s o lu t io n .  T h e  in t r in s ic  v i s c o s i t y  
[77] ,  m i g h t  b e  e x p r e s s e d  a s  [77] =  0 .0 2 5  S F ,  w h e r e

S  is  a  s w e l l in g  f a c t o r ,  F  is  t h e  p a r t ia l  s p e c i f i c  v o l ­
u m e , a n d  0 .0 2 5  is  t h e  E in s t e in  f a c t o r .  F o r  t h e  
r a n d o m  c o i l  w i t h  e n t r a p p e d  l iq u id  t h e  s w e l l in g  f a c ­
t o r  S  is  p r o p o r t io n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  m o le c u ­
la r  w e ig h t .  O n  t h e  o t h e r  h a n d , f o r  t h e  f r e e -d r a in ­
in g  m o le c u le  t h e  in t r in s ic  \ i s c o s i t y  w o u ld  b e  d i ­
r e c t ly  p r o p o r t i o n a l  t o  t h e  m o le c u la r  w e ig h t .  T h u s ,  
in  t h e  m o d i f ie d  S t a u d in g e r  e q u a t io n ,  [77] =  K M a, 
t h e  c o m b i n a t i o n  o f  (a )  t h e  f r e e -d r a in in g  l in e a r  
m o le c u le ,  a n d  ( b )  t h e  s w o l le n  m o le c u le  w i t h  i m m o ­
b i l iz a t io n  o f  s o lv e n t ,  f r e q u e n t ly  le a d s  t o  v a lu e s  o f  
t h e  e x p o n e n t  a w h i c h  a re  b e t w e e n  0 .6  a n d  0 .9 .

F o r  t h e  g e la t in  s o lu t io n s  in  q u e s t io n  i t  is  f o u n d  
b y  e x p e r im e n t  t h a t

[77] =  2 .9  X

T h e  v a lu e  o f  th e  e x p o n e n t  a, is  s e e n  t o  b e  w e ll  
w it h in  t h e  r a n g e  o f  t h a t  f o u n d  f o r  m a n y  h ig h  p o l y ­
m e r s  a n d  p o ly e le c t r o ly t e s .

T h e r e fo r e ,  f r o m  t h e  s e d im e n t a t io n  a n d  v i s c o s i t y  
d a t a  w h i c h  h a v e  b e e n  p r e s e n t e d  i t  s e e m s  r e a s o n a b le  
t o  r e m a r k  t h a t  in  t h e  p r e s e n c e  o f  a d d e d  s im p le  
e le c t r o ly t e s  t h e  g e la t in  m o le c u le s  in  s o lu t io n  a s ­
s u m e  t h e  f o r m  o f  a  r a n d o m  c o i l ,  w i t h  t h e  s o lv e n t  
b e in g  e n t r a p p e d  t o  a  c o n s id e r a b le  e x t e n t .  I t  c a n  
b e  s a id  w i t h  l i t t le  f e a r  o f  c o n t r a d i c t i o n  t h a t  w e  d o  
n o t  n o w  h a v e  a  g lo b u la r  m o le c u le  f o r  w h ic h  a n  e l ­
l ip s o id a l  m o d e l  c a n  b e  a s s u m e d .

A c k n o w le d g m e n t .— W e  w is h  t o  r e c o r d  o u r  th a n k s  
f o r  t h e  in v a lu a b le  a s s is t a n c e  o f  M e s s r s .  A .  F u h l -  
b r ig g e ,  A . H a l t n e r ,  J r ., K .  E .  v a n  H o ld e  a n d  M .  
W a le s  in  t h e  p e r fo r m a n c e  o f  m a n y  ta s k s , in c lu d in g  
t h e  in t e r p r e t a t io n  o f  t h e  d a t a .
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By George Scatchard, Allen Gee and Jeanette Weeks

Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Mass.
Received March 11, 1954

The osmotic pressure of solutions of human serum albumin, 7 -globulins and their mixtures in aqueous salt solutions of 
various concentrations at various hydrogen-ion concentrations and temperatures are measured in a modified Hepp osmom­
eter. Although each protein molecule has a charge of plus or minus twelve in an equimolal isoionic mixture of albumin and 
7 -pseudoglobulin, the electrostatic attraction is swamped out by 0.03 M  sodium chloride, and the osmotic coefficients are 
greater than unity in more concentrated salt solutions. The results are correlated empirically and are compared qualitatively 
with electrostatic theory.

In trod u ction .— We expect the interaction of two 
proteins to be most important in the pH range 
between their isoelectric points. We have studied 
human serum albumin and 7-globulin because they 
have the extreme isoelectric points of the major 
plasma proteins. The method is the comparison 
of the osmotic pressure of mixed solutions with 
those of the single proteins in aqueous salt, usually 
sodium chloride, solutions. In the four component 
system we designate the water by 1, salt by 3, albu­
min by 2 and globulin by 4. We let w = w2 +  w* 
and m — m2 +  ra4 stand for the concentration in 
grams and in moles per kilogram of water, W2 and 
Wi stand for the molecular weights, and let x2 =  
m2/m, £ 4  =  m.Jm; R  and T  have their usual mean­
ing and V° is the volume of outside, protein-free, 
solution containing one kilogram of water. Then 
we define the osmotic second virial coefficients B 
and B', and the quantities Jo and J by the relations 
PV°/RT  =  gm =  m( 1 +  Bm  +  . . .)  =

10-6Jw =  10_6J0u)(l +  B ' w  +  .. .) (1)

J° is obviously TO6 */(£ 2IF2 +  xJU/). To determine 
the molecular weight, it is customary to plot J 
against w, and the intercept at w =  0 is J°. In 
many cases J is a linear function of w over a large 
range, and the interactions can be determined from 
B. The first sign of insufficiency in the linear ex­
pression is usually not curvature, but variation of 
J° with temperature or salt concentration. Then a 
less quantitative analysis may be made from g =  
J/J°. If the second virial coefficient is sufficient, 
equations 35 and 38 of Scatchard2 may be com­
bined to give

2B  =  fo a* 0+  ZiXiY- +  ( / W  +  2 ^ x2x4 +  ?uxP) -  
2 m%

(023X2 T  0i3X i)8 » 1, /

2 +  033m3' { 1

in which ft j =  d In y;/dmj. We may define the 
protein components so as to include bound ions and 
make ft3 and /?43 each zero. In this case m% should 
be kept constant in a dilution series. However, the 
difference between constant m.3 and constant m 3 is 
very small. Since Xi =  1 — x2, each term on the 
right in equation 2 is a quadratic in x2, and therefore 
B itself is a quadratic. We will express it as

B  =  B 2x 2 -(- B iX i  -\- 824X2X4 (3)

(1 ) Adapted from the Ph.D. Thesis. M .I.T., 1950, o f  A lle n  G e e , 
National Bureau of Standards, Washington, D. C.

(2) G. Scatchard, J. Am. Chem. Soc., 68, 2315 (1946).

N o t e  a d d e d  a t  t h e  S y m p o s i u m .— It should be noted that 
022, 024 and 044 in equation 2 need not be independent of the 
composition of the protein since the reaction x2A  +  X4G =  
x2A z* +  xtGZi, X2Z2 =  —X4Z4 is independent of the total 
protein concentration. Experimentally, however, B  is a 
quadratic within the precision of our measurements, in­
dicating that d(2/324 — 022 — 0\\)ldx3 =  dS24/dx2 =  0 at all 
values of x2.

Materials.— Ordinary dialysis was carried out at 2 °  in 
Visking sausage tubing containing a glass bead. The 
filled tubing was placed in a larger cylinder containing sol­
vent and was inverted about twice each minute. The di- 
alyzate was changed once or twice a day.

Electrodialysis was carried out at 2°  through cellophane 
membranes in the apparatus of Scheinberg and Hollies.3

Centrifugation was at 5 ° , or occasionally at —5 ° , and 
at about 5000 times gravity.

All protein solutions were sterilized before the osmotic 
pressure measurements by filtering through ultrafine fritted 
glass filters under one atmosphere pressure.

The albumin was from lots 24, 25 and 29 prepared by the 
Massachusetts State Biological Laboratories by cold alcohol 
method 6 .4 I t  showed no globulins by electrophoresis. 
Solutions As and A , were merely dissolved in salt solutions, 
A4 was dialyzed against 0.03 M  N aCl solution, A 5 and A 6 
were treated to remove bound fatty acids. A 5 was brought 
to pH 8 with solid NaHCCL and then electrodialyzed, A 6 was 
brought to pH 7.3 with 0.07 M  NaO H  and then electro­
dialyzed.

The starting materials for the 7 -globulin solutions were 
received from the University Laboratory of Physical Chem­
istry related to Medicine and Public Health of Harvard 
University. They were fractionated5 from fraction II of 
method 6.4 Solutions Gi, G7, Gu and G 12 were prepared 
from 172-2, I I - l ,  2, and the other globulin solutions W'ere 
prepared from L 428-434, II -R . The differences between 
solutions from different stalling materials were no larger 
than those between two from the same material. Neither 
showed any heterogeneity in the standard electrophoretic 
diagram, tu t they would doubtless have done so by the 
“ reversible boundary spreading”  method.6 The 7 -globulins 
did not dissolve completely, particularly in dilute salt solu­
tion. Gi was dissolved in 0.15 M  NaCl and decanted from 
the residue; G2, G 3 and G4 were prepared similarly with 
0.03 M  N aCl. Gs, G 6, G7 and G8 were dissolved in 0.15 M  
N aCl and cleared by centrifugation for 4 hours. G 9 was 
dissolved in 0.15 M  N aCl, dialyzed against 0.15 M  NaCl 
and then centrifuged for 20 hours. G 10 was G9 kept frozen 
at —5 ° for three months, then thawed out, supercooled to 
— 5 ° , and separated from the resulting precipitate. G u 
was dissolved in 0.07 M  N aC l, dialyzed against 0.03 M  
N aC l, centrifuged for 15 hours, supercooled to —5° and 
separated from the resulting precipitate. G 12 was the euglo-

(3) I. H. Scheinberg and N. R. S. Hollies, "Mimeographed Notes,”  
Harvard Medical School (1950).

(4) E. J. Cohn, L. E. Strong, W . L. Hughes, D. W . Mulford, J. N. 
Ashworth, M. Melin and H. L. Taylor, J. Am. Chem. Soc., 68, 409 
(1946).

(5) J. L. Oncley, M. Melin, D. A. Richert, J. W . Cameron and P. M. 
Gross, ibid., 71, 541 (1949).

(6) E. A. Anderson and R. A. Alberty, T his Journal, 52, 1345
(1948).
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bulin precipitate from the preparation of Gn, washed with 
0.03 M  NaCl and then dissolved in 0.15 M  N aC l. For the 
preparation of G i3, 7.5 g. of 7 -globulin and 70 ml. of water 
were stirred slowly at 2° overnight. The supernatant was 
separated by centrifugation, added to another 7 .5  g. of 7 - 
globulin and again stirred slowly at 2 ° overnight. This 
7 -globulin dissolved completely. Dialysis against water 
gave no precipitation, but dilution with water gave an abun­
dant precipitate, which appeared complete when the volume 
reached 120 ml. After centrifuging, the solution was super­
cooled to —5° for three days and the resultant precipitate 
removed by centrifugation. It was then electrodialyzed 
for 3 hours, supercooled to —5 ° again and centrifuged. 
Since the concentration was now only 4 % , a portion was 
“ freeze dried,”  and redissolved in the remaining solution to 
give 45 ml. of a 1 0%  solution.

Measurements.— The osmotic pressures were measured 
in the Hepp osmometer7 as modified by Brown, Bridgforth8 
and the authors, which is shown in Fig. 1. The time to 
attain equilibrium in our measurements is essentially the 
time necessary to attain the equilibrium distribution of small 
ions. The advantage of the Hepp osmometer is that the 
ratio of the volume of the outer, protein-free, solution to the 
area of the membrane is extremely small. That part of the 
solution which attains equilibrium is that which is held in 
the pores of the filter paper directly beneath the membrane 
after as much as possible has been pressed out.

Fig. 1.— Osmometer.

The osmometer as pictured requires 1 ml. of protein for 
rinsing, 2 ml. for the measurement. W ith a smaller collar 
the volume may be reduced at least a half without loss of 
precision. The whole system, osmometer and manometer, 
is set in a thermostated water-bath to avoid pressure 
changes from changes of temperature in the gas spaces.

(7) O. Hepp, Z. ges. exp. Med., 99, 709 (1936).
(8) R. M. Rridgforth, M. S. Thesis, Department of Chemistry,

M .I.T.,. 1949. Detailed drawings and mimeographed instructions are 
available on request.

The salt solution fills the capillary below the membrane and 
the lower half of the side bulb. The upper half of this bulb 
and the rate-reading capillary are filled with n-decane.

The membranes were collodion, prepared from an anhy­
drous solution of 8 g. of nitrocellulose (viscosity 40) in 32
ml. of ethylene glycol, 50 ml. of ethyl ether and 150 ml. of 
ethyl alcohol. The permeability and the speed of the mem­
branes may be varied by changing the fraction of glycol. 
The membranes should be conditioned to the approximate 
pH of the solutions to be used, but they must not be left 
long with alkali since oxidation produces charges which retard 
the diffusion of small ions.

With good membranes equilibrium is reached in 1 to 2 
hours. The osmotic pressure is determined statically when the 
meniscus in the rate-reading capillary becomes stationary, 
and, more accurately, dynamically by determining the rates of 
motion as the pressure is varied by 1 or 2 cm. of decane, 
and interpolating to zero rate. The precision is about 1
mm. of decane at 25° for a moderate pressure. It is 2 -3  
mm. when the pressure is very small or the temperature very 
different from 2 5 °. Several measurements on each parent 
solution were usually made over a dilution range from 10 to 
100 g. protein per kilogram of water. Details of the measure­
ments are given in Gee’s thesis.1

Albumin Solutions.—The measurements with 
albumin solutions are all expressed satisfactorily 
with the osmotic coefficient linear in the concentra­
tion. All but A6 have a J0 value of 14.60, which 
corresponds to a molecular weight of 68,500. The 
A6 showed this same molecular weight when alka­
line, but after electrodialysis, Jo fell to 14.20, or a 
molecular weight of 70,400. The linear term 
appeared to be the same as that of A5, which is con­
siderately larger than those for the untreated albu­
mins. The values of B for isoionic solutions are 
given in Table I, which also shows the values of 
the Donnan term, 22/4m3, determined from the equa­
tions of Scatchard, Scheinberg and Armstrong9 for 
the binding of chloride ion to isoionic human serum 
albumin.

T a b l e  I
S e c o n d  V ir ia l  C o e f f ic ie n t s  of  Iso io n ic  A lb u m in  

S o lu t io n s

-----------------B ---------------- ,
vu 1, °c . Untreated T reated z2/4mn9

0 .1 5 37 180 A 3 160
.15 25 190 A 3 320 A., 160
.15 25 290 A 6 160
.03 37 95 A s 200
.03 25 105 A 4 220 A 6 200
.005 25 85 Ae 133
.005 1 .5 125 Ae 133

These results indicate that the major part of the 
second virial coefficient for isoionic albumin solu­
tions is the Donnan effect due to the bound chloride 
ions. If the bound ions account for all of the ob­
served values of B, neutralization followed by elec­
trodialysis must increase the binding, probably 
by removing competing fatty acids which are not 
ionized at this pH, the binding probably increases 
slightly with decreasing temperature, and the bind­
ing must be somewhat different for our albumins 
and those studied previously.

The variation of B with 71H in 0.15 .17 and 0.03 
M  NaCl is shown in Figs. 4 and 5, and discussed 
later.

7-Globulins.— The measurements with y-globu- 
lins were more difficult than those with albumins, 
because of the smaller osmotic pressure-concentra-

(9) G. Scatchard, I. H. Scheinberg and S. FI. Armstrong, Jr., ./. Am  
Chem. S o c 72, 535 (1950).
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tion ratios, anti also because of an unexplained lack 
of reproducibility, and a slight instability of the 
protein. In 0.15 M  NaCl, Gi showed a molecular 
weight of 185,000, but the other unfractionated glob­
ulins gave a molecular weight of 238,000, and B 
values which varied from preparation to preparation. 
The 172-2,11-1,2 had been studied about four years 
earlier,1" soon after its preparation, and its molec­
ular weight from osmotic pressures determined as
140.000. This may be slightly low, but the meas­
urements surely indicate a value not greater than
160.000. The fractionated euglobulin, G12, showed 
a molecular weight of about 350,000. The pseudo­
globulin, G]3, showed a molecular weight of 187,000 
when freshly prepared. A portion which had been 
kept salt free at 2° for about two months showed a 
molecular weight about 196,000. In the sedimen­
tation ultracentrifuge a 1 %  solution of Gi3 in 0.15 M 
NaCl at 25° gave the following estimated molecular 
weights.

Weight Percentage
Molecular weight Fresh After two months

300,000 19 22
156,000 78 78
100,000 3 0

'he corresponding number average molecular
weights are 182,000 and 187,000, in rather good 
agreement with the osmotic pressures, though both 
somewhat smaller. An electrophoretic diagram 
after the two months standing showed 99% with 
the normal 7-globulin mobility. Sometimes at ms = 
0.03, and always at lower salt concentrations there 
are indications of association as shown by the os­
motic coefficients in Fig. 2 and in Table II for Gj3 
(Jo0 = 5.35).

Kijr. 2.— Osmotic coefficients of isoionic 7-globulin (Gw) in 
NaCl at 25°.

The pseudoglobulin GJ3 was studied in 0.15 M 
LiCl at 25 and 15° as well as in 0.15 M NaCl at 
37, 25 and 1.5°. These results are also shown in 
Table II. Association is indicated if 2g when w = 
50 is less than 1 plus g when w =  100.

Measurements of the effect of pH on B in 0.15 
and in 0.03 M  NaCl are shown in Figs. 4 and 5.

Aibumin-y-Globulin Mixtures.—We have stud­
ied several isoionic mixtures in 0.15 and 0.03 M

(10) .1. J„ Onclcy, G. Scatclianl and A. Brown, Tins Journal, 51,
184 a  »47).

T a b l e  II

O sm o tic  C o e f f ic ie n t s , g, of  P se u d o g l o b u l in  G w

m 3
o,

NaCl
= 50 

LiCl
U>4 =

NaCl
100

LiC l

37 0.15 1.09 1.18
25 . 15 1.10 1 .0 1 1.20 1.03

1.5 .15 0.98 0.85 1 .0 6 0.76
25 .03 .95 0.95
25 .015 .87 .81
25 .003 .82 .79

NaCl. At the higher concentration, and sometimes 
at the lower, the quadratic expression is sufficient 
at each composition, and B is a quadratic function 
of x. For these systems, B2) Bi and B24 of equation 
3 are listed in Table III.

T a b l e  I I I

S e con d  V ir ia l  C o e f f ic ie n t s  fo r  I so io n ic  M ix t u r e s

Components i, *c. tm Bi B, W  4
A 1- G 1 37 0.15 220 120 140
Ag-Gs 37 .15 180 320 240
A 3- G 10 25 . 15 190 330 190
A,i~G i3 25 .15 300 350 30
A2-G/, 37 .03 95 60 40
A 4- G 11 25 .03 105 -130 0

Some mixtures in 0.03 M NaCl and all those stud­
ied in more dilute solutions showed the association 
which we expected to find also at higher salt con­
centrations. The values of g for an equimolal mix­
ture of A6 and G]3 are shown in Fig. 3.

Fig. 3.— Osmotic coefficients of isoionic, equimolal albumin 
(A 6) - 7 -globulin (Gw) in NaCl at 25°.

The effects of pH on B in 0.15 and 0.03 M  NaCl 
for two equimolal mixtures are shown in Figs. 4 and 
5 and discussed later.

Discussion.—The pH of the equimolal mixtures 
of albumin and 7-globulin is about 6.3, which cor­
responds to the addition of about 12 equivalents of 
acid to the 7-globulin and 12 equivalents of base to 
the albumin. The negative charge of the albumin 
molecules is further increased by the bound chlo­
ride ions, which vary in number with the chloride 
ion concentration. We should expect very large 
electrostatic attraction between oppositely charged 
ions with such large charges. This is doubtless the 
effect shown in Fig. 3 at low salt concentrations. 
It is not surprising that it appears to stop with the
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Fig. 4.— Second virial coefficients of albumin, 7 -globulin, and 
their equimolal mixture in 0.15 M  N aCl at 25°.

Fig. 5.— Second virial coefficients of albumin, 7 -globulin and 
their equimolal mixture in 0.03 M  NaCl at 25°.

association to double molecules, for this is sufficient 
to neutralize the charge except that due to 
bound chloride ions. The 7-globulin itself seems 
to show in Fig. 2 evidence of the same sort 
of heterogeneity, which is in accord with the fact 
that 7-globulin is a mixture of several components 
with different isoionic points.11 The surprising re­
sult is that a concentration of small ions as low as 
0.03 molal is sufficient to swamp out the electro­
static attraction, and that in 0.15 M solutions the 
interaction is strongly positive, as shown by B2i of 
Table III. The fractionation to produce Gi3 has re­
duced greatly the value of this interaction. A pos­
sible explanation of this effect would be that 7- 
globulin at low pH also binds chloride ions, and 
that the total bound by half a mole of albumin and 
half a mole of globulin at pH 6.3 is greater than the 
amount bound by a mole of albumin at its isoionic 
point. There is no other evidence for this as­
sumption, but it should be tested. The differ­
ence between the pseudoglobulin and the unfrac­
tionated samples might lie in the larger molecules 
of the latter. Our measurements confirm the ac­
cepted belief that there is no binding by isoionic 7- 
globulin, for neither NaCl nor LiCl changes the

(11) J. R. Cann, R. A. Brown and J. G. Kirkwood, J . B io l . C h em .,
181, 161 (1949).

iosionic pH. The great difference in their effects 
on the osmotic coefficient, like the increase of these 
effects at low temperatures shown in Table II, must 
be attributed to other causes.

The variation of B with pH for albumin solutions 
is similar to that already observed from osmotic 
pressures12 and from light scattering.13 In 0.15 M  
NaCl our measurements show only one nearly lin­
ear wing, which extends beyond the isoionic point 
because of the bound chloride ions. Figure 4 
shows the same behavior for the mixture of albu­
min and 7-globulin. The curve for 7-globulin it­
self does not extend beyond the isoionic point. At 
0.03 M  all the curves show minima, and are much 
more nearly hyperbolic than parabolic. This de­
pression of the wings must be attributed to devia­
tions from ideality, which may be expected with 
ions of large charge. We have found that this may 
be accounted for empirically by replacing the val­
ence in equation 2 by an effective valence, z* — 
(a/ 1  +  0.16|*| — l)/0.08, which is equal to z — 
0.04«2 when 2 is small. The curves of Fig. 5 are 
z*2/4ms plus a term independent of pH, which is 
+40 for the albumin, —230 for the 7-globulin and 
— 30 for the mixture. We note that this expression 
fits the very flat minimum for the mixture as well 
as the depression of the wings for all the curves.

We were able to find a more quantitative treat­
ment by using the equations of Scatchard14 15 for 
ions of different sizes, but the “ higher terms”  are 
certainly not negligible, and we could have done 
better with the equations of Mayer16- 17 which were 
not then available. It should be noted that the 
osmotic pressure discussed by Mayer is the pres­
sure difference across a membrane permeable only 
to the solvent, not to small ions. The equations 
should be used to determine the differential coef­
ficients fe , fe , etc. In the terms used by Scatch­
ard,17 Mayer’s theory gives

„ d In 7 t ztZk , , , , .
ftk =  + + T =  N ----------  E  b* y 1/ ”( * * )

X  »LZi2
i = 1

2ztzk2
X  msZs X  -

3 = 1  v=  0
™i*i:

i=  1

7  ? ZtZk \2 X  X  ĥ V -  +
( X  m iZ, 8 = 1

zvz k‘
(J <7

X  X
mBzBmTz.

■LJT Ì  X  b" 1' ~ +  h ,(x ,r)]

X  «¡Z i
i  =  l

(4)

in which a is the total number of ion species, of 
which t, s, r, k and i are examples

6ts =  — e2ztza/DkTat. (5)

(12) G. Scatchard, A. C. Batchelder and A. Brown, J. Am. Chem. 
Soc., 68, 2320 (1946).

(13) J. T. Edsall, H. Edelhoch, R. Lontie and F. R. Morrison, ibid., 
72, 4641 (1950).

(14) G. Scatchard, Physik. Z., 33, 22 (1932).
(15) J. E. Mayer, J. Chem. Phys., 18, 1426 (1950).
(16) J. C. Poirier, ibid. 21, 965, 972 (1953).
(17) G. Scatchard, National Bureau of Standards Circular 524, 185 

(1953).
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if e is the p ro ton ic  charge, 2  th e  va len ce o f  an ion , D  
the d ielectric constant, k B o ltzm a n n ’s constant, T  
the absolu te  tem perature, and ata the sum  o f the 
radii o f  the ions t and s ; x tR =  m u , w ith  k the D e ­
bye  fu n ction , ( 4 7 r e W 2 iCi2 i2 / 1 0 0 0 DA;T,) I/!. T h e 
values o f  the M a y e r  coefhcients are g iven  b y  
P o ir ier 1 6  as be =  / „  — g„, gv and  h» for  v from  0 to  16 
excep t fo r  v =  1 , w h ich  is im p ortan t in m ixtures of 
ions o f very  different sizes, b u t is n ot hard to  co m ­
pute. S ca tch a rd 1 7  g ives an approxim ate m eth od  
o f extension  to  all values o f v b y  using K irk w o o d ’s 
expression 1 8 ' 1 9  fo r  the sum  from  v =  4 to  °° fo r  the 
leading term  in f ( v ) ,  proportion a l to  k ~. F o r  large 
charges the series does n o t con verge  rap id ly  enough  
fo r  16 term s to  be sufficient.

W e  shall con fine ourselves here to  a qualitative 
discussion. S ince a 2 2  is less than  tw ice  a23, b22 will 
be m u ch  larger than  6 2 3  if  2 2  is m u ch  greater than  2 . 
F or f e  then , the “ h igher term s”  com e from  the first 
term  in equ ation  4, w h ich  is p roportion a l to  h f ^ x n ) /  
(.r22) 2, w h ich  decreases v e ry  rap id ly  as k increases; 
2 g^x)/x ‘i and [ 2 <7 „(.t ) +  2 h„(a ;)]/:r 2 each  start at 
zero. T h e  first show s a m axim um  and the second, 
w h ich  is n egative, a m in im um  at som ew hat less 
than 0 . 1 , and [2 g ,(x) +  2 hv(x)] becom es positive  
for  larger values o f x. T h e  values o f f„ {x )  and o f 
gv(x) vs. x  are show n in F ig. 19.1 o f S ca tch a rd . 1 7

M a y e r ’s th eory  accou nts qu a lita tively  fo r  the 
shape o f the B  vs. p H  curves, includ ing  th e  straight­
ening o f the w ings and the flatten ing o f the m ini-

(18) J. G. Kirkwood, Chem. Revs., 19, 275 (1936).
(19) G. Scatchard and L. F. Epstein, ibid. 30, 211 (1942).

mum for mixtures, and for the damping of electro­
static protein-protein interaction by rather low con­
centrations of small ions. We have not tested it to 
determine whether the same reasonable sizes will 
account quantitatively for each of these effects.

We take this opportunity to express our gratitude 
to the University Laboratory of Physical Chemistry 
Related to Medicine and Public Health of Harvard 
University, to the Massachusetts State Biological 
Laboratories, and particularly to Drs. J. L. Oncley 
and D. W. Mulford for the materials and for the 
ultracentrifuge and electrophoresis measurements.

DISCUSSION
G e o r g e  P h il l ip s  (National Bureau of Standards).—  

I would like to ask regarding the lowest concentrations used 
in the osmotic pressure measurements, for example, for 
bovine serum albumin.

Investigators at the National Bureau of Standards, in 
unpublished work with the modified Hepp osmometer, have 
found that measurements at high concentrations permitted 
extrapolation to agreeing molecular weights. The measure­
ments at concentrations below 1% , however, resulted in 
values of the osmotic coefficient higher than would be pre­
dicted from the high concentration extrapolation. This 
trend is noticeable also in the 1946 paper. Similar measure­
ments in the Zimm-Myerson osmometer did not give the 
above anomalous results.

G e o r g e  S c a t c h a r d .— The lower limit of protein concen­
tration was about one per cent, because we found that the 
absolute precision decreases for very low pressures. W e  
did not find, however, that the pressures tend to be higher 
than expected more often than lower. I can find no indica­
tions of such a trend in our 1946 papers.
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The interaction of human serum meroaptalbumin with zinc ions at 0 ° is indistinguishable from that of the total human 
scrum albumin studied previously. Raising the temperature from 0 to 25° had little effect on the binding of zinc ions by 
the protein, but the protein was less soluble. At 37° the binding was distinctly increased and at the same time irreversible 
changes were noted in the solubility properties of the protein. The addition of urea at 0 ° increased the binding somewhat, 
but not to the same degree as exposure to zinc ions at 37° in the absence of urea.

In an earlier study2 it was shown that human 
serum albumin interacts reversibly with zinc ions 
at 0°. The interaction was interpreted in terms of 
competition between zinc and hydrogen ions for 
imidazole groups in the protein. The zinc-albu­
min complexes are soluble at 0° (ionic strength 
>0.04) and are nearly completely precipitated by 
mole fraction 0.066 ethanol at —5°.3 It was ob­
served, however, that if the temperature is allowed 
to rise above 5-10° precipitation occurs very rap­
idly even in the absence of ethanol. The present 
study was undertaken to determine whether or not 
the marked effects of temperature on the solubility 
of the zinc-albumin complexes could be correlated 
with any changes in the binding of zinc ions by the 
protein.

Materials and Methods
Human Serum Mercaptalbumin.— The two different lots 

of mercaptalbumin used in this study were from the same 
preparations as were used in a study of the interaction of 
mercaptalbumin with plumbous ions.4 The protein solu­
tions were kept frozen at — 18° until immediately before 
use. The concentration of protein was determined as be­
fore.2’4 The molecular weight of both protein preparations 
was taken to be 69,000.

Determination of Zinc.— In the earlier measurements the 
dithizone procedure was used as described,2 except that 
glass-stoppered test-tubes were used for equilibrating the 
aqueous layer with CCh. Later the somewhat more 
convenient ethylenediaminetetraacetate (E D T A ) method 
(method A ) of Schwarzenbach, et al.,s was used. It was 
not necessary to remove the protein before titration of the 
zinc.6 The preparation of standard reagents has been de­
scribed.2'4

Measurement of pH .— Either a Cambridge Instrument 
Company pH Meter modified for use at 0 ° 2 or a Beckman 
Model G pH Meter4 was used. For the experiments in 
which the protein was equilibrated with zinc ions at 37°, 
the pH determinations were made after cooling the mixture 
to room temperature, about 2 5 °.

Equilibration Procedure.— The dialysis equilibrium tech­
nique was followed exactly as before.2 The solvent con­
sisted of 0.15 M  NaNCL, and zinc was introduced as the 
nitrate. Equilibrations were carried out in baths main­
tained at 0.0 ±  0 .1 ° , 25.0 ±  0 .01° and 37.0 ±  0 .01 °.

(1) This work was supported by the Eugene Higgins Trust, by 
grants from the Rockefeller Foundation, the National Institutes of 
Health, by contributions from industry, and by funds of Harvard Uni­
versity.

(2) F. R. N. Gurd and D. S. Goodman, J. Am. Chem. Soc., 74, 670 
(1952).

C3) E. J. Cohn, F. R. N. Gurd, D. M. Surgenor, B. A. Barnes, R. K. 
Brown, G. Derouaux, J. M. Gillespie, F. W . Kahnt, W. F. Lever, C. H. 
Liu, D. Mittleman, R. F. Mouton, K. Schmid and E. Uroma, ibid., 
72, 465 (1950).

(4) F. R. N. Gurd and G. R, Murray, Jr., ibid., 76, 187 (1954).
(5) G. Schwarzenbach, W. Biedermann and F. Bangerter, Helv. 

Chim. Acta, 29, 811 (1946).
(6) If the protein had contained more than a single sulfhydryl

group or if lower degrees of binding had been studied, it is possible that
the precaution of removing the protein would have been necessary.

Results
Comparison of Mercaptalbumin with Total 

Serum Albumin.—The previous studies on zinc 
binding2 were made with total human serum albu­
min. The more homogeneous mercaptalbumin 
fraction7 was chosen for the present study. Besides 
differing in their sulfhydryl content,7 mercaptalbu­
min and total serum albumin do not contain the 
same number of anionic groups.4 The passage over 
ion-exchange resin in the preparation of mercaptal­
bumin appears to remove about four anionic groups, 
and it has been assumed4 that mercaptalbumin 
contains about 102 carboxyl groups per mole com­
pared with the 106 apparently present in human 
serum albumin prepared without passage over ion- 
exchange resin.8 Isoionic mercaptalbumin was 
chosen for comparison with total human serum al­
bumin to which had been added 5.8 moles of NaOH 
per mole of protein (ref. 2, Fig. 1, open circles). 
The pH values ranged from 5.60 to 5.44 for mercap­
talbumin and from 5.74 to 5.41 for total serum albu­
min (ref. 2, Fig. 2, open circles). The results in 
Fig. 1 show that the value of v, the average number 
of moles of zinc ion bound per mole of protein, are 
practically identical for the two protein preparations 
over the entire range of concentrations of unbound 
zinc ion.

Most of the measurements on mercaptalbumin 
were made after the addition of 15 moles of NaOH 
per mole of protein, corresponding on the average to 
perhaps 1 ±  1 hydrogen ion remaining bound to 
the imidazole groups. Taking the results for such 
systems at 0° (shown in Fig. 2), and making the 
arbitrary assumption that in each case exactly one 
hydrogen ion was bound to imidazole groups in the 
protein, values of the intrinsic association constant 
for zinc ions with the imidazole groups, kaznim, were 
calculated (equation 5, ref. 2). Values for log 
f c ° Z n im  of 2.99, 2.79, 2.93 and 2.86 were found, 
compared with an average value of 2.82 for the same 
constant determined with total serum albumin.2

Effect of Temperature on Solubility.—At 0° in 
0.15 M  NaNOs a 1 or 2% solution of mercapt­
albumin at pH near 6 containing 0.005 to 0.015 M 
zinc nitrate usually remained free of precipitate for 
weeks or months. At 0° the protein was precipi­
tated by the addition of ethanol to 10% by volume. 
It redissolved immediately when the concentration 
of ethanol was reduced by dialysis against the orig­
inal solvent containing zinc and sodium nitrates.

(7) W. L. Hughes, Jr., Cold Spring Harbor Symposia Quant. Biol., 14, 
79 (1950).

(8) C. Tanford, J. Am. Chem. Soc., 72, 441 0950).



Sept., 1954 Interaction of H uman M ercaptalbumin with Zinc Ions 789

(Zn + +) X  103.
Fig. 1.— Comparison of zinc binding by mercaptalbumin 

and by total human serum albumin: O, mercaptalbumin; 
• , data of Gurd and Goodman.*

A t 25° in the sam e eth an ol-free  so lven t a p recip i­
ta te  form ed  w ith in  five or  six m inu tes; at 37 ° the 
precip ita te  form ed  w ith in  one or tw o  m inutes. T h is 
precip ita tion  alw ays occu rred  m ore rap id ly  at the 
higher tem perature. T h e  precip itate  form ed  at 
25 ° redissolved slow ly  if  the prote in  suspension 
was returned to  0 ° ,  and the solu tion  was usually 
clear w ithin  three hours after coolin g. T h e  precip i­
tate form ed  at 25 ° was redissolved im m ediately  
(either at 0 °  or 2 5 ° ) on  the add ition  o f 0.01 M  e th y l- 
enediam inetetraacetate (E D T A ) solu tion  at p H
7.0. In  contrast, the precip ita te  form ed  a t 37° 
seldom  redissolved com p lete ly  on coolin g  to  0 ° , and 
a fter standing fo r  on e or tw o  days at 3 7 ° conta ined  
som e protein  th at w as n o  lon ger soluble in E D T A  
solution .

T h e  irreversible alteration  o f the so lu b ility  p rop ­
erties o f  the protein  exposed  to  zinc ions at 37° 
appeared to  be progressive w ith  tim e. M o s t  o f  the 
zinc b in d in g  studies to  be  reported  b elow  in vo lved  
equ ilibration  for  six days, a  tim e chosen to  bring 
ou t any effects th at such changes m ight have on 
the b inding properties o f the protein . T h e  m a­
terial th at cou ld  no longer be  d issolved  sim ply  b y  
addition  o f E D T A  solu tion  was, h ow ever, soluble 
in E D T A  if it was first b rou gh t to  p H  9 or 10 b y  
the add ition  o f dilute N a O H  or am m onia solution . 
H ow ever, w hen such a solu tion  o f protein  that 
had been exposed  to  zinc ions at 3 7 ° was again d i­
a lyzed  against a solution  con ta in ing  zinc and so­
d ium  nitrates, this tim e at 0 C, the protein  form ed  a 
h ea vy  precip itate. B y  con trast, sam ples o f  the 
sam e stock  solu tion  o f m ercapta lbu m in  that were 
exposed  fo r  six days to  zinc ions a t 0 or 2 5 °, and 
were then carried through  the sam e series o f opera­
tions, d id  n ot precip itate  w hen d ia lyzed  against the 
so lu tion  con ta in ing  zinc and sod ium  nitrates. 
T h ese  observations show  that the irreversible 
changes caused b y  the action  o f zinc ions at 37° 
rendered the protein  m ore sensitive to  the p recip i­
tating  action  o f zinc ions than was th e  native m er­
capta lbum in . F urtherm ore, b y  this so lu b ility  
test, the p rote in  th at had been  exposed  to  zinc ions 
at 25° was n ot altered.

(Zn++) X  103.
Fig. 2.— Binding of zinc ions by human serum mercaptal­

bumin: curve 1, 0 ° , pH 5.09 to 5.04; curve 2, 25°, pH 5.01 
to 4.92; curve 3, O, 0 °  at pH 6.82 to 6.30, • ,  25° at pH  6.74  
to 5.90; curve 4, 37°, pH 6.38 to 5.80.

Effect of Temperature on Binding of Zinc Ions.—•
T h e  results o f m easurem ents o f  zinc b in d in g  at 0, 
25 and 37° are presented in F ig . 2. C urves 1 and 2, 
at 0 and  25°, respectively , w ere obta in ed  w ith  iso­
ion ic m ercapta lbu m in  to  w h ich  a p prox im ately  10 
m oles o f  n itric acid  had been  added  per m ole o f  p ro­
tein. In  order o f  increasing v, th e  equilibrium  p H  
values w ere: 5.09 and 5.04 at 0 °  (actu a lly  m easured 
at 3 .0—3 .5 ° ) ;  and 5.01, 4 .96 and 4.92 at 2 5 ° (actu ­
a lly  m easured at 2 4 ° ) . A  sm all am ount o f  protein  
precip ita ted  in th e  experim ent at 2 5 ° in w h ich  v 
was 4.7. A fter the suspension had been  rem oved  
from  th e  cellophane bag  it w as stirred before  sam ­
pling. T h e  precip itate  d issolved  on dilution  w ith  
w ater at 0 °  prior to  analysis. In  all cases the p ro ­
tein  con cen tration  was determ ined  b y  m easurem ent 
o f  the optica l den sity  at 280 m p 2 a fter dilution  w ith  
0.01 M  E D T A  buffer at p H  7.0.

C urves 3 and 4 in F ig . 2, show ing m easurem ents 
at all three tem peratures, w ere obta ined  w ith  iso­
ion ic m ercapta lbu m in  to  w h ich  a p prox im ately  15 
m oles o f  N a O H  had been  added  per m ole  o f  p ro­
tein  before  the equ ilibration  w ith  zinc ions fo r  six 
days. H ere th e  results at 0 and  2 5 ° were su f­
ficien tly  alike to  be  p lo tted  on  a single curve. 
C onsiderable precip ita tion  occurred  in all the ex­
perim ents at 25 and 3 7 °. A n  a liquot o f the sus­
pension  rem oved  from  th e  dialysis b a g  was diluted 
tw en ty -five -fo ld  w ith  dilute am m onia solution  
to  g ive a u niform  bu t c lo u d y  suspension o f p H  
abou t 10.5. F o r  the op tica l den sity  m easurem ent 
an a liqu ot o f  this suspension w as cleared b y  d ilu ­
tion  w ith  E D T A  bu ffer o f  p H  near 7. A n oth er  ali­
q u o t was used fo r  zinc analysis.9

T h e  rem ainder o f th e  contents o f the dialysis bag
(9) The alkaline suspension was uniform as judged by replication of 

the zinc analyses within ± 1 .5 % . Therefore, ~v was determined with an 
accuracy that was practically independent of the difficulty in sampling 
the initial suspension obtained directly from the dialysis bag. The pre­
cision with which v was calculated was probably ± 5 % .
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was centrifuged  a t room  tem perature and  a p H  
m easurem ent m ade on  the supernatant solution , 
along w ith  th e  m easurem ents on  the to ta l solutions 
from  th e  experim ents at 0 ° . In  order o f increasing 
v, th e  equ ilibrium  p H  values w ere: 6.82, 6.60, 6.58 
and  6 .30 a t 0 ° :  6 .74 ,6 .30  and 5.90 at 2 5 ° ; and 6.38, 
6 .12 ,5 .92  and 5.80 at 37° (actu a lly  m easured at 2 5 ° ). 
D u e  to  the sm all quantities o f  prote in  th at rem ained 
in  solu tion  in all experim ents excep t those in w hich  
th e  values o f  v were low est, the determ ination  o f v 
fo r  the soluble protein  was v e ry  inaccurate, and the 
results were erratic. W h en ever 6 0 -8 0 %  o f the 
prote in  rem ained in  solu tion  (correspon d in g  to  
va lu es o f v o f 10 and less at 25 and 3 7 °) the va lue 
o f v fo r  the soluble protein  was close  to  th at for 
th e  to ta l suspension.

In  keep in g  w ith  the observations on  solu b ility  
properties, it  was fou n d  th at rela tive ly  short periods 
o f  exposure to  zinc ions at 37 ° d id  n o t affect the 
b in d in g  properties o f  the m ercapta lbum in . A  solu ­
tion  o f m ercapta lbu m in  in 0 .15 M  N a N 0 3 th at had 
b een  m ixed  w ith  15 m oles o f N a O H  per m ole  of 
p rote in  and a solu tion  o f sod ium  nitrate were ster­
ilized b y  passage throu gh  an ultrafine sintered P y - 
rex glass disk w ith  suction . Sterile glassware was 
used. T h e  protein  solu tion  w as d iv ided  in  tw o  
parts, and  zinc n itrate solu tion  was added  to  one 
sam ple to  a  con cen tration  o f 0 .009 M .  T h e  sam ­
ples o f m ercapta lbu m in  w ith  and w ith ou t zinc ions 
were b o th  in cu bated  at 37 ° fo r  fou r hours, and then 
were brou ght to  0 ° , p laced  in  dialysis bags and 
equ ilibrated  as usual w ith  zinc ions at 0 °  for 
five  days. D u rin g  th e  equ ilibration  at 0 °  the 
p rote in  th at had been  exposed  to  b o th  37° 
and  zin c ions redissolved. T h e  final con d itions 
w ere com parab le  to  those o f  cu rve  3, F ig. 2. T h e 
va lu e  o f v was 11.3 fo r  th e  prote in  th at had been  
exposed  to  3 7 ° in the presence o f zinc ion s ; v w as
11.1 fo r  the protein  th at had  been exposed  to  37 ° in 
th e  absence o f  zinc ions. T h e  va lu e  o f v ob ta ined  
b y  in terpola tion  on  curve 3, F ig . 2, was 10.5. T h e  
results sh ow  that short exposure to  37 ° in the pres­
en ce or absence o f  zinc ions did  n ot a ffect the zinc­
b inding properties o f th e  m ercapta lbu m in  w hen 
su bsequ ently  m easured at 0 ° . In  sharp contrast 
w ith  these results are the high values o f V obta ined  
a fter six days o f  exposure to  zinc ions at 37° 
(cu rve  3, F ig . 2 ).

In  general, the con cen tration  o f m ercapta lbum in  
rem aining in solu tion  a fter equ ilibration  w ith  zinc 
ions was less the higher the va lu e o f v. A t  25° 
(cu rve  3, F ig . 2) th e  con cen tra tion  o f d issolved pro­
tein  fe ll from  4.95 X  10~4 to  0 .65 X  10~ 4 M  as 
v w en t from  7.6 to  12.3. A t  3 7 ° (cu rve 4, F ig. 2) 
th e  con cen tration  o f d issolved  prote in  fell from
4.64 X  10~4 to  0 .05 X  10 ~ 4 M  as v w en t from  8.8 to
20.0. T h e  tota l protein  present in these series was
6.0 to  6.6 X  I 0 ~ i M .

Effect of Urea.— K au zm an n  and S im p son 10 have 
show n that bov in e  serum  album in  undergoes re­
versible changes in op tica l rotation  w hen exposed 
to  urea solutions at tem peratures betw een  0° and 
40°. T hese  changes were taken  to  reflect a rever­
sib le u n fo ld in g  o f the a lbum in  m olecu le . In  v iew

(10) W . Kauzmann and R. B. Simpson, J. Am. Chem. Soc., 75, 5154 
(1953).

o f these conclusions, the e ffect o f  urea on  the b in d ­
ing o f zinc ions b y  m ercapta lbum in  was studied.

T h e  results of m easurem ents o f v a t 0 °  in 6 M  
urea are show n in T a b le  I. U nder these con d itions 
the protein  rem ained in solu tion  th rou ghou t th e  
equilibration . T h e  table  show s estim ated  values 
of v in th e  absence o f urea b u t under the sam e con d i­
tions o f zinc ion  con cen tra tion  and p H . T h e  re­
sults in the low er p H  range were d irectly  com p a ­
rable to  th ose  in F ig. 1, w h ich  a ccord in g ly  were used 
to  estim ate v in the absence o f  urea, show n in the 
last colu m n  o f T a b le  I. T h e  results in  the higher 
p H  range w ere obta ined  at p H  values sim ilar to  
th ose  fo r  curve 3, F ig. 2, and rough  estim ates o f  V 
in  the absence o f urea were obta ined  from  those 
results. A t  th e  higher p H  there is a defin ite trend 
tow ard  higher values o f v in the presence o f  urea. 
T h e  effect o f  urea at 0 °  seem s to  be  less m arked, 
how ever, th an  th at o f raising th e  tem perature to  
37° in  the absence o f urea. A n y  detailed  in terpre­
ta tion  is im possib le  w ith ou t kn ow ledge o f th e  e ffect 
o f urea on  the in teraction  o f zinc ions w ith  m odel 
com pou n ds such as im idazole .11

T a b l e  I

B in d in g  o f  Z in c  I o n s  a t  0 °  b y  M e r c a p t a l b u m in  
D isso lv e d  in  6  M  U r e a  C o n t a in in g  0.15 M  

S o d iu m  N it r a t e

Moles zinc ion bound 
per mole protein

Concn.
unbound Zn + +, 

M  X 103 pH
Urea

present

Urea
absent
(estd.)

1.86 5.54 3.7 2.8
3.82 5.48 4.0 4.2
8.06 5.40 6.4 6.0

16.1 5.30 8.8 —
2.22 7.0 10.9 8
5.50 6.68 13.6 10

11.75 6.48 14.5 12
19.5 6.65 17.3 14

A t 2 5 ° in the presence o f zinc nitrate and urea 
m ercapta lbu m in  appears to  be altered drastically . 
A fter  exposure o f the protein  to  0.01 M  zinc ni­
trate  and 6 M  urea at 2 5 °, N a O H  as w ell as am m o­
nia was required to  bring th e  protein  b ack  in to  
solu tion . T here  was an in d ication  th at the bin d in g  
was som ew hat h igher th an  in  the sam e so lven t at 
0 ° . U rea appeared  to  de lay  slightly  the onset o f 
precip ita tion  o f the m ercapta lbu m in  in th e  pres­
ence o f zinc at 25 and 3 7 °, b u t a fter equ ilibration  
fo r  five days under such con d ition s  it was n ot p os­
sible to  red issolve the protein  b y  rem ov in g  th e  zinc 
ions w ith  E D T A  and raising the p H  to  9.0 (see 
E ffect o f  T em peratu re  on  S o lu b ility ).

D iscu ssion
U p  to  a b ou t 25 ° the in teraction  o f m ercapta lbu ­

m in w ith  zinc ions for  the p eriod  o f tim e that has 
been  studied  appears n ot to  a lter the protein  per­
m an en tly . H ow ever, th e  p recip ita tion  o f the p ro -

(11) The addition of zinc nitrate to a mixture of imidazole and imid-» 
azolium nitrate dissolved in 6 M  urea caused a drop in pH roughly 
comparable to that observed in the absence of urea.12 However, the 
tendency of urea to decompose spontaneously makes it difficult to 
interpret such experiments quantitatively.

(12) J. T. Edsall, G. Felsenfeld, D. S. Goodman and F. R. N. Gurd, 
J. Am. Chem. Soc., 76, 3054 (1954).
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tein  in the presence o f zinc ions a t 25 ° show s a h ys­
teresis e ffect in the slow  and som etim es in com plete  
reversal th at fo llow ed  coo lin g  to  O0.13 I t  is n ot 
certain, therefore, th at th e  m easurem ents o f v at 
25° w ere m ade under con d ition s o f true equilibrium . 
N evertheless the results were consistent and re­
p ro d u cib le .16

T h e  results in  F ig. 2 sh ow  that increasing the 
tem perature from  0 to  25 ° does n ot a ffect the b in d ­
ing v e ry  m uch . I f  it is assum ed that im idazole 
groups in  serum  album in  are responsible fo r  m ost 
o f th e  b in d in g  o f zinc ions, in com p etition  w ith  h y ­
drogen  ion s ,2'18 then  the e ffect o f tem perature on  v 
should depend u p on  th e  w a y  in  w hich  tem perature 
changes alter the intrinsic association  constants of 
th e  im idazole  groups fo r  H ~  and Z n + + . F or  im id ­
azole  alone, E dsall, et a l.,u  h ave estim ated  th at at 
ion ic strength  0.16, log  hx fo r  the association  o f Z n ++  
is abou t 2.76 at 4 .5 ° and 2.58 at 24 °, w hereas for  
H  + log  K '  is 7.50 at 4 .5 °  and  7.11 at 23 °. T h e  
sm aller decrease in a ffin ity  con stan t w ith  increas­
ing tem perature show n b y  Z n ++  as com pared  w ith  
H +  m eans th at V m a y increase w ith  rising tem pera ­
ture if  enough  sites b ecom e availab le (throu gh  loss 
o f H + ) to  m ake up fo r  the decreased affin ity  o f  the 
Z n + +  fo r  any one site. T he sm all increase in 
bin d in g  near p H  5.0 (curves 1 and 2 in F ig. 2) w ith 
increasing tem perature m a y  reflect such an effect, 
since in this p H  range the com p etitive  beh av ior o f 
H +  is im p orta n t.2’8 Such an effect should  n ot be 
so m arked in th e  higher p H  range corresponding  to  
curve 3 in F ig. 2. H ere so  few  h ydrogen  ions are 
bound  to  im idazole  groups at 0 °  th at a  correspond-

(13) Somewhat similar hysteresis effects have been observed14 dur­
ing the precipitation of crude casein by zinc salts and the subsequent 
redissolving of the protein. These results have been discussed else­
where.15

(14) F. M. Richards, personal communication.
(15) F. R. N. Gurd in “ Ion Transport Across Membranes,”  edited 

by H. T. Clarke, Academic Press, Inc., New York, N. Y ., 1954, p. 246.
(16) The reproducibility has been confirmed by Dr. Annemarie 

Weber17 with more extensive studies under comparable conditions.
(17) A. Weber, personal communication.
(18) G. Scatchard, W . L. Hughes, Jr., F. R. N. Gurd and P. Wilcox 

in “ Chemical Specificity in Biological Interactions,”  edited by F. R. N. 
Gurd, Academic Press, Inc., New York, N. Y ., in press, Chapter X I.

ing proportion a l decrease in the num ber bou nd  as 
the tem perature is increased w ou ld  m ake m uch  
less change in the num ber o f sites availab le fo r  the 
bin d in g  o f zinc ions. T h e  observed  results are in 
qu a lita tive  agreem ent w ith  this prediction .

I t  is in teresting that cadm ium  ion , w h ich  co m ­
bines w ith  m ercapta lbum in  in a m anner v ery  sim i­
lar to  th at o f zinc io n ,16 also renders this protein  
less soluble at room  tem perature than at 0 ° .19

P erhaps the m ost interesting aspect o f the experi­
m ents w ith  urea is that the increase in b in d in g  is 
sm all (T a b le  I ) , ind icating that no large n um ber o f 
groups poten tia lly  able to  com bin e  stron g ly  w ith  
zinc ions is exposed  b y  u n fo ld in g  the protein  m ole ­
cule. I t  w ould  be interesting to  determ ine w hether 
or n o t the presence o f zinc ions affects th e  optica l 
rotation  o f serum  album in  in urea solution . I t  is 
n otew orth y  that in the presence o f urea irreversi­
b le changes in  solu b ility  occu rred  on  exposure to  
zinc ions even  at 25°.

T h e  irreversible changes th at occu r  on  exposure 
o f the m ercapta lbu m in  to  zinc ions at 3 7 ° fo r  sev ­
eral days are characterized  b y  loss o f  so lu b ility  in 
solutions o f zinc salts at 0 °  and b y  a d istin ct in ­
crease in the num ber o f m oles o f  zinc ion  b ou n d  to  
th e  protein  o f a g iven  con cen tration  o f zinc ion. 
T h e  increased bin d in g  is o f special interest in th at 
the va lu e o f v exceeded  16, the num ber o f h istid ine 
residues in hum an serum  a lbu m in .2'8 A pp a ren tly  
som e unidentified groups either b ecom e available 
fo r  reaction  fo r  the first tim e under these con d i­
tion s20 or undergo profou n d  changes in  a ffin ity  for  
zinc ions as a result o f alterations in the structure 
o f the m ercapta lbum in  m olecule.
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sented was m ade available through  the kindness o f 
D r. C harlotte  F ittin g . T h e  author wishes to  ex­
press his indebtedness to  the late D r. E . J. C ohn  
and to  D rs. G . Scatchard  and J. L. O n cley  for 
their adv ice  and encouragem ent.

(19) M . J. Hunter, personal communication.
(20) Values of v above 16 also have been observed15 on equilibration 

with zinc glycinate solutions of pH above 8, where amino groups may 
be expected to play a part in binding zinc ions.
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ACTIVITY COEFFICIENTS OF ELECTROLYTES IN MIXED AQUEOUS 
SOLUTION FROM ELECTROMOTIVE FORCE DATA
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A method is presented by which the individual mean activity coefficients of each electrolyte solute and the osmotic coef­
ficient of the solvent in a mixed aqueous solution may be calculated from electromotive force measurements on galvanic 
cells with electrodes reversible to ions of the same sign. The method is applied to data in the literature for mixed aqueous 
nitric acid-silver nitrate solutions. A  simple method of obtaining solution activity coefficient ratios appropriate for ion ex­
change equilibria from solvent activity data also is presented.

In troduction
I t  has been show n b y  M c K a y 1 and  b y  M c K a y  

and P errin g2 that the in d iv idua l m ean a c tiv ity  co ­
efficients o f tw o e lectro ly te  solutes in an aqueous 
th ree-com pon en t solu tion  m ay  be  ca lcu lated  from  
m easurem ents o f  v a p o r  pressure alone, prov ided  
th at such m easurem ents cov er  the entire range o f 
in terest o f  b o th  com p osition  variables. T heir w ork 
suggests in  turn th at the activ ities o f all three co m ­
ponents o f such a m ixed  aqueous e lectro ly te  solu ­
tion  m ay be ca lcu lated  from  m easurem ents o f the 
ratio o f the tw o  e lectro ly te  activ ities, or o f  the ratio  
o f appropriate  pow ers o f  the tw o activ ities if the 
electrolytes are n o t o f  the sam e va len ce type . Such 
data are in princip le available from  e lectrom otive  
force  m easurem ents on  su itable ga lvan ic cells, 
even  for system s conta in ing a com m on  anion (or 
ca tion ) fo r  w h ich  n o  reversible electrode is ava il­
able, or  conta in ing extrem ely  vo la tile  solutes. 
T h e m eth od  is therefore particu larly  suitable for 
the determ in ation  o f a c t iv ity  coefficients in co n ­
centrated  aqueous m ixtures o f  n itric acid  and m etal 
nitrates.

D erivation  o f R elation s
C onsider an aqueous solu tion  o f the tw o  electro­

lytes P„„ A „. (solute  1) and Q„+A<r- (solute  2 ). 
L et Zp, Z q and Z a  b e  th e  charges on  the respective 
ions, and let ki =  v+Zp  =  y -Z \  and  k2 =  <t+ Z q — 
(t~ Z a  be the respective  “ tota l va len ce n um bers”  o f 
the tw o electrolytes. F o r  the ga lvan ic cell 

P | P„+ A„_ (to,), Q<r+A » - {m f)  | Q

the reversible e lectrom otive  fo rce  E  is given  b y

E  =  E ° a,V  «  
a2'/*! 0 )

w here cq is the a c t iv ity  o f f\,_ A„_ and a-> is the ac­
t iv ity  o f  (L , A „ . E qu ation  1 is m ore  con ven i­
en tly  w ritten  in the form

, a f  '*■> 
In - 77-ai / « n r

{E  -  E °) (2)

w hich g ives exp lic itly  the appropria te  a c t iv ity  ratio 
to  be  determ ined from  e lectrom otive  force  data  for  
the typ e  o f cell show n. I f  the tw o e lectro ly tes 
are o f the sam e valence type , then /q =  k2 =  k, and

'» 2  <3>
in w hich  k =  1 for  1 :1  e lectrolytes, k =  2 fo r  1 :2 , 
2 :1  and 2 :2  e lectrolytes, k =  3 fo r  1 :3 , 3 :1  and 3 :3

(1) H. A. C. McKay, Nature, 169, 464 (1952).
(2) H. A. C. McKay and J. K, Perring, Trans. Faraday Soc., 49, 163 

(1953).

electrolytes, and  k =  G for  2 :3  and 3 :2  e lectrolytes.
In  the discussion  o f aqueous solu tions o f  tw o  elec­

tro ly tes o f  the sam e valence type , the m ost con ­
ven ien t com position  variables are the to ta l m ola lity  
m  and the solute m ole fraction  of one electro lyte , 
e.g., x  =  m i/m.i +  m 2 =  m \/m . I f  the e lectrolytes 
are o f different va len ce types, how ever, the m ost 
con ven ien t variables are the tota l num ber o f gram  
equ ivalen t w eights o f  solute per k ilogram  o f so l­
ven t, for  w h ich  the sym bol N  will be used, and the 
solute equ ivalen t fraction  y  o f com pon en t 1. (T h e 
con cen tration  m easure N , w hich  has som etim es 
been term ed the “ w eight n o rm a lity ,”  bears the 
sam e relation  to  n orm ality  th at m ola lity  does to  
m olarity .) I f  nh n2 and n 3 are the num bers o f m oles 
o f the tw o  e lectro ly te  solutes and o f the solvent, 
respectively , then the fo llow in g  relations exist

■.j 1000 Ti\Ki “j-  TliKo
=  "A f m  ~

V =
n\Ki

n \K \  -f- 712*2 (4)

in w hich  M  is the form ula  w eight o f  the so lven t. 
I f  the tw o electro ly tes are of the sam e valence type, 
N  is p roportion a l to  the tota l m ola lity  m , and in 
fa ct N  =  Ktn, w hile y  is identical w ith  the solute 
m ole  fraction  x.

T h e  ca lcu lation  o f the in dividual m ean a c tiv ity  
coefficients from  the experim entally  m easured a c ­
t iv ity  ratios depends on cross-d ifferentiation  rela­
tions (at con stan t tem perature and pressure) o f the 
typ e

(^ r i\  =  (5)
\Ôr/2/ M 3,n i  \ d « i /  K 2 ,K j

w here n is the chem ical potentia l. E ach  chem ical 
potentia l is a fu n ction  on ly  o f com position , that is, 
o f  the variables AT and y ;  hence one m ay  w rite 

/d -V \ /d w \  f  ày  \
\C)?l2/ n3,ni \àNJ y \àni )  nz,n\ \^?/ / N  riz,n\

(6)

T h e  definitions o f  N  and y  g iven  in (4) a b o v e  yield  
b y  differentiation

m  ( 5 L )
\On2/ m,7ii ill \on¡/m,n¡

1000
M

y
N (7)

W h en  these are substitu ted  in  equ ation  G there re­
sults

/ò u A  =  1000 r / òm,\ _  1/ / òmA  "I
\¿>n.2/ni,íii hin:¡ ‘ L\òAr/ B Ñ  \ ò ? // .v j

Sim ilarly
( à ^ \  1000 r / ô u A  1 -  y {Ò m \ 1
\ à n x J m .m  M n 3 Ki L \ d N ) v +  .V "  \ à y  / VJ

(S )

(0 )
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F i n a l l y  w h e n  e q u a t io n s  8  a n d  9 a re  s u b s t it u t e d  in  
e q u a t io n  5 o n e  o b t a in s  a f te r  s l ig h t  r e a r r a n g e m e n t

«2 \i>y /N Ld.y\K2 KlJJN LhlV\K2 K l/J l/
(10)

N o w  in  g e n e ra l
fj. — fx° -j- TIT In a (11)

d o e s n o t  d e p e n d  o n  c o m p o s it io n , a n din  w h ic h  y 
th u s
1 / d  In a2\ !

\ ày ) N ~ V \
Ò .
by n a//»/1

a , a A «
SN n a^7

ai— In 
*2 a 2

' b j at1/*»\
\by ai'/v/it

(12)

E q u a t i o n  12 m a y  b e  in t e g r a t e d  a t  c o n s ta n t  N  to  
y ie ld

)J dv
(1 3 )

in  w h ic h  a 2° is t h e  a c t i v i t y  o f c o m p o n e n t  2 in  its  
p u r e  s o lu t io n  in  s o lv e n t  c o m p o n e n t  3 , a t  th e  s a m e  
v a lu e  o f N  as in  t h e  m ix e d  s o lu t io n . T h i s  re s u lt  
m a y  b e  s im p lif ie d  b y  in t e g r a t io n  o f  th e  f irs t  t e r m  
b y  p a r t s  a n d  c o m b in a t io n  o f t h e  re s u lts  in  th e  f o r m

a2' / «

X T ® ( " - S S ) ] *  <“ >
1 , a 2 , Oj / ‘
— In —o — y In —ry
K2 0 2 O ]1/-

I f  n o w  e q u a t io n  14 is  e v a lu a t e d  a t  y —  1 a n d  th e  
re s u lt  s u b t r a c t e d  f r o m  e q u a t io n  14, o n e  o b ta in s

a2’/«
— In -^ 7  
k, a i =  -  (1 -  y) In

o i

r i  c,Ar," a S ) ] ;1?y (15 )

w h e r e  a C  is th e  a c t i v i t y  o f  c o m p o n e n t  1 in  its  p u r e  
s o lu t io n  in  s o lv e n t  c o m p o n e n t  3 , a t  th e  s a m e  v a lu e  
o f  N  as in  th e  m ix e d  s o lu t io n . T h u s  in  e q u a tio n s  
14 a n d  15 t h e  in d i v i d u a l  a c t iv it ie s  o f th e  t w o  e le c­
t r o ly t e  s o lu te s  a re  e x p re s se d  in  te r m s  o f th e  a c t i v i t y  
r a t io  w h ic h  m a y  b e  m e a s u re d  as a f u n c t io n  o f th e  
c o m p o s it io n  v a r ia b le s  N  a n d  y.

T h e  a c t iv it ie s  ax a n d  a 2 a re  m o s t  c o m m o n ly  re ­
fe r re d  t o  a  m o la l i t y  b a s is  a n d  t h e  c o r r e s p o n d in g  
m e a n  a c t i v i t y  c o e ffic ie n ts  lik e w is e . T h u s  f r o m  th e  
u s u a l d e f in it io n s  o n e  m a y  w r i t e  (w h e r e  v =  v+ +  
v-)

/ N y\ ,,+ ( N  V -  N ” i
n' = \ z f )  { z J  w  and

N"
Oi = Z^+ ZA"~

i n  w h ic h  7 i° is th e  m e a n  a c t i v i t y  c o e ffic ie n t in  a, 
p u r e  s o lu t io n  o f s o lu te  c o m p o n e n t  1 in  s o lv e n t  c o m ­
p o n e n t  3 , a t  th e  s a m e  v a lu e  o f N  as in  t h e  m ix e d  
s o lu t io n . ( T h e  ±  s ig n  is o m it t e d  f r o m  y ±  f o r  
t h e  sa ke  o f c l a r i t y . )  T h u s

ay
ai° =  r * and

at =  (1 « > "  ( ? • ) " (17)

W i t h  th e s e  re la t io n s  a n d  e q u a t io n  2 , e q u a tio n s  14 
a n d  15 b e c o m e
! _7i_ _  _  U p/'- r _ n  _
111 7 .°  Zv +  ZA iR T  I  1

y)(E -  E°) +

f . X è w  - 1" (1 8 )

a n d

In 72
72° Zq +  Z A

„x w ff<K E ,)) , d y] E  (1 -  V)[ (19)

in  w h ic h

=  a n d ■Z p +  Z.\ v z§  -f- ZK
I n  t h e  s p e c ia l case o f e le c tr o ly te s  o f th e  s a m e  v a ­
le n c e  t y p e

—  =  — , y =  x  =  - 1, and (  % N(E  -  E°) )  =  v a m \àN Jy

I t  w i l l  s o m e tim e s  b e  c o n v e n ie n t  t o  d e fin e  a  d e ­
r i v e d  d e p e n d e n t  v a r ia b le  G as
G(N,y) R„  [E  E +  p In J +

RE. /
7  n U (  1 -  y)J

,  V / Z p  +  ' / Z a  In T  ,.r ^ T—  ( 2 0 )
72' / ZQ  +  ' / Z A

I n  te r m s  o f G e q u a tio n s  18 a n d  19 b e c o m e

In

a n d

Z p Zj
Z y +  Z;X‘[( 1 ( 2 | )

In Z  qZ a 
Z q +  Zj XX (2 2 >

T h e r e  re m a in s  t h e  p r o b le m  o f c a lc u la t in g  th e  
s o lv e n t  a c t i v i t y  f r o m  th e  e x p e r im e n t a l ly  d e te r ­
m in e d  s o lu te  a c t i v i t y  r a t io . T h i s  m a y  be  d o n e  in  a 
s im ila r  m a n n e r  t h r o u g h  th e  re la t io n s h ip s

f i r 1)  - f i r )  and f i r )  -  ( ? 3)\ d u z / \ O U i / m tnz \0Hz/m,m \on-2/ns,m
(23)

b u t  is p e rh a p s  m o r e  r a p id ly  a c c o m p lis h e d  t h r o u g h  
th e  u s e  o f th e  G i b b s - D u h e m  e q u a t io n  a t  c o n s ta n t  
t e m p e r a t u r e  a n d  p re s s u re

ni ( w ) s + Q» ) , + "3 iw )* =  0 (2 4 )

U s in g  th e  r e la t io n s  in  (4 )  a b o v e  o n e  o b ta in s  a f te r  
r e a r r a n g e m e n t

= _ M N _ [ v ( * £ \  , 1 r j  ( 7 A  “I m )
\dy / N 1000 Lai \ày ) N ' m \ày /  v J

o r
/ 5  1 n a A  MN r y / ô  In a ,\ 1 —  y/b  In a2\ “I

( ’ V by ) N 1000 U  v  by ) N+  \  by ) NJ
(2 6 )

I f  n o w  e q u a tio n s  14 a n d  15 a re  d if fe re n t ia te d  a n d  
th e  re s u lts  s u b s t it u t e d  in  e q u a t io n  2 6 , a p p r o p r ia t e  
r e a r r a n g e m e n t  y ie ld s

/ ò  In a3\ M (  b . a2' / « \
V  by ) lV-  1000 \b'/N a d / « / »

I n t e g r a t i o n  o f e q u a t io n  2 7  a t  c o n s t a n t  N  le a ds  to

In Oy_
a3*

M
1000 X X ^ ' - S D a  <**

w h e r e  a * is  t h e  s o lv e n t  a c t i v i t y  in  a  p u r e  s o lu t io n  o f 
s o lu te  c o m p o n e n t  2  in  s o lv e n t  c o m p o n e n t  3 , a t  th e  
s a m e  v a lu e  o f N  as in  th e  m ix e d  s o lu t io n . I n  te r m s  
o f th e  m e a s u re d  e le c t r o m o t iv e  fo rc e  o f  th e  g a lv a n ic
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Fig. 1.-— Electromotive force data for aqueous H N 0 3~ 
A g N 0 3 solutions. Curves A , B , C and D  refer to ionic 
strengths of 0 .1 ,0 .2 ,  0.5 and 1.0 molal, respectively.

cell considered, the substitu tion  o f equation  2 in 
equation  28 y ields the final result

In «3
n3*

M  J /  f  v (  d  

1000 R T  J o  \dl/N
( E  -  E °)  \ dy (29)

/  V
I t  is ev ident th at com p lete ly  analogous results 

m a y  be obta ined  th rou ghou t fo r  system s w ith  a 
com m on  cation.

Applications of Relations
Suitable data  fo r  the app lica tion  o f the calcu la­

tion  m eth ods here p roposed  are rather sparse. 
Solution  a c tiv ity  coefficient ratios have been deter­
m ined  from  electrom otive  fo rce  m easurem ents on 
su itable cells b y  B onner, D a v id son  and A rgersinger3 
for  aqueous n itric  a c id -s ilv er  n itrate solutions, and 
b y  B onn er and U nietis4 for  aqueous n itric a c id -m e r­
curous nitrate solutions. M easurem ents were o b ­
tained in the form er for  nine com position s at each 
o f on ly  fou r ion ic  strengths; in the latter fo r  six 
com position s at each o f five ion ic strengths. T hu s 
in neither case is the desired a c t iv ity  ratio well de­
fined as a fu n ction  o f b oth  com p osition  variables. 
N evertheless, certain interesting results m a y  be o b ­
tained b y  app lica tion  o f the p roposed  m ethods to  
the n itric a c id -s ilv e r  n itrate data. (T h e  silver n i­
trate system  was chosen  in preference to  the m er­
curous n itrate system  because o f the slightly  greater 
n um ber o f experim ental m easurem ents available, 
as w ell as because o f the som ew hat greater sm ooth ­
ness o f  the experim ental curves.)

A s seen in  F igs. 1 and 2 , th e  data  m ay  be  fa irly  
well represented b y  the expression  

R T  r
E -  E °  +  -= -  In ~ —  =  -0 .0 1  V w [0 .68  +  r 1 — x

0.96 V ™  -  #(0.109 +  0.151 Vrh)] (30) 

=  - 2 ^ 1 n
t  72 r

(3) O. D. Bonner, A. W. Davidson and W. J. Argersinger, Jr., J. 
Am. Chem. Soc., 74, 1047 (1952).

(4) O. D. Bonner and F. A. Unietis, ibid., 75, 5111 (1953).
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Fig. 2 .— Electromotive force data for aqueous H N O r  
A g N 0 3 solutions. Curves A through I refer, respectively, 
to solute mole fractions of 0.050, 0.125, 0.250, 0.375, 0.500, 
0.625, 0.750, 0.875 and 0.950, and have been successively 
displaced vertically by 2 units (A  through E ) or 3 units (F  
through I), as indicated by the intercepts at to =  1. The 
interval on the vertical coordinate axis is 1.0 unit for all 
curves.

w here x  is the m ole  fraction  o f n itric  acid  (so lu te  
com p on en t 1 ) in  the m ixed  solute, and  m  is the to ta l 
m ola lity , or in this case, ion ic strength. T h is rela­
tion  suggests a linear variation  o f the logarithm s o f 
the a c t iv ity  coefficients w ith  com p osition  at con ­
stan t ion ic  strength, as g iven  b y  H a rn ed ’s ru le ,5 al­
th ou gh  a qu adratic varia tion  is n ot excluded . T he 
relation  fu rth er im plies a sim ple n ot unreasonable 
dependence o f the linear or qu adratic varia tion  
constants on ion ic strength. A lth ou gh  th e  experi­
m ental data  dev iate  from  the sim ple expression  
given , especia lly  near x =  0 and x =  1 , it  was n ot 
considered justified  to  use a m ore in v o lv ed  expres­
sion, particu larly  in v iew  o f the sm all n um ber o f 
ion ic  strengths studied.

W h en  this relation  is su bstitu ted  in  eq u ation  20 
and the result in  equations 21 and  22 , one obtains 
a fter appropriate  sim plification

- 0.069d)  to(1 — x )  +

T h u s a qu adratic varia tion  o f log  y  w ith  com p o­
sition  is ob ta in ed ; and, th e  tw o  qu adratic con ­
stants being equal, the varia tion  o f lo g  71/72 is 
linear. M c K a y  fou n d  a sim ilar result fo r  the lith -

(5) H. S. Harned and B. B. Owen, “ The Physical Chemistry of 
Electrolytic Solutions,” Reinhold Publ. Corp., New York, N. Y., 1950, 
p. 459.
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ium chloride-potassium chloride and sodium chlo­
ride-cesium chloride systems. The explicit de­
pendence of the four variation constants on the 
ionic strength is indicated; the dependence of the 
linear term constants resembles that observed in the 
cesium chloride-hydrochloric acid system6 rather 
than that in the sodium chloride-hydrochloric acid 
system. However, it should be observed that 
these results are obtained over a limited and not 
very low ionic strength range, and they are not to 
be considered valid at very low values of m .

If equations 21 and 22 are combined for the case 
under consideration there results the relation

2lnS5 = ~G{m>1) + J0\ XS  ~ m £ )  da: (33)
or in terms of the constants of equation 30

~  log 2-s = 0.079 +  0.150 Vm (34)
V  hi y 2

In Fig. 3 experimental data are plotted for nitric 
acid and silver nitrate, taken from Conway’s com­
pilation7; the straight line is that of equation 34 
derived entirely from the nitric acid-silver nitrate 
mixed solution measurements. Except at the lower 
ionic strengths, the agreement is good.

The osmotic coefficient in the mixed solution is 
obtained by substitution of equation 30 in equation 
29, integration, and application of the general re­
lation between osmotic coefficient, <j>, and solvent 
activity. The result is
<p -  <i>20 = 10~4 tn3/ 2 a;[0.44 +  1.23 Vm -  »(0.035 +

0.097 Vm)] (35)
where f o 0 is the osmotic coefficient in pure aqueous 
silver nitrate solution of molality m .

A ppendix

Equation 27 provides a direct means of calcu­
lating activity ratios or activity coefficient ratios 
appropriate to ion-exchange reactions from meas­
urements of solvent activity alone, a procedure 
similar to that suggested by McKay.2 In the 
cation-exchange reaction for which the balanced 
equation is (R represents the univalent exchanger 
anion)

-  P„+ A„_ +  ~  QRZq =  L - PRzp +  -  Q„+ (36)Kl Z/Q L  p K2

(6 ) R e fe r e n c e  5 , p .  46 9 .
(7 ) B . E . C o n w a y , “ E le c t r o c h e m ic a l  D a t a , ”  E ls e v ie r  P u b lis h in g  

C o . ,  L o n d o n , 1 9 5 2 , p p . 7 5 , 79.

0 0.2 0.4 0.6 0.8 1.0

Fig. 3.— Activity coefficient ratios for aqueous H N 0 3 
and A g N 0 3 solutions. Experimental points derive from  
measurements on separate pure solutions, straight line from  
eq. 34 based on measurements on mixed solutions.

the equilibrium constant expression contains the term a2'":/!/cuI/'a. If equation 27 is reversed and added to the identity

there results the expression 
£>

A7 (37)

r i _ i n  ( * £ > / * >  
L d V A  \2i/n

y z  r

1000
M

) ] . -
( u r T  + ( i  -  (38)

Equation 38 may now be integrated at constant y  
from N  = 0 to N  =  N , since the value at the lower 
limit is finite; the result is

- « » = ,»  ( v r  ( t r +

<»•
Equation 39 is easily solved for If
only the activity coefficient ratio is desired, equa­
tion 39 leads, with equation 16 and its analog for a2, 
to the result
1 yy1! ZQ. V Zk
ln yiv z ?  + ï/Z a

(  1 1 v
\Zq Zp)- y  i v

(40)

A ck n ow led gm en t.—The author wishes to express 
his indebtedness to Dr. Arthur W. Davidson for 
many helpful discussions and criticisms.
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ETHANE HYDROGENATION-CRACKING ON IRON CATALYSTS WITH AND
« WITHOUT ALKALI
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Frick Chemical Laboratory, Princeton University, Princeton, N. J.
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The kinetics of the hydro-cracking of ethane on iron catalysts with and without alkali additions have been studied. A  
general expression of the form — d [C2H 8]/d i =  kp'cMsP’ ui has been obtained. The exponent r is 1 or a fraction; s changes 
from negative to positive as potash is added to fused iron oxides, containing traces of acidic impurities, from which the 
catalysts were prepared by reduction. A  general formulation of the reaction kinetics is presented to include all the data here 
recorded and earlier work with nickel on the hydro-cracking of ethane and propane. It postulates as a slow step the breaking 
of a C -C  bond by interaction of an adsorbed hydrocarbon radical (C 2H X)0 with hydrogen on the surface. The mechanism 
proposed suggests an interpretation of the role of alkalies in Fischer-Tropsch synthesis on iron catalysts.

T h e  ca ta ly tic  h ydrogen ation  o f ethane has been 
studied  on  n ick e l1'2 and  co b a lt3 cata lysts, w here the 
reaction  rate corresponds to  an expression  o f the typ e

—  d p csH t/d l =  kpcsCPB,1 ( 1 )

N o  in vestigation  has been m ade so far on  iron  cata ­
lysts. F used iron  catalysts, o f  the syn th etic-am ­
m on ia  typ e , are particu larly  interesting because o f 
the great im portan ce  th at th ey  h ave gained in  the 
last decade fo r  h yd roca rb on  syn th esis.4 5

A  fundam ental p rob lem  w hich  arises in con n ec­
tion  w ith  these iron  cata lysts is the role o f  the alkali 
prom oter, w h ich  is k n ow n  to  h ave  great im portan ce 
in  the synthesis and  w hich  cou ld  th erefore  a ffect a 
reaction  such as the present one. A cco rd in g ly  it 
was decided  to  investigate  ethane h ydrogen ation  on 
redu ced  fused iron  catalysts w ith  an d  w ith ou t alkali, 
m ain ly  to  determ ine w hether and h ow  the kinetics 
o f  such a reaction  is in fluenced b y  alkali.

E xperim ental
Apparatus.— A  s t a t ic  s y s t e m , s im ila r  t o  t h e  o n e  d e s c r ib e d  

b y  K e m b a l l  a n d  T a y l o r 2 h a s  b e e n  u s e d . T h e  r e a c t io n  v e s ­
se l o f  a b o u t  220  c c . ,  e le c t r i c a l ly  h e a t e d ,  w a s  p r o v id e d  w i t h  
a n  a i r - ja c k e t  a n d  a  m e r c u r y  r e g u la t o r  t o  k e e p  t h e  te m p e r a ­
t u r e  c o n s t a n t  w i th in  1 ° .

Gases.— C y li n d e r  h y d r o g e n  w a s  p u r if ie d  o v e r  p a lla d iz e d  
a s b e s t o s  a t  3 0 0 ° , c a lc iu m  c h lo r id e , a s c a r i t e ,  m a g n e s iu m  
p e r c h lo r a t e  a n d  p h o s p h o r u s  p e n t o x id e . C y l i n d e r  e th a n e  
w a s  d r ie d  o v e r  c a lc iu m  c h lo r id e  a n d  p h o s p h o r u s  p e n t o x id e , 
a n d  th e n  d o u b ly  d is t i l le d  fr o m  liq u id  n itr o g e n  t r a p s .

Catalysts.— T h e  c a t a ly s t s 6 w e r e  p r e p a r e d  b y  fu s io n  o f  A la n  
W o o d  m a g n e t i t e  o r e 6 w it h  t h e  a d d it io n  o f  p o t a s s iu m  or 
l i t h iu m  c a r b o n a t e .  C o n c e n t r a t io n s  o f  t h e  a lk a l i  p r o m o te r s , 
d e te r m in e d  b y  m e a n s  o f  c h e m ic a l a n a ly s is ,  w e r e  a s  fo llo w s  
(b a s is  ir o n ) :  C a t a l y s t  A W ,  n o  a lk a l i  a d d e d ;  c a t a l y s t  F 1 K ,  
0 .0 5 %  K 20 ;  C a t a l y s t  F 1 L ,  0 .6 % ,  L i 20 ;  c a t a l y s t  F 2 K ,  
0 .6 %  K 20 .

Analyses.— T h e  a n a ly s e s  w e r e  c a r r ie d  o u t 7 in  a  N io r - ty p o  
m a s s  s p e c tr o g r a p h , a n d  b a s e d  o n  a  c a lib r a t io n  c u r v e  o b ­
ta in e d  f r o m  h y d r o g e n - c o n ta in in g  m ix t u r e s  o f e th a n e  a n d  
m e th a n e .

Reduction Experiments.— A  p r e lim in a r y  s t u d y  w a s  c o n ­
d u c t e d  o n  th e  r e d u c t io n  b y  h y d r o g e n  o f  c a t a ly s t s  A W , 
F 2 K  a n d  o f  t w o  e t h e r  c a t a ly s t s ,  M W  a n d  M K ,  p r e p a r e d ,

(1) K. Morikawa, W. S. Benedict and H. S, Taylor, T his .To v r n a l , 
68, 1795 (1936).

(2) C. Kemball and H. S. Taylor, ibid., 70, 345 (1948).
(3) E. H. Taylor and H. S. Taylor, ibid., 61, 503 (1939).
(*4) H. H. Storeh, N. Golumbie and R. B. Anderson, "T he Fischer- 

Tropsch and Related Syntheses,”  John Wiley and Sons, Inc., New 
York, N. Y., 1951, p. 222.

(5) All the catalysts and their analyses were obtained through the 
courtesy of the M . W . Kellogg Company, Jersey City, N. J.

(6) Analysis of the fused Alan W ood ore had given the following 
percentage composition: Fe, 73.0; AI2O 3, 0.76: SiOa, 0.73; TiCh, 
0.17; MgO, 0.08; CaO, 0.04; NaaO, 0.004.

(7) The analyses were made possible through the courtesy of Pro­
fessor John Turkevich, who kindly permitted the use of his mass spec­
trograph.

respectively, by fusion of mill scale, and of mill scale plus 
potassium carbonate (to give 0 .6 %  K 20 ,  basis iron).8 The 
study was made by means of a flow system, in a vertical 
chamber, using approximately 4 g. of the catalysts, mesh 
40 to 100, with hydrogen flowing at the rate of 3 liters/hr. 
at atmospheric pressure, in the temperature range from 300 
to 430°. The reaction was followed by weighing the 
water produced, and it was linear with time up to about 7 0 % . 
A  comparison of the reduction rates showed no appreciable 
difference between them, the activation energies being also 
the same within the experimental error (14.1 , 15.7, 15.8, 
15.6 keal. for catalysts A W , F 2K , M W , M K , respectively).

Procedure.— Approximately 1 g. of catalyst, mesh 40 to 
100, contained in a porcelain boat, was reduced at 460° for 
about 70 hours, with hydrogen flowing over it. The cata­
lyst was then evacuated overnight at the same temperature 
by means of a mercury diffusion pump, and cooled down to 
reaction temperature under continuous pumping. A given 
amount of the mixture of ethane and hydrogen was then let 
into the reaction chamber. After one hour a sample of 
about 40 cc. was withdrawn for the analysis, and the cata­
lyst pumped out at reaction temperature for half an hour. 
An excess of hydrogen was always used to avoid carbon 
deposition and abnormal kinetics.2 Calculation of ethane 
and hydrogen exponents was made by keeping constant one 
of the worldng pressures and by varying the other. Owing 
to a tendency to poisoning it was found necessary to use a 
“ bracketing”  technique, repeating the conditions of the 
first run after one of the parameters had been varied, disre­
garding therefore those results which were not taken in a 
condition of satisfactory reproducibility.

E xperim ental R esu lts
A ll the experim ents are reported  in  T ables I  to  

V ; T a b le  V I  g ives a su m m ary fo r  the various cata ­
lysts reportin g  the experim ental values fo r  ethane 
and  h ydrogen  exponents and  the apparent a ctiv a ­
tion  energies; k' has been  ca lcu lated  a ccord in g  to  
the form ula

log k ’  =  log Z P O C H ,  -  r  log pc2H6 -  S log P H ,  (2)

w here x  is the fraction  o f reacted  ethane, and 
xp oclhs is th erefore  th e  to ta l am ou n t o f  ethane re ­
acted  in  1 h our, expressed in  cm ., c ,h , and  p m  are 
the m ean w ork in g  pressures o f  ethane and h y d ro ­
gen, resp ective ly ; k' th erefore represents th e  re­
acted  ethane in c m ./h r ., fo r  1 cm . ethane an d  1 cm . 
hydrogen , and  fo r  each  cata lyst is p rop ortion a l to  
the rate constant.

T a b le  I reports the data  ob ta in ed  fo r  cata lyst 
F 2 K . A fter  run F 2 K  a5 the ca ta lyst w as k ept in  
vacuo fo r  a  few  d a y s ; the a c t iv ity  th en  decreased to  
a b ou t y 4 and th e  beh av ior was n o t  reproducib le . 
A  period  o f redu ction  o f 12 hours a t 460° fo llow ed  
b y  overn igh t evacu ation  m ark ed ly  increased  the 
a c t iv ity , fa iling h ow ever to  bring it  to  th e  previous 
value. Set F 2 K  b  is a ch eck  fo r  rep rod u cib ility  per-

(8) Analysis of the fused mill scale gave the following percentages: 
Fe, 69.1; SiO*, 0.1; AhO«, 0.2; TiOi, 0.03; MgO. 0.02; CaO, 0.1.
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T a b l e  I

E t h a n e  H y d r o g e n a t io n  on  C a t a l y s t  F2K

Run
Temp.,

°C.
P0C2H6»

cm.
POH!,
cm.

*P0B2H6.a
cm./hr. k’ i>

F2K  al 247 1.26 3 .85 0 .106 0 .0454
2 258 1 .24 3 .7 5 .165 .0736
3 258 1.25 3 .80 .155 .0684
4 247 1.24 3 .7 5 .103 .0449
5 236 1.25 3 .8 0 .069 .0294

b l 258 1 .26 3 .7 4 .115 .0494
2 1.26 3 .7 4 .116 .0497
3 1.27 3 .7 8 .072 .0324
4 1.08 5 .7 8 .048 .0196
5 1 .27 3 .7 8 .051 .0212

cl 247 1 .28 3 .8 7 .0865 .0459
2 1.30 8 .8 0 .112 .0464
3 1.31 3 .99 .0905 .0468
4 0 .5 8 3 .9 7 .0508 .0468
5 1 .29 3 .91 .0895 .0475
6 278 1.29 3 .91 .258 .135
7 249 1 .32 4 .0 3 .102 .0522
8 262 1 .32 4 .03 .157 .0820
9 284 1.32 4 .0 3 .308 .169
10 274 1.27 3 .8 3 .227 .126

d8 230 3 .8 7 5 .11 .154 .037
9 2 .41 3 .1 9 .093 .036
10 1 .50 1 .98 .055 .035
11 0 .9 4 1.13 .033 .033

e lc 265 1.28 3 .8 2 .285 .120''
2 1 .28 3 .82 .251 .106''

“ x  =  percentage of ethane reacted in 1 hr. b k' — ethane 
reacted cm ./h r. for 1 cm. C 2H e and 1 cm. H 2. 'R u n s e l, 
e2 performed in a circulating system. d Calculated k' to 
volume conditions and amount of catalyst of runs in static 
system.

T a b l e  II

E t h a n e  H y d r o g e n a t io n  on  C a t a l y s t  A W

Run
Temp.,

°C.
P  0C !H i,

cm.
POH!,
c m .

x p o  C2H6,a 
c m . / h r . k 'i>

A W  al 225 1 .27 3 .7 8 0 .560 1 .24
2 .573 1 .28
3 .559 1.24
4 .553 1 .22
11 234 1.28 3 .7 2 . 175 0 .274
12 0 .6 9 3 .71 .107 .301
13 1.28 3 .7 2 .170 .266
14 1 .28 3 .7 2 .170 .266
15 2 .61 7 .59 .221 .294

b l 231 1 .34 4 .11 0 .90 2 2 .5 8
2 192 1 .37 4 .1 8 .148 0 .316
3 1.39 8 .61 .0725 .258
4 1.33 4 .0 7 .130 .271
5 0 .6 6 4 .0 9 .0321 .134
6 1 .38 4 .2 2 .0352 .071
7 1.31 3 .9 9 .0248 .050
8 207 1 .26 3 .8 9 .266 .614
9 188 1 .22 3 .7 8 .015 .231
10 1 .25 3 .8 5 .0985 .214
11 208 1 .30 4 .0 0 .283 . 046
12 222 1.31 4 .0 4 .434 1 .04
13 201 1 .26 3 .8 9 .193 0 .439
14 178 1 .26 3 .8 9 .0466 .098
15 0 .63 3 .9 2 .0230 .098
16 1 .28 3 .9 7 .0421 .089
17 1 .27 S . 83 .0238 .089

°'b See footnotes of Table I.

T a b l e  III

E t h a n e  H y d r o g e n a t io n  on  C a t a l y s t  A W K

Run
Temp

°C.
PoCîHs,

cm.
P" Hî, 
cm.

■Cpr.CîH,,'1
cm./hr. k’ i>

A W K  n25 258 1 .30 4 .15 0 .0862 0 .0590
20 0 .6 0 4 .0 5 . 0505 . 0559
27 1.27 4 .0 8 .0736 .0515
28 1.27 8 .5 8 .0787 .0509
29 1 .28 4 .1 2 .0709 .0492
30 282 1 .28 4 .1 2 .178 .126
31 259 1.31 4 .1 9 .0932 .0640
32 272 1 .30 4 .1 5 . 166 .0953

"■ b See footnotes of Table I.

T a b l e  IV

E t h a n e  H y d r o g e n a tio n  on  (Ca t a l y s t  F1K

Run
Temp.,

°C.
POCsHj,

cm.
P0Il2,
cm.

zpoCîHs,“
cm./hr. k't>

F 1K  a2 204 1 .25 3 .7 0 0 .24 5  0. 434
3 1.23 8 .3 2 . 143 441
4 1 .25 3 .7 0 .275 491
5 0 .5 6 3 .7 9 .140 528
6 1.23 3 .6 5 .292 531
7 1.25 3 .70 .251 444
8 177 1.27 3 .7 8 .046 0762
9 192 1 .26 3 .74 .116 197
10 220 1.25 3 .70 .484 920
11 198 1.25 3 .7 0 .180 312

"■b See footnotes of Table I.

T a b l e  V

E t h a n e  H y d r o g e n a t io n  on  C a t a l y s t  F1L
Temp., PnClHt, P»H!, *PoC!H«,“

Run °C. cm. cm. cm./hr. k'b
F1L al 254 1.29 3 .91 0 .48 6 0 .745

2 219 1 .27 3 .83 .168 .234
3 1.28 8 .6 2 .105 .199
4 1 .27 3 .83 .152 .213
5 0 .5 8 3 .8 7 .0829 .220
0 1.29 3 .91 .157 .218
7 245 1.27 3 .83 .127 .170
8 219 1 .30 3 .9 5 .0272 .036
9 1 .27 3 .83 .155 .202
10 245 1 .26 3 .7 9 .382 .571
11 201 1 .28 3 .8 7 .0736 .100
12 259 1 .28 3 .8 7 .750 1 .27
13 233 1 .30 3 .9 2 .339 0 .493
14 1 .29 8 .66 .226 .443
15 1 .24 3 .76 .289 .423
16 2 .4 7 7 .48 .410 .446

bl 222 1.29 3 .8 6 0 .22 7 .316
2 1 .29 8.71 . 170 .325
3 1 .28 3 .82 .228 ■ 31S

a-b See footnotes of Table I.

T a b l e  V I

Ef f e c t  of A l k a l i  on  K in e t ic  E x p o n e n t s  a n d A p p a r e n t

A c t iv a t io n  E n e r g y  for  E t h a n e  H y d r o g e n a t io n

Alkali Kinetic exponents
Catalyst promoter C.H« H, Ea
A W None 1 .0 - 0 . 7 2 5 .6
F1K K ,0  (0 .05% ) 0 .9 - 0 . 7 2 5 .2
F1L L i,0  (0 .6 % ) 0 .8 - 0 . 4 2 1 .0
F2K K 20  (0 .6 % ) 0 .7 + 0 .3 19.3
A W K K 20 6 0 .6 + 0 .1 20.1

"  !■] =  :apparent ;activation energy. b Alkali-promoted
by soaking into KOI I solution.
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form ed  on  a secon d  sam ple o f  the sam e ca ta ly s t; 
here again  th e  a ctiv ity , v e ry  con stan t a t  first, 
d ropped  to  a low er value. T h e  ca ta lyst w as then 
treated  w ith  h yd rogen  a t 50 cm . pressure, and after 
som e hours th e  gas was analyzed  b y  m eans o f the 
m ass spectrograph  to  observe a  possible rem ova l o f 
carbon  as m ethane. Seven  o f these treatm ents 
w ere successively  m ade from  258 to  391° until n o  
further presence o f  m ethane w as detected . T h e  
to ta l a m ou n t o f  carbon  rem oved  was on ly  a b o u t 0.1 
m g., w h ich  a p p rox im ately  corresponds to  2 %  o f the 
to ta l surface, if this is assum ed to  be  o f  the order o f 
5 sq. m . /g .9'10 E v a cu a tion  fo r  1 hour a t 391° fo l­
low ed  this h yd rogen  treatm ent, b u t the cata lyst d id  
n ot sh ow  an y  m easurable a ctiv ity  a t the sam e tem ­
perature (2 5 8 °) a t w h ich  the reaction  had  proceeded  
before. In  set F 2 K  c the beh av ior o f the cata lyst 
was v e ry  reprodu cib le  and the k in etic exponents as 
w ell as the tem perature coefficient w ere calcu lated. 
A  ch eck  is g iven  b y  set F 2Iv d, w here runs w ere 
m ade w ith  a con stan t h ydrogen  to  ethane ratio, 
v a ry in g  the to ta l pressure: the con stan cy  o f k' 
ca lcu lated  accord in g  to  the k inetic values given  in 
T a b le  V I  for  this ca ta lyst is a  con tro l o f  the cor­
rectness o f these values.

T ab le  I I  reports the data  obta ined  fo r  cata lyst 
A W . T w o  sets o f  runs were m ade on tw o  different 
sam ples b o th  h avin g  been redu ced  a ccord in g  to  the 
standard procedu re  p rev iou sly  recorded . A fter  
run  A W  a4 the cata lyst had been  left in  vacuo for  
a  few  days and  the a c t iv ity  d im inished. M easure­
m ents w ere then m ade to  calcu late the ethane and 
h yd rogen  exponents, leading to  the va lues o f  + 0 .8  
and  —0.6, respectively , b u t th ey  are to  be  con sid ­
ered on ly  as in d icative. R u n s A W  a l l  to  a l5  show  
the fa ir con stan cy  o f  k' w hen ca lcu lated  a ccord in g  
to  the k inetic values given  above . T h e  decrease in 
a c t iv ity  n oticeab le  a fter run A W  b5 is due to  an 
acciden ta l failure o f  the m ercu ry  diffusion  pum p. A  
period  o f 36 hours o f redu ction  a t 460° fo llow ed  b y  
overn igh t evacu ation  restored the previous a ct iv ­
ity .

F ollow in g  experim ent A W  al.5 the cata lyst was 
taken ou t o f the reaction  cham ber, and treated  w ith 
K O H  solu tion  in a  w a y  sim ilar to  that described  
b y  L o v e  and  E m m e tt .11 R e d u ctio n  o f  this ca ta ­
ly st (n ow  designated as A W K ) w as carried  for  40 
hours at 460° fo llow ed  b y  overn igh t evacu ation  at 
redu ction  tem perature. A  first set o f  experim ents 
show ed th at the a c t iv ity  had  v e ry  m ark ed ly  de­
creased, b u t it was n o t constant, even tu a lly  b ecom ­
ing negligible. A n  add itional period  o f 48 hours of 
redu ction  fo llow ed  as usual b y  evacu ation  restored 
the a c t iv ity  first show n b y  the ca ta lyst A W K , and 
th e  beh av ior was fa irly  reprodu cib le . T h e  experi­
m ental results are g iven  in T a b le  I I I .  T a b le  IV  
gives the results obta in ed  on  cata lyst F lK ,  and 
T a b le  V  those obta ined  on  cata lyst F 1L . T w o  
sets were m ade on the last cata lyst. T h e  poison ing 
observed  a fter first run F 1L  a6 was due to  acciden ­
ta l fa ilure o f the m ercu ry  diffusion  pum p, bu t in

(9) W. K. Hall, W. H. Tarn and R. B. Anderson, J. Am. Chem. Soc., 
72, 5436 (1950).

(10) P. H. Emmett and S. Brunauer, ibid., 59, 1553 (1937).
(11) The catalyst was soaked into 0.8 cc. of a 0.1 m KOH solution; 

after 3 hr. it was dried up to 100°, and then placed in the reactor. 
See K. S. Love and P. H. Emmett, ibid., 63, 3297 (1941).

this case also a redu ction  period  o f 24 hours fo llow ed  
b y  evacu ation  restored th e  p reviou s a c t iv ity  (see 
run F lL  a9).

In  order to  see w hether the m u ch  low er a c t iv ity  
show n b y  cata lyst F 2 K  cou ld  be  a ttribu ted  to  less 
redu ction  inherent in our redu ction  techn ique, w e 
decided  to  investigate  the sam e reaction  in a  c ircu ­
lating closed  system  w here the catalyst, p laced  in a 
vertica l cham ber, cou ld  be  reduced  b y  h ydrogen  
flow ing th rou gh  i t ,12 and w here th erefore as show n 
b y  M cG e e r  an d  T a y lo r ,13 we cou ld  exp ect a better 
reduction . T h e  g o o d  agreem ent betw een  run  F 2 K  
e l ,  e2 (T a b le  I ) , ob ta ined  w ith the new  redu ction  
technique, can be seen, and  indicates th at the d if­
ference betw een  activ ities show n in our conditions 
is a real o n e .14

Decomposition of Ethane Alone.— A  few  ex­
perim ents on  the d ecom position  o f ethane alone 
were m ade on  cata lysts A W  and F 2 K . T h e  reac­
tion  was first, order w ith respect to  ethane pressure 
on  b o th  catalysts, and  proceeded  at higher tem per­
atures than the h ydrogenatin g  crack ing. I t  is in ­
teresting to  note  th at the tem perature d ifference for  
h avin g  k'dec. =  k 'i,ydr. {k'faz. being also referred  to  1 
cm . pressure o f  ethane) was a b ou t 100° fo r  b oth  
catalysts. U n fortun ately , ow in g  to  the p o o r  repro­
d u cib ility , n o  sufficient data  w ere obta ined  to  ca lcu ­
late activa tion  energies, bu t their va lu es y ie lded  
circa 20 to  25 k ca l./m o le .

Discussion
Since it  was showTn b y  M orik aw a , B en ed ict and 

T a y lo r 1 th at the exchange reaction  o f ethane an d  
deuterium  on a n ickel cata lyst occu rred  in a low er 
tem perature range than the in teraction  to  y ield  
m ethane, and w ith  a low er activa tion  energy, it  
has been  natural to  assum e th at the slow  step  in  th e  
h y d rocra ck in g  o f  saturated h yd rocarbon s on  m etal 
cata lysts in v o lv ed  the breaking o f  the C -C  bonds. 
T h e  high m ob ility  o f  the h ydrogen  atom s o f  ad ­
sorbed  paraffins, as ev iden ced  b y  the relative ease 
o f exchange w ith  deuterium  on m etal film s such  as 
n ick e l15 suggests an equ ilibrated  reaction  o f the 
ty p e

C 2II6 (C2H*)a +  h 2 (3)

w here x  is an in teger and (C 2H X) is an adsorbed  de­
h ydrogen ated  radical.

If, n ow , w e postu late  that the slow  step consists in  
break ing  this radical in to  fragm ents and th at a 
m olecu le  o f  h ydrogen  is in vo lved  in the process.

(C 2Hx)a +  H 2 =  C H „ +  C H . (4)

w e can in terpret the k inetic data o f this w ork  as 
w ell as those o f  p rev iou s w ork . W e  fu rth er as­
sum e th at the resulting fragm ents C H „ and C H 2 are 
rap id ly  rem oved  to  the gas phase as m ethane. I t  is

(12) Total volume of the system was 310 cc., circulation of gas was 
assured by a two stage alternating mercury pump (displacement 10 cc./ 
sec.), 2 g. of catalyst was used. Reduction was carried at 400° for 
72 hours, the hydrogen flowing with a space velocity of 4500 and having 
been purified in exactly the same way as described before.

(13) J. P. McGeer and H. S. Taylor, J . Am. Chem. Soc., 73, 2743 
(1951).

(14) Possible differences in surface area- between the two catalysts is 
outside the order of magnitude of the observed one. See ref. 10.

(15) C. Kemball, Proc. Roy. Soc. (London). A 2 1 0 7 , 539 (1951); 
A217, 376 (1953).
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im m aterial to  our discussion  w hether the h ydrogen  
m olecule strikes the radica l from  the gas phase or 
a ttacks it v ia  the surface so  lon g  as the fraction  o f 
the surface covered  w ith  h ydrogen  is p roportion a l 
to  th e  h yd rogen  gas pressure. B ecause the slow  
step  is occu rrin g , b y  postu late, on  the surface, w e 
can  a p p ly  th e  classical L angm uir k in etic treatm ent. 
T h e  fraction  o f the surface 9 covered  w ith  C 2H* 
radicals b y  the equ ilibriu m  (3) is g iven  b y  equating  
th e  v e locities  in  th e  tw o  directions

Vi =  a ip c2H6( l  — 9 )  =  »2 =  i*2PH26-I/2 9

w hence
e _  ajPCMt/pH**-*12)

1 +  « ( pcsH ./phs6 -* '2)

w ith  a  =  a i /a 2. A s is w ell k n ow n  such an expres­
sion can  b e  rep laced  in  a  restricted  pressure range b y

e =  «"(pCHe/piU6-* '2)“

w here 0 <  n  <  1.
T h e  rate o f  the over-a ll reaction  w ith  reaction  (4) 

the slow  step becom es
r =  kepHl 

or

r =  k'pcH^P^-1 2 -1 • (5)

A ll the k inetic data  h ith erto  accu m u lated  show  
that the rate o f  h yd rocra ck in g  o f ethane is p rop or­
tional to  som e fraction a l pow er m  o f the partial 
pressure o f ethane. T o  test the expression (5) we 
set m =  n  an d  test th e  a d eq u a cy  o f (5 ) b y  the 
agreem ent betw een  th e  observed  value o f the exp o­
nent o f  p m  and the va lu e ca lcu lated  from  (5) w ith 
selected va lu es o f  x. A  priori, it  appears reasonable 
to  assum e values o f  0, 2 an d  4 fo r  x  correspon d in g  to  
acety len ic, acety lene and ethylene residues on  the 
surface. M ore o v e r , w e exp ect th at the stripping 
o f hydrogens from  the h y d roca rb on  (low  values o f 
x ) should  be m ore  m arked  fo r  h igh ly  deh ydrogen ­
ating  surfaces. In  this m anner w e h ave  obta ined  
the su m m ary presented  in  T a b le  V I I  o f  the data of 
this w ork  on  iron  cata lysts  and th at o f K em ba ll and 
T a y lo r  on nickel.

T a b l e  V II

C a l c u l a t e d  E x p o n e n t s  o f  p h , in  E t h a n e  H yd r o c r a c k -  
ino

Catalyst

Ex­
ponent 
of PCiHe

Value
of X

Exponent of pH2 
Calcd.

with (5) Obsd.

Supported N i 0 .7 0 - f i - 1 . 2
A W  no alkali 1 .0 2 - 1 . 0 - 0 . 7
F lK  0 .0 5 %  K 20 0 .9 2 - 0 . 8 - 0 . 7
F lL  0 .0 6 %  Li20 0 .8 2 - 0 . 6 - 0 . 4

F 2K  0 .6 %  K 20 0 .7 4 + 0 .3 + 0 .3
A W K  impregnated 

with K 20 0 .6 4 + 0 . 4 + 0 .1

T h e  agreem ent is v e ry  satisfactory , if it  is re­
m em bered  th at the k inetic exponents are on ly  ap ­
proxim ate . T h e physica l m eaning o f this schem e is 
qu ite  in form ative . T hus, a n ickel cata lyst (x  =  0) 
is p ictu red  as a  p o ten t deh ydrogen ating  surface. 
Iron , w ith  n o  or  little  potash , or  w ith  lithia, is less 
h ydrogen atin g  (x  =  2) as is w ell know n. T h e  rea lly  
interesting feature h ow ever is th a t the e ffect o f  p o t­
ash is t o  decrease the h ydrogenatin g  ca p a city  (x =

4) o f  the iron  surface. E ssentially , its effect is to  
m aintain  the paraffinic m olecu le  on  the surface as 
d im eric C H 2 radicals w ith ou t fu rth er b reak dow n  to  
less h ydrogenated  carbon  radicals.

T h is result is w ell w o rth y  o f  fu rth er com m en t 
especia lly  in  con n ection  w ith the still unexplained 
role  o f  potash  in th e  F isch er-T ropsch  synthesis on  
iron  catalysts. I t  m ust be em phasized th at the 
in trodu ction  o f  potash  in to  the catalysts studied  in 
this w ork  m ark ed ly  decreases their a b ility  to  ru p ­
ture C -C  bonds. C onsequ en tly , the explanation  o f 
the beneficial e ffect o f  potash  in  the h y d roca rb on  
synthesis m u st n ot be  sou ght in its p rom otin g  o f 
C -C  b on d  form ation . I t  n ow  appears that its 
fu n ction  is to  preserve a t the surface the C H 2 radi­
cals w hich  finally y ie ld  the higher m olecu lar w eight 
saturated  h ydrocarbon s. T h e  p o o r  sh ow ing  o f 
n ickel as a  F isch er -T rop sch  cata lyst a lso fo llow s 
from  this schem e, since on  N i, x  =  0 and  paraffin ic 
m olecules are stripped  dow n  to  ca rb on  w ith  on ly  
m ethane as the final p rod u ct. M o reov er , it is 
k n ow n 4 that lithia does n o t possess in the synthesis 
the v irtu e  o f potash . T h is becom es clear from  our 
table  w here it is seen that lith ia is unable to  
p rotect the C H 2 p olym eric  radica ls; in other 
w ords x  rem ains equal to  2 ju st as on  iron  w ith ou t 
alkali.

T h e  kinetics o f the h y d rocra ck in g  o f propane on  
nickel, as studied  b y  M orik aw a, T ren n er and T a y ­
lo r ,16 also fo llow  from  this schem e. H ere, the 
equ ilibrated  reaction  is

C 31I8 C3H„ +  H 2

T h e  rate expression  representing the data  is

r =  i-pciHs0-9 X  Ph2~2-6 (6)

B y  a reasoning analogous to  th at a b o v e  fo r  p ro ­
pane, w e n ow  obta in

f l  _  n 8 -
r =  fcpcjHs’1 X  Ph2L 2 J

A s before  let us p u t n  =  0 .9 and  x =  0 since we deal 
here also w ith  a n ickel ca ta lyst. T h e  ca lcu lated  
h ydrogen  expon ent is then — 2.6, iden tica l w ith  the 
observed . In  the earlier p u b lica tio n 16 it w as d if­
ficult t o  rationalize the h igh  n egative expon ent fo r  
hydrogen . T his com es qu ite  natu rally  from  the 
present postu lated  m echanism .

A  few  w ords w ill g ive further w eight to  our co n ­
siderations. I t  was show n in this w ork  th at ethane 
alone decom poses at a higher tem perature than 
eth an e-h yd rogen  m ixtures. T h is suggests that 
h ydrogen  is in vo lved  in the slow  step  o f the crack ­
ing reaction  as we have indeed postu lated. N o  h et­
erogen eity  o f the surface has been assum ed in our 
derivation . T his does n o t m ean th at the surface 
is n o t heterogeneous b u t recognizes the fa c t  th at, 
in a k inetic experim ent, the pressure varia tion  at 
con stan t tem perature is so sm all that the surface 
behaves as if it w ere hom ogen eous. T h is w ill be 
show n elsew here in detail in the case o f  the de­
com position  o f stibine on  an an tim on y  film , and in 
am m onia  synthesis catalysis.

T h e  less p o ten t a c t iv ity  o f  iron  cata lysts con ta in -
(16) K. Morikawa, N. Trenner and H. S. Taylor, T his J o u r n a l . 59, 

1103 (1937).
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ing potash  finds substantiation  in the recent w ork  
o f K u m m er and  E m m e tt .17 T h e y  fou n d  th at a 
Fo -AI2O 3 cata lyst perform s the H 2- D 2 exchange 
rap id ly  a t — 195° (tim e fo r  1/ i conversion , U/, —
3 -1 0  sec.). On an iron  cata lyst th at is p rom oted

(17) J. T. Kummer and P. H. Emmett, T h is  J o u r n a l , 56, 258 
(1952).

w ith  b o th  alum inum  oxide and potassium  ox ide  the 
rate is scarcely  appreciable  at th a t tem perature 
(h /2 ca. 6000 sec.).

Acknowledgment.— T h is w ork  was su pported  in 
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COMMUNICATION TO THE EDITOR

A L P H A -P A R T I C L E  I O N I Z A T I O N  A N D  
E X C I T A T I O N  IN  G A S  M I X T U R E S

S ir:
In a recent p u b lica tion 1 it was show n  th at the ion 

y ie ld  (M / N ) fo r  the polym erization  o f acetylene b y  
a-particles in in d iv idua l m ixtures w ith  six different 
inert gases is con stan t on ly  w hen related to  the 
energy o f ion ization  (ion ization  p oten tia l), b u t n ot 
in relation to  the tota l energy (W ) expended  in the 
m ixture. F rom  this it was deduced  th at the excess 
energy (excita tion ?) con tribu ted  n oth in g  to  the 
reaction. T h e  argum ent was based on the in ­
equ ality  of the ratio for  d ifferent inert gases (ioniza­
tion  p o te n tia l/to ta l energy) as derived  from  the 
then  accep ted  d a ta .2

R e ce n tly  several w ork ers3 have reexam ined 
the to ta l ion ization  p rodu ced  b y  alpha particles 
in a num ber o f inert gases and find the tota l energy 
(IF ) necessary to  p rodu ce  an ion  pair stron g ly  
dependent on  the pu rity  o f the gas. V ery  sm all 
quantities o f certain  im purities can  greatly  low er 
W  b y  con tribu tin g  ions n ot depend ing  on the ion iza­
tion  of the principal com pon en t. W h en  the 
im purities are rem oved  b y  strenuous purification  
the net resu lt4 is th at the ratio o f W  to  ion ization  
poten tia l has the con stan t value 1.71 ±  0 .031 for  
each o f the five inert gases.

E v id en tly  this invalidates the argum ent that
(1) S. C. Lind, T h is J o u r n a l , 56, 920 (1952).
(2) Rutherford, Chadwick and Ellis, “ Radiation from Radioactive 

Substances,” Cambridge University Press, New York, N. Y ., 1930, p. 
81.

(3) W. P. Jesse and J. Sadauskis, Phys. Rev., 90, 1120 (1953); 
T. E. Bortner and G. S. Hurst, ibid., 90, 160 (1953); 93, 1236 (1954).

(4) VY. P. Jesse, private communication in advance of publication.

excita tion  or m etastable  states can n ot con tribu te  
to  chem ical action  taking place under alpha radia ­
tion . W hile  it does n ot p rove  that th ey  d o  or d o  
n ot take part, it show s th at if th ey  d o  participate  
th ey  m ust d o  so in som e con stan t p rop ortion  to  the 
ion ization . W h a t the ratio m a y  be is d ifficu lt to  
ascertain  in v iew  o f the lack  of m ethods to  deter­
m ine q u a n tita tive ly  the num ber o f excited  or 
m etastable  -states. Ion iza tion  can  be  defin itely  
m easured and therefore continues to  be the best 
index o f y ie ld  in gas reactions tak in g  place under 
ion izing radiation . In  fact, if b oth  ions and m eta ­
stable states con tribu te  to  the reaction  b o th  m ay 
feed in to  a com m on  produ ct, a free radical or atom , 
as the next stage in the k inetic m echanism .

T h e  fa ct  th at the rates o f polym erization  o f 
acety lene in m ixtures w ith  six different inert gases 
were fou n d  proportion a l to  the tota l ions p rodu ced  
b y  alpha rays in acety lene plus the ions in the inert 
m a y  m ean th at the gases used con ta in ed  n o  dis­
tu rbin g  im purities.5 6

F inally , w h at is the p rob a b ility  that the excited  
states o f inert gases, includ ing  n itrogen , shou ld  
con tribu te  to  produ ce  chem ical action  in som e p ro ­
portion  to  the accom p an y in g  ion iza tion .6 
O a k  R id g e  N a t io n a l  L a b o r a t o r y
O ak R id ge , T en nessee  S. C. L ind7

R e c e iv e d  J u l y  22, 1954

(5) Tiiis may well have been the case since the gases were purified 
in the Cryogenic Laboratory of the Bureau of Mines in Washington 
where the techniques of gas purification had been highly developed in 
the separation of helium from natural gas.

(6) Dr. R. L. Platzman expects to answer this question by utilizing 
existing data for the polymerization of acetylene by radon in mixtures 
with the inert gases.

(7) Carbide and Carbon Chemicals Company, Oak Ridge, Tennessee.
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