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Structure and Optical A ctiv ity  o f a Crystalline 
Modification o f Isolactic Poly-(S)-4-methyl-1-hexene

I. W. BASSI, S. p.A. Montecatini-Edison, Milan, Italy,
0. BONSIGNORI, G. P. LORENZI, and P. PINO,
Technisch-Chemisches Laboratorium, Eidy. Technische 

Hochschule, Zürich, Switzerland, and P. CORRADINI and
P. A. TEMUSSI, Istituto Chimico, Universita di Napoli, Italy

S y n o p sis
T h e  resu lts  of an  x -ray  an d  p o la rim e trie  s tu d y  of a c ry sta llin e  m od ifica tion  (form  I )  of 

iso tac tic  p o ly -(S )-4 -m eth y l-l-h ex en e  are rep o rte d  and  discussed. T h e  x -ray  fiber spec
t r a  of th is  po lym er are p ra c tica lly  in d is tin gu ish ab le  from  th o se  of iso ta c tic  p o ly -(R )- 
(S )-4 -m eth y l-l-h ex en e . A lthough  th e  c ry s ta l s tru c tu re  of th e  la t te r  can  be described  on 
th e  basis of helices of d iffe ren t screw  sense p ack ed  in  a  P 4  space g roup , th e  c ry s ta l s tru c 
tu re  of p o ly -(S )-4 -m eth y l-l-h ex en e  is b e tte r  described o n  th e  basis of a P I  sp ace  g ro u p . 
T h e  conclusion of th e  x -ray  in v estig a tio n , th a t  in  th e  c ry sta ls  of th e  o p tica lly  ac tiv e  p o ly 
m er an  equal n u m b er of rig h t-h a n d e d  and  le ft-h an d ed  helices m u s t be p resen t, is su p 
p o rted  by  th e  p o la rim e trie  m easu rem en ts, w hich h av e  show n th a t  th e  p o ly m er in  th e  
c ry sta llin e  form  I possesses a  ra th e r  low  ro ta to ry  pow er.

IN T R O D U C T IO N
Preliminary x-ray studies1 have revealed a strong similarity between 

the fiber spectra of isotactic specimens of poly-(S)-4-methyl-l-hexene 
(henceforth called SPAIH) and poly-(R)(S)-4-methyl-l-hexene (hence
forth called PMH). In turn, the spectrum of P AIH has previously2 been 
shown to be like that of isotactic poly-4-methyl-l-pentene (PAIP), whose 
crystal structure has been preliminarily described3 on the basis of 7/2 
helices packed in a Pi space group.

The P4 space group is possible in principle for PAIH; in fact, owing to 
the stereoselectivity of the catalytic systems which have been used for 
the polymerization of the racemic monomer,4 macromolecules formed pre
dominantly by (It) or (S) monomeric units are present in such a polymer, 
and therefore the chains can assume truly enantiomorphic helical con
formations. On the contrary, the PJt space group is not consistent, in 
principle, with SPAIH because, in this case, a right-handed and a left- 
handed helical chain are not mirror images.

Aleasurements5 of optical activity in crystalline vinyl polymers have 
stimulated our interest to investigate in more detail tire crystalline structure 
of isotactic SPAIH. In fact, if the chain conformation in the crystalline
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BASSI ET AL.

state is known, the comparison of the optical activity in the crystalline 
state and in solution may give useful indications on the conformation in 
solution. It appeared possible, therefore, to check the validity of hy
potheses concerning the conformational equilibria for SPMH in solution, 
which have been put forward previously.6 Moreover, SPMH seemed 
particularly well suited for a study of the packing of crystalline isotactic 
polymers characterized by complex helices. This problem, first tackled 
by Frank, Keller, and O’Connor3 and later by Noether,7 has been recently 
discussed to some length by Corradini8 on the basis of close packing con
siderations.

The present paper reports the results of an x-ray and polarimetric study 
of a crystalline modification of isotactic SPMH. Since the fiber spectrum 
of SPMH bears a very close resemblance to the spectrum of PMP, the 
results of a reinvestigation of the crystalline structure of the latter polymer 
are also included.

194

R E S U L T S  A N D  D IS C U S S IO N  
P o ly -4 -m e th y l- l-p e n te n e

The x-ray fiber photographs of isotactic PIMP can be interpreted on 
the basis of a tetragonal unit cell with the axes (a = 18.66 A; c = 13.80 A) 
given by Frank, Keller and O’Connor.3 On the other hand, the number 
of well defined reflections which can be observed in our x-ray photographs 
is consistently larger than was utilized by Frank et al.3

These improved experimental data can be used not only for a refinement 
of the structure proposed by Frank et al.3 but also to test with complete

Fig. 1. E n d  view  of th e  m olecular m odel of a  chain  of p o ly -4 -m ethy l-l-p en tene .
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structure factor calculations, the possibility discussed by the above authors3 
of packing in the P / space group rather than in the proposed P~J+ group.

A reliable molecular model can be built by taking into account the data 
on internal conformational parameters which have become available in 
the last few years from structural work on polymers9 and on model com
pounds.10 In conformity with the studies cited, the two C—C—C valence

H H H R
\ /  \ /angles along the chain 4>i lor C and <£2 lor C were assumed
/ \  /  \

to be respectively 113° and 110°.
The two internal rotation angles <n and a2 which characterize the chain 

conformation were calculated11 with the assumption that the C-C distances 
are all 1.54 A and by using the experimental value 13.80/7 for p, the identity 
period of the monomeric unit, and 4ir/7 for d, the rotation about the helix 
axis. The following values were found:

o-i =  72°30', a2 193c
0 = 103°22' 
p = 1.970 A

Similar values of the internal coordinates were used for the side group. 
It can be seen from Figure 1 that in the chosen conformation all the carbon 
atoms of the side group not directly bonded to the main chain are placed 
as far away as possible from the chain skeleton.

On trying to fit four chains like that shown in Figure 1 in the experi
mental unit cell, even very simple packing considerations, based on the 
order of magnitude of closest contact distances between atoms belonging 
to adjacent chains, show that the P / space group must be rejected. The 
data reported in Table II show the satisfactory agreement between ob
served intensities and structure factors calculated by using the coordinates 
reported in Table I, obtained in the case of the P / group.

No further attempts were made to improve the calculations by means of 
slight modifications of the molecular model.

T A B L E  I
F ra c tio n a l C o o rd in a te s  of O ne M onom eric  U n it of 

P o ly -4 -m e th y l- l-p e n le n e  E m p lo y ed  in th e  C a lcu la tio n s of T a b le  11°
x/a y/b z/c

Ci 0 .2 5 0 0 .3 0 6 0 .9 2 5
C 2 0 .2 6 4 0 .3 0 7 0 .0 3 8
c 3 0 .3 0 4 0 .3 7 3 0 .0 6 7
c 4 0 .2 5 5 0 .4 3 9 0 .0 4 5
Cs 0 .1 9 3 0.441 0 .1 1 9
C6 0 .3 0 0 0 .5 0 7 0 .0 5 4

» T h e  coord ina tes of th e  ot her six m onom eric  u n its  a re  g en e ra ted  th ro u g h  th e  operation  
of a  local 7/2  screw  axis.
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T A B L E  I I
C o m parison  b etw een  O bserved  In te n s itie s  I  a n d  th e  C a lcu la ted  N F 02 

(w here n  is th e  M u ltip lic ity  of th e  R eflection) for 
P o ly -4 -m eth y l-l-p e n ten e , B =  8 A 2

n fV  n f y
h k 1 I (Pi) h k l / (P4)
1 0 0 i 10 i 0 23
1 1 0 2 10 2 0 20
2 0 0 vs 763 9 5 0 8
2 1 0 2 10 3 0 10
2 2 0 111 127 1 0 1 2
3 0 0 — 1 1 1 4
3 1 0 — 2 0 1 VW 12
3 2 0 2 2 1 1 w 88
4 0 0 w 44 2 2 1 w 174
4 1 0 2 3 0 1 48
3 3 0 — 3 1 1 m 218
4 2 0 m s 170 3 2 1 ms 706
5 0 o ) j l 4 0 1 70
4 3 o f vw (2 4 1 1 m 230
5 1 0 1 3 3 1 24
5 2 0 11 4 2 1 32
4 4 0 w 75 5 0 1} jo
5 3 0 — 4 3 I f to
6 0 0 vw 18 5 1 1 20
6 1 0 3 5 2 1 S
6 2 0 18 4 4 1 14
5 4 0 1 5 3 1 10
6 3 0 4 6 0 1 5
7 0 0 7 6 1 1 26
7 1 °1 f 1 6 2 1 vvw 62
5 5 of 1 5 4 1 18
6 4 0 — 1 0 2 28
7 2 0 14 1 1 2 w 2
7 3 0 2 2 0 2 2
6 5 0 VW 5 2 1 2 vs 1428
8 0 0 6 2 2 2 4
8 1 ° l u 3 0 2 vw 180
7 4 of

W ]o 3 1 2 18
8 2 0 17 3 2 2 mw 380
6 6 0 19 4 0 2 32
8 3 0 3 4 1 2 w 34

7 5 0 8 3 3 2 68
8 4 0 VW 30 4 2 2 w 68
9 0 0 1 5 0 2) mw (184
9 1 0 9 4 3 2 f (164
9 2 0) s— 5 1 2 60
7 6 o f \ 2 5 2 2 vw 258
8 5 0 10 4 4 2 96

9 3 0 9 5 3 2 112
9 4 0 24 G 0 2 7
7 7 0 14 6 1 2 22

10 0 0] (1 4 G 2 2 70
8 6 o f (24 5 4 2 54
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T A B L E  II  (c o n tin u e d )

h k l /
n F J
( P i ) h k l I

n F c 1
( P i )

1 0 3 — 4 2 4 18
1 1 3 m s 726 5 0 4 l (36
2 0 3 s 578 4 3 4 (81
2 1 3 — 5 1 4 66
2 2 3 16 5 2 4 46
3 0 3 7 4 4 4 62
3 1 3 m w 212 5 3 4 15
3 2 3 22 G 0 4 1
4 0 3 6 6 1 4 20
4 1 3 30 6 2 4 11
3 3 3 2 5 4 4 19
4 2 3 vw 4 1 0 5 2
5 0 3} 5 1° 1 1 5 1
4 3 3 ) | i o 2 0 5 —
5 1 3 13 2 1 5 s 315
5 2 3 3 2 2 5 —

4 4 3 2 3 0 5 6
5 3 3 12 3 1 5 vw 2
6 0 3 5 3 2 5 6
6 1 3 1 4 0 5 4
6 2 3 6 4 1 5 vw —
5 4 3 9 3 3 5 11
1 0 4 — 4 2 5 22
1 1 4 m s 152 5 0 5} 5 -
2 0 4 w 134 4 3 t 2
2 1 4 2 5 1 5 23
2 2 4 11 5 2 5 2
3 0 4 6 4 4 5 46
3 1 4 vw 42 5 3 5 52
3 2 4 32 6 0 5 4
4 0 4 3 6 1 5 2
4 1 4 vw 61 6 2 5 23
3 3 4 — 5 4 5 3

P o Iy - (S ) -4 -m e th y l- l -h e x e n e  an d  p o ly - (R )(S ) -4 -m e th y I - l -h e x e n e
Two different crystalline modifications have been observed for SPMH. 

One of them (form I, Fig. 2) is present in melt-spun fibers and in powders 
prepared by finely grinding polymer samples obtained by slow cooling 
from the molten state. As is shown by Figure 2, such a modification has 
a crystal structure similar to that of the polymer of the racemic monomer 
(PMH). The second modification (form II, Fig. 3) has been detected 
in samples obtained by precipitation from benzene solutions with methanol. 
The latter modification changes into form I by heating at temperatures 
slightly above 120°C. Our present study concerns only form I; the struc
tural features of form II are still under investigation.

The fiber spectra of PMH and SPMH are practically indistinguishable 
and resemble very closely that of PMP. All the experimental reciprocal
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20 255 10 2 0 15
Fig . 2. G eiger co u n te r recorded  x -ray  pow der sp ec tra  (C u K a )  of po ly-(S )-4-m ethyl- 

1-hexene, form  I, (S P M H , M od . I ) , an d  of p o ly -(R )(S )-4 -m e th y l-l-h ex en e  (P M H ).

distances can be interpreted on the basis of a tetragonal unit cell character-° °ized by the following parameters: a = b = 19.85 A; c = 13.50A. Such 
a result holds true within experimental error both for PMH and SPMH, 
form I. Also, the values of the intensities can be considered to be the 
same in the spectra of both polymers.

The molecular model, apart from the additional methylene group, has 
been built by using the same values for bond lengths and valence angles 
as were used for PMP. The following internal rotation angles (around 
the chain bonds) are consistent with the repetition of seven monomeric 
units in two pitches and with an identity period per monomeric unit of 
1.93 A:

A schematic model is shown in Figure 4. This model has been tested for 
the P\ space group by means of structure factor calculations. The co
ordinates of one monomeric unit are reported in Table III. The structure 
factor calculation is reported in Table IV. The calculation, which implies 
the existence in equal amounts of macromolecules (R) made up of mono
meric units spiraled in the right-handed sense and of macromolecules (S) 
made up of monomeric units spiraled in the left-handed sense, appears to 
be acceptable as far as the accord between calculated and observed intensi
ties is concerned. However, this calculation is not consistent with the 
identical configuration of the asymmetric carbon atoms in the side chains 
of the optically active polymer. Also, for the polymer of the racemic 
monomer, the model chosen would imply complete stereoselectivity of the 
polymerization process. This is because, in principle, in this P4 space 
gioup calculation, helices of opposite screw sense should be built up of 
monomeric units having opposite chirality. These considerations prompted
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T A B L E  I I I
F rac tio n a l C o o rd in a tes  of O ne M onom eric  U n it of 

P o ly -4 -m e th y l-l-h e x en e  E m p lo y ed  in th e  C a lcu la tio n s of T ab le  IV “
x/a y/b z/c

c , 0 .2 5 0 0 .3 0 3 0 .9 2 5
c 2 0 .2 6 3 0 .3 0 4 0 .0 3 8
c 3 0 .3 0 2 0 .3 6 8 0 .0 6 7
c< 0 .2 5 5 0 .4 3 0 0 .0 4 5
c 5 0 .1 9 6 0 .4 3 2 0 .1 1 9
C 6 0 .2 9 8 0 .4 9 5 0 .0 5 4
c 7 0 .3 5 8 0 .4 9 3 0 .9 8 0

a T h e  coord inates of th e  o th e r  six m onom eric u n its  are g en era ted  th ro u g h  th e  o p era tio n  
of a  local 7 /2  screw  axis.

us to perform further calculations, in which more appropriate and still con
sistent symmetries of the unit cell were taken into account.

For SPMH a structure factors calculation was tried by using, for the 
atoms of the main chain, coordinates consistent with the P4 space group 
while for the side group of all four helices the coordinates correspond to 
only one of the two possible configurations (thus reducing the actual 
symmetry of the unit cell to PI). For PMH a calculation was performed 
for the P4 space group, allowing for a statistical distribution of the con
figurations. It can be seen from Table Yr that these last calculations do 
give better agreement than the previous one. It is gratifying that the two 
structures {PI for SPMH and P4 for PMH) give rise to practically identical 
calculated intensities, in accordance with our previously reported experi
mental remarks.

Fig. 3. G eiger co u n te r recorded  x -ray  pow der sp ec tra  (C u K a )  of p o ly -(S )-4-m ethy l-l- 
hexene, fo rm  I I ,  (S P M H , M od . I I ) ,  an d  of p o ly -(R )(S )-4 -m e th y l-l-h ex en e  (P M H ).
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T A B L E  IV
C om parison  b e tw een  O bserved  In te n s itie s  I  a n d  C a lcu la ted  n F 02 

(where n  is th e  M u ltip lic ity  of (he  R eflection) for 
P o ly (R )(S )-4 -m e th y l-l-h ex en e , B  =  S A 2.

h k l /
n F  „2
(P'4) h fc 1 i

n F  e2
(P 4)

1 0 0 — 10 1 0 12
1 1 0 — 10 2 0 42
2 0 0 vs 673 9 5 0 4
2 1 0 — 10 3 0 27
2 2 0 m GO 1 0 1 1
3 0 0 1 1 1 1 4
3 1 0 — 2 0 1 13
3 2 0 5 2 1 1 vw 119
4 0 0 w 92 2 2 1 vw 137
4 1 0 28 3 0 1 65
3 3 0 — 3 1 1 mw 227
4 2 0 ms 286 3 2 1 s 849
4 3 0 } 5 49 4 0 1 98
5 0 o f vw 126 4 1 1 mw 302
5 1 0 — 3 3 1 66
5 2 0 31 4 2 1 24
4 4 0 66 4 3 n 5 24
5 3 0 — 5 0 M 1 6
0 0 0 9 5 1 i 16
6 1 0 6 5 2 i 40
6 2 0 10 4 4 i 12
0 4 0 — 5 3 i 26
G 3 0 — 6 0 i 22
7 0 0 10 6 1 i 20
7 1 ° l f - 6 2 i 62
5 5 o f 1 - 5 4 i 38
6 4 0 3 i 0 2 114
7 2 0 7 i 1 2 vvw —

7 3 0 2 2 0 2 —

6 5 0 36 2 1 2 vs 1740
8 0 0 — 2 2 2 8
8 1 Ol 1 16 3 0 2 w 188
7 4 Of (20 diff.
8 2 0 — 3 1 2 24
6 6 0 2 3 2 2 364
8 3 0 7 4 0 2 w 11
7 5 0 2 diff.
8 4 0 13 4 1 2 32
9 0 0 — 3 3 2 99
9 1 0 3 4 2 2 mw 50
9 2 Ol f-> diff.
7 6 Of (4 4 3 2) j 200
8 5 0 7 .7 0 2 f i 254
9 3 0 3 5 1 2 w 122
9 4 0 29 5 2 2 338
7 7 0 7 4 4 2 96

10 0 0) (24 5 3 2 144
8 G o f w (47 6 0 2 5
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T A B L E  IV  (c o n tin u e d )
n F c2 n F c2

h k l 1 (Pi) h k l I (Pi)
6 1 2 22 4 1 3 34
6 2 2 38 3 oo 3 —

5 4 2 G2 4 2 3 14
1 0 3 — 4 3 3)
1 1 3 s 1208 5 0 3 ) Ì 52 0 3 s 270 5 1 3 8
2 1 3 4 5 2 3 8
2 2 3 8 4 4 oO 2
3 0 3 18 5 3 3 2
3 1 3 w 250 6 0 3 32
3 2 3 39 6 1 3 13

6 2 3 23
4 0 3 102 5 4 3 45

O p tica l A ctiv ity  o f  C rysta llin e  P o ly - (S ) -4 -m e th y l- l -h e x e n e

The optical activity of crystalline SPMH has proved to be remarkably 
dependent upon the type of crystalline structure and the degree of crystal
linity.

The dependence of the optical activity of the polymer on the type of crys
talline structure is evident from the data of Table VI, which refer to a speci
men in which the relative content of form I was gradually raised by anneal
ing at suitable temperatures. The gradual transition of form II to form I 
(indicated in Table VI by the increase of the ratio between the intensities

Fig. 4. E n d  v iew  of th e  m olecu lar m odel of a  chain  of p o ly -(S )-4-m ethy l-l -hexene, form  I
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T A B L E  V
C o m parison  b etw een  O bserved  In te n s itie s  I an d  C a lcu la ted  >iF02 for 

P o ly -(R ) (S)-4-m ethyl-1 -hexene (P 4 ,  S ta tis tica l D is tr ib u tio n  of th e  C onfigura tions 
of th e  Side G ro u p s) an d  for P o ly -(g )-4 -m elh y l-l-h ex en e , fo rm  I ( P I ,  pseudo P7f , 

all S C onfigu ra tions of th e  Side G roups), B  =  S A 2
n F J  n F p
( P i  (P 4

h k Z I
s ta t is 
tical)

n F J
( P I ) h k i /

s ta tis 
tic a l)

n F  c2 
( P I )

1 0 0 — — 7 7 0 15 15
1 1 0 — — 10 0 0} (24 f 25
2 0 0 vs G77 677 8 6 0) (47 1.47
2 1 0 — — 10 1 0 13 13
2 2 0 m 59 59 10 2 0 42 42
3 0 0 — 1 9 5 0 9 9
3 1 0 — — 10 3 0 24 24
3 2 0 4 6 1 0 1 2 1
4 0 0 w 92 93 1 1 1 3 4
4 1 0 20 22 2 0 1 6 6
3 3 0 — — 2 1 1 vw 188 216
4 2 0 ms 287 288 2 2 1 vw 72 72
4
5

3
0

0}
o f vw (36

|1 9
(37
(20

3
3

0
1

1
1 mw

115
128

124
216

5 1 0 — — 3 2 1 s 857 S61
5 2 0 21 22 4 0 1 72 72
4 4 0 68 68 4 1 1 mw 280 282
5 3 n — — 3 oo 1 59 61
6 0 0 10 10 4 2 1 28 30
6 1 0 3 2 4 3 n (23 (33
6 2 0 10 9 5 0 I f 1 5 1 9
5 4 0 — — 5 1 1 30 38
6 3 0 — — 5 2 1 3 3 38
7 0 0 10 9 4 4 1 32 38
7 1 0) f 1 j  6 5 3 1 32 53
5 5 o f i - 6 0 1 18 19
6 4 0 3 2 6 1 1 20 24
7 2 0 6 6 6 2 1 56 59
7 3 0 2 3 5 4 1 34 35
6 5 0 27 26 i 0 2 24 50
8 0 0 — — i 1 2 vvw — —
8 1 <n j l o (14 2 0 2 — —
7 4 of 117 1 16 2 1 2 vs 1763 1765
8 2 0 — — 2 2 2 — 7
6 G 0 2 3 3 0 2 w 233 239
8 3 (1 6 6 diff.
7 5 0 4 5 3 1 2 7 8
8 4 0 13 10 *) 2 2 426 436
9 0 0 — — 4 0 2 W 2 13
9 1 0 10 10 diff.
9 2 0} I 2 I 2 4 1 2 33 33
7 6 o f 13 (3 3 3 2 42 44
8 5 0 6 6 4 2 2 W 24 52
9 3 0 10 9 diff.
9 4 0 25 25
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T A B L E  V  (co n tin u ed ,)
n F c2 n F c2(Pi, (Pi

h k l I
s ta t is 
tic a l)

n F *
( PI ) h k l

sta tis -  
1 t.ical)

n F  c2 
( P I )

4 3 2 l \ 164 j 173 3 1 3 w 222 252
5 0 - S | 198 (200 3 2 3 25 57
5 1 2 w 66 79 4 0 3 38 38
5 2 2 268 284 4 1 3 22 42
4 4 2 76 85 3 3 3 — 6
5 3 2 107 116 4 2 3 4 4
6 0 2 3 7 4 3 3} j o
6 1 2 22 23 5 0 3 j ¡3 15
6 2 2 56 63 5 1 3 8 9
5 4 2 72 72 5 2 3 5 7
i 0 3 — — 4 4 3 — —

i 1 3 s 1179 1199 5 3 3 2 6
2 0 3 s 566 567 6 0 QO 10 11
2 1 3 2 3 6 1 3 10 10
2 2 3 18 18 6 2 3 6 7
3 0 3 6 14 5 4 3 20 31

of the diffraction peaks at 26 = 9.0° and 26 = 8.3° which are characteristic 
of form I and form II, respectively) is accompanied by a marked decrease 
of the polymer optical activity which eventually reaches a constant value. 
At this stage, as revealed by the x-ray diffraction spectrum, form II is no 
longer present and, therefore, the rotatory power derives only from the 
contributions of the amorphous phase and of form I.

The contribution of form I to the polymer optical activity could be 
evaluated through examination of additional specimens crystallized in 
form I only, but having different degrees of crystallinity. The data of 
Figure 5 indicate that, whereas completely amorphous specimens should

T A B L E  V I
V aria tio n  of th e  C ry s ta llin e  S tru c tu re  an d  th e  O p tica l A c tiv ity  of a 

S am ple of S P M H  upon S tepw ise A nnealing  a t  Increasin g  T em p era tu re s
A nnealing  

te m p era tu re , °C a
/•20='.M>o
2̂0=8*3°

C ry sta llin e
s tru c tu re 1' 1M]2d5«

— 1 .7 I +  I I +  211
90 2 .0 I  +  I I +  172
90 2 .1 I  +  I I +  175

100 2 .7 I +  I I +  151
130 4 .1 I '1 +  91
130 4 .0 I '1 +  102

» D u ra tio n  of each an n ealin g  tre a tm e n t : 2 hr.
b See te x t.
c R efe rred  to  one m onom eric u n it. T h e  ap p ro x im atio n  of th e  rep o rte d  va lues is ab o u t 

± 1 0 ° .
'■  A p prox im ative degree of c ry s ta llin ity : 60% .
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0 20 40 60 80 100
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Fig. 5. M o lar o p tica l ro ta tio n  a t  25°C , referred  to  one m onom eric u n it, vs. degree of 
c ry s ta llin ity  for iso tac tic  p o ly -(S )-4 -m eth y l-l-h ex en e  specim ens crystallized  in fo rm  I  
on ly . ( [M ]d 25 for th e  p o lym er in h y d ro carbo n  so lu tion  is + 2 8 8 .)

h a v e  a  r o t a t o r y  p o w e r  w h ic h  is  v e r y  h ig h  a n d  p r a c t i c a l l y  i d e n t i c a l  t o  t h a t  
f o u n d  in  s o l u t i o n  i n  h y d r o c a r b o n s  ( [ M ] d  =  +  2 8 8 ) ,  a  m u c h  s m a l l e r  a n d  
n e g a t i v e  v a l u e  o f  [ M ] d  ( a b o u t  — 4 0 )  c a n  b e  e x p e c t e d  f o r  s p e c im e n s  c o m 
p l e t e l y  c r y s t a l l i z e d  in  f o r m  I .*

I t  is  w o r t h  n o t i n g  t h a t  t h e  s p e c im e n s  r e g a i n  t h e  i n i t i a l  o p t i c a l  a c t i v i t y  
a f t e r  d i s s o lu t i o n ,  a n d  t h u s  o n ly  a  n e g l ig ib le  r a c e m iz a t io n ,  if  a n y ,  t a k e s  
p la c e  a t  t h e  h ig h  t e m p e r a t u r e s  u s e d  f o r  t h e i r  p r e p a r a t i o n .

T h e  r e l a t i v e l y  s m a l l  a n d  p o s s ib ly  n e g a t i v e  o p t i c a l  a c t i v i t y  o f  f o r m  I  d o e s  
n o t  s e e m  to  b e  r e l a t e d  t o  a n y  s p e c if ic  v i c i n a l  e f f e c t 12 d u e  t o  t h e  c lo s e  p a c k i n g  
o f  t h e  c h a in s  in  t h e  c r y s t a l s .  I n  f a c t ,  t h e  O R D  s t u d y  o f  S P M H  in  t h e  
c r y s t a l l i n e  s t a t e  s h o w s 6’14 t h a t  t h e  \ 0 v a l u e  o f  t h e  o n e - t e r m  D r u d e  e q u a t i o n ,  
w h ic h  is  f o l lo w e d  in  t h e  i n v e s t i g a t e d  r a n g e  ( f r o m  GOO m ^  t o  3 1 0  m u )  is  v e r y  
c lo s e  t o  t h a t  f o u n d  p r e v i o u s l y 6 f o r  t h e  p o l y m e r  i n  d i l u t e  s o l u t i o n ,  a n d  t h e r e 
f o r e  t h e  c h r o m o p h o r i c  s y s t e m s  p r i m a r i l y  r e s p o n s ib l e  f o r  t h e  o p t i c a l  r o t a t i o n  
a r e  v e r y  l ik e ly  t h e  s a m e  in  b o t h  s t a t e s .  C o n s e q u e n t l y ,  t h e  l a r g e  d i f f e r e n c e  
b e t w e e n  t h e  o p t i c a l  a c t i v i t y  o f  f o r m  I  a n d  t h a t  o f  t h e  p o l y m e r  in  s o lu t i o n  
m u s t  b e  r e l a t e d  t o  c o n f o r m a t i o n a l  d i f f e r e n c e s  o n ly .

A  r e a s o n a b l e  w a y  t o  e x p l a i n  t h e  a b o v e  d i f f e r e n c e  o f  o p t i c a l  a c t i v i t y  c a n  
b e  f o u n d  b y  c o n s id e r in g  v a l u e s  o f  t h e  m o l a r  r o t a t o r y  p o w e r  w h ic h  c a n  b e  
c a l c u l a t e d  b y  B r e w s t e r ’s  s e m ie m p i r i c a l  m e t h o d 13 f o r  m o n o m e r ic  u n i t s  o f  
S P M H  b e lo n g in g  t o  e i t h e r  a  r i g h t - h a n d e d  o r  l e f t - h a n d e d  3 / 1  h e l ix  ( T a b le

* As an  am orphous com ponent deriv ing  from  th e  co n trib u tio n s of folds, chain  ends 
etc . is expected  to  be present, in th e  to ta l  x -ray  sca tte rin g  even of com ple tely  crystallized  
specim ens, th e  values of th e  degree of c ry s ta llin ity  d e te rm in ed  b y  us (see ex p erim en ta l 
p a r t )  m ake th e  e x trap o la tio n  of th e  d a ta  of F ig u re  5 to  100%  c ry s ta llin ity  som ew hat ques
tionab le . T h e  e x trap o la ted  v a lu e  of [M ]2n can, how ever, be used for q u a li ta tiv e  con
siderations.
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T A B L E  V II
E x p e rim en ta l M o lar O p tica l R o ta t io n  of S P M H  in  th e  C ry s ta llin e  a n d  in  th e  

D isso lved  S ta te  an d  M o lar O p tica l R o ta tio n  C a lcu la ted  A ccording to  
B rew ste r13 for S P M H  3/1  H elices

O p tica l a c tiv ity  of S P M H  3/1 helices ca lcu la ted  
accord ing  to  B rew ster

C on fo rm atio n
P h y sica l s ta le  

of po lym er
[M] u

(obsd .)a
H an d ed n ess  of 

th e  helices
of m onom er 

u n its [M ]nb
left A +  180

D issolved + 2 8 8 b left B +  300
right C - 3 0 0

C ry sta llin e - 4 0 ' left +  right A +  C - 6 0
(form  I) le ft +  rig h t B +  C 0

“ R eferred  to  one m onom eric u n it. 
b M ax im um  observed  v a lu e .6 
0 E x tra p o la te d  v a lu e  (see F ig . o).

V I I ) . *  I t  h a s  a l r e a d y  b e e n  o b s e r v e d 6 t h a t  t h e  m o la r  r o t a t o r y  p o w e r  e x p e r i 
m e n t a l l y  f o u n d  f o r  i s o t a c t i c  S P M H  in  h y d r o c a r b o n  s o l u t i o n  n o t  o n ly  h a s  
t h e  s a m e  s ig n ,  b u t  is  a l s o  v e r y  c lo s e  t o  t h e  c a l c u l a t e d  a v e r a g e  m o l a r  r o t a t o r y  
p o w e r  i n  t h e  t w o  c o n f o r m a t io n s ,  i n d i c a t e d  i n  T a b l e  V I I  b y  A  a n d  B , c o r r e 
s p o n d in g  t o  l e f t - h a n d e d  h e l i c e s ;  t h i s  r e s u l t  h a s  l e d 6 u s  t o  p o s t u l a t e  f o r  i s o 
t a c t i c  S P M H  i n  s o l u t i o n  t h e  e x i s t e n c e  o f  h e l i c a l  m a i n - c h a i n  s e c t i o n s  m a i n l y  
s p i r a l e d  i n  t h e  l e f t - h a n d e d  s e n s e .  I t  c a n  b e  o b s e r v e d  n o w  ( T a b l e  V I I ) ,  
t h a t  b o t h  t h e  a b o v e  tw o  c o n f o r m a t i o n s  b e lo n g in g  t o  l e f t - h a n d e d  h e l i c e s  
a n d  t h e  c o n f o r m a t i o n  C , f o r  a  r i g h t - h a n d e d  h e l ix ,  h a v e  a  r o t a t o r y  p o w e r  
w h ic h  is  m u c h  h ig h e r ,  a s  f a r  a s  t h e  a b s o l u t e  v a l u e  is  c o n s id e r e d ,  t h a n  t h a t  
e x p e r i m e n t a l l y  f o u n d  f o r  t h e  c r y s t a l l i n e  p o ly m e r .  H o w e v e r ,  a c c o r d in g  t o  
B r e w s te r ,  a  m i x t u r e  o f  r i g h t - h a n d e d  a n d  l e f t - h a n d e d  h e l i c e s  o f  t h e  s a m e  
l e n g t h  f o r m e d  b y  m o n o m e r i c  u n i t s  w i t h  t h e  c o n f o r m a t i o n  C  a n d  A  r e s p e c 
t i v e l y ,  w o u l d  h a v e  a  m o l a r  o p t i c a l  r o t a t i o n ,  r e f e r r e d  t o  o n e  m o n o m e r i c  u n i t ,  
o f  — 6 0 , a n d  a  s im i l a r  m i x t u r e  c o n s i s t i n g  o f  h e l i c e s  o f  o p p o s i t e  h a n d e d n e s s  
f o r m e d  b y  m o n o m e r i c  u n i t s  w i t h  t h e  c o n f o r m a t i o n  C  a n d  B  r e s p e c t i v e l y ,  
w o u l d  b e ,  a c c o r d in g  t o  B r e w s t e r ’s  c a l c u l a t i o n s ,  o p t i c a l l y  i n a c t i v e .  I n  b o t  h  
c a s e s ,  t h e  c a l c u l a t e d  v a l u e  o f  t h e  m o l a r  o p t i c a l  r o t a t i o n  c o m p a r e s  w e l l  
e n o u g h  w i t h  t h a t  o f  f o r m  I .

E v e n  i f  t h e  a p p r o x i m a t i o n  i n  t h e  B r e w s t e r  m e t h o d  a n d ,  i n  p a r t i c u l a r ,  
t h e  d i f f e r e n c e  b e t w e e n  t h e  t y p e  o f  h e l i c a l  c o n f o r m a t i o n  a l lo w e d  a c c o r d in g  
t o  B r e w s t e r  ( 3 / 1 )  a n d  t h a t  f o u n d  e x p e r i m e n t a l l y  ( 7 / 2 ) ,  l i m i t  t h e  v a l i d i t y  
o f  t h e  c o m p a r i s o n ,  i t  s t r o n g l y  s u g g e s t s  t h e  p o s s i b i l i t y  t h a t  t h e  lo w  r o t a t o r y

* T h e  r ig h t-h a n d e d  an d  th e  le ft-h an d ed  3 /1  helices are th e  on ly  confo rm ations w hich, 
accord ing  to B rew ste r’s confo rm ational an a ly s is13 can be env isaged  fo r the m ain  chain  
of iso tac tic  S P M H . A ccording to  th e  sam e confo rm ational ana lysis ap p ro ach , as d is
cussed in d e ta il e lsew here ,17 on ly  one confo rm ation  (C ) is allow ed to  m onom eric  u n its  
in se rte d  in th e  r ig h t-h a n d e d  helix , w hile tw o confo rm ations (A an d  B ) are  allowed, w hen 
th ey  a re  in se rte d  in  a le ft-h an d ed  helix.
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p o w e r  o f  f o r m  I  a r i s e s  f r o m  t h e  p r e s e n c e  in  t h e  c r y s t a l s  o f  b o t l i  r i g h t -  
h a n d e d  a n d  l e f t - h a n d e d  h e l i c a l  s e c t i o n s ,  a n d  t i n t s  s u p p o r t s  t h e  h y p o t h e s i s  
p u t  f o r w a r d  o n  t h e  b a s i s  o f  t h e  x - r a y  d a t a .

E X P E R IM E N T A L
P o ly m ers

T h e  s a m p l e s  o f  i s o t a c t i c  p o ly - ( S ) - 4 - m e t h y l -  1 -h e x e n e  w e r e  p r e p a r e d  b y  
p o ly m e r i z i n g  t h e  m o n o m e r  ( m in im a l  o p t i c a l  p u r i t y :  9 3 % )  w i t h  c a t a l y s t s
o b t a i n e d  f r o m  T iC L  a n d  A l ( i - C 4H 9) 3 o r  T i C l 4 a n d  Z n ( i - C 4H 9) 2. S o m e  o f  
t h e  s a m p l e s  w e r e  a  k i n d  g i f t  o f  D r .  F .  C ia r d e l l i  a n d  D r .  C . C a r l i n i ,  I n d u s t r i a l  
O r g a n i c  C h e m i s t r y  I n s t i t u t e ,  U n i v e r s i t y  o f  P i s a .  P o l y m e r  f r a c t i o n s  
in s o lu b le  in  b o i l in g  e t h y l  a c e t a t e  a n d  s o lu b le  in  d i e t h y l  e t h e r  w e r e  u s e d .

M e a su r e m e n ts  o f  O p tical A ctiv ity  in  th e  C ry sta llin e  S ta te
T h e  d e t e r m i n a t i o n  o f  t h e  o p t i c a l  r o t a t o r y  p o w e r  o f  c r y s t a l l i n e  S P M H  

h a s  b e e n  c a r r i e d  o u t  b y  t h e  t e c h n i q u e s  d e s c r ib e d  in  d e t a i l  e l s e w h e r e . 14

E valu ation  o f  th e  D e g r e e  o f  C rysta llin ity
T h e  d e g r e e  o f  c r y s t a l l i n i t y  o f  t h e  s a m p l e s  o f  S P M H  c r y s t a l l i z e d  

i n  f o r m  I ,  h a s  b e e n  e v a l u a t e d  b y  u s in g  G e ig e r  c o u n t e r  t r a c i n g s  o f  x -  
r a y  d i f f r a c t i o n  d i a g r a m s .  T h e  p o i n t s  a t  2 6  =  7 °  a n d  2 6  =  3 0 °  i n  s u c h  
d i a g r a m s  w e r e  j o i n e d  b y  a  s t r a i g h t  l in e  a n d  t h e  c lo s e d  s u r f a c e  so  o b t a i n e d  
w a s  s e p a r a t e d  i n t o  tw o  r e g io n s  b y  a  s u i t a b l e  c u r v e  h a v i n g  t h e  f e a t u r e s  o f  
t h e  d i f f r a c t i o n  p a t t e r n  o f  a  c o m p le t e l y  a m o r p h o u s  s a m p le ,  n a m e ly  t h a t  o f  
t h e  p o ly m e r  a b o v e  i t s  m e l t i n g  p o in t .  T h e  d e g r e e  o f  c r y s t a l l i n i t y  w a s  t h e n  
c a l c u l a t e d  a s  t h e  p e r c e n t a g e  r a t i o  b e tw e e n  t h e  a r e a  o f  t h e  u p p e r  r e g io n ,  
r e l a t e d  t o  t h e  s c a t t e r i n g  o f  t h e  c r y s t a l l i n e  p h a s e ,  a n d  t h e  t o t a l  a r e a .

C O N C L U S IO N S
T h e  r e s u l t s  o f  t h e  x - r a y  i n v e s t i g a t i o n ,  w h i le  s u g g e s t i n g  t h a t  h e l i c e s  o f  

o p p o s i t e  s c r e w  s e n s e  a r e  s i m u l t a n e o u s l y  p r e s e n t  in  t h e  c r y s t a l l i n e  f o r m  I  o f  
S P M H ,  d o  n o t  c o n t r a d i c t  t h e  h y p o t h e s i s 6 t h a t  in  s o lu t i o n  t h e  p o ly m e r  
m a c r o m o le c u le s  a r e  s p i r a l e d  p r e d o m i n a n t l y  in  o n e  o f  t h e  t w o  p o s s ib le  
s c r e w  s e n s e s .  I n  f a c t ,  t h e  o p t i c a l  a c t i v i t y  s t u d y  h a s  r e v e a l e d  a  v e r y  
l a r g e  d i f f e r e n c e  b e tw e e n  t h e  r o t a t o r y  p o w e r  o f  t h e  p o ly m e r  in  t h e  c r y s t a l l i n e  
f o r m  I  a n d  in  s o lu t i o n ,  a n d  i t  h a s  s u g g e s t e d  t h a t  s u c h  a  d i f f e r e n c e  a r i s e s  
f r o m  d i f f e r e n t  p o s i t i o n s  o f  t h e  c o n f o r m a t i o n a l  e q u i l i b r iu m .  A c tu a l ly ,  t h e  
f in d in g  t h a t  t h e  c r y s t a l l i n e  f o r m  I ,  in  w h ic h ,  a c c o r d in g  t o  t h e  x - r a y  i n 
v e s t i g a t i o n ,  h e l i c e s  o f  b o t h  s c r e w  s e n s e s  a r e  p a c k e d  t o g e t h e r ,  h a s  a  lo w  
r o t a t o r y  p o w e r ,  g iv e s  a d d i t i o n a l  s u p p o r t  t o  t h e  i d e a  t h a t  t h e  v e r y  h ig h  
r o t a t o r y  p o w e r  in  s o lu t i o n  is  c o n n e c t e d  w i th  t h e  e x i s t e n c e  o f  h e l i c a l  c o n 
f o r m a t i o n s  in  w h ic h  a  s in g le  s c r e w  s e n s e  la r g e ly  p r e v a i l s .

T h e  d i f f e r e n t  p o s i t i o n s  o f  c o n f o r m a t i o n a l  e q u i l i b r i u m  in  s o l u t i o n  a n d  in  
t h e  c r y s t a l l i n e  f o r m  I  a r e  n o t  s u r p r i s i n g  in  v ie w  o f  t h e  f o l lo w in g  c o n s id e r a 
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t i o n s .  I n  s o l u t i o n ,  e a c h  m a c r o m o l e c u l e  o f  a n  i s o t a c t i c  p o l y m e r  h a s  a  
c o n f o r m a t i o n 16 i n  w h i c h  c h a i n  s e g m e n t s  o f  r i g h t - h a n d e d  h e l i x  s e n s e  a l t e r 
n a t e  w i t h  s e g m e n t s  o f  l e f t - h a n d e d  s e n s e ,  t h e  a v e r a g e  l e n g t h  o f  t h e  r i g h t -  
h a n d e d  a n d  l e f t - h a n d e d  s e g m e n t s  b e i n g  t h e  s a m e .  I f  a n  i s o t a c t i c  p o l y m e r  
h a s  a  s i d e  g r o u p  c o n t a i n i n g  a n  a s y m m e t r i c  c a r b o n  a t o m ,  t h e  s i d e  g r o u p  
m a y  a s s u m e  a  d i f f e r e n t  n u m b e r  o f  a l l o w e d  c o n f o r m a t i o n s ,  d e p e n d i n g  o n  
w h e t h e r  i t  i s  p e n d a n t  f r o m  a  r i g h t - h a n d e d  o r  f r o m  a  l e f t - h a n d e d  h e l i x .  I n  
t h e  c a s e  o f  S P M H  ( T a b l e  V I I ) ,  t w o  s t a b l e ,  a l m o s t  i s o e n e r g e t i c ,  c o n f o r 
m a t i o n s  a r e  p e r m i t t e d  t o  t h e  S  l a t e r a l  g r o u p  p e n d a n t  f r o m  a  l e f t -  
h a n d e d  h e l i x ,  w h e r e a s  o n l y  o n e  s t a b l e  c o n f o r m a t i o n  is  p e r m i t t e d  w h e n  t h e  
S  l a t e r a l  g r o u p  i s  p e n d a n t  f r o m  a  r i g h t - h a n d e d  h e l ix .

I n  a c c o r d a n c e  w i t h  t h e  s t a t i s t i c a l  t h e r m o d y n a m i c  c a l c u l a t i o n s 16' 17 i n  
S P M H ,  t a k i n g  i n t o  a c c o u n t  t h e  c o o p e r a t i v e n e s s  o f  t h e  p h e n o m e n o n ,  a  
v e r y  l a r g e  p r e v a l e n c e  o f  t h e  l e f t - h a n d e d  h e l i x  i s  e x p e c t e d ,  m a i n l y  f o r  
e n t r o p i c  r e a s o n s .

I n  t h e  s o l i d  s t a t e ,  g o o d  p a c k i n g  i s  a c h i e v e d  i n  t h e  p s e u d o - /L )  s p a c e  
g r o u p ,  b e c a u s e  i t  a l l o w s  a  g o o d  f i t t i n g  o f  b u l g e s  a n d  h o l l o w s .8 T h e r e f o r e ,  
i n  t h e  c r y s t a l s ,  a n  e q u a l  n u m b e r  o f  r i g h t - h a n d e d  a n d  l e f t - h a n d e d  h e l i c e s  
m u s t  b e  p r e s e n t .  T h i s  is  e v i d e n t l y  i n  a c c o r d a n c e  w i t h  t h e  v e r y  lo w  
o p t i c a l  r o t a t i o n  w h i c h  is  o b s e r v e d  i n  t h e  m o s t  c r y s t a l l i n e  s p e c i m e n s  o f  t h e  
f o r m  I  o f  S P M H .

A c c o r d i n g  t o  t h e  a b o v e  c o n s i d e r a t i o n s  i t  is  p o s s i b l e  t o  a n t i c i p a t e  t h a t  i n  
t h e  c r y s t a l l i n e  f o r m  I I  ( h a v i n g  a  h i g h  v a l u e  o f  o p t i c a l  r o t a t i o n )  h e l i c e s  
s h o u l d  b e  p r e s e n t  w h ic h  h a v e  t h e  l e f t - h a n d e d  s e n s e  o f  r o t a t i o n  o n ly .
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Viscoelastic Behavior o f Low M olecular 
W eight Polystyrene

D o n a l d  J .  P l a z e k * a n d  V . M i c h a e l  O ’R o u r k e , M e l l o n  I n s t i t u t e ,  
P i t t s b u r g h ,  P e n n s y l v a n i a  1 5 2 1 3

S y n o p sis
T h e  sh ea r creep  an d  creep  reco v ery  beh av io r of narro w  m olecular w eigh t d is tr ib u tio n  

p o ly s ty ren e  sam ples of low  m olecu lar w eigh t, 1.1 X 103, 3.4 X 103, a n d  1.57 X 104 are  
re p o rte d  as a  func tion  of te m p e ra tu re , near an d  above the  glass te m p e ra tu re . T im e- 
te m p e ra tu re  equ ivalence for th e  to ta l c reep  com pliance is found  to  be nonapplicab le , 
a n d  in  fac t th e  s te a d y -s ta te  recoverab le  com pliance, J e, is a  s tro n g  fun c tio n  of tem p era
tu re . T h e  tim e-scale  sh if t fac to rs  for th e  recoverab le  com pliance are  ana lyzed  in  th e  
lig h t of free vo lum e th eo ry . V iscosity  d a ta  a re  p re sen te d  for sam ples w ith  m olecular 
w eigh ts bet w een 1.1 X 103 an d  6.0 X 105. T h e  te m p e ra tu re  dependence of th e  charac
te ris tic  tim e co n s ta n t rjJe can  be exp la ined  in te rm s of free vo lum e concep ts w hereas 
th a t  of v iscosity  i; can n o t. E ffec ts o f res id u a l m olecu lar w eigh t h e te ro g en e ity  a re  dem on
s tra te d .

IN T R O D U C T IO N
T h e  a v a i l a b i l i t y  o f  n a r r o w  m o le c u l a r  w e i g h t  s p e c im e n s 1" 3 h a s  m a d e  i t  

p o s s ib le  t o  i n v e s t i g a t e  t h e  m o le c u l a r  w e ig h t  d e p e n d e n c e  o f  t h e  v i s c o e la s t i c  
r e s p o n s e  o f  p o l y m e r s  i n  t h e  t e r m i n a l  z o n e .4 A  d e f in i t i v e  s t u d y  c o u ld  n o t  
b e  m a d e  in  t h e  p a s t  b e c a u s e  u s u a l l y  t h e  m e c h a n ic a l  r e s p o n s e  a t  “ lo n g  t i m e s ”  
i s  m o r e  a  f u n c t i o n  o f  t h e  d i s t r i b u t i o n  o f  c h a in  l e n g t h s  t h a n  i t  i s  o f  t h e  
m o le c u l a r  w e i g h t  i t s e l f .5

S t r e s s  r e l a x a t i o n  m e a s u r e m e n t s  b y  T o b o l s k y ,  A k lo n i s ,  a n d  A k o v a l i6 o n  
a n i o n i c a l l y  p o ly m e r i z e d  p o l y s t y r e n e s  w i t h  m o le c u l a r  w e i g h t s  f r o m  9 .4  X  
1 0 4 t o  2.(3 X  1 0 5 r e v e a l e d  t h a t  t h e  s t e a d y - s t a t e  c o m p l i a n c e  J e d id  n o t  i n 
c r e a s e  p r o p o r t i o n a l l y  w i t h  t h e  m o le c u l a r  w e ig h t .  I n s t e a d ,  i t  is  s e n s ib ly  
c o n s t a n t .  T h i s  c o n s t a n c y  o f  J e h a s  b e e n  c o n f i r m e d  b y  s e v e r a l  g r o u p s  o f  
i n v e  s t  i g a t o r s .7" 9

D y n a m i c  m e c h a n ic a l  p r o p e r t y  m e a s u r e m e n t s  o n  r a t h e r  d i l u t e  s o lu t i o n s  
o f  s i m i l a r  p o l y m e r s  h a v e  b e e n  m a d e  b y  F e r r y  e t  a l . ’° ’u  i n v e s t i g a t i n g  t h e  
t e r m i n a l  z o n e  o f  r e s p o n s e  a s  a  f u n c t i o n  o f  c o n c e n t r a t i o n  a n d  m o le c u l a r  
w e ig h t .  T h e  r e s u l t s  h a v e  b e e n  c o m p a r e d  w i t h  t h e  p r e d i c t i o n s  o f  c u r r e n t  
d i l u t e  s o l u t i o n  t h e o r i e s  d e r i v e d  f o r  m o n o d i s p e r s e  p o l y m e r  s a m p le s .

* P re se n t ad d ress: D e p a r tm e n t of M eta llu rg ica l and  M ate ria ls  E ngineering , U ni
v e rs ity  of P ittsb u rg h , P ittsb u rg h , P e n n sy lv an ia  15213.
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W e  a r e  r e p o r t i n g  h e r e  t h e  r e s u l t s  o f  c r e e p  a n d  c r e e p  r e c o v e r y  s t u d i e s  o n  
t h r e e  lo w  m o le c u l a r  w e ig h t  p o l y s t y r e n e s  o f  n a r r o w  m o le c u l a r  w e ig h t  
d i s t r i b u t i o n .  O u r  m e a s u r e m e n t s  o n  e a c h  o f  t h e s e  s a m p l e s  r e v e a l e d  a n  
u n e x p e c t e d  s t r i k i n g  d e c r e a s e  i n  J e w i t h  t e m p e r a t u r e  i n  t h e  n e ig h b o r h o o d  
o f  t h e  g la s s  t e m p e r a t u r e ,  T Q. I n  a d d i t i o n ,  i t  w a s  f o u n d  t h a t  t h e  u p p e r  
l i m i t s  o f  . / ,  a p p r o a c h e d  a s y m p t o t i c a l l y  w i t h  i n c r e a s in g  t e m p e r a t u r e  w e r e  
lo w e r  t h a n  t h e  c a l c u l a t e d  R o u s e  v a l u e s .4

C h a n g e s  in  t h e  s h a p e  o f  t h e  r e l a x a t i o n  s p e c t r u m  o f  p o ly  ( v in y l  a c e t a t e )  
n e a r  T „  h a v e  b e e n  r e p o r t e d  b y  I v o v a c s ,  S t r a t t o n ,  a n d  F e r r y . 12 E v i d e n c e  
o b t a i n e d  f r o m  d i e l e c t r i c  m e a s u r e m e n t s 13 i n d i c a t e s  a  r a p i d  lo s s  o f  l o n g - r a n g e  
m o le c u l a r  m o t io n  w i t h  d e c r e a s in g  t e m p e r a t u r e  n e a r  T g, a b o v e  a n d  b e y o n d  
t h e  s h i f t i n g  o f  t h e  e f f e c t i v e  t i m e  s c a le  t o  l o n g e r  t im e s .  T h e  l a r g e  s p e c t r u m  
c h a n g e s  w i t h  t e m p e r a t u r e  t h a t  w e  a r e  r e p o r t i n g  a r e  i n  a c c o r d  w i t h  b o t h  
t h e s e  s e t s  o f  d a t a .

T h e  c r e e p  c o m p l i a n c e  c u r v e s  o b t a i n e d  h a v e  a l l  b e e n  a n a ly z e d  a c c o r d in g  
to  t h e  c la s s ic  r e p r e s e n t a t i o n 4

J  ( t )  =  J g +  J d 'F (i) +  t/y]

w h e r e  t h e  t o t a l  c r e e p  c o m p l i a n c e ,  J ( f )  ( in  c m 2/ d y n e ) ,  i s  t h e  s u m  o f  t h e  
r e c o v e r a b l e  c o n t r i b u t i o n s  J „ +  J d '& i t )  a n d  t h a t  r e p r e s e n t i n g  t h e  p e r m a n e n t  
v i s c o u s  d e f o r m a t i o n ,  t / rj. J „ is  t h e  g la s s y  c o m p l i a n c e  w h ic h  is  t h e  l o n g - t im e  
s t e a d y - s t a t e  v a l u e  f o r  r e l a x a t i o n s  o c c u r r in g  a t  v e r y  s h o r t  t im e s  a n d  in 
c lu d e s  t h e  s t r e t c h i n g  a n d  b e n d in g  o f  i n t e r  a n d  i n t r a - m o l e c u l a r  b o n d s .  
'F ( / ) ,  t h e  n o r m a l i z e d  r e t a r d a t i o n  f u n c t i o n  f o r  t h e  p r i m a r y  d i s p e r s io n  in 
c r e a s e s  m o n o to n ic a l l y  w i t h  t im e  t  f r o m  z e ro  a t  t  =  0  t o  o n e  a t  / =  c ° . T h e  
s t e a d y - s t a t e  c o m p l i a n c e ,  J e =  J „ +  J a, w h e r e  J a is  t h e  s t e a d y - s t a t e  d e 
l a y e d  c o m p l i a n c e  a n d  ri i s  t h e  v i s c o s i t y .  W e  w i l l  i d e n t i f y  t h e  r e c o v e r a b l e  
c o m p l i a n c e  a s  J r ( t )  =  J ( t )  — t / r j .

E X P E R IM E N T A L  T E C H N IQ U E S
A ll  c r e e p  a n d  r e c o v e r y  m e a s u r e m e n t s  w e r e  m a d e  w i t h  a  m a g n e t i c  b e a r i n g  

t o r s i o n a l  c r e e p  a p p a r a t u s . 14 T h i s  i n s t r u m e n t  c o n s i s t s  e s s e n t i a l l y  o f  a  
m a g n e t i c a l l y  s u s p e n d e d  r o t o r  t h a t  t r a n s m i t s  k n o w n  t o r q u e s ,  in d u c e d  b y  a  
d r a g  c u p  m o to r ,  t o  o n e  e n d  o f  a  c y l i n d r i c a l  p o l y m e r  s a m p l e .  D i s t i n c t i v e  
f e a t u r e s  o f  t h e  i n s t r u m e n t  i n c l u d e  t h e  f r i c t i o n l e s s  m a g n e t i c  b e a r i n g  e n 
a b l i n g  p r e c i s e  r e c o v e r y  m e a s u r e m e n t s  t h a t  m a y  e x t e n d  t o  v e r y  lo n g  t i m e s ;  
a n  a d j u s t a b l e  lo w e r  s a m p l e  p l a t e n  p e r m i t t i n g  a  m a n i p u l a t i o n  o f  t h e  s a m p l e  
s h a p e ;  a n d  a  c o n t r o l l e d  a t m o s p h e r e  w h ic h  w a s  e s s e n t i a l  f o r  t h e  r e m o v a l  
o f  e n t r a p p e d  g a s  a n d  r e s id u a l  s o l v e n t  f r o m  1 h e  s a m p le s .

T h e  c h a r a c t e r i s t i c s  o f  s a m p l e s  s t u d i e d  f o r  t h i s  p a p e r  a p p e a r  i n  T a b l e  1. 
“ A ”  p r e f ix e d  s a m p l e s  w e r e  p r e p a r e d  b y  T .  A1 t a r e s ,  J r . ;  “ L ”  p r e f ix e d  
s a m p l e s  b y  S a m u e l  L e e ;  P C -1 1  w a s  o b t a i n e d  f r o m  P r e s s u r e  C h e m ic a l s  
C o m p a n y  ( P i t t s b u r g h ,  P e n n s y l v a n i a  1 5 2 0 1 ) .  T h e  s a m p l e  A 1102 r e p r e 
s e n t s  a n  i n c o m p l e t e  r e c o v e r y  f r o m  s o l u t i o n  o f  t h e  D o w  C h e m ic a l  a n io n i c a l l y  
p o ly m e r i z e d  S 1 0 2 . T h e  s a m p l e s  o f  p o l y s t y r e n e  w e r e  p r e p a r e d  i n  v a c u o
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b y  u s in g  w e l l  k n o w n  a n io n i c  p o l y m e r i z a t i o n  t e c h n i q u e s . 1 -3  B e c a u s e  o f  i t s  
lo w  m o le c u l a r  w e ig h t ,  p o l y m e r  A 6 7  w a s  f r a c t i o n a t e d  b y  e l u t i o n  c h r o m a t o g 
r a p h y  i n  a  s i l i c a  g e l - p a c k e d  c o lu m n .*  A l l  o t h e r  f r a c t i o n s  w e r e  p r e c i p i t a t e d  
f r o m  a c e t o n e  o r  b u t a n o n e  b y  a n  a p p r o p r i a t e  m i x t u r e  o f  m e t h y l  a lc o h o l  
a n d  w a t e r .  A l l  s a m p le s ,  in c l u d i n g  a  m i x t u r e  o f  A S S  a n d  A 1 6 [ 5 ] ,  w e r e  
f r e e z e - d r i e d  f r o m  b e n z e n e .

V i s c o s i t y - a v e r a g e  m o l e c u l a r  w e ig h t s  w e r e  d e t e r m i n e d  f r o m  d i l u t e  s o lu 
t i o n  v i s c o s i t y  m e a s u r e m e n t s . f  F o r  m o le c u l a r  w e ig h t s  g r e a t e r  t h a n  4 0 0 0  
t h e  r e l a t i o n s h i p 16 u s e d  w a s  [ij]9  =  8 .5  X  1 0 -4  A /0-6. F o r  P C l l  a n d  A 6 7 , 
t h e  r e l a t i o n s h i p 16 w a s  h ] e ~  fojbeiuene =  1 .0  X  1 0 ~ 3 A /°-5.

T A B L E  I
S am ple C h a rac te riza tio n

D esig n a tio n “ C u t
Ivol.
d l /g b

M ,
x  io ~ 3 M w/ M n° A lethod

A-67 [7] 3 -9 9 % 0 . 0344d 1 .1 1.03« V PO  +  c ry o sco p y '
PC -11 [2] 2 2 -6 4 % 0 . 058d 3 .3 s — —
A -6 1 “ W hole 0 .1 0 6 6 15.7 < 1 .0 8 S ed im en ta tio n
A-61 [3] ~  1 0 -90% 0.1 0 8 7 16 .4 — —

A-58 W hole 0 .118s 2 0 .0 < 1 .0 8 S ed im en ta tio n
A-25 [4—6] 2 0 -6 4 % 0 .1 8 4 4 6 .9 1 .04 , F rac tio n a tio n
A I-102 W hole 0 .2 6 0 94 < 1 .0 8 S ed im en ta tio n
A-63 W hole 0 .2 8 104 < 1 .0 8 S ed im en ta tio n
L-5[5,8] \ 2 5 -5 0 % ) 

} 7 5 -8 0 %  )
0.297 122 1.05s F ra c tio n a tio n

L-2[ 12] h 6 -8 % 0 .3 6 s 189 1.01s F rac tio n a tio n
A-19[7—12] 2 4 -8 0 % 0.604 592 1 .05s F ra c tio n a tio n
A-16[5] 8 0 -9 3 % 0 .7 6 800 — —
a B racke ted  nu m b ers d en o te  f rac tions. 
b 0  so lv en t =  cyclohexane a t  34.5°C . 
c V alues g iven  a p p ly  to  w hole po lym er.
d In tr in s ic  viscosities of A -67[7] a n d  PC -11 [2] d e te rm in ed  in  benzene a t  30°C . 
e A ssum es M w ~  M „.
'  M n o b ta in ed  from  v a p o r  p h ase  o sm o m etry  a n d  cryoscopy. 
g S om etim es called A-61T.
h In d ica te s  cu t 2 of re frac tio n a tio n  of first cu t of w hole po lym er.

I n  t h e  p o s t - p o l y m e r i z a t i o n  h a n d l i n g  o f  t h e  p o l y s t y r e n e s ,  g r e a t  c a r e  w a s  
t a k e n  t o  a v o id  c o n t a m i n a t i o n  w i t h  v a c u u m  s e a l in g  a n d  s to p c o c k  g re a s e s .  
A s  p r e v i o u s l y  r e p o r t e d , 14 f o r  m e a s u r e m e n t s  o f  t h e  c r e e p  r a t e  n e a r  T (J, 
t h e  e f f e c t  o f  a  s m a l l  a m o u n t  o f  p l a s t i c i z e r ,  l o w e r in g  t h e  g la s s  t e m p e r a t u r e  
a b o u t  1 ° C ,  i s  r o u g h l y  e q u i v a l e n t  t o  a  d e c r e a s e  i n  m o le c u l a r  w e i g h t  o f  m o r e  
t h a n  3 0 % .  A l t h o u g h  g r e a s e s  c o u ld  a p p a r e n t l y  b e  r e m o v e d  b y  c o a c e r v a 
t i o n  o f  t h e  p o l y s t y r e n e  f r o m  c y c lo h e x a n e  a t  a b o u t  2 0 ° C ,  w h e n e v e r  p o s 
s ib le ,  c o n v e n t i o n a l  g l a s s w a r e  j o i n t s — e s p e c ia l ly  t h o s e  i n  t h e  f r e e z e - d r y in g

* F rac tio n a tio n s  w ere carried  o u t b y  M arg u erite  F u lto n , T im o th y  A ltares, J r ., E liza
b e th  F rom m el, an d  S .-P . S. Y en.

t  D ilu te  so lu tion  v iscosities w ere d e te rm in ed  b y  E lizabeth  F rom m el.
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g la s s w a r e — w e r e  r e p l a c e d  b y  g r e a s e - f r e e  O - r in g  s e a le d  j o i n t s  t o  r e d u c e  
c o n t a m i n a t i o n .

D e g r a d a t i o n  o f  t h e  s a m p l e s  w a s  a v o i d e d  b y  l i m i t i n g  t h e  t e m p e r a t u r e  t o  
1 S 0 ° C . T h i s  p r e c a u t i o n  a n d  t h e  p u r g i n g  o f  t h e  s a m p l e  c h a m b e r  m a d e  i t  
u n n e c e s s a r y  t o  a d d  a n t i o x i d a n t s  t o  t h e  p o l y s t y r e n e  s a m p le s .

B e f o r e  i n s t a l l a t i o n  o f  t h e  s a m p l e  i n  t h e  i n s t r u m e n t ,  t h e  f r e e z e - d r ie d  
m a t e r i a l  w a s  c o m p r e s s e d  a n d  f u s e d  a t  a n  a p p r o p r i a t e  t e m p e r a t u r e  ( g r e a t e r  
t h a n  T 0)  i n  a n  e v a c u a t e d  g la s s  t u b e  m o ld .  F o r  t h e s e  lo w  m o le c u l a r  w e ig h t  
s a m p l e s  a  v e r y  s h o r t  t im e  w a s  n e c e s s a r y  t o  r e l a x  t h e  m o ld in g  s t r e s s e s .  
W h e n  t h e  m o ld  w a s  c o o le d  t o  r o o m  t e m p e r a t u r e  t h e  g la s s  c o u ld  b e  b r o k e n  
a w a y  t o  y i e l d  a  s m a l l  c y l i n d r i c a l  s a m p le .

A f t e r  i n s t a l l a t i o n  o f  t h e  s a m p le ,  t h e  s a m p l e  c h a m b e r  o f  t h e  i n s t r u m e n t  
w a s  a l t e r n a t e l y  e v a c u a t e d  a n d  f i l le d  w i t h  d r y  n i t r o g e n  s e v e r a l  t i m e s  t o  
e l i m i n a t e  o x y g e n  a n d  w a t e r  v a p o r .  A l l  s a m p l e s  w e r e  h e a t e d  u n d e r  
v a c u u m  w e l l  a b o v e  t h e i r  g la s s  t e m p e r a t u r e s  t o  r e m o v e  r e s i d u a l  s o l v e n t s  a n d  
d i s s o lv e d  g a s s e s .  S in c e  m e a s u r e m e n t s  o n  o n e  s a m p l e  n e a r  i t s  g la s s  t e m 
p e r a t u r e  i n d i c a t e d  t h a t  n i t r o g e n ,  a c t i n g  a s  a  p l a s t i c i z e r ,  c o u ld  lo w e r  t h e  
g la s s  t e m p e r a t u r e  a b o u t  0 .0 3 ° C ,  s u b s e q u e n t  m e a s u r e m e n t s  w e r e  m a d e  
w i t h  t h e  s a m p l e  c h a m b e r  e v a c u a t e d  t o  a b o u t  1 0 ~ 2 T o r r .

A t  a n  e l e v a t e d  t e m p e r a t u r e  ( u s u a l ly  a b o u t  1 5 0 ° C ) ,  t h e  d e g a s s e d  s a m p l e s  
w e r e  m a n i p u l a t e d  b y  m e a n s  o f  t h e  m o v a b l e  b o t t o m  s a m p l e  p l a t e n  a n d  
a p p l i c a t i o n s  o f  t o r q u e  t o  t h e  r o t o r  t o  y i e l d  a  c y l i n d e r  c o m p le t e l y  f i l l in g  t h e  
g a p  b e tw e e n  t h e  s a m p l e  p l a t e n s .  T h e  m a x i m u m  i n s t r u m e n t  s e n s i t i v i t y  
r e q u i r e d  t h a t  m e a s u r e m e n t s  o f  c o m p l i a n c e  b e lo w  a b o u t  1CD8 c m 2/ d y n e  b e  
o n  s a m p l e s  d r a w n  i n t o  a  t h i n  r o d  s h a p e . 14

S a m p le  c o e f f ic ie n ts  ( d e f in e d  a s  t h e  s e c o n d  m o m e n t  o f  t h e  c r o s s - s e c t i o n a l  
a r e a ,  j ,  d iv i d e d  b y  t h e  h e i g h t ,  h ) ,  e n t e r i n g  t h e  c o m p l i a n c e  c a l c u l a t i o n ,  w e r e  
c o m p u t e d  f r o m  t h e  e x p r e s s io n  j / h  =  m 2/ ( 2 i r p i h 3)  w h e r e  m  i s  t h e  m a s s ,  
a n d  p  t h e  d e n s i t y .  D e n s i t i e s  w e r e  c a l c u l a t e d 17 f r o m  e x p r e s s io n

1/p =  0.707 +  5 .5  X  10 ~4 7' +  G43 X  1 0 ~ * T / M

w h e r e  T  is  i n  d e g r e e s  K e l v i n .  S in c e  t h e  s a m p l e  p l a t e n  r a d i u s  r  w a s  k n o w n ,  
t h e  s a m p l e  c o e f f ic ie n t  c a l c u l a t i o n  c o u ld  b e  c h e c k e d  b y  u s in g  t h e  e q u i v a l e n t  
r e l a t i o n  j / h  =  ir r i / 2 h .  H o w e v e r ,  t h e  f o r m e r  e x p r e s s io n  w a s  n o r m a l ly  
p r e f e r r e d  s in c e  i t  p a r t i a l l y  c o m p e n s a t e s  f o r  t h e  d e v i a t i o n  o f  t h e  s a m p l e  
f r o m  a  p e r f e c t l y  c y l i n d r i c a l  s h a p e .

W h e n  s a m p l e s  w e r e  d r a w n  i n t o  t h i n  r o d s  f o r  lo w  c o m p l i a n c e  m e a s u r e 
m e n t s ,  a  s a m p l e  c o e f f ic ie n t  w a s  e m p i r i c a l l y  d e t e r m i n e d  a t  s o m e  r e f e r e n c e  
t e m p e r a t u r e .  F o r  s u b s e q u e n t  m e a s u r e m e n t s  a t  lo w e r  t e m p e r a t u r e s ,  
t h i s  s a m p l e  c o e f f ic ie n t  w a s  m u l t i p l i e d  b y  t h e  f a c t o r  / ¿ o W A V >  w h e r e  t h e  
s u b s c r i p t  r e f e r s  t o  t h e  v a l u e  a t  t h e  r e f e r e n c e  t e m p e r a t u r e ,  T 0. T h e  e m 
p i r i c a l  c o e f f ic ie n t  w a s  o b t a i n e d  b y  m a t c h i n g  d a t a  f o r  t h e  d r a w n  s a m p l e  
t o  t h e  c o m p l i a n c e  a n d / o r  v i s c o s i t y  d e t e r m i n e d  f o r  a n  u n d r a w n  s a m p l e  
a t  T 0. T o  p r e v e n t  s a m p l e  s a g g in g ,  T 0 w a s  n e c e s s a r i l y  n e a r  T „ .  J ( t ) a n d  
j? c h a n g e  r a p i d l y  w i t h  t e m p e r a t u r e  n e a r  T a so  t h a t  g r e a t  c a r e  w a s  t a k e n  t o  
r e p r o d u c e  t h e  r e f e r e n c e  t e m p e r a t u r e  t o  a b o u t  0 .0 1  ° C .
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Fig . 1. P lo ts  of th e  lo g arith m  of th e  to ta l  creep com pliance, J v{ t)  (cm 2/d y n e )  vs. th e  
lo g a rith m  of tim e  t (sec). C u rv es are for a 16,400 m olecular w eigh t sam ple m easured  
a t  th e  in d ica ted  te m p era tu re s . S u b sc rip t p  in d ica tes am p litu d e  a d ju s tm e n t fo r th e  
te m p e ra tu re  dependence of th e  rub b erlike  response: (O) ca lcu la ted  from  th e  m easured  
recoverab le  com pliance, [ J p{t) — l / y r ] and  th e  m easured  v iscosity , y p ; (— ) dashed  
lines rep re sen t th e  v iscous c o n trib u tio n  to  th e  to ta l  creep.

A l t h o u g h  t h e  r e c o v e r a b l e  c o m p l i a n c e  h a s  b e e n  d e n o t e d  o n  t h e  g r a p h s  
b y  [•/(() — t / t ] ] ,  r e c o v e r i e s  w e r e  n o r m a l l y  m e a s u r e d  d i r e c t l y  a f t e r  s t e a d y  
s t a t e  f lo w  in  c r e e p  h a d  b e e n  o b t a i n e d .  I n  f a c t ,  s in c e ,  f o r  t h e  m e a s u r e m e n t s  
r e p o r t e d  h e r e ,  t h e  v i s c o u s  d e f o r m a t i o n  w a s  u s u a l l y  t h e  d o m i n a n t  c o n t r i b u 
t i o n  t o  c r e e p ,  t h e  i n d i c a t e d  s u b t r a c t i o n  w o u ld  l e a d  t o  im p r e c i s e  r e c o v e r a b l e  
c o m p l i a n c e  v a lu e s .  O n  t h e  o t h e r  h a n d ,  b y  a d d i n g  t h e  k n o w n  v i s c o u s  
d e f o r m a t i o n  t o  t h e  k n o w n  r e c o v e r a b l e  c o m p l i a n c e  i t  w a s  p o s s ib l e  t o  p r e 
c i s e ly  r e c o n s t r u c t  t o t a l  c r e e p  c u r v e s  a s  s h o w n  in  F i g u r e  1 .

W h e n  m o r e  t h a n  a b o u t  3  h r  w a s  r e q u i r e d  f o r  s t e a d y - s t a t e  f lo w , a  t e c h 
n iq u e  s u g g e s t e d  b y  L e a d e r m a n  e t  a l . 18 w a s  o f t e n  e m p l o y e d .  A t  a  t e m p e r a 
t u r e  a b o v e  t h a t  f o r  w h ic h  t h e  r e c o v e r y  w a s  d e s i r e d ,  t h e  t o r q u e  w a s  a p p l i e d  t o  
t h e  s a m p l e  a n d  s t e a d y - s t a t e  f lo w  w a s  a t t a i n e d  i n  a  r e l a t i v e l y  s h o r t  t im e .  
T h e n ,  t h e  s t r e s s  b e i n g  m a i n t a i n e d  t h e  s a m p l e  w a s  c o o le d  t o  t h e  t e m p e r a 
t u r e  o f  i n t e r e s t .  T h e  t o r q u e  w a s  t h e n  r e m o v e d  t o  o b t a i n  t h e  r e c o v e r y .
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A m o n g  o t h e r  v e r i f i c a t i o n s  o f  t h i s  t e c h n i q u e  t h e  f o l lo w in g  m a y  b e  m e n 
t i o n e d :  I n  F i g u r e  1 2 , d i s c u s s e d  in  a  l a t e r  s e c t io n ,  o n e  s e t  o f  h a l f - s o l id  
c i r c le s  r e p r e s e n t s  m e a s u r e m e n t s  m a d e  b y  u s in g  L e a d e r m a n 's  t e c h n i q u e ;  
t h e  o t h e r  s e t  o f  h a l f - s o l i d  c i r c l e s  r e p r e s e n t s  t h e  r e c o v e r y  o b t a i n e d  a f t e r  
c r e e p in g  a t  1 2 9 .3 ° C  u n t i l  s t e a d y  f lo w  h a d  b e e n  o b t a i n e d .  T h e  a g r e e m e n t  
b e t w e e n  t h e  tw o  s e t s  o f  p o i n t s  i n d i c a t e s  t h e  p o s s ib i l i t y  o f  a p p l y i n g  t h e  
t e c h n i q u e  e v e n  to  m a t e r i a l s  b e h a v i n g  n o n l i n e a r i l y .

T h e  u s e  o f  t h i s  t e c h n i q u e  a l s o  s im p l i f ie d  t h e  s h e a r  v i s c o s i t y  d e t e r m i n a 
t i o n s .  I f  t h e  s t r e s s  o n  t h e  s a m p l e  w e r e  m a i n t a i n e d  a f t e r  a t t a i n i n g  s t e a d y  
s t a t e  f lo w , i t  w a s  n e c e s s a r y  o n ly  t o  m e a s u r e  t h e  r a t e  o f  s a m p l e  d e f o r m a 
t i o n  a t  a n y  d e s i r e d  t e m p e r a t u r e  ( a b o v e  T 0) t o  o b t a i n  a  p r e c i s e  v i s c o s i ty  
v a lu e .  O t h e r  m e t h o d s  s o m e t im e s  u s e d  f o r  d e t e r m i n i n g  v i s c o s i t i e s  h a v e  
b e e n  p r e v io u s ly  s u m m a r i z e d . 19

R E S U L T S
T o r s io n a l  s h e a r  m e a s u r e m e n t s  o f  t h e  r e c o v e r a b l e  c r e e p  c o m p l i a n c e ,  

J ( t )  — t / r i ,  w e r e  c a r r i e d  o u t  a t  s e v e n  t e m p e r a t u r e s  b e t w e e n  9 3  a n d  1 1 9 .4 ° C  
o n  t h e  A 6 1 [ 3 ]  s a m p l e  ( M „  =  1 6 ,4 0 0 ) .  V a lu e s  f o r  t h e  s h e a r  v i s c o s i t y  p  
( in  d y n e s  s e c / c m 2) w e r e  o b t a i n e d  a t  t e m p e r a t u r e s  b e t w e e n  9 3  a n d  1 6 0 ° C . 
O v e r  t h i s  s p a n  i n  t e m p e r a t u r e  rj d e c r e a s e d  n e a r l y  n in e  o r d e r s  o f  m a g 
n i t u d e  f r o m  1 .4 3  X  1 0 12 t o  2 .9 7  X  1 0 3 p o is e s .  T h e  t o t a l  c r e e p  r e s p o n s e  
i s  p r e s e n t e d  in  F i g u r e  1 i n  t e r m s  o f  t h e  c r e e p  c o m p l i a n c e  J v ( t ) ,  c m 2/ d y n e ,  
o v e r  f o u r  l o g a r i t h m i c  d e c a d e s  o f  t i m e .  T h e  s u b s c r i p t  p  i n d i c a t e s  t h a t  t h e  
u s u a l  s m a l l  c o r r e c t i o n  w a s  m a d e  w h ic h  a c c o u n t s  f o r  t h e  t e m p e r a t u r e  d e 
p e n d e n c e  o f  t h e  a s s u m e d  e n t r o p i c  n a t u r e  o f  t h e  r e s p o n s e ;  J p{ t) =  J ( t )  X  
T p / T o p o ,  w h e r e  p  i s  t h e  d e n s i t y  a t  t h e  t e m p e r a t u r e  T  o f  t h e  m e a s u r e m e n t  
a n d  po i s  t h e  v a l u e  a t  t h e  c h o s e n  r e f e r e n c e  t e m p e r a t u r e  T 0. D a s h e d  l in e s  
r e p r e s e n t i n g  t h e  v i s c o u s  c o n t r i b u t i o n  t o  t h e  c o m p l i a n c e ,  t,/r]v , i n d i c a t e  
t h a t  o n ly  a s  t h e  g la s s  t e m p e r a t u r e ,  T g =  9 1 .5 ° C ,  f o r  t h i s  m a t e r i a l  is  a p 
p r o a c h e d  d o e s  t h e  r e c o v e r a b l e  p a r t  o f  t h e  d e f o r m a t i o n  b e c o m e  t h e  d o m i
n a n t  p a r t  o f  t h e  c r e e p  i n  t h e  m e a s u r e d  r e g io n  o f  t h e  t i m e  s c a le ;  r)v =  
r jT o p o / T p .  I t  i s  e m i n e n t l y  c l e a r  t h a t  v e r y  l i t t l e  c a n  b e  c o n c lu d e d  a b o u t  
t h e  f o r m  o f  t h e  r e c o v e r a b l e  c o m p l i a n c e  f r o m  t h e  t o t a l  c r e e p  c o m p l i a n c e  
c u r v e s .  S u b t r a c t i o n  o f  t h e  v is c o u s  d e f o r m a t io n ,  a s  i n d i c a t e d  b y  d id a c t i c  
p o r t r a y a l s  o f  c r e e p ,  t o  a s c e r t a i n  t h e  r e c o v e r a b l e  c o n t r i b u t i o n  is  n o t  p r a c 
t i c a l  i n  r e g io n s  w h e r e  t / i )  > 0 .8  J ( t ) .

T h e  r e c o v e r a b l e  c o m p l i a n c e  c u r v e s ,  J P( t)  — t/r ] p , w h ic h  w e r e  m e a s u r e d  
d i r e c t l y  f o l lo w in g  t h e  a t t a i n m e n t  o f  s t e a d y - s t a t e  d e f o r m a t i o n ,  a r e  s h o w n  
in  F i g u r e  2 . R e l i a b l e  r e s u l t s  w e r e  p o s s ib le  u p  t o  1 1 9 .4 ° C , w h e r e  a  r e 
c o v e r a b l e  d e f o r m a t i o n  w a s  s e e n  t h a t  is  t o o  h ig h  b y  a b o u t  3 0 %  t o  b e  c o m 
p a t i b l e  w i t h  s u c c e s s f u l  t e m p e r a t u r e  s u p e r p o s i t i o n  w i t h  t h e  c u r v e  p r e v io u s ly  
o b t a i n e d  a t  1 0 9 .4 ° C .  T h i s  a p p a r e n t  d e c r e a s e  i n  t h e  s t e a d y - s t a t e  c o m 
p l i a n c e  w i t h  a  d e c r e a s e  in  t e m p e r a t u r e  p e r s i s t e d  d o w n  t o  1 0 5 .1 ° C . T o  
c o n f i r m  o u r  c o n c lu s io n  t h a t  t h e s e  c h a n g e s  i n  t h e  l e v e l  o f  r e c o v e r a b l e  c o m 
p l i a n c e  w e r e  f a r  b e y o n d  o u r  e x p e r i m e n t a l  u n c e r t a i n t y ,  w h ic h  a d m i t t e d l y
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d o e s  i n c r e a s e  a s  t h e  v i s c o s i t y  d e c r e a s e s ,  e x t r a  t im e  a n d  t r o u b l e  w e r e  t a k e n  
w i t h  t h e  m e a s u r e m e n t s  m a d e  a t  1 0 0 .6 ° C .  A t t a i n m e n t  o f  s t e a d y  s t a t e  w a s  
i n s u r e d  b y  a l lo w in g  t h e  s a m p l e  t o  c r e e p  a t  1 1 0 ° C  f o r  a b o u t  3 6  h r .  A f t e r  
c o o l in g  a n d  t h e r m a l l y  e q u i l i b r a t i n g  t h e  s a m p l e s  a t  1 0 0 .6 ° C ,  t h e  im p o s e d  
t o r q u e  w a s  r e m o v e d  a n d  t h e  r e c o v e r y  w a s  m o n i t o r e d  f o r  a  w e e k .  I n d e e d ,  
t h e  s t e a d y - s t a t e  c o m p l i a n c e  l e v e l  d r o p p e d  a n o t h e r  8 0 %  w i t h  a  t e m p e r a 
t u r e  d e c r e a s e  o f  4 .5 ° C .  W h e n  t h e  t r a n s i t i o n  p o r t i o n s  o f  t h e  r e c o v e r y  
c u r v e s  a r e  s u p e r i m p o s e d  b y  r e d u c i n g  t h e  t i m e  s c a le  a t  e a c h  t e m p e r a t u r e  t o  
1 0 0 ° C , t h e  p a t t e r n  o f  d iv e r g e n c e  b e c o m e s  e x c e p t io n a l ly  c l e a r ,  a s  s e e n  i n  
F i g u r e  3 . A t  t h i s  p o i n t  i n  o u r  i n v e s t i g a t i o n  i t  w a s  n o t  c l e a r  t h a t  r e d u c t i o n  
s h o u ld  b e  a t t e m p t e d  w i t h o u t  n o r m a l i z in g  t h e  d i s p e r s io n .  I t  n o w  a p p e a r s

Fig . 2. P lo ts  of th e  lo g a rith m  of th e  recoverab le  com pliance, \ J p( t )  — t/r jp}, (cm 2/ -  
d y n e) v s. th e  lo g arith m  of tim e t  for M  =  16,400 m easured  a t th e  in d ica ted  te m p era tu re s .

t h a t  t h i s  p r o c e d u r e  m o s t  c o r r e c t l y  r e p r e s e n t s  t h e  c h a n g e s  i n  r e s p o n s e  t h a t  
o c c u r  w i t h  d e c r e a s in g  t e m p e r a t u r e  i n  t h e  n e ig h b o r h o o d  o f  T g. W e  w il l  
t r y  t o  c l a r i f y  t h e  r e a s o n s  f o r  t h i s  c o n c lu s io n  b e lo w . I t  s t i l l  r e m a i n s  a  
p o i n t  o f  a c a d e m ic ,  b u t  n o  p r a c t i c a l ,  c o n c e r n  w h e t h e r  t h e  r u b b e r l i k e  v e r t i c a l  
s h i f t  s h o u ld  b e  a p p l i e d  t o  t h e  p o r t i o n  o f  t h e  r e c o v e r a b l e  d e f o r m a t i o n  a b o v e  
t h e  g la s s y  l e v e l .  W e  h a v e  n o t  m a d e  t h i s  s m a l l  c o r r e c t i o n  t o  m o s t  o f  t h e  
d a t a  p r e s e n t e d  s u b s e q u e n t l y  o n  t h e  tw o  lo w e s t  m o le c u l a r  w e ig h t  s a m p le s .

T o t a l  c r e e p  m e a s u r e m e n t s  o n  s a m p l e  P C l l  [2 ] , M „  =  3 4 0 0 , s h o w  a  s m a l l e r  
f r a c t i o n a l  c o n t r i b u t i o n  o f  t h e  r e c o v e r a b l e  d e f o r m a t i o n  e v e n  t h o u g h  o u r  
m e a s u r e m e n t s  w e r e  e x t e n d e d  t o  t i m e s  s h o r t e r  t h a n  w e r e  n o r m a l l y  m e a 
s u r e d .  R e s u l t s  o b t a i n e d  a t  s e v e n  t e m p e r a t u r e s  f r o m  7 0 .0  t o  1 0 0 .6 ° C , 
s h o w n  i n  F i g u r e  4 , i n d i c a t e  t h e  d o m in a n c e  o f  t h e  v i s c o u s  d e f o r m a t i o n .  
H e r e  a g a i n  t h e  0 j  c o n t r i b u t i o n s  a r e  p r e s e n t e d  a s  d a s h e d  l in e s .  E x 
a m i n a t i o n  o f  t h e  d i r e c t l y  m e a s u r e d  r e c o v e r a b l e  c o m p l i a n c e  c u r v e s ,  J  ( 0  —
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t / r j ,  p r e s e n t e d  l o g a r i t h m i c a l l y  i n  F i g u r e  5 , r e v e a l s  s e v e r a l  u n e x p e c t e d  
s a l i e n t  f e a t u r e s .

I t  i s  u n m i s t a k a b l e  t h a t  t w o  d i s p e r s iv e  r e g io n s  o n  t h e  t i m e  s c a le  a r e  
p r e s e n t .  O n ly  a t  m o le c u l a r  w e ig h t s  s u b s t a n t i a l l y  g r e a t e r  t h a n  t h e  m o le c u 
l a r  w e i g h t  b e t w e e n  e n t a n g l e m e n t s ,  1 4 ,1 0 0  f o r  p o ly s t y r e n e ,*  i s  a  s e c o n d  
d i s p e r s io n  b e jm n d  t h e  r i s e  f r o m  a  g la s s  t o  a  r u b b e r  p l a t e a u  l e v e l  e x p e c te d .  
O n ly  a t  t h e s e  h ig h  m o le c u l a r  w e ig h t s  c a n  t h e r e  e x i s t  a  w e l l  d e v e lo p e d  
e n t a n g l e m e n t  n e t w o r k ,  w h ic h  c a n  f u r t h e r  d e l a y  r e t a r d e d  d e f o r m a t io n  
s e v e r a l  o r d e r s  o f  m a g n i t u d e .  A t  t h e  s a m e  t im e ,  i t  i s  w e l l  k n o w n  t h a t  t h e  
s t e a d y - s t a t e  c o m p l i a n c e  J e a n d  t h e  r e t a r d e d  d e f o r m a t i o n  i m m e d ia t e ly

F ig . 3. P lo ts  of th e  recoverab le  com pliance curves of F igure  2, ag a in s t th e  lo g arith m  
of th e  reduced  tim e , t / a r  (sec). T em p era tu re -d ep e n d e n t h o rizo n ta l sh if t facto rs, 
a r ,  re la tiv e  to  100°C, h av e  been  em pirica lly  d e te rm in ed  to  give b e s t su p erposition  below 
knees of curves.

p r e c e d i n g  s t e a d y - s t a t e  d e f o r m a t i o n  c a n  b e  p r o f o u n d l y  i n f lu e n c e d  b y  t h e  
m o l e c u l a r  w e i g h t  d i s t r i b u t i o n  o f  t h e  s a m p l e .5 W e  w i l l  p r e s e n t  a n  e x 
a m p l e ,  l a t e r ,  o f  a  s a m p l e  w h e r e  a n  o th e r w i s e  u n d e t e c t a b l e  h ig h  m o le c u la r  
w e i g h t  t a i l  g a v e  r i s e  t o  a n  e n o r m o u s  s e c o n d  d i s p e r s io n :  a  1 0 0 0 - fo ld  i n c r e a s e  
i n  t h e  r e c o v e r a b l e  c o m p l i a n c e .  T h e r e f o r e ,  i n  s p i t e  o f  t h e  f a c t  t h a t  P C l l -
[2 ] i s  a  c e n t r a l  c u t  o f  a  n a r r o w  d i s t r i b u t i o n  s a m p l e  w e  b e l i e v e  t h e  s e c o n d  

d i s p e r s i o n  h e r e  i s  t h e  r e s u l t  o f  s u c h  a  t a i l .  C o n t i n u i n g  w o r k  a t  t h e  U n i 
v e r s i t y  o f  P i t t s b u r g h  h a s  c o n f i r m e d  t h i s  p r o p o s i t i o n .  T h e  f i r s t  p l a t e a u  
is  t a k e n  t o  b e  t h e  J e f o r  t h e  p r e d o m i n a n t  s p e c ie s  p r e s e n t ,  i n  t h i s  c a s e  w i th  
a  m o le c u l a r  w e i g h t  o f  3 4 0 0 .

* Determined from recoverable compliance measurements on sample A16 (not r e 
ported here).20
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Log t

Fig. 4. L o g arith m ic  p lo ts  of th e  to ta l  creep com pliance, J { t )  (cm 2/d y n e ) , ag a in s t tim e  
t (sec), fo r M  =  3400 a t  th e  in d ic a ted  te m p era tu re s . D ash ed  lines rep re sen t v iscous 
co n trib u tio n s  to  th e  to ta l  creep: (O) m easured  recoverab le  com pliances p lu s ca lcu la ted  
v iscous co n trib u tio n s.

Log t

F ig . 5. L o g arith m ic  p lo ts  of recoverab le  creep com pliances, [ J p (t) — t / v P] (cm 2/d y n e ) , 
a t  in d ica ted  te m p era tu re s  fo r M  =  3400 p lo tte d  ag a in s t tim e  t (sec). S u b sc rip t p  
in d ica tes  am p litu d e  co rrec tion  for en tro p ic  T 0 =  100°C response.
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T-T«,

F ig . 6. R ecoverab le  com pliance shift, fac to rs  o r  p lo tte d  sem ilogarithm ically  ag a in st 
1 0 7 (T  — T c0) fo r sam ples of in d ica ted  m olecu lar w eigh t. F o r  each  sam ple th e  reference 
te m p era tu re  fo r red u c tio n  is T g so th a t  log o r  =  0 a t  T  =  T 0. E q u a tio n  of line is: 
log  o r  =  - 1 3 .4 6  +  3 8 9 / ( r  -  2 7 ).

S t e a d y - s t a t e  d e f o r m a t i o n  i n  c r e e p  i s  a c h ie v e d  w h e n  th e  t i m e  i n d e p e n d e n t  
r e c o v e r a b le  d e f o r m a t i o n  i s  r e a c h e d .  I t  i s  s o m e t im e s  a s s u m e d  t h a t  t h i s  is  
e q u i v a l e n t  t o  a  r a t e  o f  d e f o r m a t i o n  t h a t  i s  c o n s t a n t  w i t h i n  e x p e r i m e n t a l  
a c c u r a c y .  T h i s  a s s u m p t i o n  c a n  b e  e r r o n e o u s  i f  t h e  r e c o v e r a b l e  d e f o r m a 
t i o n  i s  o n ly  a  s m a l l  p a r t  o f  t h e  t o t a l  c r e e p .  T h e  r e s p o n s e  o f  P C l l [ 2 ] a s  
s e e n  i n  F i g u r e s  4  a n d  5  s e r v e s  a s  a n  e x a m p le  o f  t h i s .  N o t e  t h a t  a  c o n s t a n t  
r a t e  o f  d e f o r m a t i o n  ( w i t h i n  e x p e r i m e n t a l  u n c e r t a i n t y )  i s  r e a c h e d  in  a b o u t  1 
s e c  a t  9 4 .3 ° C  b u t  t h e  r e c o v e r a b l e  c o m p l i a n c e  d o e s  n o t  a t t a i n  a  c o n s t a n t  
v a l u e  u n t i l  a b o u t  1 0 4 s e c .

T h e  m o s t  s t a r t l i n g  f e a t u r e  s e e n  i n  F i g u r e  5  i s  a  m a r k e d  d e c r e a s e  in  r e 
c o v e r a b l e  d e f o r m a t i o n  a s  t h e  t e m p e r a t u r e  o f  m e a s u r e m e n t  a p p r o a c h e s  T g 
( 7 0 ° C ) .  T h i s  i s  a n  e x a g g e r a t e d  c a s e  o f  t h e  b e h a v i o r  e x h i b i t e d  b y  A -6 1  [3] 
i n  F i g u r e  2 . I n  t h e  i n t e r v a l  b e tw e e n  1 0 0  a n d  7 0 ° C  t h e  J e f o r  t h e  3 4 0 0  
m o le c u l a r  w e i g h t  s p e c ie s  d e c r e a s e s  b y  t h i r t y f o l d .  I t  i s  e v i d e n t  t h a t  m a n y  
r e t a r d a t i o n  m e c h a n i s m s  a r e  l o s t  a s  t h e  t e m p e r a t u r e  o f  m e a s u r e m e n t  a p 
p r o a c h e s  T g. T h e  t i m e  s c a le  o f  t h e  r e s p o n s e  o f  t h e  r e m a i n i n g  m e c h a n i s m s  
s t i l l  s h i f t s  r a p i d l y  t o w a r d  l o n g e r  t i m e s  w i t h  d e c r e a s in g  t e m p e r a t u r e ,  
b u t  b e c a u s e  o f  t h e  c h a n g in g  s h a p e  o f  t h e  r e c o v e r a b l e  c o m p l i a n c e  c u r v e s  
t h e  a m o u n t  o f  t i m e  s c a le  s h i f t  i s  i m p o s s ib l e  t o  d e t e r m i n e  w i t h  t h i s  d a t a .
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F ig . 7. R ecoverab le  com pliance fo r M  =  3400 reduced  to  100°C b y  p lo ttin g  lo g a rith 
m ically  ag a in st th e  reduced  tim e , t / a r . H o rizo n ta l sh if t fac to rs  a r  fo r th e  in d ica ted  
te m p era tu re s  h av e  been  ca lcu la ted  b y  assum ing  th e  ap p licab ility  of th e  resu lts  of F ig u re  
6 an d  T „ =  70°C . T h e  s tra ig h t line is th e  v iscous c o n trib u tio n  to  to ta l  creep a t  100.6°C .

H o w e v e r ,  i t  w a s  f o u n d  t h a t  w i t h i n  e x p e r i m e n t a l  e r r o r  t h e  t i m e  s c a le  s h i f t  
f a c t o r s ,  a T , f o r  a l l  o f  t h e  o t h e r  n a r r o w  d i s t r i b u t i o n  p o l y s t y r e n e  s a m p l e s  
s t u d i e d  i n  o u r  l a b o r a t o r y  c o u ld  b e  d e s c r ib e d  a s  t h e  s a m e  f u n c t i o n  o f  T  — T g. 
T h i s  r e s u l t  i s  s h o w n  i n  F i g u r e  6 , w h e r e  d a t a  a r e  p r e s e n t e d  f r o m  s a m p l e s  
w i t h  m o le c u l a r  w e ig h t s  t h a t  r a n g e  f r o m  1.1  X  1 0 3 t o  8 .0  X  1 0 6. T h e  p r o 
c e d u r e  u s e d  i n  o b t a i n i n g  t h e  f i t  o f  t h e  d a t a  i n  F i g u r e  6  a n d  i t s  p o s s ib le  
s ig n i f i c a n c e  i s  d i s c u s s e d  b e lo w  in  t h e  s e c t i o n  e n t i t l e d  T e m p e r a t u r e  D e p e n 
d e n c e s .

B y  u s i n g  t h i s  r e l a t i o n ,  s h i f t  f a c t o r s  w e r e  c a l c u l a t e d  f o r  P C l l [ 2 ]  a n d  
c u r v e s  f r o m  F i g u r e  5  w e r e  p l o t t e d  i n  F i g u r e  7 i n  t h e i r  a p p r o p r i a t e  p o s i t i o n  
a t  t h e  r e f e r e n c e  t e m p e r a t u r e  T o  o f  1 0 0 ° C . T h e  p a t t e r n  o f  b e h a v i o r  c a n  b e  
c l e a r ly  s e e n  a s  a n  e x a g g e r a t i o n  o f  t h e  a n o m a l y  p r e s e n t  i n  t h e  r e s p o n s e  o f  
A 6 1 [ 3 ]  ( s e e  F i g .  3 ) .  T h e r e  i s  a  l i m i t i n g  h ig h  t e m p e r a t u r e  e n v e lo p e  o f  
r e c o v e r a b l e  c o m p l i a n c e .  S in c e  J e a t  1 0 0 .6 ° C  is  c lo s e  t o  t h e  h i g h - t e m p e r a -  
t u r e  a s y m p t o t i c  v a l u e  a s  s e e n  i n  p l o t  o f  lo g  J e v e r s u s  T ,  s h o w n  b e lo w , t h e  
c u r v e  f o r  1 0 0 .6 ° C  i s  n e a r l y  r e p r e s e n t a t i v e  o f  t h i s  e n v e lo p e .  A t  a l l  o f  t h e  
lo w e r  t e m p e r a t u r e s  t h e  c u r v e s  f a n  o u t  r e f l e c t i n g  t h e  d i s a p p e a r a n c e  o f  r e t a r 
d a t i o n  m e c h a n i s m s  t o  w h ic h  w e  h a v e  a l l u d e d .  T h e  v i s c o u s  c o n t r i b u t i o n  t o  
t h e  t o t a l  c r e e p  d e f o r m a t i o n ,  t / t j ,  a t  1 0 0 .6 ° C  i s  s h o w n  p l o t t e d  a g a i n s t  t h e  
r e d u c e d  t i m e  o f  t h e  r e c o v e r a b l e  c o m p l i a n c e  t o  i n d i c a t e  t h e  a m o u n t  o f  p e r 
m a n e n t  d e f o r m a t i o n  w h ic h  a c c o m p a n i e s  t h e  r e t a r d e d  e l a s t i c  c o m p o n e n t  
d u r i n g  c r e e p .  I t  c a n  b e  s e e n  t h a t  w h e n  lo g  t / a T is  b e t w e e n  — 2 .5  a n d  — 1 .0 , 
f / i j  i s  r o u g h l y  a n  o r d e r  o f  m a g n i t u d e  g r e a t e r  t h a n  J ( t )  — t/-q , s o  t h a t  o n ly  
a b o u t  1 0 %  o f  t h e  c r e e p  d e f o r m a t i o n  i s  r e c o v e r a b l e  i n  t h i s  r e g io n  o f  t h e  t i m e  
s c a le .  B y  u s in g  t h e  1 0 0 .6 ° C  v i s c o s i t y  v a l u e  w e  a r e  i n d i c a t i n g  t h e  r e l a t i v e  
c o n t r i b u t i o n s  a s  o b s e r v e d  a t  1 0 0 .6 ° C .  W e  h a v e  n o t  u s e d  t h e  r e f e r e n c e  
t e m p e r a t u r e  v a l u e  o f  rj t o  e m p h a s i z e  t h e  f a c t  t h a t  n o t  o n ly  w o u l d  t h e  r e 
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c o v e r a b l e  c o m p l i a n c e  c u r v e  b e  d i f f e r e n t  a t  1 0 0 ° C  b u t  q u a n t i t a t i v e l y  t h e  
r e l a t i v e  a m o u n t s  o f  p e r m a n e n t  a n d  r e c o v e r a b l e  d e f o r m a t i o n  a t  a n y  g iv e n  
r e d u c e d  t i m e  w o u l d  d if f e r .  T h i s  i s  so  b e c a u s e  t h e  tw o  f o r m s  o f  d e f o r m a 
t i o n ,  r e c o v e r a b l e  a n d  v i s c o u s ,  h a v e  d i f f e r e n t  t e m p e r a t u r e  d e p e n d e n c e s .  
T h i s  f a c t ,  w h ic h  w a s  r e p o r t e d  e a r l i e r , 19 h a s  b e e n  f o u n d  t o  b e  t r u e  f o r  a l l  
o f  t h e  s a m p l e s  o f  p o l y s t y r e n e  m e a s u r e d .

I n  F i g u r e  8  t h e  r e c o v e r a b l e  c o m p l i a n c e  c u r v e s  f o r  P C 1 1 [2 ] a t  7 0 .0  a n d  
7 5 .0 ° C  h a v e  b e e n  p l o t t e d  a s  f u n c t i o n s  o f  t h e  c u b e  r o o t  o f  t i m e .  S e m i-  
q u a n t i t a t i v e l y  t h e  c u r v e s  b e a r  a  s t r i k i n g  r e s e m b l a n c e  t o  t h e  r e s p o n s e  
f o u n d  f o r  t h e  n o n p o ly m e r i c  1 ,3 ,5 - t r i - a - n a p h t h y l b e n z e n e ,  ( T a N B )  i n  
t h e  n e ig h b o r h o o d  o f  T „ .  T h i s  k i n d  o f  b e h a v i o r  h a s  b e e n  c a l l e d  t e r m i n a t i n g

Fig . 8. P lo ts  of th e  recoverab le  com pliance, [ J ( t )  — i/»j], (cm 2/d y n e )  fo r M  =  
3400 vs. th e  cube ro o t of tim e  t (sec). B o th  curves ex trap o la te  to  a  v a lu e  of 1.0 X 
10-10 cm 2/d y n e  a t  t  =  0.

A n d r a d e  c r e e p . 21 T h e  s h o r t - t i m e  p o r t i o n s  o f  t h e  c u r v e s  a r e  l i n e a r  a n d  e x 
t r a p o l a t e  t o  i n t e r c e p t s ,  J A , o f  1 .0  X  1 0 -10  c m 2/ d y n e .  T h i s  v a l u e  a p p e a r s  
t o  b e  t h e  s h o r t - t i m e  l i m i t i n g  v a l u e  o f  t h e  d o m i n a t i n g  d i s p e r s io n .  T h e  J e 
a t  7 0 .0 ° C  i s  s l i g h t l y  g r e a t e r  t h a n  4  X  1 0 -10  c m 2/ d y n e .  T h e  c o r r e s p o n d in g  
v a l u e s  a t  T g f o r  T a N B  a r e  1 .0  X  1 0 -10  a n d  2 .5  X  1 0 -10  c m 2/ d y n e .  T h e  
p e r s i s t e n t  a p p e a r a n c e  o f  A n d r a d e  c r e e p  i n  t h e  v i s c o e l a s t i c  r e s p o n s e  o f  
v a r i o u s  m a t e r i a l s  c o n t i n u e s  t o  s u g g e s t  t h a t  s o m e  u n r e c o g n iz e d  m e c h a n i s m  
is  r e s p o n s ib l e  a n d  t h a t  f o r t u i t o u s  c u r v e  f i t t i n g  i s  n o t  i n v o lv e d .  W h e n  i t  
a p p e a r s  a s  t h e  d o m i n a t i n g  f o r m  i t  is  u s u a l l y  b e s t  r e c o g n iz e d  i n  t h e  lo g 
a r i t h m i c  d i s p l a y  o f  t h e  r e t a r d a t i o n  s p e c t r u m  w h e r e  a  s lo p e  o f  l / z  is  o f t e n  
p r e s e n t  f o r  s e v e r a l  o r d e r s  o f  m a g n i t u d e  i n  t im e .  S u c h  is  t h e  c a s e  f o r  p o ly 
s t y r e n e  b e t w e e n  lo g  r  =  — 1 .0  a n d  2 .0  a t  T g. E m p i r i c a l l y  s p e a k in g ,  i t  
a p p e a r s  t h a t  t h e  A n d r a d e  i n t e r c e p t  h a s  a  v e r y  w e a k  t e m p e r a t u r e  d e p e n 
d e n c e  a n d  t h a t  t h e  t l/ l  l i n e a r i t y  i s  v a l u a b l e  t o  o b t a i n  a n  o b j e c t i v e  v a l u e  o f  
t h e  s h o r t  t i m e  l i m i t i n g  c o m p l i a n c e  w h ic h  i m m e d i a t e l y  p r e c e d e s  t h e  d is -
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Log t

F ig . 9. L o g arith m ic  p lo ts  of th e  creep com pliance, J i t ) ,  (cm 2/d y n e )  vs. tim e  t (sec) 
calcu la ted  from  m easured  recoverab le  com pliance an d  v iscosity  d a ta : (— ) viscous 
c o n trib u tio n s  to  th e  to ta l  creep.

p e r s io n  i n  q u e s t i o n .  I t  c a n  a l s o  b e  u s e f u l  i n  c a l c u l a t i n g  t h e  v i s c o s i t y  b e 
f o r e  s t e a d y - s t a t e  d e f o r m a t i o n  is  a c h i e v e d .22

T h e  t o t a l  c r e e p  c o m p l i a n c e  c u r v e s  o f  s a m p l e  A G 7 [7 ], M  =  1 1 0 0 , a t  
t e m p e r a t u r e s  b e t w e e n  3 0  a n d  4.r>°C a r e  s h o w n  w i th  a n  e x p a n d e d  o r d i n a t e  in  
F i g u r e  9 . T h i s  u n d e c a m e r  h a r d l y  q u a l i f i e s  a s  a  h ig h  p o ly m e r ,  a n d  t h e  
c h a r a c t e r  o f  i t s .m e m o r y  c e r t a i n l y  is  n o t  a p p a r e n t  f r o m  i t s  r e s p o n s e  u n d e r  
c o n s t a n t  t o r q u e  n o r  w o u l d  i t  b e  f r o m  s t r e s s  r e l a x a t i o n  m e a s u r e m e n t s ,  i f  i t  
w e r e  p o s s ib l e  t o  m a k e  s u c h  m e a s u r e m e n t s  o n  t h i s  f r a g i l e  m a t e r i a l .  W e  w is h  
t o  e m p h a s i z e  t h a t  p a i n s  w e r e  t a k e n  t o  i n s u r e  t h a t  e q u i l i b r i u m  v o l u m e  o b 
t a i n e d  b e f o r e  c r e e p  m e a s u r e m e n t s  w e r e  m a d e  n e a r  a n d  b e lo w  t h e  c o n 
v e n t i o n a l  g la s s  t e m p e r a t u r e  o f  4 0 ° C .  F o r  e x a m p le  a t  3 0 .2 ° C  t h e  s p e c i 
m e n  w a s  h e l d  a t  t e m p e r a t u r e  f o r  4  d a y s  b e f o r e  a n y  m e a s u r e m e n t s  w e r e  
m a d e .  D u r i n g  t h e  s u b s e q u e n t  4  d a y s ,  r e p e t i t i v e  s h o r t  r u n s  w e r e  m a d e  to  
a s c e r t a i n  t h a t  n o  f u r t h e r  t im e - s c a l e  s h i f t i n g  t o  l o n g e r  t i m e s  d u e  t o  i s o 
t h e r m a l  v o l u m e  c o n t r a c t i o n  w a s  o c c u r r in g .  P r e v i o u s  o r  c o n c u r r e n t  d i l a to -  
m e t r i c  m e a s u r e m e n t s  o n  a  s p e c im e n  f r o m  t h e  s a m e  s to c k  c a n  b e  u s e d  t o  
d e t e r m i n e  w h e n  e q u i l i b r i u m  v o lu m e  is  a c h ie v e d .
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Fig. 10. L o g arith m ic  p lo ts  of th e  m easured  recoverab le  com pliance, [ J ( t )  — t/ij]  
(cm 2/d y n e )  ag a in s t tim e  t. M easu rem en ts  w ere m ade on sam ple A67[7], M  =  1100.

T h e  r e c o v e r a b l e  r e s p o n s e  i n  t h i s  t e m p e r a t u r e  r a n g e  i s  p r e s e n t e d  in  
F i g u r e  1 0 . A l t h o u g h  t h e  d i s p e r s io n  s e e n  i s  n o t  g r e a t ,  t h e  d i m u n i t i o n  o f  J e 
i s  s t i l l  r e a d i l y  a p p a r e n t  a t  t h i s  lo w  m o le c u l a r  w e ig h t .  N o t i c e  t h a t  a t  t h e  
t h r e e  h ig h e s t  t e m p e r a t u r e s  o f  m e a s u r e m e n t  a b o u t  t h e  s a m e  t i m e  i s  r e 
q u i r e d  t o  r e a c h  s t e a d y  s t a t e ,  i .e . ,  s e v e r a l  t h o u s a n d  s e c o n d s .  T h i s  is  a  
c o n s e q u e n c e  o f  t h e  in c r e a s in g  p o p u l a t i o n  o f  lo n g  t im e  r e t a r d a t i o n  m e c h a 
n i s m s  w i t h  in c r e a s in g  t e m p e r a t u r e .  I t  w o u ld  h a v e  b e e n  d e s i r a b l e  t o  o b 
t a i n  a d d i t i o n a l  i n f o r m a t i o n  o n  t h e  r e c o v e r a b l e  c o m p l i a n c e  a t  t e m p e r a t u r e s  
a b o v e  4 5 ° C  b e c a u s e ,  a s  w i l l  b e  s e e n ,  t h e  h ig h  t e m p e r a t u r e  l i m i t i n g  b e h a v io r  
a p p a r e n t l y  i s  s u b s t a n t i a l l y  l a r g e r  t h a n  t h e  r e s p o n s e  m e a s u r e d  t o  d a t e .  
M e a s u r e m e n t s  a t  h i g h e r  t e m p e r a t u r e s  w e re  p r e c l u d e d  w i th  o u r  i n t r u m e n -  
t a t i o n  b e c a u s e  o f  d e t e c t i o n  l im i t a t i o n s .

I f  l o n g - t im e  r e t a r d a t i o n  m e c h a n i s m s  a r e  p r e f e r e n t i a l l y  b e in g  l o s t  w i th  
d e c r e a s in g  t e m p e r a t u r e ,  a s  p r o p o s e d  a b o v e ,  t h e n  i t  w o u ld  n o t ,  i n  p r i n c ip l e ,  
b e  p r o p e r  t o  n o r m a l i z e  t h e  d i s p e r s io n  w i t h  a  s im p le  f a c t o r  t o  o b t a i n  c o m 
p l e t e  s u p e r p o s i t i o n  w i t h  t e m p e r a t u r e  r e d u c t i o n .  S u c h  a  n o r m a l i z a t i o n

-9 .2  

, - 9 4  

- 9 6

M = 1100 
Tn = 40°C

O - 9 8  -

-10.0 ■
__L_

-3 2 0 1 2 
L o g  l / a r

Fig. 11. D a ta  of Figure 10 shifted horizontally to the tem perature reduced time,
l / a r .  Shift factors a r  were determined empirically for best superposition. Pip direc
tions correspond to tem peratures indicated in Figure 10.
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w o u l d  e r r o n e o u s ly  e f f e c t  t h e  l e v e l  a n d  h e n c e  t h e  a p p a r e n t  s h i f t  f a c t o r  o f  
t h e  s h o r t  t i m e  p o r t i o n  o f  t h e  r e c o v e r y  c u r v e .  I t  w o u l d  t a k e  d a t a  o f  g r e a t e r  
p r e c i s i o n  t h a n  t h a t  a v a i l a b l e  t o  c o n v in c in g ly  t e s t  t h i s  o p in io n .  T h e  r e s u l t  
o f  t h e  r e d u c t i o n  e f f e c te d  b y  a  s im p le  l o g a r i t h m i c  t i m e  a x is  s h i f t  i s  p r e s e n t e d  
i n  F i g u r e  1 f . S a t i s f a c t o r y  r e d u c t i o n  is  a c h i e v e d  o v e r  f iv e  d e c a d e s  o f  r e 
d u c e d  t im e ,  b u t  a t  l o n g e r  t i m e s  t h e  s a m e  k i n d  o f  s p r e a d in g  is  o b s e r v e d  a s  i n  
t h e  r e s p o n s e  o f  t h e  h ig h e r  m o le c u l a r  w e i g h t  s a m p le s .  T h e  d e g r e e  o f  s p r e a d 
i n g  i s  le s s ,  p r i n c i p a l l y  b e c a u s e  o f  t h e  l i m i t e d  a c c e s s ib le  t e m p e r a t u r e  r a n g e .  
O f  c o u r s e ,  a s  t h e  s t r e n g t h  o f  t h e  d i s p e r s io n  d im in i s h e s  w i t h  m o le c u l a r  
w e i g h t — t o  t h e  p o i n t  t h a t  t h e  m a x i m u m  J e i s  n o t  m u c h  l a r g e r  t h a n  J a— ■ 
a n y  d iv e r g e n c e  w i l l  b e  c o r r e s p o n d in g ly  le s s .

D IS C U S S IO N
D e p e n d e n c e  on  M o lecu la r  W eig h t D istr ib u tio n

A t  t h e  o u t s e t  o f  t h i s  i n v e s t i g a t i o n  w e  w e r e  o f  t h e  o p in io n  t h a t  s a m p l e s  
o f  w h o le  a n io n i c a l l y  p o ly m e r i z e d  p o l y s t y r e n e  h a d  m o le c u la r  w e ig h t  d i s 
t r i b u t i o n s  t h a t  w e r e  s u f f ic ie n t ly  n a r r o w  ( M w/ M n ~  1 .0 5 )  t o  j u s t i f y  i n 
v e s t i g a t i n g  t h e  m o le c u l a r  w e ig h t  d e p e n d e n c e  o f  t h e  t e r m i n a l  v i s c o e la s t i c  
z o n e .4 T h e  f i r s t  s ix  s a m p l e s  s t u d i e d  h a d  m o le c u l a r  w e ig h t s  a b o v e  4 5 ,0 0 0 .  
O n e  o f  t h e s e  w a s  a  w h o le  p o l y m e r  a n d  o t h e r s  w e r e  s in g le  f r a c t i o n a t i o n  c u t s  
o r  c o m b i n a t i o n s  o f  c e n t r a l  c u t s  o f  s o - c a l l e d  “ m o n o - d i s p e r s e ”  s a m p le s .

Log I

Fig. 12. R ecoverab le  com pliance of a n  u n frac tio n a te d  an ion ically  po lym erized  po ly 
s ty ren e , M  =  15,700. O pen an d  m ark ed  circles correspond  to  se p a ra te  sam ples. A t 
129.3°, m ax im u m  sam ple stresses are : (O) 1-3 X  103 d y n e /c m 2, (0 , ® ) 3 .9 X  103 
d y n e /c m 2, (C, © ) 8.6 X 10s d y n e /c m 2.
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T h e  r e s u l t s  o b t a i n e d  ( n o t  d e s c r ib e d  i n  t h i s  p a p e r )  l e d  u s  t o  s u s p e c t  t h a t  t h e  
t e r m i n a l  r e s p o n s e  w a s  n o t  n e c e s s a r i l y  r e p r e s e n t a t i v e  o f  a  s in g le  m o le c u la r  
w e ig h t  m o ie ty .

O u r  g r o w in g  s u s p i c io n  c o n c e r n i n g  t h e  s e n s i t i v i t y  o f  t h e  t e r m i n a l  z o n e  
r e s p o n s e  t o  m o le c u l a r  w e ig h t  d i s p e r s i t y  w a s  c o n f i r m e d  w h e n  t h e  r e c o v e r 
a b l e  c o m p l i a n c e  o f  t h e  w h o le  p o ly m e r ,  d e s i g n a t e d  A -6 1  ( M v =  1 5 ,7 0 0 ) ,  
w a s  m e a s u r e d .  T h e  u n e x p e c t e d  r e s u l t s  a r e  p r e s e n t e d  i n  F i g u r e  1 2 , w h e r e  
t h e  r e s u l t s  a t  f o u r  t e m p e r a t u r e s ,  1 1 9 .4 , 1 2 9 .3 , 1 3 8 .2 , a n d  1 6 0 .0 ° C ,  a r e  d e 
p i c t e d .  S e v e r a l  f e a t u r e s  s h o u ld  b e  n o t e d .  F i r s t  o f  a l l ,  a n d  m o s t  im p o r 
t a n t ,  a t  t h e  tw o  h ig h e s t  t e m p e r a t u r e s ,  r e c o v e r a b l e  c o m p l i a n c e s  a p p r o a c h i n g  
2 X  1 0 - 4  c m 2/ d y n e  a r c  o b t a i n e d .  T h i s  i s  a s t o n i s h i n g  b e c a u s e  t h i s  le v e l  is

F ig . 13. L o g arith m ic  p lo ts  of th e  recoverab le  com pliance, [ J  ,,{l) ~  £/>),>] (cm 1/-  
d y n e) vs. tim e  t (sec) for M  =  2 X 104 con ta in in g  2 %  M  =  8 X 105 for v arious m ax im um  
sam ple stresses: ( • )  14.6 X 103 d y n e /c m 2, (O) 3.8 X 103 d y n e /c m 2, (®) 1.00 X 103 
d y n e /c m 2; solid lig h t curves a t  138.2°C  co rrespond  (from  to p  to  b o tto m ) to  0.24 X 
103, 2.3 X  103, an d  6.2 X 103 d y n e /c m 2; dashed  curve a t  129.3°C  is an  ex trap o la tio n .

a b o u t  1 0 0  t i m e s  g r e a t e r  t h a n  t h a t  o b s e r v e d  f o r  a  s a m p l e  w i t h  a  m o le c u la r  
w e i g h t  o f  6  X  1 0 3. T h e  r e p r o d u c i b i l i t y  a t  l l i 0 ° C  w a s  c h e c k e d  b e c a u s e  t h e  
i n s t r u m e n t a l  l i m i t  o f  n o r m a l  a c c u r a c y  h a d  b e e n  r e a c h e d .  W e  h a v e  f o u n d  
t h a t  i n s t r u m e n t a l  d r i f t  in f lu e n c e s  r e c o v e r y  r e s u l t s  w h e n  t h e  p r o d u c t  e i s  
l e s s  t h a n  a b o u t  1 s e c .  T h e  t w o  s e t s  o f  p o i n t s  s h o w n  fo r  1 0 0 ° C  w e r e  o b 
t a i n e d  f o l lo w in g  t o r s i o n a l  c r e e p  d e f o r m a t i o n  i n  o p p o s i t e  d i r e c t io n s .

I n  a d d i t i o n ,  i t  c a n  b e  s e e n  f r o m  t h e  d a t a  a t  1 2 9 .3 ° C  o b t a i n e d  a t  t h r e e  
l e v e l s  o f  a p p l i e d  t o r q u e  t h a t  t h e  r e p o n s e  o f  t h e  m a t e r i a l  is  h ig h ly  n o n l i n e a r  
w i t h  t h e  r e c o v e r a b l e  c o m p l i a n c e ,  d e c r e a s in g  a b o u t  f iv e f o ld  a t  lo n g  t im e s  
a s  t h e  m a x i m u m  s t r e s s  i n  t h e  s a m p l e  i n c r e a s e s  f r o m  1 3 0 0  t o  8 0 0 0  d y n e / c m 2. 
S in c e  t h e  s t r e s s  i n  a  t o r s i o n a l l y  d e f o r m e d  s a m p l e  i s  n o t  h o m o g e n e o u s  a n d  
s in c e  n o  c o r r e c t i o n  w a s  m a d e  f o r  t h e  n o n l i n e a r i t y  in  c a l c u l a t i n g  t h e  d a t a
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p o i n t s  i n  F i g u r e s  1 2  a n d  13  t h e  r e s u l t a n t  v a l u e s  a r e  s o m e w h a t  i n  e r r o r .  
T h e  d e g r e e  o f  e r r o r  i s  p r o b a b l y  le s s  t h a n  2 0 %  a t  w o r s t  a n d  d o e s  n o t  n e g a t e  
a n y  o f  t h e  c o n c lu s io n s  d r a w n  f r o m  t h e s e  tw o  g r a p h s .  A  c o r r e c t i o n  
f o r m u l a  f o r  s u c h  r e c o v e r a b l e  c o m p l i a n c e  d a t a  d o e s  n o t  e x i s t  a n d  o n e  a n a l 
o g o u s  t o  t h a t  o f  W e i s s e n b e r g  ( o f t e n  c a l l e d  t h e  R a b i n o w i t z )  c o r r e c t i o n  f o r  
n o n - N e w t o n i a n  f lo w 23 w o u l d  b e  d e s i r a b l e .

T h e  s a m e  t o r q u e s  w e r e  a p p l i e d  t o  t h e  s p e c im e n  a t  1 3 8 .2  a n d  1 6 0 .0 ° C .  
T h e r e  i s  a n  i n d i c a t i o n  t h a t  J e( T p / T 0po) i s  t h e  s a m e  a t  t h e  tw o  t e m p e r a 
t u r e s  a t  t h e  s a m e  s t r e s s .

T h e  p l a t e a u  le v e l  s e e n  b e tw e e n  1 a n d  2 0  s e c  a t  1 1 9 .4 ° C  i s  r e a s o n a b l e  f o r  
t h e  s t e a d y - s t a t e  c o m p l i a n c e  o f  a  s a m p l e  c o m p o s e d  s o le ly  o f  s p e c ie s  w i t h  a  
m o le c u l a r  w e i g h t  o f  1 5 ,7 0 0 . T h i s  f a c t  s u g g e s t s  t h a t  t h e  e n o r m o u s  e n h a n c e 
m e n t  o f  t h e  r e c o v e r a b l e  c o m p l i a n c e  is  t h e  r e s u l t  o f  r e s id u a l  h e t e r o g e n e i t y  i n  
s a m p l e  A -6 1 .  H o w e v e r ,  e x a m i n a t i o n  o f  t h e  r e s u l t a n t  c u r v e s  f r o m  g e l-  
p e r m e a t i o n  c h r o m a t o g r a p h i c  a n d  v e l o c i t y  u l t r a c e n t r i f u g e  m e a s u r e m e n t s  
d i d  n o t  r e v e a l  t h e  p r e s e n c e  o f  t h e  s u s p e c t e d  h ig h  m o le c u l a r  w e i g h t  t a i l . *  
T h e  p o l y m e r i z a t i o n  o f  s a m p l e  A 6 1  h a d  p r o c e e d e d  w i t h o u t  e x t r a o r d i n a r y  
i n c i d e n t  a n d  t h e r e  w a s  n o  k n o w n  r e a s o n  t o  e x p e c t  a n  u n u s u a l  t a i l  i n  t h e  
m o le c u l a r  w e i g h t  d i s t r i b u t i o n .  S in c e  d i r e c t  e v id e n c e  f o r  s u c h  a  t a i l  w a s  
w a n t i n g ,  i n d i r e c t  e v id e n c e  w a s  s o u g h t .  A  p o r t i o n  o f  t h e  s to c k  o f  A -6 1  
w a s  s u b j e c t e d  t o  a  m o le c u l a r  w e i g h t  f r a c t i o n a t i o n  b y  m e a n s  o f  s o l u t i o n  
c o a c e r v a t i o n  w i t h  t h e  s o l v e n t - p r e c i p i t a n t  p a i r ,  b e n z e n e  a n d  m e t h a n o l .  
T h e  v i s c o e l a s t i c  r e s p o n s e  o f  t h e  c e n t r a l  c u t ,  f r a c t i o n  [3 ] w a s  t h e n  m e a 
s u r e d  a n d  t h e  r e s u l t s  t h a t  h a v e  a l r e a d y  b e e n  p r e s e n t e d  i n  F i g u r e s  1 a n d  2  
w e r e  o b t a i n e d .  N o t i c e  t h a t  i n  F i g u r e  2  t h e  s t e a d y - s t a t e  c o m p l i a n c e  a t  
1 1 9 .4 ° C  i s  t h e  s a m e  a s  t h e  p l a t e a u  s e e n  a t  t h e  s a m e  t e m p e r a t u r e  i n  t h e  
w h o le  p o ly m e r ;  lo g  (J e) P ~  — 6 .8 . T h e  u n e x p e c t e d  e n h a n c e d  a n d  n o n 
l i n e a r  r e c o v e r a b l e  c o m p l i a n c e  w a s  t h u s  e l i m i n a t e d  a n d  e x p la in e d .

T o  c o n f i r m  t h i s  e x p l a n a t i o n ,  a  b l e n d  w a s  p r e p a r e d  b y  m ix in g  i n  s o l u t i o n  
2 .0 %  o f  a  h ig h  m o le c u l a r  w e i g h t  s a m p le ,  A 1 6  ( M v =  8  X  1 0 6) w i t h  9 8 .0 %  
o f  a  lo w  m o le c u l a r  w e i g h t  s a m p l e  o f  a n io n i c a l l y  p o ly m e r i z e d  p o l y s t y r e n e ,  
A 5 8  ( M v =  2  X  1 0 4) i n  b e n z e n e .  S a m p le  A 5 8  w a s  c h o s e n  a f t e r  a  p r e 
l i m i n a r y  i n v e s t i g a t i o n  s h o w e d  i t s  b e h a v i o r  w a s  n o t  a n o m a lo u s .  T h e  b e n 
z e n e  s o l u t i o n  w a s  t h e n  f r e e z e - d r ie d  t o  a v o id  s e g r e g a t io n  u p o n  d r y i n g .  T h e  
r e c o v e r a b l e  c o m p l i a n c e  b e h a v i o r  o f  t h e  b l e n d  a t  f o u r  t e m p e r a t u r e s ,  1 0 9 .4 , 
1 1 9 .4 , 1 2 9 .3 , a n d  1 3 8 .2 ° C  i s  p r e s e n t e d  i n  F i g u r e  1 3 . A l l  o f  t h e  f e a t u r e s  
n o t e d  i n  t h e  r e s p o n s e  o f  t h e  w h o le  p o l y m e r  A -6 1  a r e  q u a l i t a t i v e l y  p r e s e n t  
i n  t h e  b l e n d ;  i n  f a c t ,  t h e  J e v a l u e s  a r e  c lo s e ,  q u a n t i t a t i v e l y .  I n  F i g u r e  13 
s i m i l a r  k i n d s  o f  d a t a  p o i n t  d e s i g n a t i o n s  i n d i c a t e  s im i l a r  s t r e s s e s  i n  t h e  
s p e c im e n .  T h e  f o u r  m a x i m u m  s t r e s s e s  p r e s e n t  i n  t h e  s p e c im e n  d u r i n g  t h e  
f o u r  c r e e p  m e a s u r e m e n t s  a t  1 3 8 .2 ° C  a r e  2 4 0 ,1 0 0 0 ,  2 3 0 0 , a n d  6 2 0 0  d y n e / c m 2. 
A g a i n  t h e  l o w e s t  r e c o v e r a b l e  c o m p l i a n c e  i s  a s s o c i a t e d  w i t h  t h e  h i g h e s t  
s t r e s s ,  a n d  t h e  r e d u c e d  J  e v a l u e s  a r e ,  w i t h i n  t h e  e x p e r i m e n t a l  p r e c i s io n ,  t h e  
s a m e  a t  d i f f e r e n t  t e m p e r a t u r e s ,  w h e n  t h e  s t r e s s e s  a r e  t h e  s a m e .

* T h e  G P C  ana lysis w as d irec ted  b y  D o ro th y  J . P o llack  a t  K o pp e rs  C om pany , In c . 
R esearch  C en ter, M onroeville , P en n sy lv an ia .
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I t  i s  s ig n i f i c a n t  t h a t  w h i le  t h e  r e c o v e r a b l e  c o m p l i a n c e  i s  h ig h ly  n o n 
l i n e a r ,  t h e  v i s c o u s  c o n t r i b u t i o n  i s  l i n e a r  f o r  b o t h  t h e  b l e n d  a n d  t h e  w h o le  
p o l y m e r  A - 6 1 ; i .e . ,  a t  t h e  h i g h e s t  a p p l i e d  t o r q u e s  t h e  v i s c o s i t y  w a s  o n ly  a  
f e w  p e r  c e n t  lo w e r  t h a n  t h e  l i m i t i n g  lo w  r a t e  o f  s h e a r  v a lu e .  I t  is , t h e r e 
fo r e ,  c l e a r  t h a t  t h e  p r e d o m i n a n t  s p e c ie s  p r e s e n t ,  t h e  lo w  m o le c u l a r  w e ig h t  
m o le c u le s ,  p r i n c i p a l l y  d e t e r m i n e  t h e  s t e a d y  s t a t e  r a t e  o f  s h e a r  a n d  d o  n o t  
c o n t r i b u t e  a d d i t i o n a l  i n c r e m e n t s  t o  t h e  r e c o v e r a b l e  d e f o r m a t i o n  a t  r e l a 
t i v e  lo n g  t im e s .  T h e  l a r g e  r e c o v e r a b l e  c o m p l i a n c e s  s e e n  i n  F i g u r e  13 
c a n  b e  a t t r i b u t e d  o n ly  t o  t h e  h ig h  m o le c u l a r  w e i g h t  m o le c u le s  p r e s e n t  i n  a  
d i l u t e d  s t a t e ,  w i t h  t h e  p o l y m e r  A 5 8  p l a y i n g  t h e  r o l e  o f  d i l u e n t  a t  lo n g  
t im e s .  T h e  v i s c o s i t y  o r  a l t e r n a t i v e l y  t h e  f r a c t i o n a l  f r e e  v o lu m e  o f  t h e  
d i l u e n t  p l a y s  a n  i n f l u e n t i a l  r o l e  i n  d e t e r m i n i n g  w h e r e  o n  t h e  t i m e  s c a le  a  
r e c o v e r a b l e  r e s p o n s e  w i l l  b e  f o u n d ,  b u t  o b v io u s ly  in  t h e  l i n e a r  r a n g e  o f  
r e s p o n s e  t h e  r a t e  o f  s h e a r  p l a y s  n o  r o l e  i n  d e t e r m i n i n g  t h e  l e v e l  o f  r e c o v e r 
a b l e  c o m p l i a n c e  a t t a i n e d .  T h e  r e q u i r e m e n t  o f  s t r e s s - s t r a i n  l i n e a r i t y  
p r e c lu d e s  s u c h  a  d e p e n d e n c e .  A c c u r a t e  v a l u e s  o f  t h e  t r u e  J e v a l u e s  o f  t h e  
b le n d  a n d  A 1 6  h a v e  n o t  b e e n  o b t a i n e d  b u t  t h e  r e c o v e r a b l e  d e f o r m a t i o n s  
o b t a i n e d  a r e  n o t  i n c o n s i s t e n t  w i t h  a  s im p le  l i n e a r  d e p e n d e n c e  o f  J e u p o n  
t h e  c o n c e n t r a t i o n  o f  t h e  h ig h  m o le c u l a r  s p e c ie s .  S in c e  a t  a  c o n c e n t r a t i o n  
o f  2 %  a n  e n t a n g l e m e n t  n e t w o r k  is  n o t  e x p e c t e d  t o  b e  w e ll  d e v e lo p e d ,  t h e  
d e c r e a s e  i n  a p p a r e n t  J e i s  b e l i e v e d  t o  b e  a s s o c i a t e d  w i t h  m o le c u l a r  c o il  
e x t e n s io n s  i n t o  a  n o n - G a u s s i a n  s e g m e n t  d i s t r i b u t i o n  r e g im e .

A t  t h e  t i m e  o f  o u r  i n v e s t i g a t i o n ,  t h e  A -6 1  s a m p l e  w a s  u n i q u e  i n  i t s  
a n o m a lo u s  b e h a v io r .  H o w e v e r ,  a t  t h e  3 9 t h  A n n u a l  M e e t i n g  o f  t h e  
S o c i e ty  o f  R h e o l o g y  S t r a t t o n 24 r e p o r t e d  s o m e  u n e x p e c t e d l y  h ig h  d ie  s w e ll  
r e s u l t s  o b t a i n e d  o n  t w o  lo w  m o le c u l a r  w e i g h t  p o l y s t y r e n e  s a m p le s .  T h e y  
w e r e  a n io n i c a l l y  p o ly m e r i z e d  n a r r o w  d i s t r i b u t i o n  s a m p l e s  w h o s e  m o le c u la r  
w e ig h t s  w e r e  1 .0 5  X  1 0 4 a n d  1 .9 8  X  1 0 4. I n  a  d is c u s s io n  f o l lo w in g  h i s  
r e p o r t  t h e  p o s s i b i l i t y  o f  t h e  p r e s e n c e  o f  s o m e  h ig h  m o le c u l a r  w e ig h t  s p e c ie s  
w a s  c o n s id e r e d .  S t r a t t o n ’s  s u b s e q u e n t  i n v e s t i g a t i o n s  r e v e a l e d  t h e  s a m e  
k i n d  o f  r e c o v e r a b l e  c o m p l i a n c e  b e h a v i o r  a s  f o u n d  f o r  t h e  A -6 1  s a m p l e :  
a  n o n l i n e a r  r e s p o n s e  a n d  s t e a d y - s t a t e  c o m p l i a n c e s  t h a t  w e r e  f a r  t o o  l a r g e  
f o r  t h e  m o le c u l a r  w e i g h t s  o f  t h e  s p e c im e n s .25 H i s  s e a r c h  f o r  t h e  t h e n  
s u s p e c t e d  h ig h  m o le c u l a r  c o m p o n e n t  w a s  s u c c e s s f u l .  A  g e l - p e r m e a t io n  
c h r o m a t o g r a p h i c  a n a l y s i s  o f  t h e  1 .9 8  X  1 0 4 m o le c u l a r  w e ig h t  s a m p l e  m a d e  
a t  1 6  t i m e s  t i r e  n o r m a l  s e n s i t i v i t y  r e v e a l e d  a  d i s t i n c t  s m a l l  s a t e l l i t e  p e a k  
w i t h  a  m o le c u l a r  w e ig h t  o f  a b o u t  7 X  1 0 5. T h e  m a t e r i a l  r e s p o n s ib le  f o r  
t h e  p e a k  c o n s t i t u t e d  0 .3 %  b y  w e i g h t  o f  t h e  s a m p le .  A p p a r e n t l y  t h e  
p o l y m e r i z a t i o n  p r o c e d u r e s  u s e d  t o  p r e p a r e  t h e s e  lo w  m o le c u la r  w e i g h t  
s a m p l e s  n o t  i n f r e q u e n t l y  l e a d  t o  a  s m a l l  a m o u n t  o f  h ig h  m o le c u la r  w e ig h t  
c o n t a m i n a n t ,  w h ic h  f o r  s o m e  s t u d i e s  m u s t  b e  r e m o v e d .

T em p era tu re D e p e n d e n c e s
T h e  t e m p e r a t u r e  d e p e n d e n c e  o f  t h e  r e c o v e r a b l e  c o m p l i a n c e ,  J T( t ) =  

[ J ( t ) — t / r j ] ,  i s  m e a s u r e d  b y  a T , t h e  r e l a t i v e  r a t e s  o f  r e c o v e r y  f o r  a  g iv e n  
J M  l e v e l .  O n  a  l o g a r i t h m i c  p l o t  t h e  s h i f t  a l o n g  t h e  t i m e  s c a le  n e c e s s a r y
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t o  o b t a i n  s u p e r p o s i t i o n  o f  t h e  lo g  J r( t )  c u r v e s  w i t h  t h e  o n e  m e a s u r e d  a t  a  
c h o s e n  r e f e r e n c e  t e m p e r a t u r e ,  T o , i s  — lo g  a T . S t r i c t  a d h e r e n c e  t o  t h e  
p r i n c i p l e s  o f  t e m p e r a t u r e  r e d u c t i o n  r e q u i r e s  t h a t  t h e  a m p l i t u d e  d e p e n d e n c e  
o f  t h e  c o m p l i a n c e  ( t h e  v e r t i c a l  s h i f t  f a c t o r )  b e  t a k e n  i n t o  a c c o u n t  a n d  t h a t  
a l l  o f  t h e  r e t a r d a t i o n  m e c h a n i s m s  c o n t r i b u t i n g  t o  t h e  r e c o v e r a b l e  d e f o r m a 
t i o n  h a v e  t h e  s a m e  t e m p e r a t u r e  d e p e n d e n c e .4 I t  i s  u s u a l l y  a s s u m e d ,  w i t h  
g o o d  r e a s o n ,  t h a t  t h e  r e c o v e r y  o f  a  p o l y m e r  is  r u b b e r l i k e  in  n a t u r e .  T h e r e 
f o r e ,  t h e  a m p l i t u d e  t e m p e r a t u r e  d e p e n d e n c e  o f  t h e  c o m p l i a n c e  i s  r e d u c e d  
w i t h  t h e  e l a s t i c i t y  f a c t o r  T p / T 0po, w h e r e  p 0 i s  t h e  d e n s i t y  a t  t h e  c h o s e n  
r e f e r e n c e  t e m p e r a t u r e ,  r 0° K ,  a n d  p  i s  t h e  d e n s i t y  a t  t h e  t e m p e r a t u r e  o f  
m e a s u r e m e n t  T .4 T h e  d a t a  f o r  t h e  s a m p l e s  o f  h i g h e r  m o le c u l a r  w e i g h t  
w e r e  m u l t i p l i e d  b y  t h i s  f a c t o r .  U p o n  f in d in g  s t r o n g  d e c r e a s e s  i n  J T{t)  
a t  r e l a t i v e  lo n g  t i m e s  in  t h e  r e s p o n s e  o f  t h e  lo w  m o le c u l a r  w e ig h t  s a m p le s ,  
w e  w e r e  r e l u c t a n t  t o  ( a n d  d id  n o t )  a p p l y  t h i s  a m p l i t u d e  f a c t o r ,  s in c e  i t  
e n h a n c e d  t h e  u n e x p e c t e d  a n o m a lo u s  b e h a v io r .  A t  t h i s  w r i t i n g  w e  s t i l l  
f e e l ,  i n  p r i n c ip l e ,  t h a t  t h e  r u b b e r l i k e  c o r r e c t i o n  s h o u ld  b e  m a d e  t o  t h a t  
p o r t i o n  o f  t h e  c o m p l i a n c e  a b o v e  t h e  g la s s y  le v e l .  T h e  d e r i v e d  p a r a m e t e r s  
p r e s e n t e d  b e lo w  m a y  b e  i n  s l i g h t  e r r o r  b e c a u s e  o f  t h i s  o m is s io n .

W e  p r o p o s e  t h a t  o u r  r e d u c t i o n  o f  r e c o v e r a b l e  c o m p l i a n c e  c u r v e s  w i t h  
s lo p e s  d i f f e r in g  a t  r e l a t i v e  lo n g  t i m e s  m a y  n o t  v i o l a t e  t h e  r e q u i r e m e n t  t h a t  
a l l  t h e  m e c h a n i s m s  c o n t r i b u t i n g  t o  t h e  r e t a r d e d  d e f o r m a t i o n  h a v e  t h e  
s a m e  t e m p e r a t u r e  d e p e n d e n c e .  I n  f a c t ,  w e  a r e  a s s u m in g  t h a t  t h o s e  
p r e s e n t  d o , b u t  t h a t  t h e  p o p u l a t i o n  o f  m e c h a n i s m s  d im in i s h e s  w i t h  tie -  
c r e a s in g  t e m p e r a t u r e .  T h i s  lo s s  o f  m e c h a n i s m s  is  b i a s e d  t o w a r d  t h o s e  
w i t h  l a r g e  r e t a r d a t i o n  t im e s .  T h u s ,  t h e  s h a p e  o f  t h e  c u r v e  i s  m a i n t a i n e d  
a t  r e l a t i v e  s h o r t  t i m e s  a n d  t h e  t i m e  s c a le  s h i f t s  o b t a i n e d  r e f l e c t  t h e  t e m 
p e r a t u r e  d e p e n d e n c e  o f  a l l  t h e  m e c h a n i s m s  o p e r a t i v e  a t  t h e  t e m p e r a t u r e  
o f  m e a s u r e m e n t .

S in c e  t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  a  v i s c o e l a s t i c  m e c h a n i s m  c a n  b e  
m e a s u r e d  b y  t h e  m a g n i t u d e  o f  i t s  r e t a r d a t i o n  t im e ,  t u  w e  c a n  f o l lo w  t h e  
e x a m p le  o f  W i l l i a m s ,  L a n d e l ,  a n d  F e r r y 26 a n d  m a k e  e x p l i c i t  t h e  i n d i r e c t  
e f f e c t  o f  t e m p e r a t u r e  o n  t , ,  w h ic h  is  a  f u n c t i o n  o f  f r e e  v o lu m e .  A s s u m in g  
t h a t  t h e  v o lu m e ,  v , i s  a  l i n e a r  f u n c t i o n  o f  t e m p e r a t u r e ,  t h e  D o o l i t t l e  f r e e  
v o lu m e  e q u a t i o n , 27

lo g  T i  =  lo g  A  +  l(Z ? /2 .3 0 3 )/4 > ]  (1 )

is  e a s i ly  s h o w n  t o  b e  e q u i v a l e n t  t o  t h e  V o g e l  e q u a t i o n ,26'28

l o g  u  =  l o g  A  +  [ ( C / 2 . 3 0 3 ) / ( T  -  T J ]  (2 )

A , B ,  C ,  a n d  T .„  a r e  c h a r a c t e r i z i n g  c o n s t a n t s  a n d  <t> i s  t h e  r e l a t i v e  f r e e  
v o lu m e ,

<t> =  (« — V o)/vo  (3 )

w h e r e  v0 is  t h e  o c c u p ie d  v o lu m e .  v 0 i s  c o n s id e r e d  o p e r a t i o n a l l y  t o  b e  t h a t  
v o l u m e  w h ic h  i s  u n a v a i l a b l e  t o  t h e  m o le c u l a r  p r o c e s s  o f  i n t e r e s t .  I n  t h i s
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T A B L E  I I
T em p e ra tu re  D ependences

M  To, °C  T , ° C  log  ij log  a r “ log  J e

1 .1 0  X 103 4 0 3 0 .2
3 2 .5
3 4 .9
3 7 .5
4 0 .0
4 3 .0
4 5 .0
4 7 .6
5 0 .0
5 5 .0
6 0 .0
6 5 .0
7 0 .0
8 0 .0
9 0 .0

100 .0
110 .0

■ 120 .0
13 0 .0
140 .0
150 .0
165 .0
180 .0

3 .4  X 103 100 7 0 .0
7 5 .0
7 9 .8
8 4 .3
8 9 .9
9 4 .3

100 .6
109.4
130 .3
144.6

1 .5 7  X 104 100 109 .4
111 .4
129 .3  
138.2
160.0
180 .0

1 .6 4  X 104 100 9 3 .0
9 6 .0

100 .6
102 .9
105.1
109 .4
119 .4
134.1

— 3 .6 6 —
— 2 .9 0 —
— 1 .75 —

12.113 0 .8 8 - 9 . 4 5
11.283 0 .0 0 - 9 . 4 1

— - 0 . 8 6 —
9.9 3 6 - 1 . 6 2 - 9 . 2 8
9 .2 5 2 -— — 9 . 22b
8 .7 0 5 — — 9 . 10b
7 .7 1 6 — — 8 . 95b
6 .8 1 7 — —8 .7 8 b
6 .0 5 5 — —8 .6 6 b
5 .3 5 5 — — 8 . 51b
4 .2 9 4 — — 8 .42b
3 .3 1 7 — — 8 . 24b
2 .6 0 3 — — 8 . 19b
2 .0 1 1 — — 8 . 15b
1 .518 — — 8 . 22b
1 .120 — — 8 . 15b
0 .7 9 7 — — 8 . 19b
0 .5 1 0 — — 8 . 22b
0 .1 6 2 — — 8 . 28b

- 0 .1 1 3 — — 8 . 37b
12.967 — - 9 . 3 7
11 .152 — - 9 . 1 5

9 .7 4 9 — - 8 . 8 0
8 .6 1 9 — - 8 . 4 0
7 .6 0 9 — - 8 . 2 3
6 .8 8 8 — - 8 . 0 3
5 .9 9 5 — - 7 . 8 9
5 .0 4 7 — — 1 . I T
3 .4 1 8 — - 7 . 7 1 “
2 .6 2 7 — - 7 . 7 2 “
7 .9 6 6 — —
6 .6 2 8 — —
5 .5 9 3 — —
4 .8 3 7 — —
3 .4 6 3 — —
2 .5 7 8 — —

12.156 2 .6 2 - 7 . 9 4 “
11.088 1 .4 3 - 7 . 5 4 “
9 .8 2 0 - 0 . 2 1 - 7 . 1 6
9 .2 7 0 - 0 . 9 1 — 7 . 05d
8 .8 8 2 - 1 . 4 1 - 6 . 9 6
8 .1 1 6 - 2 . 2 8 - 6 . 9 0
6 .7 3 0 — - 6 . 7 9
5 .2 5 7 — - 6 . 7 5 “
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T A B L E  I I  (c o n tin u e d ) 
T em p e ra tu re  D ependences

M £3 o o T ,  °C log v log d?'“ log J e
4 .7  X 104 100 9 7 .0 — 1 .13 —

100 .6 — - 0 . 2 2 —
1 0 1 .S — - 0 . 5 8 —
104 .5 10.499 - 1 . 3 9 —6 .4 5 b
106.7 10.033 - 1 . 9 6 —6 .3 7 b
109 .5 9 .4 6 3 - 2 . 5 8 —6 .2 7 b
114.5 8 .6 6 7 - 3 . 4 9 — 6 . 24b
125.0 7 .3 2 3 - 4 . 8 7 - 6 . 1 7
133 .8 6 .4 0 6 - 5 . 6 7 - 6 . 1 8
144 .9 5 .4 8 4 — - 6 . 1 8
160.0 4 .5 0 6 — - 6 .1 8 »

9 .4  X  104 100 9 7 .9 — 0 .6 7 —
10 2 .9 — - 0 . 9 3 —
105.7 — - 1 .6 6 s —
109 .4 — - 2 . 6 7 —
113.4 10.088 - 3 . 4 9 - 5 .9 4 »
119 .4 — - 4 . 4 9 —
134.1 7 .6 0 2 — - 5 . 8 8
144 .6 6 .6 9 8 — - 5 .8 8 »
160 .0 5 .661 — -  5 . XSC
180 .0 4 .6 6 8 — —

1 .8 9  X 105 100 100.7 — - 0 . 2 2 —
102.9 — - 1 . 0 7 —
105.1 — - 1 . 7 6 —
109.4 — - 2 . 9 2 —
113.7 11 .085 - 3 . 8 1 — 5.90»
116 .0 — - 4 . 2 1 —
119 .7 10.244 - 4 . 8 3 - 5 .9 0 »
144 .9 7 .7 0 0 — - 5 . 9 0
160 .3 6 .6 5 7 — - 5 . 9 0
180 .3 5 .6 6 5 — - 5 . 8 5

0 .0  X 105 100 100.6 — - 0 . 2 3 —
102.9 — - 1 . 0 9 —
105.1 — - 1 . 8 0 —
109.4 — - 2 . 9 8 —
113.4 — - 3 . 8 3 —
119.4 12.077 - 4 . 9 4 —
144.6 9 .491 - 7 . 6 1 —
160 .0 8 .4 3 4 — 8 .5 1 - 5 . 8 5
1S0.0 7 .3 8 6 - 9 . 2 9 —

S.O X  105 100 9 9 .8 — 0 .0 7 —
102 .9 — - 1 . 0 6 —
105.6 — - 1 . 7 7 —
109.4 — - 2 . 8 9 —
119.4 — - 4 . 7 0 —
160 .0 8 .7 0 6 - 8 . 4 4 —
180 .0 7 .6 6 6 - 9 . 5 5 —

a F ro m  recoverab le  com pliance d a ta . 
b C a lcu la ted  fro m  ex trap o la tio n s in  F ig u re  18. 
c V alue from  reasonab le  ex trap o la tio n s. 
d In te rp o la te d  values.
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c o n t e x t  d i f f e r e n t  k i n d s  o f  m o le c u l a r  m o t io n s  w o u l d  s e e  d i f f e r e n t  v0 v a lu e s .  
I f  Vo i s  s u b s t a n t i a l l y  i n s e n s i t i v e  t o  t e m p e r a t u r e 21 t h e n

v  =  v0 +  a p ( T  -  T J  (4 )
w h e r e  a „  =  c l v / d T ,  f o r  t h e  p o l y m e r  m e l t  a n d  T „  i s  t h e  t e m p e r a t u r e  a t  
w h ic h  t h e  f r e e  v o lu m e ,  v  — v0, w o u l d  d i s a p p e a r  w e r e  i t  n o t  f o r  t h e  i n t e r v e n 
t i o n  o f  g la s s  f o r m a t i o n .  S u b s t i t u t i o n  f o r  4> i n  e q .  (1 )  y i e l d s

lo g  r i  =  lo g  A  +  { ( B v 0/ 2 . : m a p ) / ( T  -  T a ) ]  (5 )

T h e r e f o r e ,
C  =  vaB / a v  (6 )

S in c e  a T =  T i / r , , 0, w h e r e  T t ,0 i s  t h e  v a l u e  o f  t h e  r e t a r d a t i o n  t i m e  o f  t h e  
m e c h a n i s m  o f  i n t e r e s t  a t  t h e  c h o s e n  r e f e r e n c e  t e m p e r a t u r e  T 0,

lo g  a T =  I  +  [ ( C / 2 . 3 0 3 ) / ( T  -  T a ) ]  (7 )

w h e r e  I  =  - C / ( T 0 -  7 V )2 .3 0 3 .
T h e  o r i g in a l  W i l l i a m s - L a n d e l - F e r r y  ( W L F )  e q u a t i o n  is

lo g  a T  =  — C i( T  -  T o ) /  (c2 + T -  T „ )

w h e r e  To i s  a n  a r b i t r a r i l y  c h o s e n  r e f e r e n c e  t e m p e r a t u r e .  W h e n  T „  i s  
c h o s e n  f o r  t h e  r e f e r e n c e  t e m p e r a t u r e  t h e  c o n s t a n t s  Ci a n d  c2 a r e  d e s i g n a t e d  
a s  Cig a n d  Ci° a n d  a r e  r e l a t e d  t o  t h e  f r a c t i o n a l  f r e e  v o lu m e  a t  t h e  g la s s  
t e m p e r a t u r e ,  f 0, a n d  t h e  t h e r m a l  e x p a n s io n  c o e f f ic ie n t  o f  t h e  f r e e  v o l u m e  /  
w h ic h  i s  d e n o t e d  a s  a f .

T h e  r e l a t i o n s  b e t w e e n  t h e  V o g e l  p a r a m e t e r s ,  C  a n d  7T,,;;  t h e  W L F  
p a r a m e t e r s  c i, c2, f g> a n d  a r ] a n d  t h e  D o o l i t t l e  r e l a t i v e  f r e e  v o lu m e ,  <j>, a n d  
B  a r e

C  =  2 .3 0 3  c ic , =  ( 1 / / , ) A  =  1 / a f  =  ( B / 4 > ) ( T  -  T „ )  =  ( B / 0 , )A

w h e r e  A =  T g — T „ .  W i l l i a m s ,  L a n d e l ,  a n d  F e r r y  a s s u m e d  B  =  1. 
N o t e  t h a t

c t  =  T „  -  T „

ci =  d g( T s -  T „ ) / ( T 0 -  T l„ ) .

W h e n  t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  s h i f t  f a c t o r s  f o r  e a c h  s a m p l e  
l i s t e d  i n  T a b l e  I I  a r e  f i t t e d  t o  e q . (7 ) , t h e  f r e e  v o l u m e  p a r a m e t e r s  p r e s e n t e d  
in  T a b l e  I I I  a r e  o b t a i n e d .  T h e  t e m p e r a t u r e  d i f f e r e n c e  A r is  d e t e r m i n e d  
f r o m  J r{t) d a t a ;  t h e  r e l a t i v e  f r e e  v o l u m e  a t  t h e  g la s s  t e m p e r a t u r e ,  <j>t , i s  
e q u a l  t o  a pA / v 0. T o  d e t e r m i n e  v a l u e s  f o r  B  i t  i s  n e c e s s a r y  t o  m a k e  s o m e  
a d d i t i o n a l  a s s u m p t i o n  a b o u t  t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  v0. W e  h a v e  
c h o s e n ,  a s  m e n t i o n e d  a b o v e ,  t o  h o l d  v0 c o n s t a n t .  T h e n  w i t h  v a l u e s  o f  t h e  
V o g e l  p a r a m e t e r s ,  a p , a n d  T g a  v a l u e  f o r  B  c a n  b e  c a l c u l a t e d  f r o m  B  =  
C<j>JA . E x c e p t  f o r  t h e  lo w e s t  m o le c u l a r  w e ig h t  s a m p le ,  A 6 7 [ 7 ] ,  va i s  
r e m a r k a b l y  c o n s t a n t .  T h e r e  i s  n o  d o u b t  t h a t  t h e  d e c r e a s e  i n  v0 a t  v e r y
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lo w  m o le c u l a r  w e ig h t s  i s  r e a l .  B e c a u s e  t h e  d e g r e e  o f  p u r i t y  o f  a  p o ly m e r  is  
n o t  g e n e r a l l y  k n o w n  a n d  b e c a u s e  s m a l l  a m o u n t s  o f  r e s i d u a l  s o l v e n t  o r  
e v e n  a b s o r b e d  m o i s t u r e  c a n  s ig n i f i c a n t ly  d e c r e a s e  t h e  T „  o f  a n y  g iv e n  
s a m p le ,  n o r m a l l y  o n e  c a n n o t  b e  s u r e  o f  t h e  a c t u a l  T „  o f  a  s a m p l e  b e in g  
s t u d i e d  w i t h i n  a  d e g r e e  o r  tw o .

P o s i t i o n s  o f  J T( t )  c u r v e s  o n  t h e  u n r e d u c e d  t i m e  s c a le  i n d i c a t e  t h a t  t h e  
v a lu e s  o f  o u r  T g’s  f o r  s a m p l e s  w i t h  M  >  3  X  1 0 4 a r e  r e l a t i v e l y  c o r r e c t  w i t h i n  
± 0 . 3 ° C .  S u c h  c o m p a r i s o n s  a r e  n o t  p o s s ib l e  a t  l o w e r  M  b e c a u s e  t h e  s h a p e  
o f  t h e  p r i m a r y  d i s p e r s io n  v a r i e s  w i t h  t e m p e r a t u r e .

I n  a d d i t i o n ,  a n y  T „  v a l u e  c a n n o t  b e  c o n s id e r e d  d e p e n d a b l e  t o  b e t t e r  
t h a n  a  f e w  d e g r e e s .  W i t h  t h e s e  l i m i t a t i o n s  i n  m in d ,  e x a m i n a t i o n  o f  t h e  
f r e e  v o lu m e  p a r a m e t e r s  o b t a i n e d  f r o m  i n d i v i d u a l  s a m p l e s  i n d i c a t e s  su ffi
c i e n t  l a t i t u d e  f o r  o n e  e q u a t i o n  t o  s e r v e  a d e q u a t e l y  w e l l  f o r  a l l  o f  t h e  s h i f t  
d a t a  r e l a t i v e  t o  T g o r  A , c a n  b e  s e e n  t o  b e  a s  i n d e p e n d e n t  o f  m o le c u la r  
w e i g h t  a s  w e  c o u ld  e x p e c t  . M i n o r  m a n i p u l a t i o n s  o f  T „  v a l u e s  a l lo w e d  a l l  
o f  t h e  a T d a t a  t o  a d o p t  t h e  s lo p e  o f  t h e  l in e  in  F i g u r e  6  ( r e f e r r e d  t o  i n  T a b l e  
I I I  a s  “ c o m b in e d  f i t ”  v a l u e s ) .  T h e  T „  a n d  A r f o r  s a m p l e  M 1 0 2  w e r e  
a s s u m e d  t o  b e  c o r r e c t  s o  t h a t  t h e  r e f e r e n c e  t e m p e r a t u r e  c h o s e n  w o u l d  b e  a  
r e l i a b l e  T „ .  O n ly  tw o  o f  o u r  p o i n t s ,  w h ic h  a r e  a m o n g  o u r  l e a s t  r e l i a b le ,  
a r e  s i g n i f i c a n t ly  o ff  t h e  l in e .  T h e  a s s u m p t i o n  o f  a  c o n s t a n t  A r a l lo w s  o n e

Fig. 14. P lots of the logarithm  of the viscosity jj (poise) vs. tem perature T .  Molecular
weights of indicated samples are tabulated in Table I.
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Fig. 15. Sem ilogarithm ic p lo ts  of th e  reduced  (co rrec ted  for en tro p ic  forces) v iscosity  
Vp ag a in st th e  recip rocal of th e  te m p e ra tu re  difference, ( T  — T „ ) .  M o lecu lar w eigh ts 
of sam ples are  given in T ab le  I. T „ va lues em pirica lly  d e te rm in ed  to  give b es t s tra ig h t 
lines are in d ic a ted  in  p aren theses.

t o  c a l c u l a t e  e f f e c t i v e  r e l a t i v e  T g v a l u e s  a s  d e t e r m i n e d  b y  t h e  r e c o v e r a b l e  
c o m p l i a n c e  m e a s u r e m e n t s  ( se e  T a b l e  I I I ) .  I t  is ,  t h e r e f o r e ,  e x p e c t e d  t h a t  
w i t h  o n e  d e t e r m i n e d  T g f o r  a n y  g iv e n  p o l y m e r  t h e  v a l u e  f o r  a n y  o t h e r  
m o le c u l a r  w e i g h t  c a n  b e  d e t e r m i n e d  f r o m  t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  
v i s c o e l a s t i c  d a t a .  A  g la s s  t e m p e r a t u r e  o f  7 0 ° C  i s  d e d u c e d  f o r  s a m p l e  P C  
11 [2 ]. W e  w is h  t o  e m p h a s iz e  t h a t  n o  d e v i a t i o n  f r o m  t h e  f r e e  v o l u m e  e q u a 
t i o n  (7 ) i s  f o u n d  b e lo w  t h e  c o n v e n t i o n a l  g la s s  t e m p e r a t u r e  s o  lo n g  a s  a n  
e q u i l i b r i u m  d e n s i t y  is  o b t a i n e d .21 T h e  e q u a t i o n  f o r  t h e  l i n e  i n  F i g u r e  6  
i s  lo g  a r  =  - 1 3 . 4 6  +  3 8 9  ( T  -  7 + ) - 1.

L e t  u s  n o w  t u r n  t o  t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  t h e  v i s c o s i t y  a n d  n o t e  
t h a t  i t  is  t h e  v i s c o s i t y  w h ic h  i s  m o s t  o f t e n  u s e d  in  t e s t i n g  r a t e  p r o c e s s  
t h e o r i e s .  A ll  o f  t h e  v i s c o s i t i e s  t h a t  h a v e  b e e n  d e t e r m i n e d  o n  t h e  s a m p l e s  
d e s c r ib e d  i n  T a b l e  I  a r e  s h o w n  i n  F i g u r e  14 a n d  l i s t e d  i n  T a b l e  I I  a s  a  
f u n c t i o n  o f  t e m p e r a t u r e .  M o s t  o f  t h e  s a m p l e s  w e r e  m e a s u r e d  f r o m  t h e  
n e ig h b o r h o o d  o f  T g u p  t o  1 8 0 ° C . W e  i n c l u d e  i n  t h i s  p a p e r  o n  lo w  m o 
l e c u l a r  w e i g h t  s a m p l e s  o u r  d a t a  o n  h ig h  m o le c u l a r  w e ig h t  p o l y s t y r e n e s  so  
t h a t  a  m o r e  c o m p le t e  p i c t u r e  o f  t h e  v i s c o s i t y  t e m p e r a t u r e  d e p e n d e n c e  f o r  
t h e  p o l y s t y r e n e  s y s t e m  c a n  b e  g iv e n .  O v e r  t h e  e n t i r e  m o le c u l a r  w e ig h t  
r a n g e  s t u d i e d  t h e  u s u a l  c h a r a c t e r i s t i c  i n c r e a s e  i n  t e m p e r a t u r e  s e n s i t i v i t y  
i s  s e e n  a s  T g i s  a p p r o a c h e d .  P l o t s  o f  lo g  77 v e r s u s  1 / T  s h o w  s t r o n g  p o s i t i v e  
c u r v a t u r e ,  s o ,  a s  i s  w e l l  k n o w n ,  A r r h e n i u s  t e m p e r a t u r e  d e p e n d e n c e  i s  n o t  
o b s e r v e d .  T h i s  v i s c o s i t y  b e h a v i o r  i s  t h e r e f o r e  n o t  s im p ly  t h e r m a l l y  a c t i 
v a t e d  p r o c e s s  b e h a v io r .  H o w e v e r ,  t h e  d a t a  f o r  a l l  t h e  s a m p l e s  w i t h  t h e  
e x c e p t io n  o f  t h a t  o f  t h e  lo w e s t  m o le c u l a r  w e ig h t  s a m p le ,  A 6 7 [ 7 ] ,  c a n  b e  
s a t i s f a c t o r i l y  f i t t e d  t o  a  V o g e l  e q u a t i o n .  F i g u r e  15  p r e s e n t s  f iv e  e x a m p le s



231 PLAZEK AND O’R O U R K E

>c3
©PQ

>

»-3pc<H 2o3
a3Ch©g

>
"ctf©
a03

o

X

o

© X>03 > -C CO iO ic7—1 rH rH O CO CO i-O CO
X TO

cS x x CO >o lOH Oh o 1 y-. co ■,cH co
CO 03 re 03 ro re re

03 03
I I I I

o CO CO »O CO t'- CO
TjH 03 05 1 ^ O OC IOCO CO ! Tji CO CO

bC tOCO o 05 o or COt-H seo o o o C O © o o

CO i—<o lO O) 03CO X t—> CO X 03
rH o rH o o T-H rH rH

00 05 LO OC

iO
03 _ 1C 0  0  ^
CO TfH >0 1.0 CO

X
*=■  « H ^  N  Ttf
& ' H « l C 5 0 N ^ 0 5 C

'q T—' rH COh—!

'O
'le

.X ©
o3 o

2 Ï?
© O

II

©
>< oJÍH 
©

73 72JÎ °3 
cjC d X  c ^  T3 _C ©.Hf gH  CCC3



VISCOELASTIC BEHAVIOR 235

Fig. 16. P lo ts  of th e  lo g arith m  of th e  v iscosity  r\ (poise) vs. th e  recip rocal of th e  
te m p era tu re , T  — [T„  — 60°C ] fo r th e  m olecu lar w eigh ts as ind icated .

o f  t h e  e x c e l l e n t  f i t s  t h a t  w e r e  o b t a i n e d  o v e r  a  l a r g e  r a n g e  o f  m o le c u l a r  
w e ig h t s ,  3 .4  X  1 0 3 t o  6 .0  X  1 0 5. A s  f a r  a s  w e  k n o w ,  a l l  p o l y m e r  v i s c o s i t y  
d a t a  i n  t h e  l i t e r a t u r e  c a n  b e  a c c o m m o d a t e d  b y  t h e  V o g e l  e x p r e s s io n  w i t h i n  
e x p e r i m e n t a l  s c a t t e r .

T h e  V o g e l  e x p r e s s io n  i s  j u s t  o n e  o f  t h e  e x p r e s s io n s  t h a t  i s  a s s o c i a t e d  w i t h  
W L F  f r e e  v o l u m e  t h e o r y .21'26'27 W e  h a v e  c h o s e n  t o  w o r k  w i t h  t h i s  f o r m  
b e c a u s e  t h e  q u a l i t y  o f  t h e  f i t  c a n  b e  j u d g e d  b y  m e a n s  o f  s im p le  v i s u a l  i n 
s p e c t io n .  W i t h  t h e  V o g e l p a r a m e t e r s  C  a n d  T „ ,  t h e  f r e e  v o lu m e  p a r a m 
e t e r s  c a n  b e  d e t e r m i n e d ;  s e e  r e l a t i o n s  g iv e n  a b o v e .  T h e  b e s t  v a l u e s  t h a t  
w e  c o u ld  d e t e r m i n e  g r a p h i c a l l y ,  t r e a t i n g  t h e  v i s c o s i t y  v a l u e s  d e t e r m i n e d  
f o r  e a c h  s a m p l e  s e p a r a t e l y ,  a r e  p r e s e n t e d  i n  T a b l e  I V .  I n  t h e  l a s t  f o u r  
c o lu m n s ,  f o r  c o m p a r i s o n ,  a r e  o b j e c t i v e  c o m p u t e r  d e t e r m i n a t i o n s  o f  t h e  
b e s t  V o g e l  p a r a m e t e r s  c a r r i e d  o u t  t h r o u g h  t h e  k i n d n e s s  o f  A n d r é  K o v a c s .*  
E x a m i n a t i o n  o f  t h e  r e s u l t a n t  p a r a m e t e r s  r e v e a l s  t h a t  a s  a  f u n c t i o n  o f  
m o le c u l a r  w e ig h t  t h e y  m a k e  n o  m o r e  s e n s e  t h a n  d o e s  h u m a n  b e h a v io r .  
T „  d o e s n ’t  p a r a l l e l  T g; i t  g o e s  t h r o u g h  a  m a x i m u m  a s  d o e s  t h e  i n s e n s i t i v e  
To- T h e  p a r a m e t e r  B ,  w h ic h  T u r n b u l l  a n d  C o h e n  a s s o c i a t e  w i t h  t h e

* C o m p u te r ca lcu la tions w ere carried  o u t a t  th e  C e n tre  de R echerches su r  les M acro- 
m olecules, S tra sb ou rg , F ran ce , b y  R . Suzuki.
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Fig. 17. Semilogarithmic plots of the equilibrium recoverable compliance Je (cm2/-  
dyne) as a  function of the tem perature, T  — T g, for the identified molecular weights: 
( • )  measured values; (®) interpolated or extrapolated values; (O) calculated from 
analysis of Fig. 18.

critical relative volume necessary for a molecular jump29 varies by over a 
factor of 2 . 4>g jumps about and goes through a well-defined minimum (if
we temporarily ignore sample A-61). The only conclusions one can draw 
are that the data are poor or a free volume interpretation of the tempera
ture dependence of the viscosity is not proper.

Let us examine how the data behave if we assume the desirable feature 
that Tg — T„ = A, is a constant as was found in the behavior of the re
coverable compliance shift factors. In Figure 16 we have chosen a A, of 60, 
which is characteristic of the high molecular weight samples. Instead of 
yielding a set of parallel straight lines, as is hoped, not only do the data 
from the lower molecular weights form curved lines, but that of sample 
PC-11 [2] even crosses that of A61 [3]. This appears to be a clear indict
ment of the free volume theory as propounded in recent years.

If at this point we reflect on the unexpected behavior of the recoverable 
compliances of the low molecular weight samples, described above, we 
realize that the viscosity curves in Figure 16 with positive curvature were 
obtained from these same samples.

The steady-state compliances determined on the lower molecular weight 
samples are presented as a function of T — T„ in Figure 17. The solid 
circles represent well-defined determinations and the crossed circles short 
extrapolations. The open circles are predictions which will be explained 
presently. Even if the open circles are ignored, a pattern can be discerned 
which has the following features: (1) J e decreases substantially as Tg is 
approached from above; (2) above Tg a fairly constant asymptote is ap
proached; and (3) the asymptote is approached in an increasingly smaller 
temperature interval as the molecular weight increases. Many of the 
predicted points are subject to experimental verification. Such verifica
tion where deemed necessary will be attempted in the future. However,
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two regions of response do not appear to be accessible. The J e for samples 
with molecular weights above 106 cannot be measured in the neighborhood 
of T„,  because of the excessively long times required to achieve steady 
state creep. Creep recovery studies on very low molecular weight ma
terials are exceedingly demanding at temperatures well above T g. The 
viscosity decreases so rapidly with increasing temperature that the con
dition of negligible inertial forces cannot be met. It is likely that dynamic 
mechanical measurements will be possible at temperatures 30-40°C above 
the glass temperature. It does not appear that present day instrumenta
tion can extract information on the recoverable deformation at still higher 
temperatures.

Now if we stop to consider the dictates of the eminently successful theory 
of linear viscoelasticity4'31'32 the measure of the relative time scale or rate 
of response is not the viscosity but the relaxation times r* involved. We 
can make use of the measured temperature dependence of J e in determining 
the temperature dependence of the relaxation times that govern the termi
nal zone4 of viscoelastic response and hence the viscous deformation pro
cesses. In terms of the generalized Maxwell model for viscoelastic behavior 
and existing molecular model theories the last few relaxation times largely 
determine the viscosity.4 Markovitz has shown33 that when temperature 
reduction is applicable the time scale reduction factor is

aT = v ( T ) J e ( T ) M T 0) J e( T 0) (8)
where j?(T0) and J e(To) are the limiting low rate of shear viscosity and the 
steady-state compliance, respectively, at a chosen reference temperature 
and jj(T) and J e(T) are the corresponding values at the temperature of 
measurement. Although temperature reduction fails for the recoverable 
compliance response of low molecular weight polystyrene in the neighbor
hood of the glass temperature it is clear that since ?? and J c are steady-state 
parameters that determine the final form of the terminal zone of visco
elastic response together, their product -qje is the proper measure for the 
time-scale behavior. In other words their product can be considered to be 
a “terminal characteristic time” whose magnitude fixes the time scale of 
response. Experimentally, all previous data allowed t] (T) as well as ar 
to represent the temperature dependence of the time scale of response 
simply because most of the t){T) data in the literature34 were obtained at 
temperatures sufficiently removed from T g where J e(T) is a very weak 
function of the temperature. The dramatic decrease in J e of the 3400 
molecular weight sample with decreasing temperature is seen to be the 
reason for the curvature and the cross-over seen in Figure 16. To check 
this conclusion wre examine whether the temperature dependence of the 
product t]Je can be effectively rationalized with the above outlined free 
volume analysis. Figure 18 where log r]Je is plotted against [T — (T„ — 
GO)]-1  testifies that relative to Tg one set of free volume constants can 
satisfactorily describe the temperature dependence of our “terminal re
laxation time” over the molecular weight range studied. In this plot w7e
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j__i__i__i__i__i__i__i__i__i__ i
6 8 10 12 14 16103

T - [T , -  6 0 ]

Fig. 18. Semilogarithmic plots of the product of the viscosity ij (poise) and the 
equilibrium recoverable compliance J e (cm2/dyne) against the reciprocal of the tem pera
ture, T  — [T„ — 60,:,C]. Viscosities for all p lotted points were measured. ( • )  J„ 
measured, ( 0 )  J e extrapolated or interpolated from creep data; (O) extrapolations to 
perm it calculation of J  e. Molecular weights of samples are shown. The line for M  = 
1100 has been drawn parallel to th a t for M  =  3400.

have assumed a constant Ar = 60. The filled points in Figure 18 represent 
data where both -q and J e were measured. To obtain the crossed circle 
points an interpolation or an extrapolation in a temperature range where J e 
was not changing appreciably was used to obtain J e. The viscosities for 
all the data points were measured and in the case of the open circles the 
data were used to predict the open points in Figure 17.

The curves for the 3400 and 16,400 molecular weight samples are crucial 
for this assessment and fortunately are well defined. The fact that the 
lowest temperature points for the two lowest molecular weight samples 
deviate from the lines almost certainly is an indication that the glassy 
compliance, J  may not be involved in determining the time scale for 
viscous deformation and that the terminal relaxation time should be cal
culated as i-¡.Id. At higher temperatures and molecular weights the dif
ference between Jd and J e is negligible. The use of ./d is strictly required 
for the same reasons that Ferry and Fitzgerald36 subtract the glassy 
compliance before reducing their dynamic data; the temperature depen
dence of mechanisms contributing to J „ is distinctly different from that of 
the mechanisms contributing to the principal dispersion.
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TABLE V
Free-Volume Param eters from Term inal Characteristic Times

log r,Je = log A  +  <7/2.303 [T -  (T „ -  60)]
Mol. w l.
x  i o - 3 - lo g  A C/2.303 v0, (;m3/g 4>g X 102 B

<t>g/B  X 
102

1.1 12.62 — 0.908 4.02 1.34 3.00
3 .4 11.35 874 0.928 3.68 1.24 2.98

16.4 9.87 877 0.937 3.54 1.20 2.97
47 8.53 877 0.937 3.54 1.19 2.98
94 7.13 876 0.938 3.53 1.19 2.98

189 6.23 886 0.938 3.52 1.20 2.94
600 4.49 887 0.938 3.52 1.20 2.94

878 Avg.

Iii Table V, we see the slopes observed in Figure IS are constant to 
within ±1%. Therefore, within our homologous system, the data for the 
“terminal characteristic times” are compatible with a constant Ar and a con
stant Vogel parameter C. It must be noted that the parameters, Ar = 60 
and C = 2,022 which apply to the “terminal characteristic time,” rj,Je, are 
substantially different from those that apply to the recoverable compliance 
behavior, Ar = 29 and C = 896. Since aP increases with decreasing 
molecular weight, a constant A demands that B and <j>0 be dependent on 
molecular weight.

It is obvious that if A and C are constants for the entire range of molecular 
weight covered in the polystyrene system, their ratio is constant and hence 
so is the ratio <t>g/B.

Three levels of constancy of free volume parameters must be recog
nized: (1) constancy between different molecular mechanisms; (2) con
stancy within a homologous series of polymers; i.e., constancy with only a 
variation of molecular weight ; (3) constancy between different materials. 
It has been pointed out above that A and C are constants for polystyrene of 
various molecular weight; but it can be seen from Tables IV and V that 
different values are obtained from the analysis of J r(t) and -qJe data. How
ever, for the J T(t) data, B = 0.0324 and for the r\Jt data <t>g/B = 0.0297. 
The difference is a mere 9% that could result from experimental error and 
from any one of the specific assumptions we have made in our analysis which 
is only approximate. However, since

<t>e/B  = A ¡C (9)
and A and C are the primary parameters extracted from the data, the 
assumption that v0 is insensitive to temperature is not involved in deter
mining <j)g/B. A, which is equal to the WLF constant c/, is often about 
50°C for polymers.26 Xonequivalent Tt’s (i.e., measured at different 
rates) for different materials will, of course, cause a variation of the ratio 
A /C .
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The WLF free volume equation26 with “universal” constants, cff = 
17.44 and c / = 51.6 is impressive in approximating the temperature de
pendence of relaxation and transport behavior of many glass-forming 
substances, but even in its original presentation the lack of true universality 
was clearly pointed out. A greater degree of constancy from system to 
system in one of the derived free volume parameters, f„, was noted over 
that of af. Williams, Landel, and Ferry pointed out that “the existence of 
a universal value of f g is, of course, consistent with the view of Fox and 
Flory36 that the glass transition is an iso-free-volume state.”26 We wish to 
suggest a slightly different criterion for the glass temperature: the con
stancy of 4>g/B  alone. A i T g, the free volume is a fixed, 'proportion of the 
critical volume necessary for a molecular relaxation process. We interpret 
this to mean that holes larger than the required critical size must spon
taneously appear at a rate compatible with the rate of measurement of Tg. 
Since we have demonstrated that the free volume expression is appropriate 
strictly to molecular relaxation and not to molecular transport, we are in a 
position to show a greater universality of <t>g/B  than could Williams, Landel, 
and Ferry26 and Berry and Fox.34 In Table VI, we have selected examples 
of free-volume parameters where the temperature dependence of primary 
relaxation lias been determined by more than one method. The temper
ature dependence of the viscosity can generally, but not always, be used to 
describe that of the relaxation behavior. The necessary conditions ap
parently are that the polymer be of high molecular weight and that the span 
of temperature covered be appreciably above T„. Examination of the 
first eight materials listed reveals that the parameters C and A vary over a 
factor of 5, but the standard deviation from the mean of <t>g/B  = 0.0273 is 
10%. We can conclude that this value appears to be the sole criterion for 
the glass temperature in the most general sense listed above. If the 
parameters T„ and C for primary relaxation, are known, it should be 
possible to estimate an unknown Tg, which is likely to be within 5°C of a 
conventionally measured value, by using

Tg = 7V +  0.0273C (10)
The last three materials entered in Table VI are examples of the sub

stances that exhibit behavior that appears to depart from the criterion of 
constant <t>g/B. However, the properties that indicate the departure are 
total creep and viscosity, and the observed temperature dependences have 
not been proved to be that of relaxation. In fact, the temperature de
pendence of the transport factor involved in the crystal growth g of the 
nonpolymeric glass-former 1,3,5-tri-a-naphthylbenzene does yield a <j>g/B  
ratio that is within 2% of the average found above. Crystal growth is 
assumed to be proportional to self-diffusion, which has been assumed to 
involve relaxation.29 It has already been suggested that the difference 
between the temperature dependences of g and 17 is a result of a strong tem
perature dependence of the modulus of rigidity involved in the pertinent 
relaxation times.42
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CONCLUSIONS
The time-scale shift factors for the recoverable and the viscous deforma

tion of polystyrene are different. Therefore, temperature reduction of the 
total creep compliance data is not correct.

The steady-state compliance of low molecular weight polystyrene de
creases appreciably with decreasing temperature as the glass temperature 
is approached.

A single pair of free volume parameters can successfully describe the 
time scale shift factors of the recoverable compliance over most of the 
molecular weight range studied.

It has been demonstrated that a free-volume analysis should not be 
applied to the viscosity temperature dependence, but to the temperature 
dependence of the characteristic time yJe.

Additional evidence for the concept of a single criterion for glass forma
tion, a universally constant value of <j>a/B = 0.0273, is presented.

Sizable effects on the recoverable compliance from residual molecular 
weight heterogeneity are possible.
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Synopsis
The two essential aspects of axial dispersion in gel perm eation chrom atography have 

been studied: (1) the relationship of axial dispersion to the continuity equations of
chromatographic transport, and (2) the relationship to molecular size and the system 
param eters of an individual column. Theoretical analyses are presented for both of these 
problems and are applied to an experimental study of axial dispersion by both zonal 
(small-zone) and frontal (large-zone) experiments with a series of macromolecular species 
having discrete, precisely known molecular weights. Theoretically predicted non- 
Gaussian elution profiles were observed for the small-zone experiments, and axial disper
sion coefficients for each molecular species were determ ined as a function of flow rate. Re
sulting values were found to be in good agreement with the theoretical equation relating 
axial dispersion to molecular size, flow rate, and two “ calibration constants” of the 
column. These results provide a rational basis for axial dispersion effects in term s of the 
fundam ental processes and system param eters of gel columns. Extension of the anal
ysis to  m ulticom ponent systems is discussed.

INTRODUCTION
Gel permeation chromatography is used extensively for polymer frac

tionation, for characterization of molecular size and weight distributions, 
and for studies of macromolecular interaction. In each of these applica
tions it is important to have an accurate quantitative understanding of the 
fundamental processes which underlie the technique so that experimental 
design may be optimized and maximum information extracted from the 
data. In this paper we present results of an experimental study in which 
the basic theory of axial dispersion in gel columns has been verified.

The behavior of single-component solute zones in gel chromatography 
can be fully characterized by two phenomenological parameters: (1)
the partition coefficient , which determines the average rate of solute trans
port within the column and reflects the degree of gel penetration by the 
solute molecule; and (2) the axial dispersion coefficient (or equivalent 
plate height), which describes spreading of the solute zone on the column 
under specified operating conditions. For noninteracting multicomponent 
systems the behavior of solute zones is determined by the values of these 
two parameters for each species plus the weight fraction of each species
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in the sample. With interacting systems of macromolecules it is necessary 
also to know values of the interaction constants involved. In studies of 
macromolecular solutes primary attention has usually been focused on 
the first of the above parameters (partition coefficient) and advantage 
taken of its dependence on molecular size or weight. Either the axial 
dispersion effects have been ignored or corrections have been made based 
on some arbitrarily assumed shape such as a Gaussian distribution curve. 
The latter approach has been applied (usually via the Tung equation1) 
to the analysis of molecular weight distributions in heterogeneous polymer 
samples with reasonable accuracy in certain cases.2-4 The success of this 
method lies in the fact that, although elution curves of individual com
ponents are not strictly Gaussian, the error introduced by the Gaussian 
approximation is small under most operating conditions, as will be seen. 
It is clear that an adequate basis for such analyses requires solution of the 
appropriate differential equations of chromatographic transport within 
the gel column, and experimental testing of the resulting equations for 
single, homogeneous solutes covering a range of molecular size. In this 
paper we present results of an investigation in which the theoretically 
predicted non-Gaussian shapes of solute profiles have been experimentally 
studied and the basic continuity equation for gel permeation chromatog
raphy verified.

An important feature of gel permeation chromatography is that the axial 
dispersion coefficient depends on molecular size in addition to flow rate, 
gel porosity and column packing. Consequently theoretical plate models 
in which the height equivalent theoretical plate is assumed constant for all 
molecular species show large discrepancies with experimental results.5 
In the present study we have verified a theoretical relationship based on a 
“continuous” model of chromatography. The new relationship explicitly 
includes the effects of molecular size as well as flow rate and column pack
ing. It is also simple, in that only two adjustable constants are required 
and the constants have a readily attributable physical meaning.

In this investigation we have used single, homogeneous macromolecular 
solutes to test theories of chromatographic behavior. In critical studies 
of axial dispersion even a small degree of molecular weight heterogeneity 
(resulting in a slight skewing of boundary shapes) can produce highly 
misleading results. We have therefore used selected biopolymers of pre
cisely known, discrete molecular weights rather than narrow (heteroge
neous) molecular weight fractions of synthetic polymer materials.

THEORY
The theory of gel permeation chromatography and its analytical ap

plications has been treated extensively elsewhere.6-8 The presentation 
here will summarize the analysis which leads to solutions of the continuity 
equation for the system. These solutions predict the shape and position 
of solute zones both within the column and as elution profiles. Subse
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quently we review the analysis leading to a relationship between the coef
ficient of axial dispersion, column parameters, and solute molecular size. 
First we define the basic variables to be used.

Definition of Variables
The bulk flow rate F is assumed constant. The distribution volume V 

is the volume within the column which is accessible to a given solute. 
The void volume Vo is the distribution volume of a tot ally excluded solute 
and the internal volume Vi is the difference between the distribution vol
umes of a totally nonexcluded solute and a totally excluded solute. The 
partition coefficient a is (V — Fo)/  FT, i.e., the fraction of the internal vol
ume accessible to the solute.* For the low concentrations used here it is a 
valid assumption that a and V are independent of the concentration (7.° 
A useful parameter is £ = F /F t, where Ft is the total volume of the column. 
By defining a = F0/F t, and /3 = F i/F t, it follows directly that V = F0 +  
a Vi and £ = a +  (la. The cross-sectional area of the column a, multi
plied by £, gives the cross-sectional area accessible to the solute.

Description of Solute Zones
The continuity equation for partitioning between stationary and mobile 

phases with simultaneous axial dispersion is6

àC F_ àC _ dT7
àt £a àx à.r2 (1)

where L is a coefficient of axial dispersion (with units of square centimeters 
per second) and x is distance from the top of the column. The flow equa
tion for total solute flux is

,/ = {FC/fr) -  LÇàC/àx) (2)
J is the rate of solute transport per unit cross-sectional area occupied by 
solute (£a).Equation (2) follows directly from eq. (1) and the general continuity 
equation,

dC
àt — àJ/àx

* The analysis could also be carried out in terms of a partition coefficient defined rela
tive to the to tal gel volume:

K av = (V  -  F o )/(F t -  To)
The relation between this coefficient and a is:

<r =  K a v ( 1  +  T g / S r )

where Vg is the anhydrous partia l specific volume of the gel-forming m aterial and S r is 
the solvent regain (grams of solvent imbibed per gram of gel-forming material at swelling 
equilibrium).
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Equation (2) has the form of Fick’s first law of diffusion for a moving frame 
of reference. The reference frame is located at the position of the “aver
age solute molecule” (e.g., the peak of a profile within the column) and 
moves with a velocity F/£a. Let <£ = x — (Ft/£a) be the new position 
coordinate. Since F(òC/òV) = dC/òt where V is volume of solvent 
passed through the column (F constant), eq. (1) becomes

ÒC/ÒV = LV(Ò-C/Ò4>2) (3)
with Lr = L/F. This coefficient of axial dispersion Lv is the quantity 
determined directly in experiments. The coefficient L can subsequently be 
calculated since F is known.

Two types of elution experiments were performed in this study, requiring 
different solutions of eq. (3). In the “small-zone” experiment (zonal 
analysis) the solute is applied as an instantaneous pulse (amount s). 
The solution to eq. (3) for this case is best formulated with the Dirac delta 
function 8 (x). For the boundary conditions

C(x,0) = 8(x) ■ s x > 0 
C(0,F) = 0 V > 0

the solution of eq. (3) is
C = (s^aV irLyV ) exp{ -<j>2/4:LvV}

Substituting for 4> and noting that x = F/£a 
at the bottom of the column, we have

C = (s/2ZaVirLvV) exp{ — (F -  Vy/±?a'-LvV) (4)
It is apparent that, although C is Gaussian with respect to <f> (and hence x) 
at fixed V, it is clearly a non-Gaussian function with respect to V at con
stant x (equal to the column length in an elution experiment). Whereas 
the solute distribution along the column at any instant is Gaussian, the 
distribution with respect to time as a zone moves past any point of the 
column is non-Gaussian. The physical basis of this effect is simply the 
prolonged time for dispersion of the latter part of the solute zone. It is 
thus an “end effect” of elution from a column of finite length.

A second consequence of this “end effect” is that the distribution volume 
V does not correspond exactly to the maximum (peak) concentration of the 
elution profile. At the peak volume Fm, we have from eq. (4):

dC _ 1~ V -  Fm 
clV ~ |_2?a2LrVu

(F -  Fm)2 
ea'2LyVu2

1
2Vu_ (7 = 0

and by rearrangement, F = Fm̂ A  -f (2̂ a-Ly/Vu) 
or, since f ~ Vw/Vt, the distribution volume is given by: V

V = FmV  1 +  2fa*£r/F t.
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The square root is roughly 1.002 for real systems, producing an error in V 
of 0.01 ml. If V is determined independently this relationship provides 
an additional determination of Lv:

L  =  V '2 ~V 2£ W M '
In practice V may be rigorously determined as the measured centroid of the 
elution profile. For most purposes, however, use of I'm represents a suf
ficiently accurate approximation.

In the second type of experiment, a “large-zone” experiment (frontal 
analysis), solute of concentration C = C0 is applied in a volume sufficiently 
large to produce a plateau (C = Co) in the elution profile. The leading 
and trailing edges of the profile have separate solutions.

Leading edge :*
C(x, 0) = 0 

C(0,F) = Co
C(x,V) = |°  erfc

or, at fixed x:
C(F) = ~  erfc ~ F -  F " 

- V 4 ?a?LvV- 0r>)
Trailing edge:

C(F)

C(*,0) = Co
C(0,F) = 0
Co . T  erfc ~ (F -  V) - 

-V i^W L yV -' (6)
It is apparent from these relations that the concentration profile of an 
elution experiment is not a simple error function complement of the volume', 
since the F coordinate appears in a nonsimple manner in both numerator 
and denominator of the argument of the error function complement. This 
deviation represents the same “end effect” as that mentioned above for the 
small-zone case. It can be seen from the above solutions—eqs. (4) and (0) 
—to the continuity equation that the two types of experiment provide 
independent means for determination of column parameters and verifica
tion of theory.

* The error function complement is defined by

The inverse error function complement is defined as inverfc(y) = x, where y = erfc(x).
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Analysis of Lv
The following analysis provides the basis for quantitatively determining 

the dependence of Lv on system parameters: solute molecular size, flow 
rate, gel particle characteristics (size and shape), and column characteris
tics (physical dimensions and packing). This analysis uses the approach 
developed originally by Cilueckauf9’10 but is formulated without recourse to 
theoretical plates and incorporates the system parameters peculiar to gel 
chromatography. Total axial dispersion is analyzed as the sum of dis
persions contributed by nonuniformities in packing, axial diffusion (in both 
phases), and nonequilibrium between phases:

Lv = Lv +  ¿ d +  Ldj . (7)
The first term, Lv, comes from the finite size of the gel particles and the 
random variations in particle packing. Such variations produce varia
tions in velocity between microscopic regions within the column. By 
summing the velocity fluctuations over the whole column, even a column of 
impenetrable glass beads will produce a solute distribution which closely 
approximates a Gaussian curve.11,12 This effect is independent of F (at 
moderate flow rates), directly proportional to gel particle size d, and to an 
unknown extent unique to the particular column.

The diffusional second term is evaluated from

or

to give
ÖC jD d2C 
dV ~ F d<t>2
Ld = & /F

where D is the free diffusion coefficient. This term varies inversely with 
flow rate and becomes small in a nonsimple fashion for large solute mole
cules.

In the presence of a net flow, the finite time necessary for exchange of 
solute between the two phases introduces a nonequilibrium perturbation 
within the zone. As a result the actual amount of solute within the sta
tionary phase differs slightly from that prescribed by the equilibrium par
tition isotherm. This isotherm is written Q = /3<rC, where Q is the equi
librium amount of solute per unit column length in the stationary phase and 
C is the corresponding solute concentration in the mobile phase. Simi
larly, Q* = /3aC*, with Q* the actual (nonequilibrium) solute in the station
ary phase and C* the (nonequilibrium) solute concentration in the mobile 
phase. Further, the total solute QT* is given by Q t *  = aC +  Q*. Con
servation of mass requires that

(dC'/dx) + (dQT*/dV) = 0
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or
(dC/dx) +  a(dC/dV) +  /3<r(dC*/dV) = 0 (8)

Assume that the rate of approach to equilibrium is first order with respect 
to the deviation from equilibrium for these small perturbations and let AtD 
be the mean time required to reach equilibrium, so that

(dQ*/dt) ~ (Q -  Q*)/Md
The mean equilibration time is related to D by

AtD = qd2/f)uD
where d is particle diameter, q is a factor reflecting the geometry of the gel 
particles, and fiaD is the diffusion coefficient within the stationary phase. 
Since

dQ*/dt = F(dQ*/dV) (9)
we now have

dO*/dF = (fiaD/qdW) (Q -  Q*) (10)
which after differentiation with respect to V becomes

dQ*/dV = (dQ/dV) -  (qd2F/PaD)(b2Q*/bV>). (11)
Recalling the defining relationships for Q and Q* and substituting into eq.
(S), we have

(dC/ba:) +  ¡¡a(dC/dV) = qd2F (d2(7*/5F2) (12)
Referring again to eq. (8), we see that

d<7*/£>7 = -(l/p<r)[(bC/bx) +  a(dCydF)]
and

5 2C*/dF2 = -(l/d<r)[(d2(7/dF£).c) +  a(d2(7/dF2)]. (13)
With the approximation (valid for small deviations from equilibrium) 

dC/dx «  —(dV/dx) (5(7/5 F)
= -toGDC/bV) (14)

the expression becomes
dC 1 dC qd2F d2C
dT’ (15)£a dx £3a2D dx2

Recalling that dC/dt = F(dC/dV) and Lv = L/F, comparison with eq. (1) 
shows that

qd2FAn —£3a2D (16)
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Summing the contributions leads to
Ly + qd?F

t¡sa2D (17)

Several features of this relation should be emphasized: (1) it contains
only two parameters (Lp and qd2) which are not determined independently;
(2) axial dispersion of a solute zone as a function of flow rate exhibits a 
minimum, the second term dominating at low flow rates and the last term 
at moderate to high flow rates; (3) at moderate flow rates axial dispersion 
increases with increasing molecular size (decreasing <r,£,Z>).*

MATERIALS AND METHODS
The gels used for these experiments were dextrans crosslinked with epi- 

chlorohydrin (Sephadex, Pharmacia). Sephadex G-100 (lot 6164) was 
used for the small-zone experiments; large-zone experiments were done on 
columns of Sephadex G-75 (lot 9393).

The following solutes were the finest grades commercially available: 
glycylglycine (Mann 1719, lot S2891), horse heart cytochrome c (Mann 
179, lot R3282), sperm whale myoglobin (Mann 6649, lot S4714), and 
human gamma globulin (Mann 457, lot S3451). Southern bean mosaic 
virus was a gift of Dr. Russell Steere (USDA Plant Virology Laboratory, 
Beltsville, Md.). Molecular weights for these solutes are shown in Table I 
along with other physical characteristics.

TABLE I
M olecular Species

M olecular species
Molecular

weight
Dio,w X 107,

cm2/seca
Glycylglycine 132 7 0 .7b
Cytochrome c (horse heart) 13,400 13.0
M yoglobin (sperm whale) 16,890 11.3
7-Globulin (human) 153,000 4.00
Southern bean mosaic virus 6 .6  X 106 1.39

a Unless otherwise identified, values are taken from the Handbook of Biochemistry,13 
b Corrected to  20°C from the value determ ined a t  25°C by Longsworth.14

The solvent for all experiments was 0.1 M potassium phosphate buffer
(pH 7.4.).

After soaking the gel in solvent for at least 24 hr and decanting the fine 
particles, columns were poured in glass tubes made from sections of burets 
(this assures constant cross-sectional area and makes it simple to deter-

* An im portant distinction is necessary between the absolute am ount of zone spreading 
observed after a sample has been eluted from the column and the ra te  of spreading during 
the tim e it  is on the column. A smaller molecular species which spends more time on the 
column prior to  its elution m ay exhibit a large am ount of absolute dispersion relative to  a 
larger molecule, even though the larger molecule spreads a t a greater rate (larger Ly).
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mine total column volume). The columns were fitted with porous poly
ethylene disks at the top and bottom of the gel bed. A constant pressure 
head sufficient to provide flow greater than one column volume an hour was 
applied to a buret filled with solvent (eluent reservoir). The eluate from 
the water-jacketed (20 ± 0.5°C) column passed through a flow cell into a 
syringe pump (Sage 255W-2) operating in the withdrawal mode. This 
arrangement produced constant flow rates within the accuracy of buret 
readings (±0.02 ml/hr).

Since a stable baseline is vital to the analyses performed here, the absorb
ance at 220 nm was monitored in a double-beam spectrophotometer (Bausch 
and Lomb Spectronic 600) for the small-zone experiments and in a single
beam spectrophotometer equipped with an automatic sample changer and 
automatic blank compensator (Gilford 2000) for the large-zone experi
ments.

Elution profiles were recorded on a strip chart recorder (Sargent SRL) 
simultaneous with the taking of digital data. A digital voltmeter (Hew
lett-Packard 3440A), coupler (Hewlett-Packard 2547A), teletype/paper 
tape punch, and an external timer constituted the digital data acquisition 
system which collected 240 to 2400 data points/hr. For the large zone 
experiments the sample changer of the Gilford 2000 was used as a trigger 
for the data collecting system.

Small-Zone Experiments
As the meniscus of the solvent entered the porous disk, one drop of 

solute (1-2 mg/ml) was applied and the time was recorded. As soon as the 
sample entered the porous disk, one or two drops of solvent were applied. 
When this had entered the disk, the space above the gel was rinsed with 
solvent and filled. The solvent reservoir was then connected and flow rate 
was determined by measuring the rate at which solvent entered the column.

Large-Zone Experiments
The samples were roughly 10 ml of solution (0.05-0.1 mg/ml). In all 

cases sufficient volume was applied to achieve a “plateau” of constant 
concentration equal to that initially applied. The times when the sample 
began and finished entering the column were recorded. The sample was 
followed by a small amount of solvent and and a rinse as described above. 
The flow rate was determined from the rate at which the sample entered 
the column as well as the rate at which solvent entered. These procedures 
gave reproducible elution profiles.

Computations
Computations were carried out on a Hewlett-Packard 2114A digital 

computer, or in some cases on a Burroughs B5500 computer. Figures were 
plotted with a Hewlett-Packard 9100A programmable calculator equipped 
with a 9125A plotter.
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RESULTS
Small-Zone Profiles

A typical small-zone elution profile is shown in Figure 1. Inspection 
reveals skewing to the left (leading edge), as predicted by eq. (4). This 
qualitative evidence of skewing is equivocal at best, however, and more 
powerful analysis is required to test rigorously the fit. of the data to eq. (4) 
versus the fit to a normal Gaussian curve. If the data describe a Gaussian 
curve (C = 1/v :2tvix exp{ — (V — F)2/ 2^}, where ^ is the second moment or 
variance), then a plot of In C versus (F — F)2 will produce a straight line, 
whereas skewed data will show a systematic deviation from the line corre
sponding to the best Gaussian fit (Fig. 2). On the other hand, if the

V ( m I )

Fig. 1. R epresentative small-zone elution profile for cytochrome c on Sephadex G-100 
(column B, Table I I ) a t a flow rate of 9.49 m l/h r: (O) every 40th point of the da ta  taken
is shown; (------ ) best fit of eq. (4) to the data; (• • ■ ) best fit of a Gaussian curve to the
data. On the ordinate, solute concentrations are normalized with respect to to tal 
am ount s of solute.

data fit eq. (4), 1 n(Cy/V) will be linear with respect to (V — F)2/F  (Fig.
3). It is clear that eq. (4) provides a much better fit to the data than does 
the Gaussian curve. In Figure 3, small systematic deviations from the 
straight line occur. These deviations are less than the difference between 
the two curves. Furthermore the data points and the best Gaussian curve 
always lie on opposite sides of the straight line. The origin of the small 
systematic deviations seen in Figures 2 and 3 is likely due to a systematic
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Fig. 2. Linear transform ation fur Gaussian curve: (©) applied to the data; (• • •) the 
best Gaussian fit; (— ) eq. (4). In  this graph and Figure 3 the same d a ta  are plo tted  as 
in Figure 1, except every 20th point is shown.

error in measured flow rate, initial time, or V. Small errors of this kind 
would be amplified greatly by the transformations used in these plots.

Evaluation of Lv
Equation (4) provides a means of evaluating the axial dispersion coef

ficient. Five virtually independent determinations were performed on 
each profile. Results of these determinations are shown in Table II.

Height/Area Methods. Numerical evaluation of f “ Cclv gives s, the 
mass of sample applied to the column. Analytic integration of eq. (4) veri
fies that
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When V = V, the exponential term is unity and ^ max s/(2& V ttLvV)
or

Lv = (s/2£aC'max)2/'n''P-
Curve-Fitting Method. An interval-dividing routine on Lv was used for 

a least-squares fit of eq. (4) to the data.

(v-v)2 v
Fig. 3. Linear transform ation for eq. (4): (G) applied to da ta; (■ • •) best Gaussian 

fit; and (—-) eq. (4). The slope ( —1/4J2a*Lv) and intercept ln (s/2% a\/ttL v ) are used 
to determine Lv  (see text).

Slope Method. As can be seen directly from eq. (4), Lv = — l/4£2a2A, 
where A is the slope of the regression line (cf. Fig. 3).

Intercept Method. Again referring to eq. (4) and Figure 3, we see that 
Lv = (s/4-7r£2a2) exp{ —2B\, where B is the intercept of the regression line. 
This method is quite sensitive to the scatter in the data.
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TABLE I ILv for Small-Zone Experim ents on G-100

Sample
Col
umn

F,
m l/hr

Ly, cm -1

H eight/
area

Curve
fitting

Regression
Inter- 

Slope cept
Inflection

points
A 12.85 0.0230 0.0234 0.0326 0.0679 0.0408 0.0404

Glycylglycine B 4.64 0.0205 0.0211 0.0311 0.0453 0.0294 0.0302
B 9.59 0.0212 0.0214 0.0210 0.0217 0.0227 0.0130
B 14.47 0.0254 0.0254 0.0150 0.0211 0.0236
A 12.08 0.0798 0.0792 0.0483 0.0194 0.0885 0.0835

Cytochrom e c B 9.49 0.0665 0.0669 0.0470 0.0306 0.0756 0.0835
B 13.93 0.1482 0.1529 0.1028 0.1413
B 14.11 0.0533 0.0534 0.0335 0.0576 0.0977
A 12.08 0.1113 0.1000 0.0678 0.0333 0.1018 0.1609

Myoglobin B 9.82 0.0742 0.0752 0.0978 0.1586 0.0426 0.1089
B 14.11 0.1219 0.1820 0.0880 0.2081

Inflection Point Method.
V gives

Differentiating eq. (4) twice with respect to

cPC 
dV2= {à+ 1

4F 4 ea2LvV

\—O)

1 -  3
\ r  J+  .4 iVLv.

At the inflection points, c P C /d V 2 is zero and
Lv = Fi[3{V/VjY -  1 -  V '6(f/F i)4 -  2]/G£2a2

where F/ is the volume at the inflection point. Unfortunately, this expres
sion is hypersensitive to small errors in the values of F/ or F and gives 
values of Lv only to about one order of magnitude. From a theoretical 
viewpoint, however, this expression is quite significant, as it shows ex
plicitly that Lv is related to the peak position and the extent of spreading 
only and is independent of the zone size s.

Large-Zone Experiments
The leading and trailing boundaries for a typical large-zone experiment 

are shown in Figure 4. These data from the Gilford spectrophotometer 
show much greater scatter than was present in the small-zone experiments, 
which were monitored with the Bausch and Tomb 600 spectrophotometer. 
For the large-zone experiments, V is determined as the volume at the 
centroid of the appropriate boundary. If the transition from C = 0 to 
C = Co (from C0 to 0 for the trailing boundary) takes place over the range 
Fa to Fb, then for the leading boundary F = Fb — /  CdV/Co, where fCdV 
is the area under the curve, evaluated numerically. For the trailing 
boundary V = Fa +  /  C clV/Co- An appropriate test of eq. (5) would be 
to compare inverfc (2C/C0) versus (F — V ) /s /v  with inverfc (2C/C0)
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Fig. 4. Leading and trailing boundaries of large-zone experiments for cytochrome c 
run on G-75. D a ta  obtained with a Gilford 2000 spectrophotom eter a t a flow rate of 
8.15 m l/hr.

0 2 4 6 8 10 12 14 16 18
v( ml )

F ig . 5 . P re d ic te d  lead ing  b o u n d a ry  e lu tio n  p ro file : ( - - )  p lo t of th e  best e rro r fu n c tio n
com p lem ent fo r th e  d a ta  show n  in  F ig u re  4 ; (------ ) p lo t accord ing  to  eq . (5 ) .
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versus (F — F). However the large-zone experiments are relatively in
sensitive for detection of small amounts of skewing, since eq. (5) is the in
tegral of eq. (4) in terms of Figure 5 shows the relative insensitivity of 
the large-zone experiment for detecting skewing. As a result of this and 
the scatter in the data it was not possible to detect any significant differ
ence in linearity between the two plots. By rearrangement of eq. (5) one 
could, in principle, calculate Lv from:

_2£a ■ inverfc(2(7/C'o) _
This expression, however, is next to useless for calculating Lv, owing to 
large relative errors in C at the ends of the boundary and uncertainty near 
V as both numerator and denominator go to zero. Therefore each boundary 
was analyzed by determining the regression line of inverfc (2C/C0) on 
(V — F ) /v F . Letting A be the slope of the regression line, we write 
Lv = ± l/(2a£.4)2, where the sign is determined by whether the boundary 
is leading (+) or trailing ( —). The results are shown in Table III.

TABLE III
Lv  for Large-Zone Experim ents on G-75

Sample Column F, m l/hr
L v  cm 

Leading
1
Trailing

Glycylglycine C 8.21 0.0333 0.0405
C 14.91 0.0578 0.0522
D 6.50 0.0261 0.0320
n 12.71 0.0349 0.0493

Cytochrom e c c 8.15 0.1210 0.1429
c 14.73 0.1951 0.1898

M yoglobin c 8.22 0.0952 0.0895
c 15.39 0.2017 0.1954
D 6.91 0.1021 0.0993
1) 12.75 0.1838 0.2007

Analysis of Lv
Rearrangement of eq. (17) to

ID qd* F
v F "P +  LVD

gives a linear equation relating the known terms. Figures 6 and 7 show 
the data plotted in this fashion for small-zone and large-zone experiments, 
respectively. Table IV contains the values of Lp and qd2 for the columns 
used in these experiments. Reasonable estimates of d indicate that q 
is of the order of 1 (i.e., 0.3 < q < 3). Figure 8 shows the general be
havior of Lr with flow rate for two of the columns used.
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Fig. 6. Analysis of Ly  l)ased on eq. (17) for da ta  from small-zone experiments: (O) 
column A; (X ) column B. The upper line is a regression plot for da ta  of column A and 
the lower is for column B. The slope of the regression line (------ ) is qd2, and the inter
cept is Lp.

Fig. 7. Analysis of Ly  based on eq. (17) for da ta  from large-zone experiments: (O) 
column C; (X ) column 11. The upper line is a regression plot for da ta  of column C
and the lower line is th a t for column D. The slope of the regression line (------ ) is qd2,
and the intercept is Lp.
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F

(a)

F

(6)
Fig. 8. Behavior of i r  as a function of flow ra te  w ith (a) Sephadex G-100 and (6) 

Sephadex G-75 columns: (A) glycylglycine; (O) cytochrome c; (X )  myoglobin.
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TABLE IV 
Column Param eters

Gel Column L \•, cm 1 f/d1 X 105, cm2
G-100 A 0.0158 1.23

B 0.0148
G-75 C

D
0.0384
0.0340

1.57

DISCUSSION
This study has been directed toward the two essential aspects of axial 

dispersion in gel-permeation chromatography: (1) the relationship of
axial dispersion to the continuity equations of chromatographic transport 
and (2) the relationship to molecular size and the system parameters of an 
individual column. The first of these relationships defines the general 
form of elution profiles and provides a basis for experimental determina
tion of the phenomenological coefficient of axial dispersion. In the present 
study we have verified the basic continuity equation for gel chromatography 
and have used its solutions to obtain axial dispersion coefficients of single 
discrete macromolecular components. These results can be readily ex
tended to the analysis of multicomponent systems.

For heterogeneous mixtures of noninteracting components, an equa
tion analogous to the empirical Tung equation can be written, on the basis 
of eq. (4). On the assumption of an effectively continuous distribution of 
molecular size, the elution profile (between two arbitrary points Fa and Fb) is 
given by:

C(V') = J Vtt
W{ V) 

2£aV ttLvV exp j ( v - v y \
\ 4PWLvV I dV (18)

In this equation, V, £, and Lv are now continuous variables, and IF( V) is a 
distribution function reflecting the distribution in molecular size. Al
though no general solution exists for integral equations of this kind, the 
solution for W{V) may be obtained numerically. Using the technique of 
direct optical scanning in gel permeation chromatography,16 it is of interest 
to study concentration profiles of solute zones prior to their elution from 
the column. Experimentally, the column is scanned at constant V and 
the solute concentration is recorded as a function of x. The correspond
ing equation for the nonelution case would be:

C(x) = i'.rb
J*a 2

W(x)
ZfrVn Lvv exp f (X  -  x )> \  

l 4LyV f dx (19)
where x = F/£a. It is seen that this equation in the distance coordi
nate bears a closer resemblance to the Tung equation than does eq. (18) 
and would reduce to it if £ were independent of molecular size.
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For many multicomponent systems of biopolymers there are interactions 
between discrete macromolecular species which lead to reversible associa
tion-dissociation equilibria having definite stoichiometry. For such sys
tems gel-permeation chromatography may be used to study the associa
tions and to determine thermodynamic parameters for the interactions in
volved.16’17 Results of the present study can be used to predict the shapes 
of both “small” and “large” solute zones for such systems, and these 
shapes provide diagnostic indications of the type of association complexes 
formed. Results of such a study, now underway, will be presented at a 
later time.

The second aspect of this work, mentioned above, has resulted in a use
ful approach to the analysis of peak broadening in terms of molecular size, 
flow rate, and column parameters. Equation (17) provides a good cor
relation of axial dispersion with column parameters over the range of 
conditions employed in this study. Although it is not presently possible 
to assess the overall range of applicability, eq. (17) would clearly have to 
be modified to describe behavior of molecules having very small partition 
coefficients. The necessary modification would be a different expression 
for AtD in the expression,

£Z) BaF
L v =  L P +  —  +  , A  tD

t  £tx-

which is the more general form of eq. (17). The parameter AtD could be 
determined experimentally as a function of solute size as the slopes of plots 
of Lv — {£D/F) versus BaF/£3a2.

Equation (17) has the general form of the well-known van Deemter 
equation18 for height equivalent to theoretical plate: H = A +  (BD/F) +
(CF/D), where A, B, and C are adjustable constants of the column. It 
has long been known that theoretical plate models derived by analogy 
to fractional distillation and countercurrent distribution do not conform 
to the physical reality of chromatographic systems.19 In spite of this 
inadequacy their use appears deeply entrenched in tradition. Later ver
sions of the van Deemter equation have been extensively modified and ex
panded to allow for variations in solute diffusion coefficient and other 
system parameters while retaining the fiction of theoretical plates. Since 
there is no physical justification for use of theoretical plates, these efforts 
would appear somewhat similar to the continued description of planetary 
orbits in terms of epicycles, which persisted after the time of Kepler. It is 
possible to “translate” axial dispersion coefficients, based on the continuity 
equation (which is physically realistic) into the corresponding “equivalent 
theoretical plate height” by the relation, H = 2£aLv.

By combining results of the present study with previously known pro
cedures for calibrating columns, it is possible to characterize the entire 
chromatographic system much more completely. The goal of such a char
acterization would be the possibility of predicting for a known solute the
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position and shape of an elution profile from a given column. The pro
cedures necessary for such a characterization are outlined below.

Characterization of the Gel
The useful parameters for characterizing a given batch or lot of gel are 

(1) the partial specific volume of the anhydrous gel-forming material, (2) 
its volume fraction in the swollen gel, (3) the factor qcl2 of eq. (17), and (4) 
calibration constants for partitioning of solute into the gel. The partial 
specific volume of the anhydrous gel-forming material vg is normally avail
able from the manufacturer or may be determined experimentally. After 
weighing an amount of gel Wg, on making a column and determining Ft and 
To, one can calculate k' = vaWg/(V t — F0). The value of k' is normally 
about 0.05, and represents the volume fraction in the swollen gel occupied 
by the gel-forming material. On this same column qcl2 is determined by 
means of equation (17) (see Figs. 6 and 7). The next step is to calibrate 
the gel with respect to partitioning properties in terms of molecular size 
or weight. A variety of procedures can be used. For example, if molecu
lar radius a is of interest, the relations20 a = erfc[(a — a0)/5o]
or
a = a0 +  b0 inverfc (<j) can be used for molecules of known radius a and 
partition coefficient a to determine gel parameters aa and bo- (A compre
hensive review of gel-calibration procedures has been given by Ackers.6)

Calibration of the Individual Column
Once the lot of gel has been characterized, any column prepared from a 

known weight of gel can be calibrated with a single (internal volume) elu
tion experiment. The void volume is found from F0 = V, — (vgWg/k '), 
and LP is determined as above. With such a column it is possible either to 
predict for a known solute the position and shape of the elution profile or to 
determine the molecular radius and diffusion coefficient of an unknown 
(single-component) solute. A sample calculation on cytochrome c, ac
cording to eq. (17) solved for D,

D = 2qd2F )(Lr -  LP)?a2 V11 +  \ 1  - 4 qd2
(Ly — Lp)2£2a2_

gave a value of 1.20 X 10~6 cm2/sec, compared to a literature value of 1.30 
X 10-6 cm2/sec (Table I).

Finally, it should be pointed out that the method of analysis developed 
here provides a powerful means of detecting polydispersity in a system of 
macromolecules. During the course of this study we found that some 
preparations of solutes could not be used, since small amounts of additional 
components led to anomalously high values of Lv. Preparing a “calibra
tion chart” like Figures 6 and 7 makes this effect immediately apparent.
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For most purposes, planimetrie determination of s = fCdV should be 
sufficiently accurate.

This work has been lap ported  by G ran t GM-14493 from the U. S. Public H ealth Ser
vice.
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Oscillatory Shear Measurements on Polystyrene 
Melts in the Terminal Region

N. J. MILLS* and A. NEVIN,
Petrochemical & Polymer Laboratory, Imperial Chemical Industries 

Limited, The Heath, Runcorn, Cheshire, England

Synopsis
Oscillatory shear measurements have been made on a range of anionic polystyrene 

melts of molecular weights 1000-500,000. For M  <  5000 I he polymer chain is too short 
to act as a Gaussian coil and hence the compliance of the melt is very low. For 10,000 <  
M  < 100,000 the compliance of the melt follows the Rouse model of the elasticity of iso
lated polymer molecules. It is necessary to use the Ferry, Landel and Williams extension 
of the Rouse theory for M  >  40,000 to allow for the effect of entanglem ents on the com
plex modulus. For M  >  200,000 the entangelm ent network dominates the compliance 
and the Rouse theory is no longer applicable.

INTRODUCTION
Oscillatory shear measurements have been made by a number of 

workers1-5 on polystyrene melts of narrow molecular weight distribution 
(MWD). However, the change in behavior down to very low molecular 
weights has not been investigated except by Burge,5 who showed that 
there was little difference in the transition region (the shear modulus G 
between 106 and 108 N/m2) for molecular weights 20,000 to 860,000 ex
cept for the shift in frequency due to change in Te. Now that anionic 
polystyrenes, of narrower MWD’s than the polystyrene fractions used by 
earlier workers,1'2 are available it is possible to find more nearly the 
behavior of a monodisperse polymer melt. This then will allow the 
molecular theories of polymer viscoelasticity6 to be tested more thor
oughly. Experiments on blends have also been carried out to confirm 
the effects of polydispersity observed in polydimethvlsiloxane7 and test 
whether the MWD could be inferred from the rheological behavior. 
Our results can be compared with recent dynamic data8 on anionic poly
styrenes and blends therefrom.

EXPERIMENTAL
Materials

Anionic polystyrenes from three sources were used; Pressure Chemical 
Co., Dow Chemical Co., and those prepared in our laboratory by Ii.

* Now a t D epartm ent of Physical M etallurgy and Science of M aterials, The Uni
versity of Birmingham, P. O. Box 363, Birm ingham B15 2TT, England

267
©  1971 by John Wiley & Sons, Tne.



268 M I L L S  A N D  N E V I N

Denyer. In addition a series of blends of anionic polystyrenes with weight- 
average molecular weights Mw of 86,000 and 500,000 were prepared by 
mixing dilute solutions and evaporating the solvent. Details of the 
molecular weight averages measured by gel-permeation chromatography, 
or supplied by the manufacturers, are given in Table I. Molecular weight 
averages of the blends were computed and are given in Table II.

TABLE I
M olecular Weights of Polystyrene Samples

Source M„ (method)“ M w (m ethod)“ M ,/M wb
Pressure Chemicals Co.

Batch 15a 1,050 ±  10% (VPO)
“ 11a 2,900 ±  7%  (VPO) 3,800 (GPC) 1.2
“ 8a 10,900 ±  5%  (MO) 10,000 ±  10% (LS) 1.1
“ 2a 19,800 ±  3%  (MO) 19,800 ±  2%  (LS) 1.1
“ 7a 50,100 ±  5%  (MO) 50,500 ±  4%  (LS) 1.1
“ la 160,000 ±  3% (V) 1.1u r5a 404,000 dh 5%  (MO) 507,000 ±  4%  (LS) 1.2

R. Denyer 28,900 (GPC) 31,600 GPC 1.1U 76,000 (GPC) 87,000 GPC
“ VPO, vapor pressure osmometry; MO, membrane osmometry; LS, light scattering; 

V, viscometry. 
b M z by GPC.

TABLE II
M olecular W eight D istribution of Blends

10“6
Polymer

W eight fraction 
1 2 M n My, M ,

M zM z+i
My,

J X 10 - 4,m2/N
1 100 0 425,000 500,000 600,000 0.865 0.20

Blend A 50 50 128,300 292,000 529,000 1.26 0 .7
Blend B 25 75 95,500 189,000 432,000 1.51 1.51
Blend C 12.5 87.5 84,600 138,000 328,000 1.47 1.9
Blend D .6 .25 93.75 80,000 112,000 241,000 1.15 1.6

2 0 100 75,700 86,800 102,000 0.139 0.11

Rheological Equipment
A model 16 Weissenberg cone-and-plate viscometer with 2.5 cm diameter 

platens and gap angle 4° was used. A torsion bar was used to measure 
the transmitted torque for G in the range 10-1000 N/m2 for the relatively 
elastic blends. A piezoelectric measuring head of high stiffness, described 
previously,9 was used for G in the range 103-107 N/m2. The oscillatory 
drive is no longer through the manufacturers normal force shaft and 
diaphragm. The torsional stiffness of the stainless steel tube between 
the oscillatory drive mechanism and the cone is 2800 N-m/rad and of 
the tube between the plate and the stress measuring head is 1470 N-m/rad. 
This means that for the sample geometry used the steady-state shear
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compliance (defined later) of the melt can be as low as 4 X 10-8 m2/N 
before the melt contributes as little to the total measured compliance as 
does the upper stainless steel tube. A Solatron digital transfer function 
analyzer was used to calculate the components of the complex modulus as 
before. These values were corrected, for the low molecular weight poly
styrenes, for the stiffness of the measuring system. In all cases the ap
plied frequency was well below the natural frequency of the measuring 
system and the damping in the air bearing and torque measuring head 
was negligible.

Continuous shear measurements were made by using the Weissenberg 
apparatus with torsion bar torque measurement, and at higher shear 
stresses with a small capillary viscometer.10

THEORY
The continuum rheological theory11 for a second-order fluid predicts 

that the limiting low-frequency behavior of the in-phase O' and out-of- 
phase G" components of the complex modulus in oscillatory shear flow are 
given by

T • G'(c)Lim = 770 v  w—>0 or (1)
T . G"(co)Lim — — = 77 0co—>0 CO (2)

where 770 is the limiting viscosity, J the steady-state shear compliance, 
and co the frequency.

The Rouse12 molecular theory for the viscoelastic properties of dilute 
polymer solutions has been modified and extended for use with polymer 
melts. A useful brief summary of the theory has been given by Tobolsky 
et al.13 The results that we wish to use are those of Rouse that the com
pliance of a monodisperse polymer of molecular weight M (of sufficiently 
high molecular weight to have a number of possible Rouse modes) is

J = OAM/pRT (3)
where p is the density, R the gas constant, and T the absolute tempera
ture. This has been extended to polydisperse polymers by Ferry14 giving

J = (OA/pRT) (MM+ i)/M w (4)
The components of the complex modulus are given by:

V = 1,2,3,..., 2G >) = PRT £  ^i ,p  M l  1  +  CC2t '2p I

<?'(«) = PRT £  Zr WTPi

(5)

i,p Mi 1 +  co2r ‘pi
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when the weight fraction of polymer of molecular weight M* is W{ and 
there are 2  Gaussian submolecules per molecule.

The relaxation times rvt associated with the modes of vibration of the 
molecule are given in terms of the measured viscosity by

rVi = (6 /tt2) (r\Mt2/pRTP2Mw) V = 1,2,3,. .. (6)
Ferry, Landel, and Williams16 empirically modified this equation for 
polymers of molecular weight greater than a critical value Mc so that it 
only applied for modes for which p < (M/Mc). For higher modes the 
relaxation times were shortened by a factor so that

______ _______MĴ _
Tpt ~ 7T2PRT Mw p 2 M i0-4

(Z>P> Mt/Mc) (7)
This effectively means that the shorter relaxation times are unaltered but 
the longer ones are shifted to longer times to allow for the change in the 
slope of the log viscosity versus log molecular weight relation from 1 to 3.4 
at about Mc. This automatically ensures that the low frequency be
havior of G"{w) gives the measured viscosity. Also for a polymer of 
rather narrow MWD and high molecular weight, G' will reach a plateau 
value of pRT/Mc at frequencies higher than the reciprocal of all the 
long Tip and less than the reciprocal of the short riv.

R E S U L T S
O scilla to ry  S h ea r  on W h o le  P o ly m ers

The components G' and G" of the complex modulus are shown as a 
function of the normalized angular frequency 170“ in Figures 1, 2, 4, and 5 
for a series of polystyrenes of increasing molecular weight. The limiting 
viscosities and temperatures of measurement are given in Table III. 
This presentation is preferred to the more usual one of 77' and G' versus 
frequency, since there is no reason to divide only one of the measured

T A B L E  I I I
L im itin g  V iscosities an d  T e m p e ra tu re  of M ea su re m en t

P o lym er M w T ,  °C 7/0, poise Jo, m 2/N
3 ,8 0 0 90 1 .2  X 107
3 ,8 0 0 100 5 .6  X 10E 1 .1  X 10~7

10,000 115 8 .6  X 106 1 .0  X 10“ 6
20 ,0 0 0 130 5 .0  X  105 2 .4  X 10-«
31 ,000 135 2 .7  X 105 2 .6  X 10-6
51 ,000 155 1 .0  X 106 5 .6  X 10~6
87 ,0 0 0 190 5 .0  X 103 1 .1  x  1 0 -6

160,000 190 OX<MI> 8 .5  X 10“ 6
5 00 ,000 190 4 .2  X 10G 2 .0  X 1 0 "6
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quantities by co, and the relative values of 6" and G" are more easily seen. 
The component G' was not detectable for polystyrene of molecular weight 
1000. It is always very low relative to G" for the polystyrene of molecular 
weight 3800, and G" barely deviates from a linear dependence on frequency 
in the range of measurement. The number of possible Rouse modes of

'5  6 7 8
log i^co N rri3

Fig. 1. P lo ts  of log G ' vs. log >jo« for p o ly sty ren e  of m olecular w eigh t 3800 (A) a t
90°C  an d  ( • )  a t  100°C an d  (O) for m olecu lar w eigh t 10,000 a t  l l o ° C ;  (-------), of m odel
B arlow  e t  a l.; (— ) M axw ell e lem ent.

F ig . 2. P lo ts  of log G " v s. log rjow for sam e sam ples a n d  n o ta t io n  as Fig . 1.

oscillation for this polymer is small. If the Gaussian submolecule con
tains five freely jointed segments, then its molecular weight is ca. 4000 
(see discussion) and there are one and two modes, respectively, for the 
3800 and 10,000 molecular weight polystyrene. For the 3800 molecular 
weight polymer at 100°C therefore, the Rouse theory reduces to a single 
Maxwell element with relaxation time given by

t/ i) = M /pR T  = 1.2 X  10-° m 2/N ( 8 )
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Fig. Plots of log reduced complex modulus vs. log air,, for polystyrene of molecular
weight. 20,000 ( V ,  A )  and  00,000 (¿ f ,-()>-) com pared w ith th e  R ouse m odel (------ ); upper
curves G ' in each case.

This is compared with the experimental results in Figures 1 and 2. Not 
only is the limiting compliance J predicted to be too high by a factor of 12, 
but the G" behavior is also quite different at high frequencies. The first 
might be explained by the occurrence of non-Gaussian behavior at higher 
molecular weights than expected, leading to a lower effective compliance 
of the polymer chain. The second indicates that there are other relaxa
tion mechanisms contributing to the modulus of the 3S00 molecular weight 
polystyrene at high frequencies. The empirical model of Barlow et al.16 
(BEL model) which fits the behavior of pure low molecular weight liquids 
is also shown in Figures 1 and 2. (The parameter G'„, the modulus at 
infinite frequency, is taken as 2 X 108 Nm2 at the temperature of measure
ment, a reasonable value considering Burge’s6 results on polystyrenes with

6 |------------ -------------1------------ .------------T------------

2-2 ' -1 6 " ' i 2 ~ "3
log uj s'

F ig . 4. P lo ts  o f log of com plex m odulus com ponents G ' an d  G "  versus log w for poly
s ty ren e  of m olecu lar w eigh t .31,000 a t  155°C : (▼ , ▲ ) ou r d a ta ;  ( • ,  O ) d a ta  of C harto ff 
an d  M axw ell.3
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F ig . 5. P lo ts  of log G ' a n d  G " vs. log ij0u  for an ion ic  p o ly sty ren es: (-------) m olecu lar
w eigh t 87,000; (— ) m olecular w eigh t 160,000.

M >  20,000.) The BEL model is close to the 3800 molecular weight 
polystyrene result, except that it predicts G" °c co3/2 at low frequencies 
instead of the observed co2 behavior. If, therefore, the G* behavior is 
a sum of that for low molecular weight liquids and the Rouse model, 
then there is a Rouse mode of sorts for the 10,000 molecular weight poly
styrene, but none for the 3800 mob cular weight polystyrene.

To show the similarity of the behavior of the 20,000 and 30,000 molecu
lar weight samples to the high molecular weight Rouse model, the reduced 
variables G' Mw/pRT and G" Mw/pRT were plotted against con, where 
t\ is given by eq. (6 ), with Mt = Mw in Figure 3. The fit is very good for 
the 30,000 molecular weight polystyrene and less good for the 20,000 
molecular weight polystyrene. This suggests that it is only for M
30,000 that there are sufficient modes acting for the Rouse model to apply.

Figure 4 compares our complex modulus results on an anionic poly
styrene of M — 51,000 at 155°C with those of Chartoff and Maxwell. 3 
Although the viscosities are nearly the same at low frequencies, their 
values of G' are far greater than ours; and correspondingly there is a devia
tion from G" a co at much lower modulus values. In the case of the 100,000 
molecular weight sample measured by Chartoff and Maxwell the same 
differences were found, their G" reaching a maximum value of 2 X 103 
N /m 2 at 200°C instead of our value of 6  X 104 N /m 2 (Fig. 5) which agrees 
with Den Otter’s4 result. The apparent large increase in compliance 
with increasing temperature in Chartoff’s results is another disturbing- 
feature since it has generally been found to increase little if at all. We 
suspect that either the theoretical justification of tire orthogonal rheom
eter17 is at fault, or the strain-gauge measuring system that Chartoff and 
Maxwell18 use has a relatively large compliance that has not been cor
rected for. At molecular weights of 87,000 and above the terminal region 
covers too great a frequency range for convenient measurement at one 
temperature. Therefore measurements were made at two or three tem
peratures and the results shifted along the frequency axis to get super-
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Fig. 6 . P lo ts  of log G "  vs. log u a T for (-------) b lends a t  190°C an d  (— ) for m odified
R ouse m odel. D a ta  for b lends C  a n d  D  are  su p p ressed  above log u a r  =  102 since th ey  
a re  th e  sam e as for b len d  B  in th is  range.

position, by shift factors aT given in Table IV. The reduction factor 
PoTo/pT used by Ferry13 for the modulus was ignored, since it involved 
less than a 7% change in G and did not always give a better superposition 
of experimental data. The slope of log G" versus log u in the region of 105 
N /m 2 falls with increasing molecular weight until it is zero for Mt =
160,000 and has a shallow minimum for molecular weights higher than this. 
With increasing molecular weight the rubberlike plateau extends over a 
greater frequency range, and tan 8 = G"/G' decreases in this region.

Den Otter4 showed that the Williams-Landel-Ferry (WLF) modification 
of the Rouse theory is satisfactory for Dow anionic polystyrene S i l l  of 
Mw — 224,000 if Mc is taken as 30,000. Presumably the WLF modifica
tion of the Rouse theory will also fit our results for 51,000 <  M < 160,000 
although there would be some difficulty when the number of modes, for 
which M >  Me, is small. Figures 6  and 7 show a similar comparison 
between this theory and a 500,000 molecular weight polystyrene calcu
lated for Mc = 31,000. The theory predicts lower values of G" than 
those observed in the region of uaT = 1 0 - 1  sec-1, and the minimum in 
G" at waT = 2 0 0  sec- 1  is far too large because of the arbitrary splitting of

T A B L E  IV
S h ift F a c to rs  a T R efe rred  to 190°C

P o lym er M w T ,  °C a  7-
8 7 ,0 0 0 150 80

160 ,000 155 43
5 00 ,000 \ 150 95

(230 0 .1 1 5
B lend A 155 46
B lend B 150 98
B lend C 150 96
B lend D 150 82
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Fig. 7. P lo ts  o f log G ' v s. log waT (-------) for b lends a t  190°C a n d  (— ) for m odified
R o u se  m odel. D a ta  for b lends C  a n d  D  are  su ppressed  above w aT =  500 se c -1  since 
th e y  a re  th e  sam e as for b lend  B in  th is  range.

Fig . 8 . P lo ts  of log of lim itin g  low -frequency  com pliance J  vs. log M w for p o ly sty ren e  
(m ain ly  a t  190°C ): (O) o sc illa to ry  m easu rem en ts; (A) flow b irefringence; ( • )  n o rm al 
stress ; {A) R ouse  th eo ry ; (B) com bination  of R ouse th eo ry  an d  en tan g lem en t-n e tw o rk  
th eo ry .

the relaxation time spectrum at p = M/Mc. The predicted low fre
quency values of G' are too large, but above waT = 10“ 1 sec“ 1 the values 
are too small. The fit of this model to experiment will deteriorate further 
with increasing molecular weight.

The limiting low frequency compliances (values in Table III) of anionic 
polystyrenes are plotted against Mw in Figure 8  together with published 
results involving use of flow birefringence19 and normal stress in steady- 
shear flow20 measurements. The Rouse theory is shown to fit the data 
for 10,000 <  Mw < 200,000, although the upper limit might be 100,000 
if truly monodisperse polystyrene were available. Outside this range the 
compliance falls below the line, and the various methods of measurement 
all indicate a constant compliance above Mw = 200,000. Onogi’s com
pliance data8 for polymers with M <  100,000 falls above ours, but his
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GPC characterization indicates a broader molecular weight distribution 
for these polymers.

O scilla tory  S h ea r  on  B le n d s
The limiting compliance J for the polystyrene blends is compared 

with the extended Rouse theory in Figure 9 and with the empirical cor
relation with MJMW, used previously7 for polydimethylsiloxane and pub
lished stress relaxation data for polystyrene, in Figure 10. In Figure 9

Fig. 9. P lo t of J  vs. M l+1 M z/ M w for b lends.

the points fall widely on either side of the Rouse theory prediction, con
firming the more limited results of Akovali21 from stress relaxation. In 
Figure 10 the data fall on the line given by

J = 1.0 X 10- 5 (MJMwy-7 (9)
where J is in units of square meters per Newton. The data of Onogi 
et al. 8 for binary blends of polystyrene are included in Figure 10. Onogi’s 
Mw values calculated from intrinsic viscosities were used, and MJMW 
for the components of the blends deduced from the compliance data given 
and eq. (9). The calculated molecular weight averages for the blends 
are given in Table V. The limiting viscosity of our blends and whole 
polymers at 190°C was found to fit the relation

log 770 = 3.57 log Mw — 13.81 (10)
Although the limiting low frequency values of G" and G' in Figures 6  

and 7 are proportional to and (MWMZ)3J, respectively, at a given
frequency, this relation breaks down at higher frequencies. Thus G" 
for blends A-D lies above that for either component at mt = 102 and a 
closing up of G' for blends B-D is also seen at this frequency. The weight



O S C ILLA T O R Y  S H EA R  M EA S U R EM EN T S 277

T A B L E  Y
C om pliance D a ta  for B lends of O nogi e t  a l .8 a t  160°C

B lend M w M j M y ,
J e X 1 0 - 6, 

m 2/N
BB 25 28 3 ,0 0 0 1 .29 2 .0
BB 15 320 ,000 1 .9 6 8 .2
BB 32 143 ,000 1 .2 0 1 .7
BB 34 119,000 1 .36 3 .8
BB3G 9 5 ,0 0 0 1 .44 4 .5
B B 38 7 1 ,0 0 0 1.61 7 .0

fraction addition laws associated with the Rouse theory and used to ob
tain equations 4 and 5, fail for the complex modulus components of the 
blends.

C o n tin u o u s S h ea r  M e a su r e m e n ts  on B le n d s
Figure 11 shows the log shear stress log shear rate relation of the poly

styrene blends in continuous shear flow. The Weissenberg and capillary 
viscometer results do not coincide exactly either because of temperature 
differences between the two instruments (should not be >2°C), or because 
of the effect of pressure on viscosity. The values of pn (shear stress) 
and G" coincide fairly well in Newtonian region at shear rate y = fre-

Fig. 10. Plot of log J vs. log {MJMJ  for blends: (A) Onogi’s data; (O) our data.
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Fig. 11. S hear stress  p n  versus sh ear r a te  7  in s tead y -sh ear flow for po ly sty ren e  b lends
o b ta in ed  w ith  (-------) W eissenberg  an d  (— ) cap illa ry  v iscom eter: ( • )  1, (A) A, (Y )C ,
(O) 2 are  \G\ a t  01 =  7 .

quency w. At higher frequencies, G" falls below rpn, but the empirical 
correlation22 between pi2  and \G\ works reasonably well. For the 500,000 
molecular weight polymer, G' is the major contributor to |(7|, and in this 
case |G| is somewhat higher than Pu.

The postulated relation7 between the flow curve (pn versus y) and the 
molecular weight distribution was tried for these polystyrene blends. 
The flow curve was smoothed over the instrument discontinuity then 
differentiated at points 0.5 apart in log y. The molecular weight dis
tribution IT (In M), where W is the weight fraction on a logarithmic scale, 
was calculated from

Fig. 12. (¡PC  molecular weight distributions for (-----) blend A and (— ) blend B
compared with the rheological prediction (-(¡>) for A and (A) for B.
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where J M ri(M) = l/-y, by using the viscosity molecular weight relation 
v(M) and the monodisperse compliance JM — 1.0 X 10~5 m2/N .

The results for blends A and B are compared with the GPC molecular 
weight distributions in Figure 12. The theoretical curves considerably 
underestimate the amount of high molecular weight material in the blends. 
Thus although this method is hardly exact at predicting the molecular 
weight distribution, it may be a useful first approximation.

Similar blending experiments were carried out by using 500,000 and
30,000 molecular weight polystyrenes, and in this case the rheological 
predication of the amount of the high molecular weight component was 
quite good. However, this was not felt to be a fair trial since the low 
molecular weight component is probably nonentangled, not a typical 
situation in a polymer melt.

D IS C U S S IO N
The low-frequency compliance of organic glasses of low molecular weight 

has been shown23 to be in the range between 10~9 and 10_s m2/N . The 
compliance is expected to increase when the molecule is long enough to 
act as a deformable Gaussian coil, i.e., when the chain contains more 
than five freely joined segments. For polystyrene the molecular weight 
of one segment of rubber elasticity theory is 770 (this is calculated from the 
unperturbed mean square end to end distance in dilute solution, and the 
maximum length of the molecule possible by rotating bonds but not 
deforming bond angles). Therefore entropy elasticity is expected to occur 
for molecular weights greater than 4000. If the empirical model of Barlow, 
Erginsav, and Lamb is assumed to apply to all pure low molecular weight 
liquids in the glass transition region, then the polystyrene of A/ = 3<S00 
is no different from these. Although the limiting compliance of the 10,000 
molecular weight polystyrene agrees with the value for the Rouse theory, 
eq. (3), this is somewhat fortuitous. The behavior is best explained in 
terms of one or two Rouse modes superimposed upon the BEL model.

The frequency dependence of the complex modulus only coincides with 
the high molecular weight Rouse model at about M = 30,000, there being 
insufficient Rouse modes at lower molecular weights, and the effects of 
entanglements changing the behavior at higher molecular weights. It 
is assumed that a type of entanglement network described by Lodge24 
exists in high molecular weight polymer melts. Rheological data gives 
information on the number of lifetime function of the entanglements. 
If the kinetic theory of rubberlike elasticity is valid, then the average 
molecular weight of polymer per entanglement ML is related to the shear 
modulus for an instantaneous strain G1 by

Gi =  MJpRT  (12)
where p is the density and T the absolute temperature of the melt, and R 
is the gas constant. Previous work on polydimethylsiloxane7 indicated
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that Gi was experimentally equal to 1 /JM for steady shear measurements, 
and this would be justified by the Lodge theory if the entanglement lifetime 
function had a particular form and molecular weight dependence. Taking 
the monodisperse compliance J M from eq. 9 gives a value of 21/L = 38000 
for polystyrene at 190°C (compared to a value of 42,000 at 115°C calcu
lated7 from published stress relaxation data). The entanglement network 
does not become completely effective until 21/ is much greater than 38,000. 
The simplest method (and at this stage only an approximation is required) 
of allowing for chain ends that are not effective in the network is to use the 
expression of Flory25

for the effective number of network chains, adapted for an entanglement 
network. M„ is the number-average molecular weight of the polymer melt. 
If it is assumed that the complex shear modulus of the melt is a sum of 
the Rouse-type behavior [eq. (3)] and the entanglement network behavior 
[eq. (13)], the compliance J of a monodisperse polymer will be given by 
eq. (3) for 21/ <  221/ l and by

for M >  221/L. This relation is shown in Figure 8 as line B, with 21/L =
38.000. Bearing in mind that high molecular weight polystyrenes have 
MJMW =  1.2 so that the correction for polydispersity (Mz/Mw)3-7 is 
about 2, the agreement is quite good. The contribution of the two types 
of behavior to the compliance are equal at 21/ = 4.5 21/e or 170,000 for 
polystyrene.

The log viscosity-log Mw relation changes its slope from roughly 1 to 
3.7 in the region of the critical molecular weight 21/„ defined as the intercept 
of the extrapolated first and 3.7th power regions; and 21/0 is found to be 
in the region 30,000 to 40,000. It must therefore be assumed that en
tanglements between isolated pairs or groups of chains not forming part 
of a network begin to have a marked effect on the viscosity at this molecular 
weight. That the modification of the Rouse theory is needed in the range
100,000 >  21/ >  30,000 is confirmation of an entanglement effect. This 
WLF modification does not change the molecular weight dependence of 
the limiting low frequency compliance, hence J follows the Rouse theory 
value for 100,000 > 21/ >  10,000.

The molecular weight dependence of J is approximately the same as 
the molecular weight dependence of the tensile strength25 of unoriented 
anionic polystyrene in that it rises rapidly from a low value at 21/ =  50,000 
to a plateau value above 21/ = 150,000. This together with the examina
tion of fracture surfaces of anionic polystyrenes26 of molecular weights
35.000, 82,000, and 222,000 suggests that a complete entanglement net
work is necessary in glassy polystyrene to achieve adequate mechnical 
properties. This entanglement network then allows the formation of

G\ = (PRT/Ml) [1 -  (221/L/jl/n) ] (13)

(14)
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small highly extended filaments during the fracture of the polystyrene 
at room temperature.

W e w ould like to  th a n k  I t .  U eu y er fo r su p p ly in g  som e an ion ic  p o ly sty ren es an d  J .  W . 
M addock  for G P C  m easu rem en ts.
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Adhesion of Viscoelastic Materials to Rigid 
Substrates. II. Tensile Strength of Adhesive Joints

A. N. GENT, Institute of Polymer Science, The University of Akron, 
Akron, Ohio 44304*

S y n o p sis
M ea su re m en ts  hav e  been m ade of th e  tensile  force req u ired  to  p u ll a  d isk  of a  m odel 

viscoelastic  adhesive aw ay  from  an  in e r t rig id  su b s tra te . O ver a  w ide range of te m p era 
tu re  an d  ra te  of d efo rm ation  of th e  adhesive th e  resu lts  w ere found  to  y ield  a  single m as te r  
re la tion  in te rm s of d efo rm ation  ra te  b y  m eans of th e  W illiam s, L an d e l an d  F e rry  r a te -  
te m p era tu re  equ ivalence for v iscous m ate ria ls . T h u s, th e  s tre n g th  of adhesion  is due 
m ain ly  to  d y n am ic  effects in  th e  adhesive of a  v iscous n a tu re , in  a s im ilar w ay  to  th e  cohe
sive s tre n g th  of viscoelastic  m ate ria ls . T h is  s im ila rity  is a t tr ib u te d  to  a  com m on fa ilu re  
m echanism : in itia l fa ilu re  a t  a h igh ly  s tressed  po in t, followed b y  sp read in g  of th e  failure
zone u n d er local stresses w hich are  governed  b y  th e  d y n am ic  response of a co m p lian t 
m ate ria l. An increase  in th e  s tre n g th  of adhesion is observed  w ith  decreasing  th ickness 
of th e  adhesive layer. T h is  is also exp la ined  b y  th e  p roposed  fa ilu re  m echan ism  if fa ilu re  
s ta r ts  a t  a  c ritica l a m o u n t of local d e fo rm a tio n  energy , a  form  of G riffith ’s frac tu re  cri
terion .

IN T R O D U C T IO N
In a previous publication,1 a study of the mechanics of adhesive failure 

by peeling apart two flexible adherends was reported. We now consider 
separation of adherends by a simple tensile pull. An experimental investi
gation has been carried out of the effects of rate of separation and tempera
ture, and to some extent of the thickness of the adhesive layer, on the force 
required to cause tensile failure of a “sandwich” testpiece (Fig. I). The 
same viscoelastic material was employed as before1 as a model adhesive, and 
it was sandwiched between two layers of one of the same substrate materials 
used before. Thus, only the method of separation has been changed. 
This change had profound consequences, however, as described below.

The experimental results are presented in the following section of the 
paper. They are then discussed in terms of a concept of tensile adhesive 
failure as catastrophic peeling from an initial flaw where bonding is imper
fect or absent. Although not applied before (to the author’s knowledge) 
to adhesion, a similar concept has been widely employed to treat cohesive 
tensile rupture of glassy and rubbery solids in terms of tearing from a small

* V isiting  P ro fesso r, D e p a r tm e n t of M a te ria ls , Q ueen  M a ry  College, U n iv e rs ity  of 
L ondon , 1969-70.
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M y  l a r  s h e e t s  
c e m e n t e d  
t o  s t e e l  
e n d  -  p i e c e s

Fig. 1. S k e tch  of tensile  testp iece.

nick or flaw acting as a stress raiser. This view of tensile rupture of mate
rials which are primarily elastic, like crosslinked rubbers or brittle glasses, 
has been reviewed recently by Greensmith et al.,2 Berry,3 Landel and Fed
ors,4 Halpin,5 and Andrews.6 It was put forward originally by Griffith.7’8

Less attention has been paid to the rupture of elastic liquids, like the 
uncrosslinked polymer used in the present experiments. At high rates of 
deformation it behaves like an elastic solid because intermolecular entangle
ments prevent rapid flow,9’10 whereas at low rates of deformation it behaves 
like a Newtonian liquid of high viscosity. Measurements of cohesive 
tensile rupture for the present polymer over a wide range of deformation 
rate have been described elsewhere.11,12 They are compared here with 
the measured adhesive bond strengths in tension.

Finally, the effect on the bond strength of the thickness of the adhesive 
layer is examined. As is well known, the thinner the adhesive layer, the 
greater is the adhesive strength of a bond in tension.1314 In contrast, the 
thinner the adhesive layer, the smaller is the force required to peel apart 
two bonded films.15-16 This paradox does not appear to have been resolved 
before. It is accounted for here in a qualitative way, assuming that in 
both cases failure occurs in accordance with a critical energy criterion, a 
generalized form of Griffith’s fracture criterion.

E X P E R IM E N T A L  
P rep aration  o f  T e s tp ie c e s

The viscoelastic substance used as a model adhesive in the present ex
periments was the same as before, a high molecular weight amorphous 
polymer consisting of butadiene (60%) and styrene (40%) randomly copoly
merized to yield a linear polymer with a number-average molecular weight 
of about 70,000, and a glass transition temperature Tg of about —40°C 
(Amperipol 1513, Goodrich—Gulf Chemical Company). It was pressed 
between two sheets of a glassy plastic film, poly (ethylene terephthalate) 
(Type 300 A Mylar, E. I. du Pont de Nemours & Co.), for 15 min at a 
temperature of 75°C, to form a “sandwich.” Measurements of the force 
P required to peel off one of the Mylar films from such a sandwich were 
described previously.1 For the present experiments, disk-shaped test-
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pieces were cut from the sandwich with a circular die, 2.5 cm in diameter, 
and then the outer surfaces of the two Mylar disks were cemented to steel 
blocks (Fig. 1) to confer rigidity and to provide a means of applying a tensile 
force normal to the plane of the Mylar/adhesive interfaces.

As it proved rather difficult to obtain satisfactory bonding of the Mylar 
films to steel, the technique adopted is now described in some detail. The 
Mylar surfaces were first treated with 90% sulfuric acid for 3 min. They 
were then washed with cold water and allowed to dry at room temperature. 
Sulfuric acid reacts with Mylar, leaving a corroded surface with a chalky 
deposit clinging to it. This deposit was removed by rubbing the surface 
with a tetrahydrofuran-soaked cloth and then allowing it to dry again. 
The treated Mylar surfaces were then bonded to the steel blocks with an 
epoxy cement, consisting of resin and hardener in equal parts, which was 
allowed to set for 24 hr at room temperature. The bonds obtained in this 
way between Mylar and steel were able to withstand tensile loads of over 
50 kg/cm2 without failure.

Testpieces were made with two quite different thicknesses of Ameripol 
1513 between the Mylar surfaces, 0.1 cm and 2.5 cm, corresponding to 
relatively thin and relatively thick adhesive layers. Most of the experi
ments were carried out with the thinner test-pieces.

M e a su r e m e n t o f  T e n s ile  S tren g th  ah

The steel end-pieces (Fig. 1) were pulled apart in a tensile testing machine 
at various speeds in the range 0.83 X 10-4 to 0.83 cm/sec and temperatures 
in the range —40°C to +50°C. The corresponding tensile forces set up 
in the adhesive were measured as a function of time, and hence of displace
ment of the end-pieces, by means of a strain gauge bridge and high-speed 
chart recorder.

Different types of relation were obtained between the mean tensile 
stress <r, i.e., the tensile force per unit bonded area, and the fractional dis
placement e of one bonded surface with respect to the other, under different 
circumstances. At high rates of extension and low temperatures, the stress- 
displacement relations were substantially linear up to the (small) extensions 
at which abrupt separation occurred at a Mylar-adhesive interface. At 
somewhat lower rates and higher temperatures the relations were nonlinear, 
but adhesive failure still occurred at a well-defined maximum force. The 
strength of the adhesive bond in all these cases has been taken as the mean 
tensile stress at break, <n,.

In some instances, internal rupture of the adhesive occurred for the 
thinner testpieces17 at intermediate rates of extension and temperatures. 
Cavities appeared in the central region of the testpiece and grew, causing 
rupture of the adhesive rather than failure of the bond, often at a final force 
less than that at which the cavitation occurred. Sometimes, however, 
failure still took place at the interface, even though the adhesive layer had 
already suffered internal rupture.
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In these cases where failure was caused or accompanied by cavitation, the 
strength of the testpiece has still been taken as the maximum tensile stress 
attained before failure. To distinguish them from other modes of failure 
the corresponding experimental values are represented, respectively, by full 
or half-filled circles in the Figures, although in fact they were found not to 
differ greatly in magnitude from results for purely adhesive failures without 
cavitation, under similar experimental conditions.

At low rates of extension and high temperatures the adhesive was soft, 
liquidlike and highly deformable. In consequence, the tensile force was 
always small and rose on extension to a maximum value at about 20-40% 
elongation. It then decreased, the sample elongating further in a nonuni
form way by forming a narrow-waisted central region. Rupture took place 
eventually at large extensions and at a much smaller force than the maximum 
value. Even the true stress at break calculated from the reduced cross- 
sectional area was less than the maximum value attained at small exten
sions. The maximum value has been taken here as a measure of the strength 
of the testpiece for consistency, but it must be regarded as an overestimate 
of the cohesive strength of the polymer and as an underestimate of the true 
bond strength, because the interface does not fail under these conditions.

R E S U L T S
The tensile strength ab is plotted in Figure 2 against the rate of extension 

e. A logarithmic scale is used for e in view of the wide range of rates 
employed. Results are shown for a number of different temperatures.

The values obtained for ab range from less than 1 to more than 50 kg/cm2, 
increasing continuously with increasing rate of extension and with decreas
ing temperature. Clearly, there is no single value for the strength of ad
hesion between the adhesive and substrate. Indeed, the variation ob
served in <rb is similar to that which would be expected for several mechanical 
properties of the adhesive itself. Its cohesive tensile strength, for example, 
will increase with increasing rate of deformation and decreasing tempera
ture in a similar way, reflecting the general transition from a liquidlike to a 
glasslike response in a viscoelastic material.10'18

The fundamental variable in such cases is the ratio of the rate of deforma
tion e to the frequency <t>r with which molecular segments move to new 
positions. The variation of <j>T with temperature T follows a characteristic 
law for simple glass-forming substances, like the present model adhesive,

log {4>t/4>tq) = — 17.4(T -  Tv) / (52 + T -  Tg) (1)
depending only upon the temperature difference T — Te.IJ'10 Accordingly, 
the results shown in Figure 2 have been replotted in Figure 3 against equiv
alent rates of extension eaT at a convenient reference temperature Ts of 
23°C, where the factor aT(= Qts/Qt) was calculated from eq. (1) for each 
temperature by using the appropriate value of Te, 233°K for the present 
adhesive.
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Fig. 2. T ensile  b reak in g  stress  ah for a th in  adhesive laye r (1 m m  th ick ) v s . r a te  of 
ex tension  e. F illed  circles d en o te  in te rn a l ru p tu re  o r cohesive failure, in s te ad  of adhesive 
failu re . P ip s  v e rtic a lly  dow n, + 5 0 ° C ;  successive 45° in te rv a ls  counterclockw ise, 
+  22°C , 0°C , —20°C , —30°C , - 4 0 ° C .

In this representation the results obtained at different test temperatures 
all superimpose satisfactorily to yield a single master relation for adhesive 
strength as a function of rate of extension. The good superposition shows

Fig. 3. Results shown in Figure 2 replotted against the effective rate of extension éar
at 23°C, calculated by means of eq. (1).



2 8 8 A. N. G E N T

that the strength of adhesion is associated with dynamic effects of a viscous 
nature, rather than with equilibrium thermodynamic properties, for ex
ample bond dissociation energies. A similar conclusion has been reached 
for the cohesive strength of viscoelastic materials. 2 ' 19

At first sight, this similarity appears to support Bikerman’s conjecture 
that purely adhesive failure does not occur. 20 Instead, cohesive failure 
takes place in the adhesive itself, in the vicinity of the interface. How
ever, there are several reasons for discounting this hypothesis, 21 and it 
seems more likely that the similarity arises from a common failure mecha
nism in both cases, which may be stated as foliows:

P ro p o sed  F a ilu re  M e c h a n ism
Failure (or adhesive separation) first occurs at a site of high local stress, 

for example at the tip of an edge flaw, and then propagates under the influ
ence of the stress field acting at its moving boundary. These local stresses 
are governed by the dynamic response of the material. They will be smaller 
for materials which exhibit mechanical hysteresis (as viscoelastic materials 
do) and consequently the applied forces necessary to cause failure will be 
larger than for ideally elastic materials. This is basically the mechanism of 
“reinforcement” proposed by Andrews2 2 ' 23 to account for the high co
hesive strengths of imperfectly elastic rubbery materials. It can clearly 
apply to the strength of an adhesive joint also, and then accounts both for 
the success of the Williams, Landel, and Ferry temperature reduction 
scheme for a simple viscoelastic adhesive, and for the surprisingly high 
values of bond strength attained at high rates of extension (Fig. 3), when 
the material is becoming glasslike, its mechanical hysteresis is high, and 
Andrews’ reinforcement mechanism is most effective.

The proposed failure mechanism leads to a generalization of Griffith’s 
fracture criterion, that bond failure will occur when the energy stored 
elastically in the adhesive (assumed to be the compliant member, the sub
strate being regarded as rigid) in the vicinity of the initial flaw and released 
by growth of the initial flaw is sufficient to meet the energy requirements 
for growth. This criterion was put forward for cohesive failure by Rivlin 
and Thomas24 and shown to describe several different modes of fracture in 
a unified way. 2 ' 24 It is applied to adhesive testpieces in the following sec
tion.

S tren g th  o f  T h ick er  T e s tp ie c e s
The maximum tensile stress required to break the 2.5-cm testpieces was 

also measured over a range of rates of extension and temperature. Again, 
the Williams-Landel-Ferry rate-temperature equivalence was found to hold 
with reasonable success. Results obtained at different temperatures super
imposed to form a single curve when plotted against the equivalent rate of 
extension eaT at a reference temperature of 23°C, as shown in Figure 4 . 
Also, the values obtained increased markedly with increasing rate of ex
tension. However, they were much smaller than for the thinner testpieces,
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o g ^ é a ^ .  ( s e c  1 )

Fig. 4. T ensile b reak in g  stress  ab for a  th ic k  adhesive layer (2.5 cm th ick ) vs. effective 
ra te  of ex tension  eaT a t  23°C . T h e  ac tu a l te s t  te m p era tu re s  are  rep re sen te d  b y  th e  
sam e sym bols as in  F ig . 2 a n d  3. T h e  b roken  curve rep re sen ts  th e  re la tio n  o b ta in e d  for 
a  th in  adhesive layer, F ig u re  3.

about one-third as large at all rates of extension. This effect of an increase 
in adhesive thickness causing a decrease in bond strength is well known13 ' 14 
but not previously accounted for; it is also discussed in the following section 
in terms of the proposed energy criterion for fracture.

E ffect o f  C ro sslin k in g
Measurements were also made of the tensile strength of thin adhesive 

layers, about 1 mm thick, crosslinlced after preparing them as disks between 
two Mylar films. Crosslinking was effected by adding 1% of dicumyl 
peroxide to the polymer before molding, and subsequently heating the 
sandwich testpieces for 1 hr at a temperature of 150°C.

The adhesion of the crosslinked samples proved to be easily broken at 
room temperature and low rates of extension, so that great care had to 
be taken in handling the testpieces. However, over the entire range of test 
temperatures and rates of extension they were found to give substantially 
the same breaking stresses as the uncrosslinked specimens (although with 
considerably greater experimental scatter). The experimental difficulties 
in handling these testpieces are therefore attributed to the much reduced 
extensibility of the crosslinked material, compared to the uncrosslinked 
one, at low rates of extension; the actual bond strengths appear to be quite 
similar for both materials.

This is in sharp contrast to peel adhesion measurements, where cross- 
linking brings about a considerable reduction in strength at low rates of 
peel. 1 The difference is due to the importance of adhesive extensibility in
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peel strength, which is proportional to the energy of deformation up to the 
point of detachment or rupture1 ' 15 rather than to the maximum stress the 
bond can withstand. Similarly, internal ruptures and subsequent large 
deformations before final failure, usually of a cohesive nature, were not 
associated with unduly large tensile strength values (filled circles, Figs. 3 
and 4), although this behavior would result in high peel strength because of 
the large work of deformation. 26

C o h es iv e  S tren g th  o f  th e  A d h e s iv e  M a ter ia l
Measurement were made of the tensile breaking stress o-bfor molded rods 

of the model viscoelastic adhesive material, Ameripol 1513, at various 
temperatures and rates of extension. 11' 12 The values obtained are plotted 
in Figure 5 against the effective rate of extension eaT at 23°C, calculated by 
means of eq. (1). Logarithmic scales are used for both axes in view of the 
wide ranges. There is a high degree of experimental scatter, due in part 
to molding and gripping difficulties, but the general character of the results 
is clear. They fall into two distinct regions. (1) At low rates, less than 102 
sec-1, the material behaved primarily like a viscous fluid, and extended in a 
ductile manner at low stresses. The maximum stress in this case depends 
primarily on the viscous resistance to flow, increasing rapidly with rate of 
extension. {2) At rates greater than about 102 sec- 1  (at this temperature) 
liquidlike flow ceased and the material responded in a rubberlike way, as an 
entangled molecular network. As the rate of extension increased further, 
the material became harder and stronger and eventually responded like a 
glassy solid. This second change in fracture properties has been studied

Fig. 5. P lo t of ( X )  cohesive tensile  b reak in g  s tress  ab vs. effective ra te  of ex tension  
car  a t  2 3°C ; (— ) re la tio n s o b ta in ed  for th e  adhesive s tre n g th  of th in  (I) a n d  th ick  ( I I )  
adhesive layers (rep lo tted  from  Figs. 3 an d  4).
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by Smith18 for a crosslinked material of similar composition to the present 
one.

The experimental relations obtained previously for adhesive strength 
(Figs. 3 and 4) are replotted in Figure 5 for comparison with the cohesive 
strength results. At high rates, approaching the glass}' state, the cohesive 
strength is seen to be about 20-30 times larger than the adhesive strength of 
the thicker testpieces. Part of this difference can be ascribed to the pres
ence of abnormally large stress concentrations at the edges of the disk in the 
adhesion experiments, so that the real adhesive bond strength appears to be 
quite high, of the order of '/ic or more of the cohesive strength under similar 
conditions. At low rates of extension, when the material deformed in a 
ductile manner before separation into two pieces, the test material some
times broke “cohesively” in the adhesion experiment (filled circles). The 
values of “adhesive” and “cohesive” strength in these cases were necessarilly 
the same. It thus appears that the intrinsic strength of adhesion is not 
much smaller than the instrinsic cohesive strength when molecular rupture 
occurs, i.e., at high rates of extension, and is similar to or even larger than 
the cohesive strength at low rates of extension, when the molecules separate 
by flowing apart rather than by rupture.

E F F E C T  O F T E S T P IE C E  T H IC K N E S S  O N  A D H E S IV E  
S T R E N G T H : T H E O R E T IC A L  C O N S ID E R A T IO N S

P e e l  T e stp ie c e
In this case the peel energy, or work of separation per unit area, is given 

directly by the peel force per unit width. This energy is accounted for 
mainly by work expended in deforming the adhesive so that a critical stress 
(or energy) condition is set up at the tip of the peel front. 1 It is therefore 
predicted to be directly proportional to the thickness of the adhesive layer, 
neglecting any energy of deformation of the backing layer. Experimental 
measurements are in reasonably good agreement with this prediction, 15' 16 de
parting seriously from proportionality only for extremely thin adhesive 
layers when the bending stiffness of the backing is probably no longer 
negligible in comparison with that of the adhesive.

T e n s ile  T e s tp ie c e
The shear strain y near the outer edges of thin cylinders in tension may be 

calculated on certain simplifying assumptions26 in terms of the fractional 
tensile strain e and the ratio a/h of cylinder radius to thickness,

y = 3ea/h
This calculation will be in error right at the edges because it fails to take 
account of the absence of complementary shear stresses on the free surface 
of the cylinder (although it should be satisfactory somewhat away from the 
edges). We therefore expect the actual edge strains to differ from this
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value, depending on the detailed shape of the cylinder edges, and represent 
them by the relation

7  = 3 lcea/h
where the factor k denotes the unknown stress-concentration effect of the 
edge geometry.

The total strain energy density W in the edge regions is given by the sum 
of shear and tensile contributions,

W = >/2£e2(l +  :W1a-/Ki) (2)
taking the shear modulus of elasticity as one-third of Young’s modulus E. 
The corresponding average tensile stress is obtained from the effective 
value Ee of Young’s modulus for thin bonded cylinders, 26

<7 = E0e = Ee{ 1 +  a2/2/i2) (3)
Hence, the breaking stress <t i ,  necessary to develop a critical strain energy 
W in the edge regions is given by substituting for e from equation (2) in 
eq. (3),

trb = {2EW)'h{\ +  a2/2A2) ( 1  +  3/c2a2//i2) - 1/* (4)
When the disc radius a is much larger than its thickness h, this relation 

yields an inverse proportionality between the breaking stress trb and h. 
When the radius a is much smaller than h, the breaking stress is predicted 
to be independent of the testpiece thickness. Dependence on thickness of 
this general form is commonly observed in tensile tests on adhesives. We 
see that it arises as a result of two competing effects: the greater stiffness of 
thin testpieces, necessitating a greater average tensile stress to achieve the 
same level of strain energy, and the increased concentration of shear strain, 
and hence strain energy, in the edge regions of thinner testpieces, causing 
failure at lower mean stresses than would otherwise be required.

The ratio of breaking stresses for the two testp'ece sizes employed in the 
present experiments, with values of the dimensional ratio a/h of 12.7 and
O.o, was found to be about 3 over the entire range of rates of extension 
(Fig. 5). This value corresponds to a reasonable value for the stress con
centration factor k of about 3, on substituting in eq. (4). A more detailed 
comparison of theory and experiment, for example between the tensile 
strain energy W for adhesive failure and the corresponding peel energy, is 
not warranted at present because of two serious deficiencies in the theo
retical treatment outlined above. First, the relation employed for strain 
energy, eq. (2 ), is only valid for linear stress-strain behavior and is there
fore unlikely to be satisfactory when large deformations occur. Secondly, 
the rate at which the adhesive separates from the substrate in a tensile 
experiment is not known, and an appropriate rate of peel cannot be chosen
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for comparative purposes. However, at least in a qualitative way the 
theory accounts for the increase in breaking stress with rate of extension, 
Figures 3-5, because both Young’s modulus E and the fracture energy W 
on the right-hand side of eq. (4) increase with increasing rate of deformation.

C O N C L U S IO N S

The tensile strength of a model viscoelastic adhesive joint, like the peel 
strength, 1 has been shown to depend on rate of deformation and tempera
ture in accordance with the WLF rate-temperature equivalence for visco
elastic materials. This feature proves that the measured strength of ad
hesion does not directly reflect thermodynamic equilibrium bond strengths 
but instead is determined by viscous effects within the adhesive. The 
tensile breaking stress differs from the peel strength in being much less 
influenced by high extensibility or ductile flow of the adhesive. Also, the 
tensile strength decreases with increasing thickness of the adhesive layer 
whereas the peel strength increases. These differences have been shown 
to arise from a single failure criterion: that a critical strain energy density is 
required to cause bond failure. For peel testpieces the breaking force is 
then proportional to the total work of deformation, whereas for tensile test- 
pieces the breaking stress is that necessary to generate the critical strain 
energy in the neighborhood of a (hypothetical) small flaw. Both the effects 
of extensibility and adhesive thickness are accounted for in this way.

The proposed failure criterion is a generalization of Griffith’s fracture 
criterion for the cohesive rupture of solids. 7 '8 However, the critical strain 
energy density is not associated here directly with a thermodynamic quan
tity, for example the differing surface energies of the unbroken and broken 
joints, but rather with the inelastic character of the adhesive. Much larger 
stresses must be imposed for inelastic materials than for elastic ones, as 
Andrews has shown, 2 2 ' 23 to develop the fracture stress at the point of 
rupture. The critical stresses and hence strain energy densities required 
for failure are not necessarily constant, therefore, but will generally depend 
upon the degree to which the material is imperfectly elastic. This may 
change with rate of deformation, temperature and other factors. The 
particular advantage of the present model adhesive is that the dependence 
of its inelastic, i.e., viscoelastic, properties on rate and temperature is 
simple and well-understood, and this permits conclusions to be reached 
which, although equally valid, would be difficult to recognize in more com
plex adhesive systems.

T h is  w ork  w as su p p o rte d  b y  a  research  g ra n t  from  th e  E n g in eerin g  D iv ision  of th e  
N a tio n a l Science F o u n d a tio n . T h e  a u th o r  is also in d e b te d  to  M r. I .  N aze n i fo r experi
m en ta l ass istan ce  a n d  th e  p re p a ra tio n  of testp ieces, to  M r. R . L. H e n ry  of th e  U n iv e rs ity  
of A kron  a n d  M r. M . F u jim o ri of th e  B rid g esto n e  T ire  a n d  R u b b e r  C o m p any  (V isiting  
S c ien tis t a t  th e  U n iv e rs ity  of A kron, 1968-70) fo r ass istan ce  w ith  h igh-speed  m easu re
m en ts , an d  to  P ro f. E . H . A ndrew s of Q ueen M a ry  College, U n iv e rs ity  of L ondon , for 
helpfu l com m ents.
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Scattering of Light by Deformed Three-Dimensional
Spheruliles

J. ,T. VAX AARTSEN* and R. S. STEIX, Polymer Research Institute and 
Department of Chemistry, University of Massachusetts, Amherst, Mass

achusetts 01002

S y n o p sis
A th eo re tica l ca lcu la tion  of th e  11 v  lig h t-sca tte r in g  p a tte rn s  fo r deform ed  th ree-d i

m ensional sp h eru lites  is p resen ted . Affine d efo rm atio n  is assum ed. T h e  o p tic  axis of 
th e  sc a tte rin g  e lem en t is allow ed to  lie a t an  a rb itra ry  angle /? to  th e  rad ius w hich is p e r
m itte d  to  change in th e  course of th e  d efo rm atio n  in a  m an n e r th a t m ay  dep en d  upon th e  
an g u la r  location  in th e  sp h eru lite . T h e  consequences of tw istin g  of th e  o p tic  axis a b o u t 
th e  sp h eru lite  rad iu s  are also explored.

In trod u ction
It, is known that the stretching of a spherulitic polymer produces very 

specific changes in the corresponding light scattering patterns from such 
samples.1-6 A theory of scattering from deformed two-dimensional 
spherulites has been presented3 as well as a semiempirical theory for the 
deformation of three-dimensional spherulites.7 Both theories qualitatively 
account for the form of the scattering patterns but differ in detail. In 
this paper, the previous two-dimensional approach3 will be extended to 
three dimensions.

The assumption of affine deformation of the spherulite will be used so 
that all parts of the spherulite deform equally and any point in the unde
formed spherulite having coordinates (x,y,z) will assume coordinates 
(x',y',z') in the deformed state such that x' = \\x, y' = \2y, and z' - 
\3z. We will restrict our considerations to uniaxial deformation so that 
Aj = \ 2. It is realized, of course, that this represents a simplification for 
real systems, in that it has been observed8-10 that spherulites often deform 
differently in different regions.

We shall consider the case where the optic axis of the scattering element 
is initially oriented at some arbitrary angle /3o with respect to the spherulite 
radius (Fig. 1) which may change in the course of deformation according to 
some assumed empirical equation. We shall also assume that the twist 
angle co of the optic axis about the radius is initially random but may 
achieve some preferential orientation in the course of stretching.

* P re se n t address: A ZK O  R esearch  L ab o ra to ries , A rnhem , N e th e rla n d s .
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Z

Fig. 1. Coordinates describing the orientation of the optic axis of the scattering element 
w ith respect to the spherulite radius.

General Theory11
For a scattering element located at coordinates (r',a,O') in the spherulite 

(see Fig. 1), where the primed quantities designating the deformed state, 
the scattered amplitude is given by
E = C (R f f N'(r',a'V)(M'-O)Jr' = 0 J a' = 0 Jn' = 0

cos [/e (r '-s)] sin a'dQ.'da(r'ydr. (1)
where N'(r',a ,fi') is a distribution function for density of scattering 
elements in the deformed state, M' is the induced dipole moment in the

i

Fig. 2. Coordinate system of the scattering and polarization angles.
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scattering element, O is a unit vector normal to the scattered ray and 
in the plane of polarization of the scattered ray transmitted by the analyzer, 
and the propagation vector s  is defined by s  =  s 0 — s ',  where s 0 and s '  
are unit vectors along the incident and scattered ray. Thus, it follows 
that

s  = 2 sin (8/2) [(sin 0/2)i — (cos 6/2 sin /x)j — (cos 8/2 cos g)k] (2)
where 8 and n are the polar and azimuthal scattering angles as shown in 
Figure 2, where the incident beam travels along the x axis and z is the 
“vertical” direction. The wavenumber k is 2ir/\.

The calculation of the scattering is dependent upon obtaining expressions 
for N' and M' as a function of coordinates in the deformed state. If 
c' and d' are unit vectors along and perpendicular to the optic axis of 
the scattering element (which is assumed to be uniaxial with principal 
polarizabilities m and a/), the induced dipole moment resulting from an 
incident electric field E is

M' = ai(E-c')c' +  a2(E-b')b' (3)
b' lies perpendicular to c' and in the plane formed by c' and E.

The plane of polarization of the incident ray is oriented at the angle 
ip (Fig. 2) to the vertical so that

E = E0[(—sin t/Oj +  (cos ¡/Ok] = i?0tp (4)
The vector c' may be located in terms of the angles a',0',/3', and co' (Fig. 
1) by
c' = [(cos /?' sin a — sin f3' cos &>' cos a')cos SI'

+  sin (3’ sin co' sin fi']i +  [(cos /?' sin a — sin /3' cos co' 
cos a) sin O' — sin (3’ sin co' cos H']j +  (cos ¡3’ cos a

+  sin 13' cos a)' sin a')k (5)
The vector c' may be obtained from this by using the relation

b' =  [1 -  (c'-tp)2n 1/![tp -  (c'-tp)c'] (6)

Equations (4), (5), and (6) may then be substituted into eq. (3) to obtain 
an expression for M'.

The vector O depends upon the orientation of the polarization plane of 
the analyzer which will be assumed to include the primary beam direction i 
and can be rotated about it. As in earlier papers, two conditions of 
polarization will be considered; one designated Oj where the polarization 
planes of the polarizer and analyzer are parallel, and a second designated 
0 ± where those planes are perpendicular. It then follows that,12
O|| = ±  [cos2 (n +  Xp) +  cos2 dp sin2 (/X +  i/O]~1/2

[cos (m +  ¡/Op +  cos dp sin (ju +  i/Oql (7)
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where 6V is the scattering angle in the polaroid filter, and
p = ( — sin 0)i +  (cos 6 sin \p)j +  (sin g)k 

q = ( -c o s  p)j + (sin f i ) k .

This expression greatly simplifies in the case where 8 is small (to which 
we will restrict our calculations) so that O may be approximated by

O|| = ( -s in  i/Oj +  (cos i/Ok (S)
and also, in this approximation

Oj_ = (cos \f/)j +  (sin i ) k  (9)
It has been shown that at values of tp other than 0° and 90°, the scattering 
pattern may be appreciably affected by the birefringence of the oriented 
medium13-15 so that in practice, our considerations are restricted to \p = 0° 
and \p = 90° where this birefringence effect is minimized. In this paper 
we shall adopt the notation used to identify photographic patterns: Vv for 
the intensity / y with \p = 0° and Hv for I± with \p = 0°.

By using Eqs. (3), (4), (6), (S), and (9), it follows that
(M'-O)u = E0{(nj — a2)[cos2 iZ'(c'-k)2 +  sin2

-  sin 2iA(c'-k)(c'-j)] +  «-4 (10)
and
(M'-0)j_ = 7?o(ai — a?))cos 2i/'(c'-k)(c'-j)

+  »/a sin 2^[(c'-k)2 -  (c'-j)2]} (11)
The vector r' in the deformed state is related to that in the undeformed 
state through the affine transformation to give

r' = r[(X2 sin a cos 0)i +  (X2 sin a sin 0)j +  (X3 cos a)k (12)
It is assumed that in uniaxial deformation, the distribution function for
scattering elements is cylindrically symmetrical in the deformed state so 
that iV = 0 and thus

N'(a',n',r') = N'{a',a,r') = N(a’,r') (13)
Calculations are carried out for the two types of transformation of N'{a',r') 
considered in the earlier paper.3

In model I, a constant density of scattering material is preserved so that
N'(a ,r'){r'Y sin a'da'dr' = N(a,r)r2 sin adadr (14)

where in the undeformed state N(a,r) = N and is a constant. This leads to
N'(a',r') = N (15)

for deformation at constant volume.
In model II, the radial density of scattering elements remains constant 

but the angular distribution changed affinely. This model appeared less
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realistic physically but led to an analytical solution in two dimensions. 
In this case we have

N'(a',r) s in  a'da' = N(a,r) s in  ada (1 6 )
which leads to

N'(a',r') = iV IV  s in  2 a  +  X32 c o s 2 a ] ’A (1 7 )
f o r  c o n s t a n t  v o lu m e  d e f o r m a t io n .

Numerical Calculations
Two cases are considered for calculation. The first of these is with w 

random so that it may be averaged prior to integrating over other angles. 
A second case is that for which this optic axis twist angle assumes a pre
ferred value as the spherulite deforms, as in the case of previous birefrin
gence calculations.16 An empirical function is assumed for an orientation 
parameter g

g = 2(cos2 co')av — 1
=  1 — e x p {  — j?(X32 — X22) s i n 2 a '}  ( I S )

where g = 0 corresponds to random orientation of o> and g = 1 corresponds 
to alignment of optic axes in the plane through the radius vector r and the 
stretching direction. The proposed equation allows for such alignment to 
occur to a greater extent near a = 90° (the equatorial part of the spheru
lite) and to an increasing degree at increasing elongations at a rate which is 
describable in terms of the parameter ?/. This model is intended to ac
count approximately for the type of crystal orientation actually observed in 
deforming spherulites by x-ray diffraction studies.

A second consideration involves the angle d between the optic axis 
and the spherulite radius. As previously discussed,16 this angle may 
change with deformation. Optic axes are initially oriented at some angle 
do to the radius. With elongation, do changes so as to align the optic 
axes more nearly parallel to the stretching direction. A possible empirical 
function having the desired variation is

d '  =  do e x p  { —K ( \ 3- — X22) c o s 2 a ' } (1 9 )
where approaches 0° with increasing deformation at a rate which is 
greater as a approaches 0° (the polar regions of the spherulite). Here K 
is a compliance parameter which specifies the ease with which d changes 
upon deformation. Values of the birefringence have been calculated as 
functions of the parameters K and i?.16

The results of the calculations of Hy scattering patterns are presented in 
Figures 3-10 for the case of uniaxial deformation (Xi = X2) at constant 
volume (X]X2X3 = 1). These were obtained by the CDC 3600 computer of 
the Research Computing Center of the University of Massachusetts and a 
FORTRAN program which has been published.*11 The intensities are

A vailab le  fro m  one of th e  a u th o rs  (R .S .S .).
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plotted as first quadrants of polar contour diagrams where the distance 
from the origin is U = 4ir(R/\) sin(0/2) and the azimuthal angle measured 
clockwise from the vertical is p. The dotted line on each figure is the 
locus of the p for which intensity is a maximum. Calculations were made

Fig. 3. V aria tio n  of H v  sca tte red  in te n s ity  for a  th ree-d im ensiona l sp h eru lite  for th e  
c ry sta l reo rg an iza tio n  com pliance K  =  0.00 a t  elongation  ra tio s  of 1.20, 1.50, a n d  2.00 
for m odel I  (left) a n d  M odel I I  (rig h t).
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Fig. 4. V aria tio n  of H v s c a tte re d  in te n s ity  for a  th ree-d im ensiona l sp h e ru lite  for 
va lues of th e  reo rie n ta tio n  com pliance K  =  0.00, 0.10, 0.40, 0.67, for m odel I  (left) 
an d  m odel I I  (rig h t), for an  e lon g a tio n  r a tio  X3, of 1.20.
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Fig, 5. Variation of By scattered intensity, as in Fig. 4 but with X3 = 1.50.
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Fig. 6. Variation of H v scattered intensity, as in Fig. 4 b u t with X3 =  2.00.
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up to an elongation ratio of 2.00 although it seems doubtful that the 
proposed deformation mechanism will be valid at such a high elongation.

The box underneath each figure specifies the parameters used for the 
calculation. The first entry is the elongation ratio X3, the second is the

F ig . 7. V a r ia t io n  o f Hv sca tte re d  in te n s ity  fo r a  th ree-d im ension a l sp h e ru lite  a t  an
e longation  ra t io  X3 of 1 .20 fo r K =  0 .0 0  and  va lu e s  of the  c ry s ta l ro ta tio n  com p liance
p a ram e te r r/ of 0 .0 , 0 .5 , and  1.0 fo r m odel I  ( le ft )  and  m odel I I  ( r ig h t ) .
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value of the initial orientation angle of the optic axis to the radius do, the 
third is the value of the parameter K  in eq. (19) and the fourth is the 
value of n in eq. (18). The letter R in this position designates random 
values of the angle co. The number 1 or 2 in the fifth position designates 
whether the deformation assumption of model I or model II is used. The

F ig . 8. V a r ia t io n  o f Hv sca tte re d  in te n s ity  as in  F ig . 7 b u t w ith  =  1 .50 .
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number 2 or 3 in the sixth position designates whether the calculation is 
for a two-dimensional or three-dimensional spherulite.

The number next to each of the isointensity contour lines indicates the 
value of logarithmic intensity associated with that contour. These hi Hv 
values in arbitrary units are as follows: 1, —12.50; 2, —10.00; 3, —9.00;

F ig . 9. V a r ia t io n  of Hv sca tte red  in te n s ity  fo r a  th ree-d im ensiona l sp h e ru lite , as in
F ig . 7 b u t w ith  Xj =  2 .00 .
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4, -8.50; 5, -8.00; 6, -7.00; 7, -6.50; 8, -6.00; 9, -5.00; 10, 
-4.00.

It is seen for the case K = 0.0 shown in Figure 3 that with increase in 
elongation the lobes of maximum scattering move from their initial position 
at ¡i = 45° toward = 90°. That is, the pattern becomes more elongated 
in a direction perpendicular to the stretching direction. This general

F ig . 10. V a r ia t io n  of the Hv sca tte re d  in te n s ity  fo r a  tw o -d im en sio na l sp h e ru iite  w ith
elongation  ra tio s  o f 1 .20, 1 .50 , and 2.00 fo r K — ij =  0 .0 .
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feature of the light-scattering patterns was observed in the two-dimensional 
calculations3 and was also predicted bjr Samuels’ semiempirical theory.6'7

With increasing elongation, also, the absolute maximum in intensity with 
respect to both U and n moves to a slightly higher value of U and ap
preciably toward the equatorial regions of the pattern. This shift in 
intensity peak position is greater for' model II than for model I. Since the 
difference between the predictions for the two models is only a few degrees, 
it is unlikely that one could distinguish between these two deformation 
mechanisms on this basis. In view of this fact we can use an intermediate 
model in order to make the mathematics simpler. If we put

N\a',r') = 7V( \22 sill2 a +  X32 COS2 a) (20)
the whole Hv calculation can be carried out, leading to

IHv = sin2 e cos2 e{4 sin U* -  U* cos U* -  3SiU*}2(t/* )“6 (2 1)
where

U* = I/[X22 sin2 (0/2) +  cos2 (0/2) (X22 sin2 ¿1 +  X32 cos2 2 (22)
and

cos e = X3 cos (0/2) (cos n)(U/U*) (23)
For this case it can be shown that the maximum intensity [where 
(dZ/chO  ̂ = 0 and (dZ/df/),, = 0 simultaneously] is to be found at 
U* = 4.09 and cos2 ¡i = [(X33 +  1) cos2 (0/2) J“1. Thus, for small scat
tering angles we have the approximate relations

tan llmax X33

and
Umax = 4.00

The shift in intensity peak position toward higher values of n, as found 
experimentally,3’17 is a point of difference between our calculations and 
the theoretical and experimental results of Samuels.7

Upon comparing the results in Figures 4, 5, and 6 with those in Figure 3, 
it is seen that there is little effect from small amounts of reorientation 
of the optic axes, as represented by low values of K. (Compare the 
patterns for K = 0.00 with those for K = 0.10 which show hardly any 
difference.) For higher values of K, there is a shift of the intensity peak 
toward smaller values of n in somewhat the opposite manner than results 
from an increase in X3. However, because of the strong dependence of /3 
on both a and X3, this tendency is not always evident. For instance, for 
X3 = 2.00 and K = 0.40, the results are much more like those for X3 =
1.50, K = 0.67 than for the lower K value (K = 0.40, X3 = 1.50).

It is noted from Figure 5 that for K = 0.67 and X3 = 1.50, the four-leaf 
clover is split into eight segments, four of which can be regarded as the 
result of a continuation of the tendency to shift the lobes toward the
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stretching direction with increasing K, whereas the four leaves in the 
equatorial region of the pattern appear as extra lobes. We do not know 
of any case which shows such a split-up pattern. It is likely that with 
the extent of spherulite reorganization represented by these values of 
parameters, the affine deformation assumption fails so that the theoretical 
predictions are not fulfilled.

Experiments from our laboratory8 are in qualitative agreement with the 
theoretical predictions. However, it appears that light scattering patterns 
are not sufficiently discriminating to distinguish among the various de
formation mechanisms.

The calculated patterns for nonrandom values of u characterized by 
values of 0.5 and 1.0 for the parameter 97 are given in Figures 7, 8, and 9. 
The influence of a nonrandom co appears to mainly increase the overall 
intensity without appreciably affecting the shape of the pattern.

In Figure 10, the patterns calculated for a two-dimensional spherulite 
with K = j) = 0.0 and do = 90° are given. These patterns are to be 
compared with the corresponding patterns for a three-dimensional spheru
lite in Figure 3. It is evident that the shift in the maximum intensity with 
respect to U and ju is always more pronounced for the two-dimensional 
case. The shape of the patterns is rather similar, however.

Conclusions
It was the initial hope in this investigation that light scattering patterns 

might prove sufficiently discriminating to distinguish among various 
deformation mechanisms. It is apparent that qualitative features of the 
patterns are predictable but their unique assignment to any specific 
deformation process is difficult. Even the relatively simple model I and 
model II affine deformation schemes accompanied by the simple phe
nomenological mechanisms of optic axis reorientation expressed by eqs.
(18) and (19) lead to more parameters than may be readily evaluated. The 
observed variation of the pattern with elongation may be compared with 
the predicted values according to the different mechanisms as a means 
for selecting the appropriate mechanism. For this purpose it is convenient 
to plot an experimental parameter such as finlH at which the intensity 
maximum occurs versus elongation.18

It is cautioned that the affine deformation ratio for the spherulite 
is not necessarily that of the sample so that it is useful to compare the 
two in cases where spherulite deformation ratios may be directly observed 
by microscopy. If one assumes a particular deformation mechanism, then 
the theory permits one to determine the spherulite deformation ratio from 
light scattering observations. This proves useful when the spherulites 
are too small or the deformation is too rapid for direct microscopic obser
vation.18In this theory it has been assumed that the spherulite is internally 
uniform so that, for example, the scattered intensity of the undeformed
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spherulite is zero at 9 = 0 for all U. In practice this is not found to 
be the case and a “background intensity” is found to be superposed upon 
the spherulite scattering.3'7'12 It is the practice3'7 to subtract out this 
background contribution when comparing the experimental scattering 
patterns with the theoretical predictions.

The source of this background scattering is spherulite imperfection 
which may arise from internal disorder, boundary regions, or interspherulitic 
interference. Upon deformation of the polymer, such background scat
tering will change together with the spherulitic contribution; and an 
unambiguous subtraction is often difficult. Furthermore, a study of the 
change in this background contribution with elongation is of interest in 
elucidating the deformation mechanism.

One approach12 to the treatment of this background contribution is 
to assume that it may be treated as an added contribution describable by 
a random orientation correlation type theory.19 This contribution then 
changes with deformation as described, for example, by the approach of 
Stein and Hotta.20 Experiments indicate,21 however, that a random 
orientation correlation theory is not always sufficient and that nonrandom 
orientation correlations22-23 need be considered for this contribution. The 
effect of deformation on such contributions has been studied.24

Another and perhaps more direct approach is to consider the background 
scattering to be a result of the perturbation of perfect spherulite scattering 
by disorder and to treat it as a modification of spherulite scattering theory. 
The results of having correlated fluctuations in the optic axis angle 
characterized by an internal correlation function have been explored by 
Stein and Chu,26 and the effects of deformation upon these internal fluctua
tions have been analyzed.26

One purpose of these analyses is to interpret dynamic birefringence 
experiments in which the sample is subjected to a small oscillatory strain 
and the variation of scattered intensity is analyzed or else the change in 
light scattering is observed during relaxation at constant length.27-31 
The change in light scattering with time is a consequence of both the 
changes in the spherulitic and in the background contributions. The time 
dependence of the spherulitic contribution must be related to the time 
dependence of the parameters such as X3, K, and 77 which characterize the 
change in scattering with deformation.

While it is not possible to uniquely characterize structural parameters 
by light scattering, a goal is to describe scattering in terms of parameters 
that are common to other phenomena such as high-angle and low-angle 
x-ray diffraction and birefringence. Thus, a model for the structural 
change occurring upon deformation must be chosen so as to account 
simultaneously for these various observations. This has been an objective 
of the rheo-optical techniques employed in this laboratory.30’32

T h is  w o rk  w as  supp orted  in p a r t  b y  a  c o n tra c t w ith  th e  O ffice of N a v a l R e se a rch  and
in p a r t  b y  a  g ra n t  fro m  th d  P e tro le u m  R e se a rch  F u n d  of t he A m e ric a n  C h e m ic a l S o c ie ty .
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L ig h t S c a tte r in g  by  C ellu lose .
I I I .  M o rp h o lo g y  o f  W o o d

JENS BORCH, P. R. SUNDARARAJAN, and R. H. MARCHESSAULT, 
Chemistry Department, Université de Montréal, Montréal, Québec, Canada

Synopsis
Radial, tangential and cross cuts of Eastern spruce are examined by a solid-state light

scattering method which allows study of light scattering due to fluctuations in density 
and fluctuations in anisotropy. All of the samples investigated show well-defined scat
tering maxima which are related to their anisotropic texture with limited contributions 
from random  density fluctuations. The radial cuts give rise to scattering similar to th a t 
by a grating w ith orthogonal characteristic spacings. The gratinglike character is due 
mainly to the p it structure and their periodic spacings, which can be deduced from the 
“ unit-cell” dimensions of the scattering pattern . The scattered intensity  is maximum 
when the fiber direction is a t  45° to the polarization direction; when it  is either horizontal 
or vertical, a distinct “spherulitic” scattering is observed from which size and asym m etry 
of the pits can be deduced.

Introduction
Light-scattering analysis has recently been applied to the study of natural 

polymers in the solid state1,2 and in the gel state.3-5 This technique com
plements classical microscopy and requires very little sample preparation so 
that the structure can be analyzed in its true native state. The scattering 
pattern contains information about structural entities of the size from 0.1 
M to 50-100 y, depending upon the angular scattering range which is re
corded. Although this scattering envelope is often rather complex, it has 
been demonstrated1-5 that approximate procedures of analysis are feasible 
and that the scattering entities can be identified and described in terms of 
superstructural “models” such as, for example, spherulitic, rodlike or 
random organizations. When a successful analysis is accomplished it is 
often possible to deduce parameters from the scattering patterns which are 
difficult or time-consuming to derive by other techniques. Thus, the 
average size of a granular starch sample is determined by just one measure
ment and calculation.1 Similarly, this technique shows promise for deter
mining the degree of orientation and average fibrillar length of paper mate
rials and cellulosic films.6

Scattering may advantageously be viewed in parallel with light mi
croscopy, since the scattering pattern is observable on the microscone stage 
itself by viewing the back focal plane of the objective by means of a Ber-
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(6)
F ig . 1 . P h o to m ic ro g ra p h  o f a  ra d ia l sectio n  of E a s te rn  sp ruce  betw een  crossed N ic o ls :
(a )  fibers p a ra lle l to the p o la r iz a t io n  d ire c t io n ; (6) f ib ers ro ta te d  4 5 °  in  the fie ld  of v ie w .
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(b)
F ig . 2 . P h o to m ic ro g ra p h  of a  ta n g e n tia l sectio n  o f E a s te rn  sp ruce  betw een  crossed

N ic o ls : ( a ) ,  (b) sam p le  p o sitio n in g  sam e as fo r F ig . 1.
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trand lens.7 This approach is effective when scattering is due to fluctua
tions in anisotropy, since ill-defined polarization often yields a scattering 
pattern which is easily classified as due to a particular material texture or 
in the case of a well-defined texture, such as spherulitic, a crowded sample 
which could not be size-averaged accurately is immediately averaged via 
the overall scattering pattern.

Since wood sections show rich details in the polarizing microscope, it 
was to be expected that scattering analysis would be rewarding. The types 
of structures examined in this preliminary study were first observed micro
scopically with the following results.

(a) (6)
Fig. 3. Photom icrograph of a cross section of E astern spruce (a) between crossed

Nicols; (b) parallel Nicols.

The specimens (thickness approximately 10 ¡i) were mounted in Canada 
balsam on microscope slides. The radial, tangential, and cross sections 
of Eastern spruce are shown in Figures 1,2, and 3 as they appear in the light 
microscope between crossed Nicols. Figure la is heavily populated with 
bordered pits showing the familiar spherulitic isocline cross which results 
from the predominantly tangential orientation of the cellulose microfibrils 
in the borders of the pit aperture.8

On introduction of a first-order wave-plate, the quadrants of the pits 
parallel to the fast direction show a yellow subtraction color and those 
perpendicular to this direction show" a blue addition color, indicating a 
negative birefringence.

The cross-sectional view shows that the cells have a parallelepiped shape.
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(6)
Fig. 4. H v scattering pa ttern  obtained from a radial section of E astern spruce: (a)

fibers normal to the incident beam and along its direction of polarization; (b) specimen 
norm al to  the incident beam, b u t fiber direction rotated 45° to its direction of polariza
tion.
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Experimental and Results
The experimental arrangement used for recording data reported in this 

paper has been described earlier.2 It allows more convenient and more 
accurate measurements than scattering observations on a microscope stage, 
since the latter has fixed optical components and lower light intensity. The 
laser source is normal to the sample which is mounted between glass micro
scope slides. The light is vertically polarized and its scattering component 
is analyzed after passage through either a vertically or a horizontally 
oriented analyzer. The resulting scattering patterns are referred to as 
Vv and Hv respectively, the subscript showing the polarization mode of 
the incident light.

Light-scattering photographs in the Hv mode (Figs. 4-7) are especially 
useful for analysis of anisotropic structures since scattering due to fluctua
tions in density is absent here. Light-scattering photographs in the Vv 
mode, where the analyzer is vertically directed, are shown in Figures 8-10. 
From the similarity of the Hv and Vv scattering patterns, especially when 
the fibers are irradiated with light polarized 45° to their orientation direc
tion (cf. Figs. 4b and 86, 6b and 96). It is apparent that anisotropic scatter
ing is the main contributor to the scattering envelope. Because of random 
density fluctuations, regenerated cellulosic structures2,3 usually show a 
strong Vv scattering component of circular symmetry around the incoming

Fig. 5. H v scattering pattern obtained from selected areas of a radial section of 
Eastern spruce: (a) four-leaf clover pattern arising from a random distribution of pits;
(b) asymmetric four-leaf clover pattern with intensity maxima along the meridian, aris
ing due to an ordered array of pits. The maxima along the equatorial streak are not 
visible owing to the high intensity.
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(6)
F ig . 0 . Hv s ca tte r in g  p a tte rn  o b ta ined  fro m  a tan g e n tia l sectio n  of E a s te rn  sp ru ce ,

(a ) , (6J sam p le  p o s it io n in g  as in  F ig . 4 .
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F ig . 7. Hv sca tte r in g  p a tte rn  ob ta in ed  fro m  a  cross section  o f E a s te rn  sp ru ce :
sam p le  p o sitio n in g  as in  F ig . 3 ( a ) ;  {b) sam p le  ro ta ted  4 5 °  in  it s  ow n p lane .
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(&)
Fig. 8 (continued)
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5° 0° 5°
(c)

Fig. 8. Vv scattering pattern obtained from a radial section of Eastern spruce: (a),
(/>) sample positioning as in Fig. 4; (c) same as (a), but from an area in which the pits 
are well arraj'ed. The intensity of the incident beam was adjusted to bring out maxima 
along the equatorial direction.

beam in addition to a weak symmetric anisotropic scattering component. 
However all the Vv scattering envelopes from the wood cuts are strongly 
asymmetric indicating that major density fluctuations of random character 
are absent. The most noteworthy difference between Vv and Hv patterns 
recorded for the same sample when the fibers are oriented in the vertical 
direction was the much more intense equatorial streak for the former which 
was due to the density fluctuations due to the persence of the hollow 
lumens.

Comparing the Hv scattering patterns from the radial and tangential 
sections, one notes particularly the “four-leaf clover” pattern in Figures 4a, 
5a, and 5b. By choosing a proper area in the sample and manipulating 
the intensity of incident light, one can obtain a nearly symmetrical four-leaf- 
clover pattern as in Figure 5a, which is the theoretically expected pattern 
for a random distribution of pits (area I in Fig. 11). In areas where the 
pits tend to be arranged in a two-dimensional lalfice (area II in Fig. 11), a 
cloverleaf pattern with discrete intensity maxima along the meridan (Fig.
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(6)
F ig . 9 . Vv sca tte r in g  p a tte rn  o b ta ined  fro m  a  tan g e n tia l section  of E a s te rn  sp ru ce :

(o ) , (6 ) sam p le  p o s it io n in g  as in  F ig . 4 .
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(b)
Fig. 10. Vy scattering pattern obtained from a cross section of Eastern spruce: (a),

(b) sample positioning as in Fig. 7. The two principal scattering directions are uon- 
orthogonal (see text).
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5b) was found. Finally, by reducing the intensity of 1he incident light, 
the equatorial streak may be seen to show definite maxima as in Figure 8c 
for the Vv mode.

The pronounced effect of fiber orientation on the scattered intensity in 
the Hv mode is due to the fact that the induced dipole is a vector quantity 
and the magnitude of the observed scattering depends on the component 
of the vector with respect to the analyzer. Evidently, when the fiber axis 
is at 45° with respect to crossed Nicols one has the best compromise between 
the induced dipole and the magnitude of its component that is passed by 
the analyzer. The significance of the observation relates to the basic 
anisotropic character of the wood fiber: with respect to anisotropy the 
larger part of the fiber behaves as if the optic axes are oriented along the

AREA I AREA I I

Fig. 11. Schematic diagram of the “randomly” distributed (area I) and regularly 
arrayed (area II) organizations of the pits in a radial section of Eastern spruce.

fiber axis. Thus, while at 0° there is a maximum induced dipole, this 
dipole vector has no component to be transmitted by the crossed analyzer. 
Only in the vicinity of the pits is there a nearly radially symmetric structure 
which scatters independent of fiber orientation and this is responsible for 
the cloverleaf.

For Vr scattering, the effect of fiber orientation is much less pronounced. 
A good example of the grating analog aspect of wood sections are the 
scattering patterns from the Eastern spruce cross sections. As shown in 
Figure 3, the fiber cross sections are parallelograms rather than squares or 
rectangles, and this is reflected in the angular relation of the two principal 
scattering directions (Figs. 7 and 10). The scattering maxima tend to 
streak out, and this may be due to the variation in the size of the parallelo
grams in the cross section.
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Discussion
The pronounced equatorial scattering with maxima suggest an overall 

organized rodlike anisotropic superstructure due to the orientation of the 
microfibrils in the main part of the cell walls. According to morphologists 
this orientation is predominantly helical in the fiber direction (10). The 
scattered intensity of the Hv envelopes increases when the fiber axis is 
rotated in a plane 45° to the polarization direction of the incoming beam 
(Figures 46 and 66). This indicates a steep helical fiber orientation or a 
rodlike aggregation well oriented along the fiber direction.

Since a gas laser is used as the illumination source, the incoming light is 
spatially coherent, and diffraction maxima are created by distinct anisot
ropy and density fluctuations at the pit center and boundaries. When 
several pits are aligned along the fiber wall, scattering maxima similar to 
those from a diffraction grating are created. As expected, the spacing 
varies with the pit size, an increase causing a corresponding decrease in the 
layer line spacing. This was shown for a series of tangent ial cuts of Eastern 
white pine all exhibiting the general scattering features of the similar 
sample of Eastern spruce.

Another periodicity, perpendicular to the fiber axis, is visible in some of 
the scattering photographs of radial sections where well-defined layer-lines 
are seen (Figs. 46, 86, and 8c). The intensity maxima in Figure 46 and in 
Figure 8 bear a remarkable resemblance to the layer lines and row lines of a 
classical x-ray fiber diagram. Indeed it would seem that the bordered pits 
form a diffraction grating with an average unit cell whose orthogonal 
dimensions are slightly different. The pit-to-pit distance represents both a 
density and an anisotropy fluctuation period since the same spacings are 
found in both Vv and Hv scattering.

Measurement of the spacings of the two orders of maxima along the 
meridian in Figures 56 and 66 using the classical condition for scattering 
maxima (d sin 6 = n\)9 gives a spacing of d = 20 and a similar calculation 
in the direction perpendicular to the fiber axis (Figs. 46, 86, and 8c) showrs a 
characteristic row line spacing of 30 n. The former is the pit-to-pit 
distance along the fiber direction and corresponds roughly to the pit size. 
The latter obviously arises due to the interference of the pits along adjacent 
fibers. This approximates to the fiber width. Figure 11 is a schematic 
which summarizes the situation.

Figure 12 represents the Hv scattering patterns obtained from the optical 
microscope and the light scattering unit for the pits along the ray crossings 
(Fig. 12a). Comparison of Figures 126, 12c, and 8c shows that the pits 
along the ray crossings are of the same nature (with respect to the size of the 
pits and thickness of the fibers) as those along the fibers but are much better 
organized in a regular two-dimensional lattice and give rise to a much 
sharper scattering pattern. However, the spherulitic anisotropic scatter
ing, which gives rise to the four-leaf-clover pattern in the Hv mode, is less 
distinct in Figure 12c.
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(a), (&)

(<0
Fig. 12. Selected area H v scattering from the pits along the ray crossings in a radial 

section of Eastern spruce: (a) area of the specimen (ray crossings) exposed to the inci
dent beam to get the patterns in (6) and (c); (6) scattering pattern for the pits along 
ray crossings obtained by using the optical microscope and rotating the fiber axis 
through 45°; (c) pattern obtained by using the light-scattering unit, fiber axis as in (a).
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The spherulitic scattering component visible in Figures 4a and 5a is 
likewise due to the large number of bordered pits in the scattering area. 
The fourfold cloverleaf is often recorded from polymer films and powders 
where the superstructural anisotropic organization is mainly spherical or 
disklike.11 The wood pits are differentiations of the cell wall where 
cavities are defined.8 The cellulose microfibrils are deposited in the pit 
border such that an anisotropic ringlike organization is created. This is 
comparable to a negatively birefringent disklike spherulite with the center 
removed. The Hv scattering envelope from an anisotropic disk is similar 
in shape to the scattering envelope from an anisotropic sphere of the same 
dimensions in the angular range of the first scattering maximum.11 It has 
furthermore been demonstrated12 that the change in scattered intensity 
distribution is minor in the small-angle range when an anisotropic sphere 
contains an isotropic center, even of considerable dimensions. It is there
fore expected that the bordered pit can be sufficiently well approximated 
with a disklike continuously anisotropic spherulite. This allows the 
calculation of an average pit size by measuring the scattering angle for 
maximum scattered intensity in the direction for  ̂ = 45V1 The size 
obtained (diameter = 20 ¡x) agrees with the estimations from the polarizing 
photomicrographs (Figs. 1 and 2) and the previous calculation on the basis 
of the spacings of the intensity maxima along the meridian. It should be 
noted, however, that interpit distance and pit diameter need not coincide. 
In Figure ob the meridional maximum and the position of the deformed 
cloverleaf center from the origin are different; this indicates that the pit-to- 
pit distance is greater than the pit diameter. This type of information is 
difficult to assess from polarization micrographs alone.

Figure 5a for the IIv scattering shows an asymmetry in the cloverleaf 
pattern due to the bordered pits. Asymmetry of this nature could arise 
from deformation of spherulites to an ellipsoidal shape. The likelier ex
planation in this case is that inter-pit interference along a single fiber is 
responsible for the asymmetry. Indeed, careful experiments with two 
individual starch granules aligned vertically, as the pits are, in Figure 5a, 
lead to a spherulite envelope which appears elongated in the horizontal 
direction. Unpublished theoretical calculations13 also support this view.

Conclusions
The qualitative analysis of the scattering data indicates that the scatter

ing method is promising for morphological analysis of wood. A more 
detailed quantitative approach should include theoretical calculations of 
model structures assumed on the basis of what is presently known about the 
superstructural organization of wood. These could then be compared with 
directly recorded and densitometrically evaluated scattering envelopes. 
Such an approach should lead to a better understanding of wrood mor
phology. As a method of analysis, light scattering provides a nondestructive 
texture probe which responds to the overall distribution of microfibrillar 
orientation and void content in the cell walls. Use of a light source of
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sufficient intensity, such as the laser, for the investigations described here 
would make it possible to record wood fiber properties under dynamic con
ditions and correlate them with mechanical measurements. A high-speed 
deformation arrangement coupled with a fast scattering-detection method 
has recently been described and is being applied to the deformation analysis 
of various polymers.14

The present status of solid-state light scattering both from the theoretical 
and experimental point of view certainly justifies a far greater use of the 
method than has heretofore been found. Recent developments in the area 
of optical diffractometry9 have considerably advanced our interpretative 
ability. In fact, scattering under the conditions used in this report can be 
thought of in terms of an optical analog experiment, in which the diffrac
tion mask is the sample itself. As such, the optical interaction between 
the bordered pits becomes immediately apparent. The similarity between 
the Vv and the Hv scattering patterns, vdien the sample is in the 45° posi
tion, leads one to conclude that the main anisotropy and density fluctua
tions are of similar origin. The scattering streak at right angles to the 
fiber axes and discrete intensity maxima along the streak suggest a well 
oriented superstructure in the tracheid direction.

Part of this work was performed a t the College of Forestry, Syracuse, N. Y. Em
bedded wood sections were kindly supplied by Dr. W. A. Côté, of the College of Forestry.
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S o lu tio n  o n  G lass

B. V. ASHMEAD iind AT. J. OWEN, Research Department, Midland 
Silicones Limited, Rarry, South Wales, United Kingdom

Synopsis
The adsorption of polydimethyLsiloxane polymers from solution on glass has been stud

ied. The am ount of polymer adsorbed depends markedly on the solvent because of spe
cific solvent-surface interactions. The presence of silanol groups in the polymer, par
ticularly as endgroups, markedly increases the am ount of polymer adsorbed. Large 
differences are shown between the adsorption of the commercially available, and fully 
trim ethylsilylated polydimethylsiloxanes of narrow molecular weight distribut on. 
Possible adsorption mechanisms are discussed.

INTRODUCTION
The adsorption of polymers from dilute solution on glass and a variety of 

other substrates has received considerable attention. Several reviews have 
been published summarizing the subject.1'2 The adsorption of poly- 
dimethylsiloxane polymers from dilute solution has also been investi
gated. 3r7 In all these studies, not very well defined polymers have been 
used. They have, in general, been materials with broad molecular weight 
distributions, and no attempt has been made to investigate the effect of 
endgroups on the adsorption behavior. In their paper, Perkel and Ullman3 
suggest that terminal silanol groups will strongly increase the adsorption of 
polydimethylsiloxanes.

Current studies on polymer adsorption have stressed the need to look at 
well defined materials, especially materials with narrow molecular weight 
distributions. We report here the adsorption of polydimethylsiloxanes with 
a narrow molecular weight distribution (Mw/M n < 2) and with both silanol 
and trimethylsilyl endgroups.

Ideally, measurements of the amounts adsorbed should be undertaken 
from a theta solvent which itself is not preferentially adsorbed to enable true 
comparisons to be made between the sizes of the polymer coils adsorbed on 
the substrate and in free solution. This is not possible, because all the 
theta solvents for polydimethylsiloxanes at room temperature (e.g. methyl 
ethyl ketone, 2-butanone, ethyl acetate) are expected to be strongly ad
sorbed on the glass surface.

©  1971 by John Wiley & Sons, Inc.
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The effect of solvent on the adsorption behavior of one particular polymer 
has been investigated, all remaining measurements being made from two 
solvents, «-hexane and benzene.

EXPERIMENTAL
Adsorbent

300 mesh Pyrex glass powder from Jencons, Ltd., Hemel Hempstead,
U.Iv., was used as the adsorbent. The surface area, 0.64 m2/g, was deter
mined by the B.E.T. method at — 196°C by using krypton (cross-sectional

oarea 20.2 A2) as adsorbate.
Palmitic acid adsorption from carbon tetrachloride gave an estimate of 

the surface area as 0.22 m2/g. This value was independent of the powder 
treatment.

Solvents
AnalaR grades were used in each case. The solvents were allowed to 

stand over molecular sieve (type 4A) for at least two weeks before use and 
were handled only over argon in the dry box.

Polymers
These were all materials of narrow molecular weight distribution prepared 

by the anionic polymerization of hexamethylcyclotrisiloxane.8 Trimethyl- 
silyl end-blocked materials were obtained by refluxing the polymer with 
excess hexamethyldisilazane for at least 24 hr, distilling off the remaining 
disilazane, and reprecipitating the polymer with methanol from benzene 
solution. All polymers were thoroughly dried before use, initially at room 
temperature in a vacuum oven; subsequently, small samples were heated 
at 110°C under vacuum for at least 24 hr. GPC analysis showed that this 
treatment did not affect the molecular weight distribution of any of the 
polymers.

TABLE I
Characterization of Polymers

Polymer M n M w/M n
A 37,300 1.37 Partially  trim ethylsilylated
B 37,300 1.37 Exhaustively trim ethylsilylated
C 58,000 1.51 a,w-Hydroxy end-blocked
D 58,000 1.51 Exhaustively trim ethylsilylated
E 119,300 1.24 Exhaustively trim ethylsilylated
F 177,000 1.33 Exhaustively trim ethylsilylated
G 28,000 5.88 MS 200/1000
H 58,000 3.88 MS 200/12,500
J 100,000 2.68 MS 200/60,000
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Three commercially available polydimethylsiloxane fluids were also used. 
These were Midland Silicones, Ltd., 200 fluids of viscosity 1,000 cS, 12,500 
cS, and 60,000 cS, and were used as received.

Molecular weight determinations were made on all the polymers both for 
Mn and Mw, the latter by light scattering for the narrow distribution 
materials and by calculation from Ihe GPC trace for the 200 fluids.

A summary of the polymers used with their molecular weights and the 
nature of the endgroup is given in Table I.

Technique
Perkel and Ullman3 showed that the adsorption of polydimethylsiloxanes 

from solution on glass and iron was very sensitive to traces of water. 
We did not attempt to investigate the effect of water on the adsorption, but 
always used glass dried to the same extent. A 7g portion of the glass 
powder was weighed into a small adsorption tube fitted with a Teflon high- 
vacuum stopcock. The tubes were attached to a high-vacuum line, evac
uated to a pressure of better than 0.005 mm Hg, and heated for 5 hr at 
2S0°C. They were removed from the line while under vacuum and 
transferred to the dry box, which had previously been purged with dry 
argon. Ten milliliters of a solution of the polymer of known concentration 
was pipetted onto the powder and the tube shaken for at least 14 hr at room 
temperature (20°C). The supernatant liquid was analyzed by an infrared 
technique after shaking. Use was made of the symmetric deformation of 
the methyl group (1261 cm-1) to determine polymer concentrations. With 
methyl ethyl ketone and 1% ethyl acetate in benzene as solvent, use had to 
be made of the peak at 810 cm-1 (methyl rocking and Si-C stretch vibra
tions). Matched sodium chloride cells (1-mm path length) were used with 
a Perkin-Elmer 237 infrared spectrophotometer. Beer’s Law plots of the 
polymers in the solvent of interest were used to measure polymer concentra
tions after adsorption.

The amount of polymer adsorbed I' was determined from :
r  =  <y/M)(ct -  c f)

where V is the volume of polymer solution used, M is the mass of glass 
powder, and Ci7 (7/are the initial and final (equilibrium) polymer solution 
concentration, respectively.

Surface Area Measurement
The surface area of the glass powder was determined by adsorbing pal

mitic acid from carbon tetrachloride solution. The quantity of acid ad
sorbed was obtained from the difference between the palmitic acid concen
tration in the solution before and after adsorption, determined by measuring
the infrared peak of the carboxyl group (1712 cm-1)- It was assumed that 1 . °each fatty acid molecule occupied 20.5 A2 of the surface.9
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The glass powder was treated in two ways: (a) by 1 he procedure described 
above, (b) by heating 7 g in air at 125°C for 20 hr. No differences in the 
isotherm could be detected for the two treatments.

RESULTS
Effect of Solvent on Adsorption

Strong absorption of some of the solvents in the infrared region at 12(11 
and 810 c n r 1 did not permit the concentration to be measured by infrared 
spectroscopy. For these solvents, mixtures with benzene were used to 
study their effect on the adsorption.

Fig. 1. Adsorption of polydimethylsiloxanes on glass from different solvents.

Isotherms for the adsorption of polymer A from -»-hexane, carbon tetra
chloride, benzene, and 1% (volume/volume) of methyl ethyl ketone, tetra- 
hydrofuran, and ethyl acetate in benzene are shown in Figure 1. “Nega
tive” adsorption of the siloxane from methyl ethyl ketone (a theta solvent 
at 20°C) was measured (Table II).

TABLE II
Adsorption of Polymer A from M ethyl E thy l Ketone

Initial concentration, Final concentration, Amount adsorbed,
m g/m l m g/m l m g/g

1.00 1 .04 - 0 .0 6
1.03 1.04 - 0 .0 2
1.52 1.60 - 0 .1 1
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Dependence of Adsorption on Polymer Endgroup
Figure 2 shows the isotherms for the adsorption of a material which has 

and has not been fully trimethylsilylated (polymers A and B). It can be 
seen that the removal of the free silanol groups in the polymer by hexa- 
methyldisilazane markedly reduces the adsorption. These materials are 
not, however, well defined for the amount of silanol group present.

More striking is the adsorption of an a,co-hydroxy end-blocked material 
(polymer C) compared with the fully trimethylsilylated material (polymer

Fig. 2. Adsorption of partially and fully trim ethylsilylated polydimethylsiloxanes from
benzene and re-hexane.

Fig. 3. Adsorption of a,co-hydroxy end-blocked and fully trim ethylsilylated polydi
methylsiloxanes from benzene and re-hexane.
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Fig. 4. Effect of molecular weight on the adsorption of fully trim ethylsilylated poly- 
dimethylsiloxanes from re-hexane.

Fig. 5. Effect of molecular weight on the adsorption of fully trim ethylsilylated poly- 
dimethylsiloxanes from benzene.

D). Figure 3 presents isotherms for these materials adsorbed from both 
«-hexane and benzene. The amount adsorbed from ?i-hexane solution 
is reduced by half, from 1.60 mg/g to 0.81 mg/g and from benzene by a fac
tor of eight, from 1.28 mg/g to 0.16 mg/g.

Adsorption as a Function of Molecular Weight
In view of the effect of silanol groups, the materials used in this section 

were exhaustively trimethylsilylated. Isotherms were constructed for each 
polymer in the usual manner, the saturation value F0 being noted. This 
could be related to the molecular weight by the empirical relationship:

To = KMwa
Plots of log r 0 against both log Mw and log Mn with both «-hexane and 

benzene as solvent are shown in Figures 4 and 5. The constants K and a 
are summarized in Table III.
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TABLE IIIEffect of Molecular Weight on Adsorption of Trimethylsilylated Polymers
MolecularweightSolvent variable Ä“ a

/(-Hexane Mw, min. slope 0.41 0.06U Mw, max. slope 3.3 X 10~5 0.91u Mn, min. slope 0.42 0.06u M„, max. slope 9.1 X 10“5 0.62Benzene Mw (6.4 ± 0.5) X 10“5 0.70 ± 0.06U Mn (7.8 ± 0.6) X IO“5 0.70 ± 0.07
a Calculated by expressing F» in mg/g.
The values quoted in n-hexane are the maximum and minimum slopes 

found for the curved plots (Fig. 4), and no attempt has been made to intro
duce an error as in the benzene case. The errors in the benzene case appear 
to be very large but it must be noted that very small amounts of polymer 
are being adsorbed.

Adsorption of Commercially Available Materials
These materials were used as received. No attempt was made to remove 

any silanol groups or the low molecular weight material present. Plots 
of log r 0 against log Mw and log Mn with benzene as solvent are shown in 
Figure 6, the constants K  and a being summarized in Table IV.

TABLE IYEffect of Molecular Weight on Adsorption of Commercially Available Polymers
MolecularweightSolvent variable Xa a

Benzene Mw 0.5 X 10“2 0.41Benzene Mn 8.1 X 10~2 0.16
a Calculated by expressing r0 in mg/g.

Fig. 6. Effect of molecular weight on the adsorption of commercially available poly- dimethylsiloxanes from benzene.
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DISCUSSION
The isotherms for Ihe adsorption of siloxanes on glass are similar to those 

observed for other polymers with the use of glass and metals as adsorbents.
The amount of material adsorbed in the plateau region of the isotherm 

(i.e., surface saturation) is far in excess of the amount in a monolayer when 
the polymer molecule is fully extended on the adsorbent surface. Zisman10 
has shown that for a monolayer of polydimethylsiloxane in such a configura
tion on water, the cross-sectional area of each [(CH3)2SiO] unit is 22.7 A2. 
The weight of polymer in this configuration occupying 1 g of a powder of 
surface area 0.22 m2/g would be 0.119 mg. It seems more relevant to use 
here the fatty acid figure rather than the krypton figure, since the palmitic 
acid situation more closely resembles the polymer in solution.

With methyl ethyl ketone (MEK) as solvent, no adsorption could be 
measured. With small amounts of oxygen-containing solvents in benzene, 
adsorption is significantly lower than with pure benzene. MEK is a theta 
solvent for polydimethylsiloxanes at 20°C, whereas benzene is a good sol
vent.11 One would expect more polymer to be adsorbed from a theta 
solvent than from a good solvent, but this is not found experimentally.

In this system, therefore, solvent-surface interactions are sufficiently 
important to affect the adsorption markedly and must be considered.

We know that MEK is strongly adsorbed. The solvents containing 
oxygen reduce the adsorption and they too must be adsorbed on the 
hydroxylated surface. No figures are available for the adsorption of these 
materials on glass, but the shift in the hydroxyl stretching frequency 
Aron in the infrared spectrum of silica on the vapor adsorption of these 
materials suggests them to be strongly adsorbed. Values are summarized 
in Table V. This table reveals a drastic difference in the Â oh values for

TABLE VInfrared Frequency Shifts on the Adsorption of Various Vapors on Silica
Vapor A voh, cm-1

n-Hexane 45,a 30bCarbon tetrachloride 45,b 60°Benzene 125,d 110,“ 120bMethyl ethyl ketone 330dEthyl acetate 270dT etrahydrof uran 475d
a Data of Kiselev and Lygin.12 b Data of Hertl and Hair.13 c Data of Hasegawa and Low.14 d Data of Elkington and Curthoys.15

the adsorption of saturated n-hexane molecules possessing only ir-bonds and, 
therefore, affecting only the nonspecific interaction with silica, and for the 
adsorption of molecules which interact specifically with the hydroxyl 
groups of the silica surface.
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The differences in the amounts adsorbed from benzene and n-hexane 
can further be explained by considering a study of the adsorption of benzene 
and /¿-hexane on silica16 as a function of the temperature at which the silica 
was heat-treated. It was found that the adsorption of benzene decreased 
with increasing adsorbent degassing temperature, while the adsorption of 
n-hexane increased over the same temperature range. The adsorption 
of benzene was greater than that of n-hexane, the heats and free energies of 
benzene adsorption also being greater in the temperature region studied. A 
7r-complex between the proton of the Si-OH group and a benzene molecule is 
predicted, which accounts for the enhanced benzene adsorption on silica. 
In the case of the adsorption of polydimethylsiloxane from benzene, it is 
clear that the benzene molecules are preferentially adsorbed on the hydroxyl 
groups. With n-hexane as solvent, the polydimethylsiloxane can adsorb on 
what is effectively a greater surface area since the solvent is not as strongly 
adsorbed.

The effect of the polymer-solvent interaction on the adsorption must also 
be considered. The solvating power of a solvent for a polymer can be 
shown by examination of the Mark-Houwink relation [r;] = KMa. For 
a theta solvent, a is 0.5; for a good solvent a is larger than 0.5, generally
0.6-0.7. Benzene is a good solvent for siloxanes (a = 0.68 at 20°C).n 
The corresponding parameter has not been measured in n-hexane, although 
we have unpublished evidence that indicates it to be a better solvent than 
benzene.

Perkel17 has shown by intrinsic viscosity-molecular weight measurements 
that the very similar solvent to n-hexane, n-heptane is a better solvent 
than benzene.

Thus, neglecting any possible solvent-surface interaction, more siloxane 
should be adsorbed from benzene than from n-hexane. The fact that this 
is not the case clearly shows that the solvent-surface interaction is the 
predominant effect.

The nature of the endgroup has been found to affect the adsorption be
havior of several polymer systems. Howard and McConnell18 found that 
esterification of the hydroxyl endgroups in the poly(ethylene oxide)-char- 
coal-benzene system markedly reduces the adsorption of low molecular 
weight species, an effect most pronounced with the hexanoate. The effect 
falls off with increasing molecular weight and is not noticeable for M„ > 104.

The effect with siloxanes is clearly noticeable with much greater molec
ular weights. Perkel and Ullman3 suggest that terminal silanol groups 
will strongly increase the adsorption of siloxane polymers, although they do 
not support this statement with experimental evidence.

Similar effects have been noticed for the adsorption of poly (methyl 
methacrylate)19 where a large increase in the amount of polymer adsorbed 
is brought about by a small fraction of free carboxyl groups in the polymer. 
Here, the presence of strong polar groups enhances adsorption.

The adsorption of polyvinyl acetate from solution20 is another such 
example. The polymer containing the highest percentage of hydroxyl
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groups is adsorbed the most, although the relative increase in adsorption 
caused by a small percentage of hydroxyl groups on the polymer is greater 
than that obtained by further increasing the hydroxyl content.

In our present study, the glass surface still contains several hydroxyl 
groups after it has been heated at 280°C. Free hydroxyl groups in the 
polymer would possess a relatively high affinity for this surface, certainly 
greater than that of the — Si(CH3)20 Si(CH3)20 — chain.

We have interpreted the results for the adsorption of the fully trimethyl- 
silylated materials from n-hexane in the same way as Burns and Carpenter.21 
They assume that the molecules are adsorbed in a monolayer as distorted 
random coils of radius Ra which can be calculated (in Aj from:

R a =  ( S m / 7r)

= 08^/6-0237^0)1/2

where Sm is the area occupied by a single molecule, S is the specific surface 
area of adsorbent, Mw is the weight-average molecular weight, and r 0 is the 
specific adsorption (mg/g).

Table VI shows the results of such calculations. Values are also included 
for the radius of gyration of free chains in solution and the compression of 
the coils on adsorption, i.e., the ratio of the adsorbed coil radius to the 
radius of gyration of the molecules in solution.

TABLE VIComparison of Radii of Free and Adsorbed Molecules

Polymer Mw
Radius free coil, A

To,mg/g
Radius, adsorbed coil, A

Conipression
Thetasolvent Goodsolvent Goodsolvent Thetasolvent

B 51,000 66.3 66.3 0.63 30.7 0.46 0.46D 87,400 S6.8 90.S 0.81 35.4 0.39 0.41E 148,000 113 122 0.87 44.5 0.36 0.39F 235,000 142 158 0.89 55.4 0.35 0.39
Values for the chain dimensions in the theta solvent have been calculated 

from intrinsic viscosity data.11 As we have no appropriate intrinsic 
viscosity data for «-hexane, values in the good solvent in Table VI have 
been determined by using the volume expansion factor relevant to benzene. 
The figures in »¿-hexane will probably be slightly greater than this.

No attempt has been made to compare the values obtained in benzene 
solution in this way, since no estimate of the amount of benzene in the sur
face can be made.

The values in the table indicate that a significant degree of compression 
of the coils occurs upon adsorption, more so than when polystyrene is 
absorbed from cyclohexane on aluminum.21 The degree of compression 
also increases with increasing molecular weight. This model is rather sim
plified and supposes that the coils are adsorbed separately. Probably, the
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TABLE VIIMolecular Weight Dependence of Adsorption of Commercially Available Materials from Benzene
K X 102a a Source

2.1 0.41 This study
1.8 0.40 Perkel and Ullman

* Calculated by expressing r0 in mg/m2.
coils are entangled on the surface, a fact which cannot be considered on 
such a model.

The theoretical considerations of Silberberg22 predict that the plot of 
log (amount adsorbed) against log (molecular weight) will be curved with a 
slope decreasing with increasing molecular weight. This is the case with 
n-hexane as solvent. The low value of the constant a found at the high 
molecular weight end then agrees with the value zero found for many other 
polymer systems.

Our measurements on the adsorption of commercially available materials 
agree very closely with those of Perkel and Ullman.3 The comparison is 
made in Table VII by expressing the amounts adsorbed in mg.m.-2. This 
would suggest that we have a very comparable system, i.e., our powders, 
solvents, etc., have been similarly dried.

Perkel and Ullman3 suggest that the siloxane is adsorbed by mechanism I 
(Fig. 7). This meehanism will probably explain the adsorption of the fully 
trimethylsilylated materials, but is not adequate for the commercially avail
able polymers. By the nature of their preparation, the commercially avail-

CH3 ÇH3ÇH3 c h 3

v M v
J A j Á Ú

Si S i Si
/  \  /  \  /  \  
M EC H AN ISM  I.

solution
surface

C H , C H ,C H y
.Si

QH

HV/  \
M E C H A N IS M  I I .

solution
surface

CH3 C H3 ÇH3/ CH3

a qa
H D

X
M E C H A N IS M  I I I .

solution
surface

Fig. 7. Some possible mechanisms of adsorption.



342 A S H M E A D  A N D  O W E N

able siloxanes must contain some hydroxyl groups, and these groups will 
greatly affect the adsorption mechanism.

Consider the adsorption from benzene, a solvent which is strongly ad
sorbed on the hydroxylated surface. On trimethylsilylation of the polymer, 
considerably less polymer is adsorbed, but there is a greater dependence on 
molecular weight. Adsorption of the silanol containing materials can occur 
through a hydrogen-bonding mechanism between hydroxyls on the surface 
and in the polymer (mechanism II). Further links with the surface may 
occur by mechanism I. From energetic considerations, mechanism II 
would be similar to benzene adsorption on a hydroxylated surface whereas 
mechanism I must be considerably weaker.

With the trimethylsilylated materials, adsorption from benzene could 
only occur by mechanism I, benzene being preferentially adsorbed on SiOH 
and obscuring large areas of the surface. Such a system would give rise 
to the observed situation where less polymer is adsorbed, but a greater 
dependence on molecular weight arises since the polymer is attached to the 
surface at fewer anchor points.

With n-hexane as solvent, solvent adsorption does not occur. Once 
again, less trimethylsilylated material is adsorbed than is the case with 
silanol-containing polymers, but in this instance there is, so it seems, a 
tendency for the trimethylsilylated polymers to he flatter in the surface 
than is the case with the silanol containing materials. The polymers have 
a greater surface area available to them with n-hexane as solvent than with 
benzene as solvent. As the molecular weight dependence in n-hexane is 
less with the trimethylsilylated materials than with the silanol-containing 
materials, the polymer must be attached to the surface at more anchor 
points in the former case than in the latter. In n-hexane, the trimethyl
silylated polymers must interact with the surface through the surface 
hydroxyl groups by a mechanism such as III, a mechanism that cannot 
apply in benzene solution.

Our thanks are due to Dr. It. II. Ottewill of the University of Bristol for the krypton surface area determination and to Dr. W. G. Davies of this department for the preparation of some of the polymers and the light-scattering determinations.
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Normal Stress and Shear Stress in a Viscoelastic 
Liquid Under Steady Shear Flow: Effect of

Molecular Weight Heterogeneity
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Chikusa-ku, Nagoya, Japan

Synopsis
Under steady shear flow, the normal stress and the shear stress in both dilute and concentrated solutions of monodisperse poly-a-methylstyrenes and their blends were measured. It was confirmed that the molecular theories of Rouse and Zimm extended to concentrated solutions can explain the relation between the zero-shear normal stress coefficient and the zero-shear steady-flow viscosity for both monodisperse and polydisperse systems. Shear-rate dependence of steady-flow viscosity can be understood fairly well by the molecular entanglement concept proposed by Graessley so long as the polymer is monodisperse or the amount of the higher molecular weight component is high. However, zero-shear viscosity of blended systems cannot be explained quantitatively by the theory of Graessley. The shear-rate dependence of steady-state compliance of blended systems was also observed, and it can well be explained by the theory of Tanaka, Yamamoto, and Takano which interpreted the shear rate-dependent steady-state compliance in terms of the relaxation time spectrum and its variation with shear rate.

INTRODUCTION
Simultaneous measurements of shear stress and normal stress difference 

are useful in clarifying the effect of molecular characteristics of linear poly
mers on their rheological properties under steady shear flow. Then, in 
addition to viscosity ??, which is a measure of energy dissipation, the steady- 
state compliance which is a measure of stored energy, can be calculated. 
That is, the shear stress P21 and the normal stress difference Pn — P22 are 
related to the shear rate 7 by

P21 = v i (1)
P u — P22 = 'Puy2 (2)

It is assumed that
P22 — P33 = 0 (3)

♦ Present address: Plastics Research Laboratory No. 1, Mitsubishi Petrochemical Company, Ltd., Toho-cho, Yokkaichi-shi, Mie, Japan.
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When the shear rate is low, the viscosity and the normal stress coefficient 
Tpii are constants. As the shear rate increases, however, they begin to de
viate from the initial values. The steady-state compliance Jc is calculated 
from1

Jo  =  ( P i i -  P m) /2 (P , i  -  / V ) 2 (4)
where P2is is the shear stress in the solvent at the same shear rate and is cal
culated as

Ps21 = vst]sy
where vs is the volume fraction of solvent and t]s is the solvent viscosity.

As is well known, the steady-flow viscosity of concentrated solutions of 
linear polymers or of undiluted polymers is proportional to A/ 3 5 (M denot
ing molecular weight) and is approximately determined by the weight-av
erage molecular weight in heterogeneous polymers. On the other hand the 
normal stress difference may be proportional to M7 or Ms and hence is very 
sensitive to the molecular weight distribution of the polymer. The steady- 
state compliance is also determined by a higher average molecular weight. 
It is our impression that the effect of molecular weight heterogeneity on the 
normal-stress difference or steady-state compliance has not yet been ade
quately studied, even though the effect of molecular weight distribution on 
viscosity has been studied fairly extensively. The purpose of the present 
work is to clarify the effect of molecular weight heterogeneity on Je by using 
samples of very narrow molecular weight distribution prepared in this 
laboratory.

EXPERIMENTAL
Samples

The (nearly) monodisperse poly-a-methylstyrene samples used in this 
work were prepared by an anionic polymerization method.2 Low and high 
molecular weight tails were removed by two fractional precipitations from 
benzene with addition of methanol. The weight-average to number-av
erage molecular weight ratio Mw/M n is believed to be less than 1.01 in every 
case.3 Examples of sedimentation patterns of the samples before fraction
ation have been given by Soda et al.,4 and the sedimentation pattern of a 
sample after fractionation was also shown elsewhere.6 Studies of column 
fractionation and sedimentation velocity2 3 showed the polymer to have 
such sharp molecular weight distributions that it can be assumed to be 
monodisperse, even for calculating 2-average and 2 +  1-average molecular 
weights of polymer mixtures. The molecular weights of the nine samples 
used are listed in Table I. The number-average and weight-average 
molecular weights were determined, respectively, with a Hewlett-Packard 
¡Mechrolab ¡Model 502 high-speed membrane osmometer and a modified 
Shimazu light-scattering photometer. The technique for the measurement 
of those molecular weights was reported in previous papers.5-7 Five
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TABLE IMolecular Characteristics of Alonodisper.se Samples
Sample Mn X 10-4 TX MJMn
PorS-3 14.2PaS-4-1 26.5PaS-4-2 27.5PaS-5' 33.2PaS-6 43.8 44.4 l.OlPaS-7 68.0 69.4 1.02P<xS-9 1 is no 1 .0]PaS-10 124PaS-12 182PaS-13 13o

blended samples were prepared from two monodisperse polymers with mo
lecular weights of 1.82 X 10° (PaS-12) and 3.32 X 10s (PaS-5') and an
other blend was prepared from polymers with molecular weights of 1.82 X 
106 (PaS-12) and 1.42 X 10“ (PaS-3). Number-average, weight-average, 
s-average and z +  1-average molecular weights of the blended samples were 
calculated from the number average molecular weights of the original mono
disperse samples and are listed in Table II. Kanechlor (a chlorinated di
phenyl with viscosity 0.693 poises at 25.0°C) was used as a solvent.

TABLE IIMolecular Characteristics of Blends of Monodisperse Samples
Sample Wf MnX

10-4
Mw X 
10-4

x;î
2 Mz+l X 

10-4 X 10-4

PaS-5' 0.000 33.2 33.2 33.2 33.2 33.2B-lb 0.051 34.7 40.7 67.3 125 207B-2b 0.100 36.2 48.1 89.5 148 275B-3» 0.252 41.8 70.7 130 16i) 309B-4b 0.500 56.1 10s 159 177 262B-5» 0.720 80.7 14o 172 18o 221PaS-12 1.000 182 182 182 182 182B-6C 0.500 27.0 98.3 170 181 312
a W-i denotes the weight fraction of higher molecular weight component. b Blend of two monodisperse samples with M = 1.82 X lO'andAf = 3.32 X 105. c Blend of two monodisperse samples with M = 1.82 X 10° and l\ f = 1.46 X 10s.

Apparatus
The Weissenberg rheogoniometer, model R-17, manufactured by Sangamo 

Controls Ltd. was used. It is a cone-and-plate viscometer with facilities 
for oscillatory input and for normal-stress measurement. Details of the 
instrument are given in the literature.8-10 The reliability and repro
ducibility of the instrument were examined earlier.11 In the present work, 
platens 5 cm in diameter and with a 2° angle were used with a torsion bar 2 
mm in diameter. Experiments were generally carried out according to the
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instruction manual supplied by the manufacturer. The experimental pro
cedure has been reported in a previous paper.11 The temperature was held 
at 25.0 ± 0.05°C as measured by a thermocouple of 0.0 1° sensitivity.

RESULTS
Examples of shear stress P2i — Pns and normal stress difference Pu — P22 

measured as a function of shear rate y are shown in Figure 1 . The shear 
rate dependence of t] — vst]s and for 7% solutions of monodisperse and 
blended samples are shown in Figures 2 and 3, respectively. In these fig
ures as well as in all other figures, the solvent contribution to the total shear

Fig. 1 . Plots of (O) log (P21-P2Î) and (•) log (P11-P22) vs. log 7  for 7% solutions of monodisperse samples of various molecular weights: (Ô, 4) 3.0o X 10e; (CÇ •) 1.82 X 
106; (Oj • - )  1.19 X 106; (Q, «0 6.94 X 106; (9, f  ) 3.32 X 105; { P ,J » )  1.46 X 106.

F ig . 2 . P lo ts  of (O ) log  (v-Va-ri,) and  ( • )  log ¡pu v s . log 7 fo r 7 %  so lu tio n s of m onodisperse
sam p les. S ym b o ls  are  th e  sam e as in  F ig . 1.
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stress is subtracted as vsr]s. Moreover, when applying the theories pre
sented for dilute solution to our present experimental data, we subtract 
rsr/s instead of t]s. However, the solvent contribution is not appreciable 
even for 2% solutions when reduced viscosity is discussed. The r; results 
are quite similar to the results reported for molten monodisperse polysty-

Fig. 3. Plots of (O) log (ti-VsVs) and (•) log tu vs. log 7 for 7% solutions of blended samples for various weight fractions of the higher molecular weight component Wi. (¿,4)1.00; (CC «0 0.720; (O7 •-) 0.500; (Q̂  «Q 0.252; (9, f) 0.100; 0.051;(-Or*) 0.00; the chain line (---) indicates the values calculated from eq. (14).

Fig. 4. Plots of (O) log (t;-r»j;,,/i70-rs7)a) and (•) log $n/<l>u° vs. log 7t for 7% solutionsof monodisperse samples; circles are coded as in Fig. 1; (---) Graessley’s theory(—) Bueche’s theory; (--) calculated as ¡pa/'Pn0 = hHGjs/V-Gib)2 from Graessley’s theory.



350 K iN D O , F U J IM O T O , A N D  iN A U A S A W A

Fig. 5. Plots of (O) log and (•) log \pn/<pu° vs. log yr for 2% solutionsof monodisperse samples of various molecular weights: (6, 4) 3.0o X 106; (O', 1.82 X 106; (Oy»-) 1.14 X 106; (Q, •) 6.94 X 106; (9, f) 4.96 X 105; JP^) 2.75 X 105.

n
Fig. 6. Plots of (O) log (v-viriJv°-VsV.) and (•) log \pn/<frn° vs. log yr for solutions of various concentrations of a monodisperse samples with M = 1.82 X 106 at various concentrations (in weight per cent): (6,4)7.00; (Or»-)3.5o; (O, •) 1,68; GO,-#) O.8O1 ; (Of •) 0.40o.

renes by other investigators.12'13 in that ri becomes very much less de
pendent on molecular weight as 7 increases. Plots of log (ij — versus 
log 7 for the monodisperse polymers approach a limiting line with a slope of 
about —0.8 at high 7 .14'15 The plots of log \pu versus log 7 for the mono
disperse polymers also appears to approach a limiting line. As has often 
been reported, 77 and \pi2 for polydisperse samples deviate from Newtonian 
behavior at lower shear rates than is the case for the monodisperse samples. 
The same data are replotted in Figures 4-7 in the form log (rj — tyj»)/
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o < ’

0.1

- o-te-o^ö-o-kr-ciOo^pg.

<*7,'A.

Fig. 7. Plots of log (jj-^W’J°-L>’Js) vs. log 7t for 7% solutions of blended samples: at various weight fractions Wi of the higher molecular weight component: (4) l.Oo; (O) 0.72o; (O-) 0.500; (0)0.252; (Ç>) O.lOo; (Q) 0.051 ; ("•) 0. (•) Data on the monodis-perse samples used for blending; (—---) theoretical curves calculated from eq. (27) ofref. 15.



352 U N D O , F U J 1 M O T O , A  \  D  N A G A S A W A

Fig. 9. Plots of log (Pu-P-n) vs. log (Pa-P-ae) for 7% solutions of monodisperse samples.Symbols are the same as in Fig. 1.
(rj° — t’s'ijs) or log ipn/>Ai20 v s . log yr, where ij° and \pn° are the zero-shear vis
cosity and the normal stress coefficient, respectively, and r is calculated 
from16'17

r  =  12 (ij° — vst)s) M / it2cR T  (5)
Here, c is the concentration in g/cm3, R is the gas constant, and T is the ab
solute temperature. It can be seen that the experimental data for 7% 
monodisperse polymer solutions fall approximately on a single curve. At 
lower concentrations, however, (77 — vsr]s) / (770 — vstjs) does not form a single 
curve as can be seen in Figure 5, though the departure from Newtonian flow 
occurs at approximately the same value of 7 r in each case. Examples of 
plots of log (77 — fs77s)/(770 — vst)s) and log t/us/iAn0 versus log 7 r at different 
concentrations for the sample of molecular weight 1.82 X 106 (PaS-12) are 
shown in Figure 6. At concentration as high as 7%, the observed values 
become almost independent of concentration. From the plot in Figure 7, 
it can be seen that (77 — vsris) / (770 — vst)s) deviates from Newtonian behavior 
at lower values of 77 for polydisperse polymers than for monodisperse 
samples.

In Figure 8, log 770 and log 1pi^ obtained at the limit of zero shear rate in 
Figure 2 are plotted against log M for both 2% and 7% solutions. If the 
concentration is low, 770 must be proportional to Ma, a being a constant be
tween 0.5 and unity. As the concentration increases, however, it is well 
known that the viscosity is determined by entanglements between polymer 
coils so that 770 becomes proportional to il/ 3-5 In Figure 8, we can see that a 
2% solution is not concentrated enough for the viscosity to be dominated 
by entanglements. At 7% concentration, the exponent is about 3, and the
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proportionality of rj° to M3-6 can be observed only when M is higher than
10.6 Strictly speaking, therefore, even a concentration of 7% may not be 
quite high enough, but, this does not affect our remaining discussion. The 
normal-stress coefficient \pi2° in 7% solutions is found to be proportional to 
it/ 8 in the limit of high molecular weight.

Fig. 10. Plots of log (Pu-P 12) vs. log (P2i-P2ia) for solutions of various concentrations of a monodisperse sample with M = 1.82 X 106. Symbols are the same as in Fig. 6.

Fig. 11. Plots of log (P11-P2.) vs. log (P21—P21s) for 7% solutions of blended samples. Symbols are the same as in Fig. 7.
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Fig. 12. Flots of Jq vs. log y for 7% solutions of blended samples: (□ ) blend of samples PaS-3 and PaS-12; other symbols are the same as in Fig. 7.

<nC>~~

o

10

10

Fig. 13. Plots of (O) r)° and (•) log J e° vs. W z for 7% solutions of blended samples:(---) calculated from eq. (9);18 (—) calculated from eq. (8);19 (—) calculated fromeq. (10).14'15

The data in Figure 1 are replotted in the form of log (Pu — Pa) versus 
log (P21 — Piis) in Figure 9. Figures 10 and 11 show similar plots for mono- 
disperse samples at various concentrations and for blended samples at 7%. 
It can be seen that experimental plots generally give a straight line with 
slope 2. However, it is to be pointed out that the plots for monodisperse 
samples of high molecular weight show an upward deviation from the 
straight lines as the shear rate increases, whereas the plots for blended sam
ples show a downward deviation. In practice, the slopes for blended sam
ples appear to be lower than 2. The deviation can be observed more easily 
at high concentration.

From the data in Figures 9-11, can be calculated by using eq. (4). 
Since the data for monodisperse samples in Figure 9 show only upward de
viations from the straight lines, it is clear that J,, for monodisperse samples 
is a constant or increases with y. Therefore, it may be enough for us to 
show two examples of Je for monodisperse samples in Figure 12 in relation to
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the behavior of blended samples. In Figure 12 , J e for blended samples cal
culated by the same method are semilogarithmically plotted against log y. 
It is important to note that Je decreases with y for blended samples, whereas 
Je for monodisperse samples increases. One blended sample still shows an 
increase in Je with y, but this may be due to the low content of low molecu
lar weight component. If either the molecular weight or concentration is 
low, Je is a constant independent of y, but we expect that it would change if 
we could make measurements at higher shear rates. Besides, in a 50/50 
blend of the two monodisperse samples of molecular weight 1.82 X 106 
(PaS-12) and 1.42 X 105 (PaS-3), Je did not show a y dependence in our 
experimental range of shear rate, as is shown in Figure 12.

For the blended samples, the zero-shear viscosity if and zero-shear 
steady-state compliance Je° are shown in Figure 13. The values of tj° for 
blended samples always lie between the values of rf for pure components,

TABLE IIIif and Je° for 2% Solutions of Monodisperse Samples
Sample 17°, poise Je0 X 104, cm2/dyne
PaS-3 2.44 0.580PaS-4-2 4.4q 1.10PaS-6 5. ÜQ 1.60PaS-7 12.4 3.6oPaS-10 28.2 6.75PaS-12 ■ 50.8 9.50PaS-13 188 17.5

rf and Je“ TABLE IVfor 7% Solutions of Monodisperse Samples
Sample rf X 10 3, poise Je° X 104, cm2/dyne
IVS-3 0.0325 0.175PaS-5' 0.134 0.580PaS-7 1.10 1.4oPaS-9 4.10 2.15PaS-12 15.3 2.5oPaS-13 103 2.80

rf
TABLE Vand J0° for Solutions of Various Concentrations of a Monodisperse Sample wit h M = 2.65 X 106

Concentration,wt-% rf X 10_1, poise Je° X 106, cm2/dyne
0.802 0. 16) 1031.66 0.340 14.33.50 1.28 8.006.99 10.0 5. 158.09 16.8 5.00
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TABLE VIif and Je° for Solutions of Various Concentrations of a Monodisperse Sample with M = 1.82 X 106

Concentration,wt-% if X 10~2, poise Jo0 X 104, cm2/dyne
0.400 0.0260 26.00.801 0.0640 20.5
1.68 0.254 13.33.50 3.62 6.357.00 153 2.5o

TABLE VII
if *uid J f  for 7% Solutions of Blended Samples

i;0 X io -3,

oX

Sample W1 poise cm2/dyne
PaS-5' 0.000 0.134 0.580B-l 0.051 0.17b 3.75B-2 0.100 0.24a 5.6oB-3 0.252 0.60o 7.45B-4 0.500 2.17 5.0oB-5 0.720 5.60 2.90PaS-12 1.000 15.3 2.50B-6 0.500 1.43 6.20

whereas JB° for blended samples exceeds the values of J°  for both pure com
ponents and shows a maximum. This behavior of rf and J 0° for blended 
samples is in agreement with the results reported by other investigators.18 
The values of rf and J c° for both monodisperse samples and blended 
samples are listed in Tables III-VII.

DISCUSSION
Effect of Molecular Heterogeneity on Zero-Shear Viscosity and Zero-Shear 

Steady-State Compliance Je°
If the polymer solution is so dilute that there is no intermolecular inter

action between polymers, the viscosity of a blended sample at a constant 
concentration is given by the average of the viscosities of the components on 
a molar basis :

Vb° — vsys = 23 (Via ~  (6)i
where subscripts b and i indicate the blend and component i, respectively, 
and P(Mf) indicates the number fraction of component i. If there is strong 
interaction between polymers, i.e., if the viscosity is determined by entan
glements between polymer chains, iji, cannot be given by such a simple re
lationship as eq. (6). Ferry presented the following equations based on his



N O R M A L  S T R E S S  A N D  S H E A R  S T R E S S 357

discussion of the relaxation spectrum of a mixture of two monodisperse 
polymers.19

'<lb° = WU7l0fol)/fol +  W2'i/2°fob/fo2 (7)
Je b° = wxj e{°(M1/M W)2 +  w JJ(M 2/M wy  (8)

Here f0 is the translational friction coefficient per monomer unit and wt 
is the weight fraction of component i. As we cannot calculate rjb0 directly 
from eq. (7), while Jeb° can be calculated from eq. (8) without arbitrary 
constants, we compare our experimental data onb° with t he equation

Vb° = D im T W Y V  +  v,(N21 -  1 )]/Nn” (9)
where v indicates the volume fraction of each component polymer. Equa
tion (9) was obtained from eq. (7) and includes two arbitrary constants, 
Nn and D.18 In Figure 13, the chain line denotes the values of jjb° calcu
lated from eq. (9) with D = 1 and N21 = 7.05, values chosen to give the best 
fit to the experimental data and with v replaced by w. Agreement bet ween 
theory and experiments is satisfactory.

Calculated values of J eb° from eq. (8) are shown in Figure 13 by the 
broken line. Thus, eq. (8) does explain the experimental results qualita
tively. It is to be stressed that J eb° calculated from eq. (8) has its maxi
mum value at about the same value of w2 as is found experimentally. How
ever, the quantitative agreement is not satisfactory.

Graessley [eq. (21) in ref. 15] presented the relation
V  = [Z y ifP W JK M jM j (10)i

This equation is found not to give good agreement with the observed values 
of ?jb0 as can be seen in Figure 13.

Normal Stress Coefficient at Zero Shear Rate
A molecular theory20 expresses the relation between the shear stress and 

the normal stress difference by
(Pn -  P22)/(H21 -  P2p)2 = yM/cRT (1 1 )

where 7 is a constant, the value of which is 0.8 for free-draining molecules 
and 0.4 for nondraining molecules.20 Thus, from eqs. (1), (2), and (11), we 
have

\pn0 = 7 M(rj — v^^/cU T  (12)
These equations were originally derived for dilute polymer solutions. 

According to Ferry19 and Bueche,21 however, they can also be applied to 
concentrated polymer solutions though an effective frictional coefficient of 
a monomer in concentrated solutions is different from that in dilute solu
tions. Concerning the molecular weight in eqs. (11) and (12), Ferry
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Fig. 14. Plots of log ̂ i2° vs. log yM(>i°-v,iis)1/cRT for all samples: (¿)) 7% solutions of monodisperse samples; (Cj)) 2% solutions of monodisperse samples; (O-) solutions of various concentrations of monodisperse sample with M = 1.82 X 106; (-O) solutions of various concentrations of monodisperse sample with M = 2.65 X 10s; (O) 7% solutions of blended samples of two monodisperse samples with M = 1.82 X 106 and M = 3.32 X 105 [calculated with M = Mz+i M„/Mw in eq. (12)]; (□ ) 7% solution of a blended sample of two monodisperse samples with M = 1.82 X 106 and M = 1.46 X 105 [calculated with M = JW2+1 MJMW in eq. (12)]; (•) 7% solutions of blended samples corresponding to (O) [calculated with M = Mn (pip up) and M = Mw (pip down) in eq. (12)]; (■ ) 7% solution of a blended sample corresponding to (□ ) [calculated with M = Mn (pip up) and M = Mw (pip down) in eq. (12)]; (---- ) theoretical relation.
pointed out19 on the basis of the Rouse theory that for heterogeneous sam
ples M should be taken as

M = Mz+lM JM w (13)
In his textbook, Middleman collected published data on \f/i° and com

pared them with eq. (12) by using the weight-average or viscosity-average 
molecular weight.22 These data, however, deviate from the theoretical 
line by more than one decade in log ipi2° and scatter, mainly on the left side 
of the theoretical line. According to Middleman,22 the reason for the scat
tering of these data is not absolutely clear but might mostly be due to poly
mer heterogeneity. The values of i/'i2° for our present samples can be esti
mated from the data at the limit of zero shear rate in Figures 2 and 3. 
Since the plot of log (Pn — P22) versus log (R21 — P2P) has a slope of 2.0 
over a wide range of 7 , as is shown in Figures 9-11, and rj° can easily be es
tablished, as in Figures 2 and 3, we can estimate the limiting values of \f/12° 
from these data. The estimated values appear to be reasonable. They are 
plotted against 7M (>?0 — vsrjsy/cRT  in Figure 14, assuming 7 = 0.8. The 
molecular weight defined by eq. (13) is used for blended samples. As de
manded by eq. (12), the plot of the data defines a good straight line of unit 
slope through ten decades. If we use Mn or Mm in eq. (12), however, the 
plots for blended samples are far from the theoretical prediction as shown
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by black points in Figure 14. Therefore, considering that the samples cited 
by Middleman may have broad molecular weight distributions, we may con
clude that the scattering of experimental data is mainly attributable to 
polydispersity of the polymers studied, as Middleman speculated. Thus, 
the modified molecular theories of Rouse16 and Zimm17 can predict the limit
ing behavior of linear polymer solutions under steady shear flow rather well. 
However, even if we define the molecular weight for blended samples by eq. 
(13), the agreement between the molecular theory and the experimental 
results may not be perfect. The deviation of the data for blended polymers 
from the theoretical line found in Figure 14 is amplified in Figure 13. 
However, it is to be pointed out that the theories of Rouse16 and Zimm17 
cannot give the shear-rate dependence of \pn and tj.

Shear-Rate Dependence of r) and \pn
Middleman22 also compared the published data and the Bueche23 theory 

of non-Newtonian viscosity of molten polymer and concentrated polymer 
solutions. Comparison of our experimental results and that theory is given 
in Figure 4. As pointed out by Middleman, agreement is qualitatively 
good but, quantitatively is not satisfactory despite the fact that our samples 
are highly monodisperse.

A quite understandable idea about the dependence of entanglement den
sity on shear rate was recently presented by Graessley.14,15 In Figure 4, 
the values calculated from Graessley’s theory16 are indicated by a chain 
curve with the horizontal position determined so as to give the best fit to our 
experimental data. Agreement between the theory and our experimental 
results is quite satisfactory. In particular, as y increases, all curves in 
Figure 2 approach a limiting line with the slope of about —0.8 as Graessley 
predicted.14,15

The effect of molecular weight distribution on non-Newtonian viscosity 
has also been studied by Graessley15 and Middleman.22 According to Mid
dleman, even for the viscosity at high shear rate, the shear rate dependence 
of ??b of a polydisperse polymer is expressed by

Vb —  VsVs 
Vb° — VsTis E  ms Vio _ VsYlsJ P{Mt)/M wMn (14)

Comparison of this equation with the present experimental data shows that 
the contribution of the component of higher molecular weight is overesti
mated; that is, the calculated decrease in t?i, with y is much steeper than is 
observed. An example is shown in Fig. 2b.

On the basis of his entanglement mechanism, Graessley derived a compli
cated expression for the non-Newtonian viscosity of a polydisperse sample. 
Following his suggestions for determining the parameters and functions 
6(y,n), h{y,n) and g(y,n), we can obtain 7?b — JMjsAb0 — cs?js as a function of 
yr. Calculated values are shown in Figure 7 for comparison with the ob
served values. When the amount of the higher molecular weight compo
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nent is greater than 50%, agreement between the calculated values and the 
experimental values is splendid, but, when the amount of the lower molecu
lar weight component is higher, agreement is qualitative but not completely 
satisfactory. The reason for the unsatisfactory agreement might be due to 
formation of an insufficient number of entanglements in the low molecular 
weight sample at 7% concentration.

As cited by Middleman, i/m/ îa0 decreases with y twice as rapidly as 
7) — v¿nJrf — vsr¡s at low shear rate. At high shear rate, however, this re
lation between and V — VsVs/v° — vsVs does not hold, since J e also
depends on y. The shear-rate dependence of Je can be more easily under
stood on a molecular basis than that of \pi2 and is discussed below.

Shear-Rate Dependence of J,
The many phenomenological theories concerning the y dependence of J e 

have been summarized by Spriggs et al.24 White and Metzner26 derived J e 
independent of y, while Spriggs26 predicted J e to decrease as y increases. 
On the other hand, Tanner27 predicted J e to increase as y increases. Wil
liams and Bird28 predicted a dependence of J e on y that is greatly affected by 
the choice of parameters. Williams also derived a 7-dependent J e.29 In 
most experiments so far reported, J 0 was found to be either independent of 
or to decrease with 7.24'30 However, the recent data of Graessley and Se- 
gel31 show that J 1 increases with 7 for monodisperse polymers, whereas J 0 
decreases with 7 if the sample has a broad molecular weight distribution. 
In our experiments, too, all three types of the behavior of J e (independent of 
7 , increasing and decreasing with 7) are observed. For monodisperse 
polymers, Je is independent of 7 or increases with 7 at high shear rates if 
either the molecular weight or the concentration is high. For blended sam
ples, however, we can see that Je is a decreasing function of 7 except for one 
sample. Thus, our results agree with those of Graessley but cannot be ex
plained by any of the continuum theories cited above.

Recently, Tanaka et al.32 published an interesting paper in which the 7 
dependence of J e is interpreted in terms of the shape of the relaxation time 
spectrum H ( r )  and its variation with shear rate. That is, the 7 dependence 
of Je is mainly determined by the slope of the plot of log H ( t )  versus log r  at 
the long-relaxation-time end of the relaxation spectrum. They conclude 
that J e will increase with 7 if the slope is higher than —1/¡, but will decrease 
with 7 if the slope is less than — 1/ i. In practice, the relaxation-time spec
trum for monodisperse polymers is of the box type with aslope higher than 
— V2.33,34 It is expected, moreover, that the long-time end of the relaxation 
time spectrum is changed by mixing two monodisperse samples of different 
molecular weights and may become more flat.33 Presumably, considering 
these experimental facts, Tanaka et al. speculated that J e would increase 
with 7 if the polymer is monodisperse, whereas Je would decrease with 7 if 
the polymer is polydisperse. Their speculation is well supported by our 
experimental results. The polydisperse sample that shows an increasing J e
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with 7 in Figure 12 may still have a box-type relaxation spectrum because it 
contains only a slight amount of the low molecular weight component.

Thus, we may conclude that the shear-rate dependence of Jc is greatly 
affected by molecular weight distribution and the effect of molecular weight 
distribution may be interpreted in terms of the relaxation time spectrum, 
as Tanaka et al. predicted. However, it should be added that the varia
tion in the relaxation spectrum may be affected by other factors, and the 
molecular weight distribution may not be the only reason for such compli
cated changes in J e with y .35

This work was motivated by the work of Professor Misazo Yamamoto and his co-workers. We wish to thank Professor Yamamoto for his continued advice and discussions, and also Mr. Mototsugu Sakai for his helpful discussions.
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Dispersion and Polar Contributions to Surface 
Tension of Poly (methylene Oxide) and Na-Treated 

Polytetrafluoroethylene

D. H. KAELBLE and E. H. CERLIN, Science Center, North American 
Rockwell Corporation, Thousand Oaks, California 91360

Synopsis
Average values for dispersion ysd and polar yad contributions of the solid surface tension 

7s = Ysd + Ysp for poly(methylene oxide) (PMO) and Na-treated polytetrafluoroethylene (PTFE) are determined by a new computational analysis of wettability data. PMO displays 7„d = 21.8 ± 0.9 and ysP = 11.5 ± 1.5 dyn/cm while Na-treated PTFE displays 
7ad = 36.1 ± 3.0 and y.,p = 14.5 ± 2.9 dyne/cm. These surfaces present the highest fractional surface polarity ps = 7Sp/7, = 0.29-0.35 yet encountered for organic polymers or oriented monolayers. These unusual surface tension properties are correlated with surface chemistry and adhesion phenomena.

A new computational method for analyzing wettability data has recently 
been reported1 which defines average values of the (London) dispersion 
ysd and (Iveesom) polar fA components of the surface tension ys = f sd +  
-yap of a solid. This method augments or replaces the standard graphical 
method of plotting the cosine of the contact angle 6 versus liquid surface 
tension yL, and extrapolating to cos 6 = 1.0 to determine the critical surface 
tension yc of the organic solid surface.2 In order to further explore the 
value of the new computational analysis we have added more liquids with 
graduated values of 7Ld and 7lp to the scheme of analysis and obtained new 
computed values of 7sd, 7.,p and ys for polymer surfaces characterized by 
controlled variations in surface chemistry. Polyethylene (PE) and poly- 
(methylene oxide) (PMO) represent one pair of polymers whose surface 
properties should reflect the replacement of nonpolar methylene by a 
polar ether oxygen in the main chain. Skived polytetrafluoroethylene 
(PTFE) and the sodium-treated surface of this polymer represent a second 
pair of surfaces whose dispersion-polar surface tension properties should 
shift because of the defluorination, graphitization, and possible attach
ment of polar carbonyl or hydroxyl groups produced by Na treatment.3-5

Literature values6'7 of yp1 and 7 lp for the eleven liquids utilized in 
the contact-angle measurements are tabulated in Table I. Contact-angle 
measurements were conducted at 22°C in the B-100 environmental cham
ber of the NRL contact angle apparatus (Rame-Hart, Inc., Mountain 
Lakes, N. J.) by use of the sessile-drop method with drop volume regulated

363
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TABLE IBComputed Solid Surface Tension Properties of Polar and Nonpolar Polymer Surfaces

Solid surface

Paii- Calcu- lations by eq. (1) Ysd,dyne/cm dyne/cm Ys,dyne/cm
PE (Marlex 6009 ) 24 30.9 ± 0.9 0.5 ± 0.1 31.4 ± 0.9PMO (Delrin 500) 18 21.8 ± 0.9 11.5 ± 1.4 33.3 ± 1.0PTFE (Teflon) 34 16.9 ± 0.7 1.1 ± 0.5 18.0 ± 0.6Na-treated PTFE 18 36.1 ± 3.0 14.5 ± 2.9 50.6 ±1.3

to 3.0 /il iii order to eliminate gravitation effects. At least 10 contact 
angles were determined for each liquid-solid interaction with a normal 
reproducibility of ±2° for 8. Table I summarizes the average value of 
cos 6 obtained from these measurements. The polymer surfaces (1) 
polyethylene, (2) polymethylene oxide, and (3) skived polytetrafluoro- 
ethylene were obtained in film form from commercial sources and cleaned 
ultrasonically with Tide detergent in distilled water followed by copious 
washing in distilled water and drying. The clean surface of skived poly- 
tetrafluoroethylene was etched by immersion in Tetra-Etch (H. L. Gore & 
Associates, Inc., Newark, N. J.) a proprietary organic dispersion of sodium, 
for the few seconds required to develop uniform darkening of the surfaces. 
The surfaces were then rinsed with carbon tetrachloride and 3% HC1 to 
remove organic and inorganic residue, followed by copious washing with 
distilled water, ultrasonic cleaning in Tide-water solution, water rinsing, 
and drying to produce solid surface (4).

Experimental values of work of adhesion obtained by use of the familiar 
Young equation, Wa = yl(1 +  cos 8), were analyzed in pairs by the 
determinant method already described1 for all simple combinations that 
exceeded the test condition:

D = -  [(7Ld),'(TLp)i]’A > ±10
This test condition excludes liquid pairs which contribute linear dependence 
in the simultaneous solution of the following theoretical expressions for 
work of adhesion:

(W J2), = (yLtd7sd)1/2 +  (yupy sp)V2I
(WJ2)j = (YL;dYsd)1/2 +  (yl/Y sp)‘/2(

which form the basis of the computational analysis.
The number of applications of eq. (1) for mean values of Ysd, Ysp, and 

Ys for each surface and the accompanying calculated standard deviations 
from the mean values are summarized in the lower portion of Table IB 
The calculated surface properties for PE and PTFE shown in Table I 
compare closely with those provided by previous calculations1 based upon
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wettability data of Fox and Zisman.8 Table I and previous analyses1 
show that PE and PTFE display essentially nonpolar surface properties, 
where yA ~ ys, and the computed solid surface tension and the standard 
value for critical surface tension y0 are comparable. The new data for 
PE and PTFE surfaces thus reconfirm previous estimates for surface 
tension properties.

The interesting new information developed by this study is displayed 
by PMO and sodium-treated PTFE. Table I shows that PMO displays 
a ysd value 30% lower than that of PE. The fractional surface polarity 
V = 7sp/fs for PE is p = 0.016, while for PMO p = 0.346, indicating 
strong polar contributions to surface interaction. The high ratio p(PMO)/ 
p(PE) = 21.6 can be attributed to the exposed ether oxygens of the PMO 
main chain which act as strong proton acceptors in interfacial interactions 
with the hydrogen-bonding liquids of Table I. The total surface tensions 
fs — 7sd +  7sp for the two polymers differ by only 1.4 dyne/cm. Standard 
extrapolation of cos 6 versus tx curves to cos 6 = 1.0 provides values of 
7i ~ 7s which are essentially equivalent for the two polymers and thus 
give no indication of the surface property differences clearly shown by the 
new computational analysis.

The surface property differences for PTFE and the sodium-treated 
surface of this polymer are also clearly illustrated through the computational 
analysis by eq. (1). Sodium-treated PTFE displays a 114% increase in 
7sd over untreated PTFE and a fractional-surface-polarity ratio of p(Na- 
treated PTFE)/p(PTFE) = 6.2, which indicate a dramatic increase in 
polar contributions to surface interactions. Sodium-treated PTFE 
exhibits the highest value of total surface tension, 7S = 50.3 dyne/cm, of 
any polymer or oriented monolayer surface analyzed by t he computational 
method. An analysis1 by this method of wettability data of Schonhorn 
and Ryan9 for a gold-nucleated PTFE surface showed surface properties 
(7sd = 36.3 ± 1.2, 7sp = 9.3 ± 1.2, 7* = 45.6 ± 0.8) which approach but 
do not exceed those shown in Table I for Na-treated PTFE. Both gold- 
nucleated and Na-treated PTFE display strong polar contributions to 
surface tension, which evidently explain their strong bonding to polar 
epoxy resin adhesives.2'3'9 The molecular processes for increasing the 
surface energy of gold-nucleated PTFE are ascribed to surface morphol
ogy,9 while in Na-treated PTFE they are more clearly related to changes 
in surface chemistry.

The previous comprehensive analysis of 25 polymeric and oriented 
monolayer surfaces revealed consistent correlations between surface 
tension properties, as expressed by 7sd and 7SP, and surface composition of 
organic solids.1 This report reinforces and extends these surface-property 
and surface-chemistry correlations by including a more diverse group of 
wetting liquids. It is quite evident that the theory of interfacial inter
action leading to eq. (1) accommodates hydrogen-bonded, polar, and non
polar liquids and solids. The surface properties of water, alcohols, amides, 
aromatics, halogenated, and hydrocarbon liquids are successfully combined 
in a single scheme of analysis.
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Fig. 1. Comparison of theoretical functions for maximum work of adhesion ]T„* vs. liquid surface tension yL with experimental values of ITa for (<$>) PE and (O) PMO.
The general theory from which eq. (1) is obtained as a special case 

describes the interfacial work of adhesion by the relations (2) and (3) :10
Wa = 2$L8(7s7l)‘/! (2)

where
= (dLds)1/2 +  (plP3)i/! +  ALs (3)

Equation (3) describes the bonding efficiency factor $Ls through dispersion 
(d = yd/y) and polar (p = y"/y) fractional contributions to surface tension 
and an excess term Als which accounts for specific associative or chemical 
interactions not defined by generalized van der Waals forces. Equation 
(1) assumes that ALs = 0 and represents a special case of eq. (2) for which 
the maximum value of bonding efficiency is $ls = 1.0. A significant test 
of eq. (1) is obtained by plotting the function:

TEa* = 2(y Lf s)V! $ls = 1.0 (4)
against the experimental work of adhesion TFa = yL (1 +  cos d) for the 
data of Table I.

The curves of Figure 1 illustrate the closely aligned functions lFa* 
for PE (27S1/2 = 11.2) and for PMO ( ,̂ya/2 = 11.5). None of the experi
mental Wa values seriously exceed the predictions of eq. (4). The more 
widely separated curves of Figure 2 are defined by 27*1/s = 8.48 for PTFE 
and 27.,1/2 = 14.24 for Na-treated PTFE. Figure 2 shows no serious excess 
interaction with the possible exception of formamide on Na-treated PTFE. 
These figures reconfirm the applicability of eq. (1) in defining a broad 
range of liquid-solid interactions. The experimental values of IFa shown
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7 1 (dyne/cm)

Fig. 2. Comparison of theoretical functions of Wa* vs. 71, with experimental values of Wa for (<{>) PTFE and (ffi) Na-treated PTFE.
in Figure 1 for PE and Figure 2 for PTFE tend to follow a parabolic 
function due to the steady lowering of <E>ls below unity as the fractional 
polarity of the liquids increases with 71..1 Alternatively, the experi
mental data for Wa versus 71. fail to display the parabolic form for PMO 
in Figure 1 and Na-treated PTFE in Figure 2, since polar interactions 
increase $ls toward unity as 7l and pl increase when the substrate surface 
is polar.
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Annealing Effects and the a Relaxation in 
Drawn Polyethylene

C. P. BUCKLEY and N. G. McCRUM, 
Department of Engineering Science,

University of Oxford, Oxford, England

Stachurski and Ward1’2 have observed the «-relaxation in cold-drawn 
sheets of linear polyethylene (LPE) to consist of several, small, irregular 
relaxations, closely spaced together in the temperature region between 0°C 
and the melting point. This complex structure is taken by Stachurski and 
Ward2 to be experimental support for the three ac relaxation theories of 
Hoffman, Williams and Passaglia.3 The purpose of the present note is to 
provide experimental evidence for a simpler interpretation of the data: in 
brief, it will be shown that the complex structure is an experimental artifact 
and does not support therefore the theories of Hoffman et al.

The theoretical premise of viscoelastic spectrometry is that temperature 
affects principally the relaxation time and, to a lesser extent, the limiting 
moduli. If the physical state of the specimen is changed, then the experi
mental results may not be interpreted within the framework of the theory 
of linear viscoelasticity. It is not possible under this circumstance to use 
the assumption of frequency-temperature equivalence. The experiments 
of Stachurski and Ward were performed on LPE specimens drawn at room 
temperature and not annealed: the measurements of mechanical loss, how
ever, were taken at temperatures above room temperature. It is to be 
anticipated that annealing would commence as soon as the specimen was 
heated above room temperature and would accelerate as the temperature 
approached the melting point. The measured mechanical loss would thus 
be determined by the pattern of mechanical anisotropy of the original drawn 
specimen, and also by the effect of the complex thermal history encountered 
during the experiment. This interpretation of the results of Stachurski and 
Ward was confirmed by the following experiments. In the first experiment 
the conditions of Stachurski and Ward’s experiment were reproduced to 
obtain multiple damping peaks. In the second experiment (which forms 
part of a wider study to be reported elsewhere) the effects of a controlled 
annealing schedule on both density and mechanical damping were studied.

A quenched sheet, Vs in. thick, of LPE (Rigidex type 2) was drawn X 7 
at room temperature, at constant width, producing a voided sheet of high 
c-axis orientation of the crystallites. A torsion specimen was then cut with 
torsion axis parallel to the draw direction and experiments performed using-

369
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Fig. 1. Logarithmic decrem ent A vs. tem perature T a t  a frequency of 0.67 Hz for 
specimen A of cold-drawn L P E  (torsion axis parallel to  draw direction).

T°c
Fig. 2. Logarithmic decrement A vs. temperature T  at a frequency of 0.67 Liz for

specimen B of cold-drawn LPE (torsion axis parallel to draw direction) after annealing
for 6  hr at the temperatures P a  as shown.
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Fig. 3. Specimen B of cold-drawn L P E  annealed a t  successively higher tem peratures Ta for 6 hr: (a) density p g /cc (measured a t  25°C) vs. Ta; (6) peak value Amal a t  thea peak, obtained from A(T) plots a t  0.67 Hz, vs. T a ; ( c ) tem perature Tmax of the a 
peak, obtained from A(T) plots a t 0.67 Hz, vs. Ta-

a  to r s io n  p e n d u lu m  a t  a  c o n s ta n t  f re q u e n c y  o f 0 .6 7  ±  0 .0 4  H z . S p e c im e n  
A , p re p a re d  in  th is  w a y  a n d  h a v in g  a  d e n s i ty  o f 0 .891  g /c c  ( a t  2 5 ° C ) , w a s  
m o u n te d  in  t h e  p e n d u lu m  a n d  lo g a r ith m ic  d e c re m e n t  A re c o rd e d  in  th e  t e m 
p e r a tu r e  r a n g e  —4 0 ° C  to  1 2 8 °C . A b o v e  ro o m  te m p e r a tu r e  th e  t im e - t e m 
p e r a tu r e  s c h e d u le  is  im p o r ta n t .  T h e  t e m p e r a tu r e  w as  ra is e d  in  s te p s  of 
b e tw e e n  5  a n d  8 ° C , b e tw e e n  1/ t a n d  1 h r  b e in g  a llo w e d  fo r  t h e  s y s te m  to  
e q u il ib ra te  a t  e a c h  n ew  te m p e r a tu r e .  R e s u l t s  a re  sh o w n  in  F ig u re  1, w h e re  
t h e  m u lt ip le  p e a k s  r e p o r te d  b e fo re 1'2 a r e  in  e v id e n c e . I t  is  o f n o te  t h a t  
d u r in g  th e  c o u rse  o f th i s  e x p e r im e n t  th e  d e n s i ty  in c re a s e d  to  0 .9 5 6  g /c c  
( a t  2 5 °C )  a n d  th e  le n g th  d e c re a se d  b y  2 0 % , w i th  c o r re s p o n d in g  c h a n g e s  in  
th ic k n e s s . C le a r ly  th e  s p e c im e n  u n d e rw e n t  c o n s id e ra b le  re c o v e ry  d u r in g  
th e  e x p e r im e n t.

S p e c im e n  B  (p re p a re d  u n d e r  t h e  s a m e  c o n d it io n s  a s  s p e c im e n  A ) w a s
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s tu d ie d  in  e x p e r im e n ts  d e s ig n e d  to  d is c o v e r  th e  e ffec ts  o f c o n tro l le d  a n n e a l
in g  u p o n  t h e  a - re la x a t io n .  I t  w a s  m o u n te d  in  th e  to r s io n  p e n d u lu m  a n d  
c lo se  to  i t  in  t h e  th e r m a l  ja c k e t  o f t h e  p e n d u lu m  w a s  p la c e d  a  d u m m y  sp e c i
m e n  c u t  f ro m  t h e  s a m e  re g io n  o f t h e  d ra w n  s h e e t .  T h e  p e n d u lu m  w a s  
th e n  h e a te d  to  2 9 °C , m a in ta in e d  a t  t h a t  t e m p e r a tu r e  fo r  6 h r  to  a llo w  th e  
sp e c im e n  a n d  d u m m y  to  a n n e a l ,  a n d  th e n  co o led  s lo w ly  to  ro o m  te m p e r a 
tu r e .  T h e  d u m m y  sp e c im e n  w a s  re m o v e d  f ro m  th e  p e n d u lu m , th e  d e n s ity  
d e te rm in e d , a n d  th e n  re p la c e d . M e a s u re m e n ts  o f A w e re  th e n  o b ta in e d  
f ro m  — 2 0 °C  u p  to  t e m p e r a tu r e s  s l ig h tly  b e lo w  t h e  a n n e a l in g  te m p e r a tu r e ,  
2 9 °C . T h e  p e n d u lu m  w a s  th e n  h e a te d  to  t h e  s eco n d  a n n e a l in g  te m p e r a 
t u r e  o f 3 8 °C  a n d  t h e  a b o v e  s e q u e n c e  r e p e a te d  e x a c tly . I n  th is  w a y  e x p e r i
m e n ts  w e re  p e r fo rm e d  fo r  a  s e t  o f t e n  a n n e a l in g  te m p e r a tu r e s  TA b e tw e e n  
Ta =  2 9 °C  a n d  TA =  1 2 6 °C . R e p r e s e n ta t iv e  d a t a  fo r  fo u r  v a lu e s  o f TA 
a re  sh o w n  in  F ig u re  2. I t  is  n o te w o r th y  t h a t  fo r  n o  v a lu e  o f TA w a s  th e r e  
a n y  e v id e n c e  o f m u lt ip le  s t r u c tu r e  in  th e  a p e a k . F e a tu r e s  o f t h e  A (T) 
c u rv e s  a n d  th e  d e n s i ty ,  a s  a  fu n c t io n  o f TA a re  s u m m a r iz e d  in  F ig u re  3. I t  
is  c le a r  t h a t  t h e  p ro p e r t ie s  c o n s id e re d  h e re  sh o w  d r a s t ic  c h a n g e s  e v e n  fo r 
v a lu e s  a s  low  a s  TA =  2 9 °C . W ith  in c re a s in g  a n n e a l in g  te m p e r a tu r e ,  t h e  
s in g le  a p e a k  in c re a s e s  in  in te n s i ty  a n d  m o v e s  to  h ig h e r  te m p e ra tu re s .  
T h e  d e n s i ty  o f t h e  s p e c im e n  (m e a s u re d  a t  25 °C ) a lso  in c re a se s  s y s te m a t i 
c a lly  f r o m 0 .9 2 2  g /c c  (TA =  2 9 °C ) t o 0 .965  g /c c  (TA = 1 2 6 °C ). T h e r e  c an  
b e  n o  d o u b t  t h a t  s p e c im e n  A  u n d e rw e n t  c o m p a ra b le  d r a s t ic  c h a n g e s  d u r in g  
t h e  e x p e r im e n t in  w h ic h  A (T) w a s  d e te rm in e d . F o r  th i s  re a s o n  i t  is  c le a r  
t h a t  t h e  m u lt ip le  p e a k s  sh o w n  in  F ig u re  1 a re  a n  e x p e r im e n ta l  a r t i f a c t .  
T h is  v ie w  is s u p p o r te d  b y  p re v io u s  re s u l ts  o b ta in e d  o n  a n n e a le d  d ra w n  
s h e e ts  of L P E ,  in  w h ic h  th e re  is  n o  s ig n  o f m u l t ip le  p e a k s .2-4

I t  h a s  lo n g  b e e n  re c o g n iz e d  t h a t  th e r m a l  h is to r y  is  a lso  s ig n if ic a n t in  m e 
c h a n ic a l  loss e x p e r im e n ts  in  u n d r a w n  p o ly e th y le n e .6 I n  th i s  c a se  th e  m o s t  
lik e ly  c au se s  a r e  a n n e a lin g - in d u c e d  c h a n g e s  in  d e n s i ty  (p a r t ic u la r ly  s ig n ifi
c a n t  in  q u e n c h e d  sp e c im e n s) a n d  p o ss ib ly  a lso  th e  re m o v a l  o f m o u ld e d  in  
s tre s se s . A n o th e r  e ffec t w h ic h  m u s t  b e  c o n s id e re d  is  t h a t  o f p re m e lt in g . 
I n  d ra w n  L P E  a n n e a le d  a t  127 .5 ° C  fo r  168 h r  t h e  o n s e t  o f p re m e lt in g  is 
o b se rv e d  in  t h e  re g io n  7 0 -9 0 ° C .6 T h e r e  c a n  b e  th e re fo re  n o  s im p le  in t e r 
p r e ta t io n  o f v is c o e la s t ic  e x p e r im e n ts  e v e n  o n  w e ll a n n e a le d , d ra w n  L P E  a t  
t e m p e r a tu r e s  in  t h e  re g io n  o f 7 0 -9 0 ° C  a n d  a b o v e .

This work was supported by the Science Research Council.
R e fe r e n c e s

1. Z. H. Stachurski and I. M . W ard, J. Polym. Sci. A-2, 6,1083 (1968).
2. Z. H. Stachurski and I. M . W ard, J. Macromol. Sci. (Phys.), B3, 445 (1969).
3. J. D. Hoffman, G. Williams, and E. Passaglia, in Transitions and Relaxations in Polymers (J. Polym. Sci. C, 14), R. F. Boyer, Ed., Interscience, New York, 1966, p. 173.
4. K. Oka and T. Kawaguchi, Repts. Progr. Polym. Phys. Japan, 9, 385 (1966).
5. A. II. Willbourn, Trans. Faraday Soc. 54, 717 (1958).
6. H. Goddar, G. F. Schmidt, and E. W. Fischer, Makromol. Chem., 127, 286 (1969). 

R e c e iv e d  J u ly  10, 1970



JO U RN A L OF POLYM ER SC IE N C E : PA R T A-2 VOL. 9, 373-375 (1971)

I n t r i n s i c  V i s c o s i t y  o f  P o l y e l e c t r o l y t e s  i n  S a l t  S o l u t i o n s

R . Y E H  a n d  A . I S IH A R A , Statistical Physics Laboratory, Department of 
Physics and Astronomy, State University of New York, Buffalo, Neiv York

S y n o p s is
The dependence of the intrinsic viscosity of polyelectrolytes on the concentration of 

added salt is given satisfactorily by a formula obtained recently. A new viscosity- 
molecular weight relation gives satisfactory agreement with experiments.

T h e  p ro p e r t ie s  o f d ilu te  s o lu t io n s  o f flex ib le  c h a in  p o ly m e rs  a re  d e te r 
m in e d  b y  th e  d is t r ib u t io n  W{r) o f c h a in  s e g m e n ts  a b o u t  th e  m o le c u la r  
c e n te r  o f g r a v i ty .1,2 I n  th e  p re s e n c e  o f ex c lu d e d  v o lu m e  effec ts , h o w ev e r, 
t h e  e v a lu a t io n  o f t h e  d is t r ib u t io n  fu n c t io n  h a s  b e e n  p e r fo rm e d  o n ly  to  a  
f i r s t- o rd e r3 a p p ro x im a tio n . T h e re fo re , w e  h a v e  r e c e n t ly  p ro p o s e d  a  d is 
t r ib u t io n  fu n c t io n  w h ic h  ex p re sse s  v o lu m e  e ffe c ts  in  a  c o m p a c t  a n d  s a t is 
f a c to ry  w a y .4 I t  is g iv en  b y

W (r)  =  A ( 9 / i r A b 2) ex p  { (9 r2/M > 2) 5A -  (cA T2z / 4 r 2)} (1)
w h e re  c is  a  p a r a m e te r  to  b e  d e te rm in e d  so as to  p ro d u c e  th e  b e s t  a g re e 
m e n t  w ith  e x p e r im e n ts , N  is  t h e  n u m b e r  o f s e g m e n ts  in  a  s in g le  p o ly m e r  
m o lecu le , a n d  z is d e fin e d  b y

z =  ( 3 / 2 tt)*/2 (/? / W A (2)
|8 d e n o tin g  th e  e x c lu d e d  v o lu m e  in te g r a l  fo r  d is c o n n e c te d  se g m e n ts  a n d  b 
t h e  e ffe c tiv e  b o n d  le n g th . I n  th e  a b se n c e  o f a n  e x c lu d e d -v o lu m e  e ffe c t c is 
z e ro ; in  g e n e ra l i t  is su p p o se d  to  b e  o f th e  o rd e r  o f u n ity .

L ik e  th e  d is t r ib u t io n  fu n c t io n  p ro p o s e d  b y  B u e c h e , th e  a b o v e  fu n c tio n  
e n a b le s  u s  to  e v a lu a te  so m e  a v e ra g e  d is ta n c e s  in  c lo sed  fo rm .4,5 A s a  re 
s u l t  th e  in t r in s ic  v is c o s i ty  is g iv e n  b y

■ wNaW/Qm 1 +  3 (cz )‘A +  3cz 
=  T  +  (6a / i r ' /lb ) N '/ f l z )  f  +  3{c.z)'h ( ’

w h e re

f(z) =  e x p { 3 (c z ) '/2} [1 +  3 (cz )1/2]-1  f  ex p  { -  y -  (9 c z /4 y ) j  dy (4)Jo
w h e re  a is th e  e ffe c tiv e  ra d iu s  o f th e  s e g m e n ts  c o n s id e re d  as  s p h e re s  a n d  m is  
th e  m a ss  o f a  s e g m e n t.
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Fig. 1. Plots of [?j]/M6/8 vs. MV4 for sodium polyacrylate in sodium bromide solutions 
a t  15°C a t various values of c„: ( • )  1.506; (O) 0.502; ( + )  1.00 X 10_1; (A) 5.02 X 
ICR2; (V) 2.51 X 10~2; (C) 1.00 X 10^2; (® )5.02X  10“ 3; (0 )2 .51 X 10~3.

W e n o te  t h a t / ( z )  a p p ro a c h e s  u n i ty  w h e n  z «  1 a n d  v a r ie s  a s  z ~ ‘/4 w h en  
z »  1. M a k in g  u se  o f t h i s  p r o p e r ty  a n d  th e  f a c t  t h a t  (3 is  d e fin ed  fo r  a ll 
s e g m e n t in te r a c t io n  p o te n t ia ls ,  o n e  c a n  a p p ly  th e  a b o v e  v is c o s i ty  fo rm u la  
to  p o ly  e le c tro ly te  so lu tio n s . F o r  a n  in te r s e g m e n ta l  p o te n t ia l  fu n c tio n  
4>(r) °c e~kT/r, w i th  k- 1 d e n o tin g  th e  th ic k n e s s  o f t h e  io n  a tm o s p h e re , o n e  
c a n  u se  nr a s  a n  in te g r a t io n  v a r ia b le  fo r  /3. T h u s , w e h a v e  ¡3 cc K~2, i.e ., 
/3 cc cs-1, w h e re  cs is  t h e  c o n c e n tr a t io n  o f a d d e d  s a lt.

O n  th e  b a s is  o f th e s e  o b se rv a tio n s , le t  u s  n o w  e x a m in e  v a r io u s  sp ec ia l 
cases.

H ig h  S a lt  C o n cen tra tio n . I n  th is  case  th e  s c re e n e d  C o u lo m b  in te ra c t io n  
is  o f v e r y  s h o r t  ra n g e  a n d  b e h a v e s  e ffe c tiv e ly  lik e  a  h a rd -c o re  in te ra c tio n . 
S in ce  z is sm a ll, eq . (3) im p lie s  t h a t

M / M  = A i  +  A z c r 'M '1’ (5)
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Cjz{ 1/ moles )'z
Fig. 2. Slopes of the straight lines in Fig. 1 plotted against cs-1/ 2.

w h e re  M  is  th e  m o le c u la r  w e ig h t  o f t h e  p o ly m e r ;  t h a t  is, th e  q u a n t i t y  
[i)]/M is  in v e rse ly  p ro p o r t io n a l  to  th e  c o n c e n tra t io n  o f a d d e d  s a l t .  S u c h  a  
d e p e n d e n c e  h a s  b e e n  o b se rv e d  b y  e x p e r im e n ts .

L ow  S a lt  C on cen tra tion . F o r  lo w  c o n c e n tra t io n  o f a d d e d  s a l t ,  th e  D e b y e -  
H u e c k e l  a p p ro x im a t io n  is  n o t  v a lid . T h e  d e p e n d e n c e  o f [y ] o n  cs is  g e n e r
a l ly  c o m p lic a te d .6-8

In te rm ed ia te  S a lt  C o n cen tra tio n . M o s t  e x p e r im e n ta l  d a t a  fa ll in  th e  
ra n g e  o f in te rm e d ia te  cs. I n  th is  ra n g e  z is  la rg e , y e t  th e  sc re e n e d  C o u lo m b  
p o te n t ia l  is o f s h o r t  r a n g e  in  c o m p a r iso n  w ith  th e  e ffe c tiv e  ra d iu s  o f th e  
p o ly m e r. E q u a t io n  (3) re d u c e s  to

fo ] / M 6/a =  K  +  5 c s-1/!M I/4 (6)
F ig u re  1 c o m p a re s  th is  th e o r e t ic a l  r e la t io n  w ith  th e  e x p e r im e n ta l  d a t a  

o f T a k a h a s h i  a n d  N a g a s a w a .9 A s  w e see, th e  e x p e r im e n ta l  p o in ts  co r
re s p o n d in g  to  th e  s a m e  c o n c e n tr a t io n  cs fa ll o n  a  s t r a ig h t  line . F r o m  th e  
in te r c e p t  o f th e  s t r a ig h t  lin es  w e fin d  K  = 5 .5  X  10 2 m l/g .

A c c o rd in g  to  eq . (6) t h e  s lo p es  o f su c h  s t r a ig h t  lin es  sh o u ld  b e  p ro p o r 
t io n a l  to  cs-1/2. T h is  p re d ic t io n  is  s a t is fa c to ry ,  a s  F ig u re  2 show s. F ro m  
th is  g ra p h  w e  fin d  B = 1 .08  X  1 0 -2  ( l .-m o le )1/2/g .

This work was supported by the N ational Science Foundation.
R e fe r e n c e s

1. A. Isihara and E. Gut.h, Fortschr. Hochpolym. Forsch. 5, 283 (1967).
2. A. Isihara, Fortschr. Hochpolym. Forsch., 5, 531 (1968).
3. R„ Yeh and A. Isihara, J .  Chem. Phys., 51,1215 (1969).
4. R. Yeh and A. Isihara, J .  Polym. Sci. A-l, 8, 861 (1970).
5. F. Bueche, J .  Chem. Phys., 21,208 (1953).
6. Z. Alexandrowicz, J .  Chem. Phys., 47, 377 (1967).
7. S. Irnai, J .  Chem. Phys., 50, 2107 (1969).
8. G. S. M anning, J .  Chem. Phys., 51, 924 (1969).
9. A. Takahashi and M. Nagasawa, J. Amer. Chem. Soc., 86, 543 (1964).

R e c e iv e d  J u ly  16, 1970 
R e v is e d  S e p te m b e r  4, 1970



JO U RN A L OF PO LY M ER SC IE N C E : PART A-2 VOL. 9, (1971)

N O T E S

Dispersion o f Dilute Polymer Solution in Small-D iameter Tubing
In tro d u c tio n

I t  has been shown1 tha t the loss of resolution in gel-permeation chromatography and 
other liquid chromatographic separations depends to a large degree on dispersion of the 
solute in the connecting tubing. A recent study2 of band broadening due to axial disper
sion in small-diameter tubing showed th a t the elution curves of polystyrene solutions are 
not only highly unsymmetrical, bu t also exhibits an anomaly in the form of bimodal 
curves. This anomaly has also been observed by other investigators.3

In  m any cases, the anomaly has been observed for solutions of polystyrene of narrow 
molecular weight distribution {Mw/Mn «  1.06) flowing through a relatively short length 
of tubing (141-285 in.). Consequently, the possibility of molecular weight fractionation 
of the polystyrene solute in such a short tube is considered remote, as was pointed out by 
Yau e t al.4 An axial dispersion model1 based on molecular diffusion and convection 
w ithout solute interm olecular interaction yields elution curves which are either skewed or 
symmetrical and Gaussian, depending on the length of the tubing, flow rate, and molec
ular diffusivity of the solute. However, the model does not account for the bimodal 
elution curve observed for high molecular weight polystyrene.

I t  is our belief th a t the anomaly observed in the elution curve of high molecular weight 
polystyrene solution is due to solute interm olecular interaction (possibly entanglement),

(Min.)
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>  I— 
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Fig. 1. E lution curves of hexane and polystyrene through Teflon tubing (146 in.
long, 0.1 cm ID ) a t 1 m l/m in flow rate: ( - )  ultraviolet optical density; (------ ) refractive
index difference.
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Fig. 2. E lution curves of hexane, o-nitrotoluene, and polystyrene through Teflon 
tubing (146 in. long, 0.1 cm ID ) a t 1 m l/m in flow rate: (—) ultraviolet optical density, 
(------ ) refractive index difference.

and not a solution viscosity effect (sometimes referred to as “fingering” ). Fingering 
should result in the distortion of the solution (solute and solvent) velocity profile, while 
solute intermolecular interaction is assumed to distort only the solute velocity profile. 
Simultaneous measurement of the elution of the solute and the solvent should clarify the 
cause of this anomaly. If bimodal elution curves are observed for both the solvent and 
solute, then fingering is likely to be the cause of the anomaly; if not, a difference between 
the velocity profiles of the solute and the solvent m ay perhaps be inferred. A two- 
detector system connected in series can be used effectively to measure independently the 
elution of both the solvent and the high molecular weight solute. These measurements 
should designate which of the two possibilities is correct.

E xp e rim e n ta l

The principal equipm ent used was the D uPont Model 820 LC apparatus, modified by 
replacing the chromatographic column with either Teflon or stainless steel tubing, 146 in. 
long and 0.1 cm in ID . The main modification was done on the sample injection block, 
where the chromatographic column connector was replaced by a 5 cm X 0.64 cm OD brass 
tubing w ith an ID  of 0.1 cm. Stainless steel tubing, 10 cm, 0.1 cm ID , was silver soldered 
to the 0.64 cm brass tubing to which the 146 in. of Teflon or stainless steel tubing being 
studied was connected.
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Fig. 3. Elution curve of hexane and polystyrene through stainless steel tubing (146
in. long, 0.1 cm ID ) a t  1 m l/m in flow rate: (—) ultraviolet optical density; (------ )
refractive index difference.

A 254 nm ultraviolet photom eter and a Fresnel type differential refractom eter con
nected in series (the ultraviolet detector was ahead of the refractom eter cell) were used as 
the detector system. The ultraviolet and refractom eter cells had volumes of 7 and 3 ¿i/, 
respectively. The volume of the connecting tubing between the ultraviolet photom eter 
and refractom eter was 60 nl. The solvent pump was of the “pulseless” type, and the 
sample injection system was of the septum  type.

Polystyrenes (Pressure Chemical Co., M„/M„ 1.02-1.10) of 600, 10,000, 20,400, and 
97,200 molecular weights and o-nitrotoluene were each dissolved in a 20:80 (by volume) 
hexane-chloroform solvent, m ixture to make 0.2% solutions. To prevent undissolved 
foreign m atter from getting to the detector, the solutions were filtered through a sintered 
m etal filter. Spectrophotom etric grade n-hexane and chloroform (which are transparent 
to the ultraviolet a t 254 nm) were used to minimize ultraviolet background absorption 
and interference w ith the monitoring of the solute elution. A t the appropriate times, 
4-6  /.d of each solution was injected into the chloroform solvent stream . The solvent 
flow rate was maintained a t 1 ml/m in.

The elution of polystyrene was detected by changes in the ultraviolet absorbance of the 
solvent stream  in the ultraviolet photom eter cell w ith time. Hexane elution, on the 
other hand, was detected by the change in refractive index of the carrier solvent stream  
with time. Since the concentration of polystyrene in the solutions is very low (0.2%) 
relative to hexane (20%), the contribution of polystyrene to changes in refractive index 
of the solvent stream  is negligible compared to th a t of hexane. The attenuation of the 
refractive index detector was adjusted high enough so th a t the signal fell w ithin the 
bounds of the recorder chart. A t this attenuation, the refractive index detector was 
insensitive to the polystyrene concentration in the solution.

D iscussion  o f R esu lts

Figure 1 shows the elution curve through the Teflon tubing of the 20,400 and 97,200
molecular weight polystyrene solutions along with the corresponding elution curve of the
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Fig. 4. E lution curves of hexane, o-nitrotoluene, and polystyrene through stainless 
steel tubing (146 in. long, 0.1 cm ID ) a t  1 m l/m in flow rate: (—) ultraviolet optical 
density; (------ ) refractive index difference.

hexane solvent. I t  is evident that the bimodal anomaly occurs in the polystyrene elu
tion, b u t not in the solvent elution. The hexane solvent curve approaches a Gaussian 
shape which agrees w ith the theoretical curve based on Taylor diffusion6 in tubing.

The possibility of a malfunctioning ultraviolet photom eter and cell, which can cause 
anomalies in the elution curve of polystyrene, was checked by substituting the high molec
ular weight polystyrene w ith o-nitrotoluene and w ith polystyrene of molecular weight 
600. Figure 2 shows the elution curves of o-nitrotoluene and PS-600 to be free of the 
bimodal anomaly. This shows tha t the bimodal elution curve of the higher molecular 
weight polystyrene is not an artifact, bu t is highly dependent on the molecular weight of 
the solute.

Figures 3 and 4 show th a t essentially the same results were obtained for the elution of 
polystyrene and hexane through the stainless steel tubing. The main difference between 
the elution curves through the Teflon and stainless steel tubing is the tailing and skewness 
of the curve. A satisfactory explanation for the above difference in elution of poly
styrene through stainless steel and Teflon tubing is presently not available. I t  could be 
a ttribu ted  to differences in w ettability  of the Teflon and stainless steel tubing. This is, 
however, only a conjecture.

I t  is clear from Figures 1-4 th a t the shape of the elution curve of hexane is unaffected 
by the solute molecular weight and reflects Taylor’s criteria for axial dispersion in lam inar 
parabolic flow.1,6 In  contrast, the high molecular weight polystyrene elution curve is
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bimodal w ith very sharp initial peak. This suggests a distortion in the velocity profile 
of the high molecular weight polymer solute. One can roughly deduce the shape of the 
polymer solute velocity profile from the shape of its elution curve. The very sharp 
initial peak of the polystyrene elution curve perhaps indicates a  velocity profile which is 
“pluglike” near the tube axis w ith very sharp decrease in velocity near the tube wall. 
The above explanation of the very sharp initial peak of polystyrene elution curve seems 
to  be reasonable when one considers th a t for a true plug flow w ith negligible molecular 
diffusion, a pulse input of solution into the mobile phase will result in a pulse response 
(no dispersion in the tubing) a t the detector. This odd flow behavior of polymer solutes 
in the tubing is perhaps due to the low shear stress near the tube axis which can result 
in a higher probability for solute interm olecular entanglem ent than  nearer the tubing- 
wall where the shear stress is greatest. This explanation is of course mainly an interest
ing conjecture a t this time.

The author wishes to  extend special recognition to Professor Joseph Biesenberger 
whose ideas greatly contributed to this paper and Professor Costas Gogos and Dr. R. J . 
G ritter for their helpful suggestions.
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Composition Equation fo r  Block Copolymers
For binary anionic copolymers w ith long block-type monomer sequences, O’Driscoll 

has derived the following composition equation1
y  =  ( k A k AA / k B k n B ) x 2 ( 1 )

where x =  [A] /  [B] is the ratio of the concentrations of the two monomers A and B in
the feed mixture, and y is the ratio of the numbers of A and B units incorporated in the
polymer. Here, kAA, for example, is the ra te  constant for the addition of A to a  polymer 
chain whose end comonomer is also A. The ra te  of production of the active monomer 
species A is assumed to be proportional to [A] with the ra te  constant kA, and a similar 
assumption for active B is also made. In  discussing some experimental data, he has 
also used1 the following form of composition equation

V = Kxa (2)
where I f  is a constant and the value of a ranges from unity  to 2.

Equation (1) is derived1 under numerous restrictive conditions. One of the assump
tions or approxim ations used in the derivation is neglect of the “ crossover” reactions 
compared to homopropagation steps. Another is a stricter version of the steady state 
assumption which am ounts to setting the ratio of the concentrations of the two active 
polymer species to be constant independent of time. As for eq. (2), no theoretical 
derivation or justification has been so far advanced for 1 <  a <  2.

In  this note, we point ou t th a t the conventional binary copolymer composition 
equation2’3 can give not only a  composition equation for block copolymers [similar to 
eq. (1) in form bu t under more general conditions], bu t also a theoretical explanation of 
eq. (2) w ith 1 <  a < 2, occasionally observed for limited ranges of x.

As is well known, if chain propagation by monomer addition predom inates over 
other steps, and if this monomer addition is influenced by the species of comonomer 
un it a t the end of the growing chain, b u t not by the penultim ate and previous comono
mer units, we obtain2,3

V =  [(1 +  rAi) / ( rB +  x)]x (3)

where the reactivity ratios r\ and rb are defined by
»'a =  kw/k\A 
rB =  fcBB/&BA

(4)

Equation (3) holds whether the copolymerization proceeds by a  free-radical or ionic 
mechanism, as long as the above-mentioned conditions are met. If we denote by 
P a b  the conditional probability of finding a B as a randomly selected monomer un it in 
the polymer chain given th a t its immediate predecessor is an A, we may express the 
conditional possibilities by1

P a  a  =  r Ax / (  1 +  t a x )

P  b ä  =  x/(rB + x) 
P a b  =  1 / ( 1  +  >'a x )

(,r>)

P b b  =  ?\a / ( ) ' B  +  x)
The persistence ratio6 p is given for this case by

p  =  (1  +  r A x ) { r a  +  x ) / { r a  +  - J  +  >’Ax 2)  =  (1  +  r  a x ) / { \  +  y) ( 0 )

Now, if both  ta and rB are very large, eq. (3) simplifies to
y = (fA/rB)z2 = {kBAkAA/kA\\kBB)x2 (7)

©  1Ü71 by John Wiley & Sons, Inc.
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for any value of x neither too large nor too small. In  other words, eq. (7) holds so long as
1 /r A  <5C z  «  r B. (8 )

The larger the values of t a  and rB, the wider is the range of x  for which eq. (7) is valid. 
Although both eqs. (1) and (7) show th a t y is proportional to x 2, the proportionality 
constants of the two equations have completely different physical significance and dif
ferent magnitudes (unless k\'/kg' = &ba/&ab by coincidence). Also, with the range of x given by eq. (8 \  we have from eqs. (5) and (6)

P a b .P ba  ~  0
(9)

Paa,Pbb ~  1

p  —*■ CO

which all indicate form ation of very long blocks of A alternating with very long blocks 
of B.

If only one of the reactivity  ratios is very large or small, we have four less restrictive 
limiting forms of the composition equation. For example, if >'a is very large, we obtain 
from eq. (3)

y  =  /'a x 2/( ? 'b +  x )  x  »  1 / t a  (1 0 )

for which eq. (5) gives
P a a  «  1

indicating the tendency of comonomer A to form long blocks. We note tha t the data 
used by O’Driscoll which fit eq. (2) w ith a =  1.3 can also fit eq. (3) or eq. (10) for the 
given limited range of x used for the experim ents. For more decisive comparison 
experimental data  for a much wider range of z m ust be used. In a recent publication,6 
it is noted th a t the value of a in eq. (2) varies as a function of the composition range 
investigated in those cases where a is not exactly equal to unity  or 2. This indicates the 
approxim ate nature of eq. (2) in general.

Note added in proof: If we s ta rt with the standard copolymer composition equation
th a t takes into account of penultim ate effects as well as term inal effects, we can obtain 
Eq. (2) w ith a =  3 and 4 in addition to a =  0, 1, and 2 as special cases.
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from a review of Volume 3—
"With the publication of the third volume of ‘Man-made fibres,’ it is now 
clear that we have a notable addition to textile literature, valuable both as a 
reference source and as a textbook." — The Textile Institute and Industry

Volume 1 1967 432 pages $19.95
Volume 2 1968 493 pages $21.00
Volume 3 1968 706 pages $29.95
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