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Some Probability Relations in 
Multicomponent Copolymers

CHONG WHA PYUN, Mellon Institute, Carnegie-Mellon University, 
Pittsburgh, Pennsylvania 15218

It was previously shown that for a stationary random copolymer of A, B, and C, we have in general ¡»(AB) + ¡»(AC) = ¡»(BA) + p(CA), etc., in place of p(AB) = p(BA) which is valid for a stationary binary copolymer. Here, p(AB) for example, is the prob­ability that a randomly picked pair of consecutive comonomers in the polymer consists of an A followed by a B. For a stationary ternary copolymer produced by a first-order Markovian addition mechanism, we show that PabPbc-Pca/Pac-PcbPba = k, where k is a constant characteristic of a particular set of three monomers but independent of its com­position. Here, Pab is the conditional probability of finding a monomer of B given that its immediate predecessor is an A. We further show that if the individual rate constants of the monomer additions involved take a special form such as used in the Alfrey-Price Q-e scheme, then we have k  = 1 irrespective of the kinds of monomers, and in addition we have p(AB) = ¡»(BA), p(AC) = ¡»(CA), etc. Thus, although these latter results were previously proposed by Ham as an alternative basis to supplant the Q-e scheme, they may rather be regarded as mathematical consequences of special assumptions adopted for the form of the individual rate constants. For a stationary random copoly­mer of four components A, B, C, and D, we have p(AB) + p(AC) + ¡»(AD) = p(BA) + ¡»(CA) + p(DA), etc., in general. For a first-order Markovian four-component copoly­mer, we show that there are seven different combinations of the conditional probabilities that are constants (m, kz, . .., m) independent of t he monomer composition. Again, if we assume the same special form for the rate constants involved, we find that all the seven constants m, *2, . .., « reduce to unity and p(XY) = ¡»(YX) for X,Y, = A, B, C, D.
The Alfrey-Price Q-e scheme1'2 is often used to correlate monomer struc­

ture and reactivity in free-radical copolymerization. The central assump­
tion of the scheme is that the rate constant kAn of adding a monomer of the 
species B to the free-radical chain end of A monomer unit may be expressed 
as

where the subscripted letters on the right side are the quantities character­
istic of the monomer species denoted.

Recently, Ham proposed,3 for ternary copolymerization of the monomers 
A, B, and C, the following relation as “a more direct and possibly more 
precise means than the Q-e scheme” and as based on “a logical and easily 
discernible concept,”

Synopsis

Icab — PaQb exp { —eAen} (1)

(2)
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where P Ab, for example, is the conditional probability of adding a monomer 
B to the growing chain end given that the end consists of an A monomer 
unit. The conditional probabilities can be expressed in terms of the rate 
constants and the monomer concentrations in the feed.4 Denoting the 
concentration of A by [A] and so on, we have for, say Pab,

p  _  ________^ab[B]________ _ kAB [B ]
AB -  fcAA[A] +  fcAB[B] +  fcAC [C ] ~ 2j7cAx [X ] 1 J

where the summation in the denominator extends over X = A, B, and C. 
Ham also proposed3 the following relations for ternary copolymerization

p(AB) = p(BA) (4a)
P(BC) = p(CB) (4b)
P(CA) = p(AC) (4c)

where p(AB), for example, is the probability that a randomly selected pair 
of consecutive monomers in the copolymer consists of an A followed by a B. 
This pair or doublet probability may also be expressed in terms of the 
singlet probability p(A) and the conditional probability PAB as follows

P(AB) = p(A)PAB (5)
Ham derived3 eqs. (4) using eq. (2). His derivation, therefore, depends 

on the validity of eq. (2). However, eq. (2) was given without a proof. 
Therefore, the question that whether eqs. (2) and (4) are more general than 
eq. (1) or not is not answered.

It is well known5 that for any stationary random binary copolymer of A 
and B, eq. (4a) holds. It has also been pointed out6 that the corresponding 
general relations applicable to any stationary random ternary copolymer of 
A, B, and C are not eqs. (4) but

p(AB) +  p(AC) = p(BA) +  p(CA) (Ga)
V (BA) +  p(BC) = p(AB) +  p(CB) (6b)
p(CA) +  p(CB) = p(AC) +  p(BC) (Gc)

(Note that the sum of any two of these relations gives the third one.)
These are consequences of the general properties5 of stationary random 
sequences of three-component systems and are valid for any stationary 
ternary comonomer distribution, whether Markovian or non-Markovian.

In the following, we restrict our discussion to stationary ternary copoly­
mers formed by a first-order Markov addition mechanism as was implicitly 
assumed both in the Alfrey-Price Q-e scheme and in the Ham relations. 
This is the case when the addition of a monomer to the growing polymer 
chain is controlled by the terminal monomer unit but not by the penultimate 
and other units in the chain. A further assumption is that the copolymer 
chain is sufficiently long so that the effects of the chain initiation and
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termination steps are negligible compared that of the propagation step. 
In order to keep the conditional probabilities constant during the polymer­
ization, the monomer composition in the feed is required to remain constant.

Under the circumstances, we have the following tenary copolymer com­
position7 in the copolymer:

p{ A) = dA/d
p(B) = ilis/d (7a)
p( C) = dc/d

where
d\ = P BaP CA ~\~ P B . \ P c B  +  P BU P CA 
dii = P AhPcA +  PabPcB +  P AcPcB (7b)de — PAbP BC +  PAcP BA +  PAcP BC
d — c/a +  dji +  dc

The singlet probability distribution p(X), where X = A, B, and C as given 
by eqs. (7), satisfies the normalization condition as expected

p{ A) +  p(B) +  p(C) = 1
Another relation equally general as eqs. (7) is obtained by taking the 

ratio of P a b P b c P c a  and P a c P c b P b a  and by substituting eq. ( 3 )  and its 
analogs for the other conditional probabilities. We obtain

P a b P b c P c a / P a c P c b P b a  =  ^ a b ^ b c ^ c a / ^ a c ^ c b & b a  ( 3 )

Or, in terms of the reactivity ratios as defined byr
?’a b  =  /c a a / P a b

i 'B A  =  ’̂Bb/^BA, etc.,
we have

P a b P b c P c a / P a c P c b P b a  —  1'a c ^ g b I'b a / i 'a b I'b c I'c a (9)
We note that eqs. (8) and (9) hold irrespective of the monomer composition 
and any special assumption such as that of the equimolar monomer con­
centrations is not necessary.

Although the conditional probabilities P x y  (X,Y = A, B, C) themselves 
are functions of the monomer composition in the feed or in the copolymer, 
the particular combination of six conditional probabilities as given on the 
left side of eq. (8) or (9) is independent of the monomer composition, that 
is, we have

P  A b P  BC  P  CA  

P a c P c b P b a

(10)
where k is a constant characteristic of each ternary copolymerization sys­
tem (and temperature) irrespective of its monomer composition. If one
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of the rate constants in the numerator or in the denominator on the right 
side of eq. (8) is very small compared to the other five, k can be very small 
or very large. The same conclusion can be reached with the left side of 
eq. (10). Since there are no other a priori restriction on the values of Pxy 
except the normalization conditions

Pxa +  P xb +  -Pxc =  1 X  =  A, B, C (11)
k can have, in principle, any nonnegative value between zero and infinity. 
Mayo has previously proposed eq. (10) combined with eq. (9) as a poten­
tially useful means of correlating copolymerization data.8

Now, Ham’s relation as given by eq. (2) is very special in two respects: 
firstly, the value of k does not change if one moves from one set of three 
monomers (A, B, C) to another set (X, Y, Z); secondly, this common 
value of k is unity. In order to have this very special relation of Ham, we 
must obviously have some restriction on the form of the rate constants (or 
reactivity ratios) in view of eqs. (8) and (9). One such restriction presents 
itself in the form of the Alfrey-Price Q-e scheme.1'2 If this scheme is 
accepted, we can readily derive eq. (2) by substituting eq. (1) into eq. (8). 
More generally, if the rate constants take the form of

/cab = f(.IA)g(.JB)h{KAKB), (12)
then we get eq. (2). Here, /( /a) is a function of a property I  of the mono­
mer A and so forth. There are many other possible forms of fcAB which 
will also reduce k to unity. An example is kAB of eq. (12) with h(KAKB) 
replaced by h(KALB +  LA/vB), where K and L are two different properties 
of the monomers. However, no physically meaningful scheme of such form 
other than the Alfrey-Price assumption has been proposed to our knowl­
edge.

If we try a modified Q-e scheme,2-9
kAB = PaQb exp {-eA*eB} (13)

which takes into account the difference in the e factors of the free monomer 
and of the terminal monomer already incorporated in the chain, we see that
k is not equal to unity unless we happen to have

eA*eB +  eB*ec +  ec*eA =  eA*ec +  ec*eB +  e*BeA (14)
Once eq. (2) is established, we see immediately that

p(ABCA) = p(ACBA) (15a)
which results from eq. (2) by multiplying its both sides by p(A). Simi­
larly, multiplication by p(B) yields

p(BCAB) = p(BACB) (15b)
and so on. A further simplification which amounts to eliminating the both 
end letters in each parentheses is possible. For example, we take the 
ratio of p(A) to p(B) using Eqs. (7):
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p( A)
p(B)

Pba
Par

1 +  PbcPca/P ba(Pca +  Pen)' 
1 +  PacPcb/Pab(Pca +  Pen). (16)

Now, if eq. (2) holds, we have
PbcPva/P ba = PacPub/P ab

Identification of this equality in the second factor on the right side of eq.
(16) reduces the factor to unity, yielding eq. (4a) in this example. Simi­
larly eqs. (4b) and (4c) can be obtained from eqs. (7) and (2). A similar 
derivation was previously given3 by Ham.

We note here that eq. (2) can be readily derived if eqs. (4) are assumed. 
We first rewrite eqs. (4) as follows:

p(A)/p(B) = Pba/P ar
p(B)/p(C) = Pcb/P bc (17)
p(C)/p(A) = Pac/P ca

If we multiply each side of these three equations together, we obtain eq. (2).
To summarize, we first see that for any stationary ternary copolymer 

produced by a first-order Markovian monomer addition mechanism, we 
have in general eqs. (6) and (10) in addition to the composition equations 
[eqs. (7)]. However, if we impose special restrictions such as eq. (1) or 
eq. (12) on the form of the rate constants involved, then eq. (10) simplifies 
to eq. (2) and eqs. (6) reduce to eqs. (4). Thus, Ham’s relations [eqs. (2) 
and (4)] may be considered as mathematical consequences of physical 
assumption as manifested by eq. (1) or eq. (12). Although Ham’s rela­
tions are more general than the original assumption [eq. (1)] of the Q-e 
scheme in the sense that they can also be derived from Eq. (12) and its 
analogs, at present we have no physically significant examples of such 
forms other than eq. (1).

Similar conclusions can be drawn for higher multicomponent copolymers. 
For any stationary random comonomer sequence distribution in four- 
component copolymers of A, B, C, and D, we have

p(AB) +  p( AC) +  p(AD) = p(BA) +  p(CA) +  p(DA)
p(BA) +  p(BC) +  p(BD) = p(AB) +  p(CB) +  p(DB)
p(CA) +  p(CB) +  p(CD) = p(AC) +  p(BC) +  p(DC)
p(DA) +  p(DB) +  p(DC) = p(AD) +  p(BD) +  p(CD)

any three of which are independent, corresponding to eqs. (6) for the three- 
component case.

If the comonomer sequence distribution is first-order Markovian, then 
by using the four-component analogs of eqs. (3) we have

ParPbcPcdPda/PadPdcPcbPba = Ki
P a b -Pb d P d c P c a / H a c P c d P d b P b a  —

(19a)
( 1 9 b )
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PacPcbPbdPda/P adPdbPbcPca = *3 (19c)
PabP bgPca/P acPcbP ba = K.1 (19d)
PabPbdPda/P adPdbPba = k5 (19c)
PacP cdPda/P adPdcPoa = «6 (19f)
P bcPcdPdb/P bdPdcPcb = *7 (19g)

where (i = 1, 2, . . ., 7) are the constants expressing the appropriate 
ratios of the rate constants for individual monomer addition steps. These 
seven relations of eqs. (19) correspond to eq. (10) for the ternary copolymer. 
Again, if there is no restriction on the form of the rate constants involved, 
different k,: will take different values ranging from zero to infinity. How­
ever, if we assume eq. (1) or eq. (12) for the rate constants, we have

Kt = 1 * = 1 , 2 ,  . . . , 7  (20)
In order to see whether we can obtain the simple relations analogous to 

eqs. (4) under the assumption of eq. (1) or eq. (12), we first obtain the 
copolymer composition equations for the stationary first-order Markovian 
comonomer sequence distributions in general. The normalized singlet 
probability distribution for the four-component copolymer may be ob­
tained, for example, by solving the set of eq. (21) :

p( A) +  p(B) +  p(C) +  p(D) = 1
p (A)Paa +  ?:>(B)Pba T p (C)Pca +  p (D)Pda = p(A)
p (A)Pab +  p (B)Pbb +  p (C)P cb +  p (D)Pdb = p(B)
p (A)Pac +  p (B)Pbc +  p(C)P cc +  p(D)Pnc = p(C)

The solution may bt' written as follows:

where

p (  A) = cIa / cI

P(B) = d n / d

P(C) = d c / d

P(D) = i h / d

c l,a +  d n +  d  c +  d n

P BA Pca P DA
Pbb“1 P CB Pdb
P BC Pcc-1 Pdc
Paa“1 Pca P DA
Pab P CB P DB
Pac Pcc-1 P DO

(21)

(22a)

(22b)

(22c)

(22d)
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Paa~ P BA Pda
P ab P B B - P DIS

P ac P bc P»c
P  A A 1 P ba Pca
P A B P bb- 1 P CB

Pac P BC Pcc-1
As an example, let us calculate p(A)/p(B) :

p(A) = (Ia = Pha(K +  L) 
p( B) dn Pab(K +  M)

where

(22e)

(22f)

(23a)

K = (Pca +  Pcb)Pdc +  (1 — P cc) (P DA +  -Pdc) (23b)
A = [PbcPca(1 — Pdd) +  PbdPda(1 — Pcc) +  PbcPcdPda

+  PBdPdC'PCA ]/PBA (23c)
M = [Pa<P cb(1 — Pdd) +  PadPdr(1 — Pcc) +  PadPdcPcb

+  PacPcdPdb]/Pab (23d)
By using k4 = 1, k6 = 1, ki = 1, and k'2 = 1 successively to the four terms 
on the right sides of eqs. (23c) and (23d), we obtain

L = M (24)
if the rate constants involved take the form of eq. (1) or eq. (12). Thus, 
within the framework of the Alfrey-Price Q-e scheme, we have again

p(AB) = p(BA)
and similar calculations for all the other pairs lead to10

P(XY) = p(YX) X, Y = A, B, C, D (25)
corresponding to eqs. (4).

These special relations eqs. (2), (4), (20), and (25) also hold for any sta­
tionary “Bernoullian” copolymer with any number of components, since 
then we have

PAa = P ba = Pca = • • ■ = P(A), etc.
and

p(AB) = p(A)p(B) = p(BA), etc.
In this case, however, the problem discussed above becomes rather trivial.

If we know that eq. (1) or (12) holds and therefore the relations of the 
type of Eqs. (4) or (25) are valid, we have the following simplification in 
ternary and higher-order multicomponent copolymers. It often happens
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that experimental techniques do not allow us to distinguish p(XY) and 
p(YX) where X,Y = A,B,C, etc. and X ^  Y, and then what we observe 
is the sum of the two

p(X Y.YX) =  p(XY) +  p( YX) (2(1)
Even under these circumstances, however, if we have eqs. (4) or (25), we 
can immediately write

PCXY) = p( YX) = V*P(XY.YX) (27)
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Effects of a Static Electric Field upon Dielectric 
Properties of Poly(vinylidene Fluoride) 

and Poly (vinyl Fluoride)

SHIGEYOSHI OSAKI, SHINSAKU UEVIURA, 
and YÖICHI ISHIDA, Department of Polymer Science, 

Faculty of Science, Osaka University, Toyonaka, Osaka, Japan

Synopsis
Dielectric measurements on poly(vinylidene fluoride) at higher temperatures result in anomalously large values of J and e" at lower frequencies. When a static field is applied, a drastic decrease of t' and e" occurs. The effects of a static field can be sum­marized as follows: (1) the field effect upon e' and e" is more significant at lower fre­quencies; (2) with increasing field strength, the rate of decrease of J and e" with time becomes greater and the ultimate values are smaller; (3) when the field is removed, e' and e" recover but the ultimate recovery is incomplete; (4) the field effect depends strongly on temperature. Such behavior seems to be attributable to the displacement of ionic impurities and to their electrolysis. These results provided a method to remove the contribution of ionic impurities to e' and e" and to measure the relaxation process due only to dipoles of a polymer. The application of this method revealed the dielectric high temperature absorption which had been masked by the ionic conduction in poly­vinyl fluoride).

Introduction
Dielectric measurements of polymers at higher temperatures result in 

anomalously large values of t and t", the real and imaginary parts of the 
complex dielectric constant, at lower frequencies. Such a tendency is 
marked in some polymers,1-3 for instance, poly (vinyl idene fluoride). 
We have found that, a drastic decrease of t and e" results when a static 
electric field is applied to poly(vinylidene fluoride). This has made it 
possible to measure unambiguously the highest temperature relaxation 
process. Furthermore, we have studied the effects of the electric field 
under various conditions and have made similar studies on poly(vinyl 
fluoride).

Experimental
Poly(vinylidene fluoride) film was supplied by Kureha Chemical Co., 

Ltd. The average degree of polymerization was 1000, and the head-to- 
head bonding content was determined to be about 5% by NMR. The 
material contained trace amounts of ionic impurities such as Na, Ca, Al, 
S, and Cl.

585
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Specimens for dielectric measurements were prepared by remolding at 
200°C and quenching into liquid nitrogen. The thickness of the specimens 
was about 0.1 mm. The density was determined to be 1.767 g/cm3 by the 
flotation method. For a quenched specimen the melting curve obtained 
by a differential scanning calorimeter (DSC) exhibited double peaks (at 
167.0° C and 172.5°C). Annealing at 160°C for 24 hr changed the density to 
1.779 g/cm3, and the DSC measurement showed a single peak (173°C). 
Longer annealing at the same temperature did not further raise the density 
and the melting point. The crystal form was identified as the a form by 
means of x-ray and infrared analysis.

The poly(vinyl fluoride) film used was Tedlar (manufactured by E. I. 
du Pont de Nemours and Co.). The specimens for dielectric measure­
ments were prepared by annealing at 160°C for one day in order to avoid 
shrinkage. Their thickness was about 0.15 mm.

The surfaces of the specimens were sputtered with silver to form elec­
trodes. The mutual inductance bridge was similar to that originally 
developed by Cole and Gross.4 Since it accommodated three terminal 
electrodes, the data were free from errors due to edge and surface effects as 
well as the stray capacity effect. Special care was taken to avoid the ef­
fect of humidity, by placing the specimen in a sealed cell with dry nitrogen. 
The design of the apparatus has been previously described in detail.6

After a static electric field had been applied to a specimen at constant 
temperature for a certain period, the field was removed and the dielectric 
measurement was carried out without delay. The field strength was var­
ied from 0.1 kV/cm to 30 kV/cm.

Mechanical measurements for poly(vinyl fluoride) were carried out by 
means of the direct-reading dynamic viscoelastomer,6 which is similar to 
the Vibron instrument manufactured by Toyo Measuring Instrument Co., 
Ltd.

Results and Discussion
Poly(vinylidene fluoride) shows three kinds of dielectric relaxation pro­

cesses.7 The highest temperature relaxation process is apt to be super­
imposed upon another process. As a result, the value of t' or t" at lower 
frequencies is very large, as is shown in Figures 1 and 2. This process has 
been generally presumed to be due to ionic conduction. If such an infer­
ence is correct, the process should be affected by a static electric field.

When a static field of 25 kV/cm was applied to a specimen at 160°C for 
40 hr, a significant change was observed, as is shown in Figures 3 and 4. 
For instance, e' at 6.25 Hz was reduced to 1/ 2 and e" at 6.25 Hz to 1/200. 
As one of factors which cause the decrease of e' and e", the effect of anneal­
ing should be considered, because e' and e" for crystalline polymers change 
generally upon annealing. When a specimen was annealed at 160°C, a 
small change (Figs. 5 and 6) was observed, while a large change was caused 
by the field. That is, the effect of annealing is negligible compared with 
that of the field.
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Fig. 1. Frequency dependence of e' at various fixed temperatures for polyfvinylidenefluoride).

Fig. 2. Frequency dependence of e" at various fixed temperatures for poly(vinylidenefluoride).
On the other hand, the field effect is more significant at lower frequencies. 

This tendency can be clearly demonstrated by plotting Ae", the decrease of 
e" in 25 hr, against frequency in Figure 7. This plot satisfies the equation:

log Ae" = A -  B log /
where A and B are constant. The constant B was nearly equal to unity 
and independent of temperature.
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Fig. 3. Frequency dependence of t' at various fixed temperatures for poly(vinylidene fluoride) to which a field of 25 kV/cm was applied at 160°C for 40 hr.

Fig. 4. Frequency dependence of e" at various fixed temperatures for polyfvinylidene fluoride) to which a field of 25 kV/cm was applied at 160°C for 40 hr.
It is expected that the rate of decrease of e" or e' will be greater if the 

field strength is increased. The change of e" with time under three different 
field strengths was measured, as is shown in Figure 8. The highest field 
strength causes the most rapid change and gives the lowest asymptotic 
value.

When a static field is applied to a specimen, e' and e" decrease rapidly, 
but increase again when the field is removed, as is shown in Figures 9 and 10.
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Fig. 5. Comparison bet ween I lie effects of annealing and of a static electric field for e' of poly(vinylidene fluoride) at 106°C.

Fig. 0. Comparison between the effects of annealing and of a static electric field for t" of polyviuylidene fluoride) at 160°C.

These changes appear to be interpretable in terms of Ihe migration of ionic 
impurities. Ions initially distributed uniformly in the specimen are dis­
placed towards the electrodes by a static field and concentrated. The con­
centration of ions results in reduction of their mobility. As a result, the 
contribution of the ions to complex dielectric constant diminishes, and 
hence e ' and e " decrease. The changes caused by the field cannot be 
instantaneous, since this process is due to the migration of ions.



590 O S A K 1 , U E M U R A ,  A N D  1 S H 1 D A

Fig. 7. Frequency dependence of decrease of t" caused by a static electric field; field,25 kV/cm; 24 hr; 160°C.

Fig. 8. Field strength dependence of the decrease of t" with time: t(), initial value;e'i, value at time t; 160°C.
If the decrease of e' or e" is attributable lo the migration of ions in a 

static electric field, the removal of the field should permit the diffusion of 
ions by thermal agitation and e' or e" should again recover to the initial 
large value. When the static electric field is removed, the value of e' or e" 
tends to increase, as is shown in Figures 9 and 10. The rate of recovery is 
very slow compared with the rate of decrease produced by the electric field. 
When the two rates arc compared on t he basis of the change in the first 
hour, the rate of recovery of t owing to thermal agitation is only 1/20 of
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the rate of decrease caused by the field. The ultimate recovery is incom­
plete. The asymptotic values of t' and t" in the recovery process depend 
on the strength of the static electric field and the temperature in the first 
step. The electrolysis of ionic impurities may account for tills behavior. 
When a stronger field is applied at a higher temperature, the asymptotic

Fig. 9. Change of e' with time. After the specimen was annealed at 160°C for 24 hr, a field of 25 kV/cm was applied for 24 hr at 160°C and then removed.

Fig. 10. Change of e" with time. After the specimen was annealed at 160°C for 24 hr, a field of 25 kV/cm was applied for 24 hr at 160°C and then removed.

tn iw n n fn « «
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value of t" or t in the recovery process is smaller, possibly because of more 
effective electrolysis.

We tried then to identify ionic impurities deposited on the silver elec­
trodes. In order to remove the silver electrode without scratching the 
specimen, we made an amalgam by rolling a small mercury droplet over its 
surface. When this amalgam was analyzed by emission spectroscopy, the

0 50 100 150
TEMPERATURE (“Cl

Fig. 11. Temperature dependence of decrease of t" caused by a static electric field. The ratio em " / e o "  is used to represent the decrease of e " .  asymptotic value; t o ,  initial value; frequency, 6.25 Hz; field, 25 hv/cm.

F ig . 12. T e m p e ra tu re  dependence of the d yn a m ic  Y o u n g ’s m o d u li E' and  E "  a t  100 I I z
fo r p o ly fv in y l f lu o rid e ).
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Fig. 13. Temperature dependence of e' at 100 Hz for polyfvinyl fluoride): (---- )original specimen; (—O—) after a field of 30 kV/cm had been applied for 36 hr at 15o°C.

Fig. 14. Temperature dependence of e" at 100 Hz for polyfvinyl fluoride): (---- )original specimen; (O) after a field of 30 kV/cm had been applied for 36 hr at 155°C.
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presence of calcium was demonstrated. At present, other impurities have 
not been positively identified.

In order to test this conclusion further, we measured a specimen to which 
IvCl had been added by the following way. After the film had been soaked 
in a saturated aqueous solution of KC1 at S0°C for 3 days and dried at 100°C 
under vacuum for a day, it was remolded at 200°C. The values of t or t" 
at lower frequencies are much larger than those of the original specimen. 
The addition of NaCl or Na2C03 caused a similar effect. When a static 
field was applied to the specimen containing added KC1, t' and e" were 
reduced to values similar to those found for the original specimen when a 
st at ic field was applied.

On the other hand, if the large values of e' and e" at lower frequencies are 
caused by ionic impurities, the effect of the static electric field should 
depend strongly on temperature, since migration of ions requires large 
free volume. We measured the temperature dependence of the field effect. 
As is shown in Figure 11, the effect is obvious only above about 90°C, 
which seems to correspond to the onset of molecular motion in the crystal­
line regions of poly(vinylidene fluoride).

The high temperature dielectric absorption of poly(vinyl fluoride) 
previously could not be observed because of the predominant ionic conduc­
tion.3’8 On the other hand, as is shown in Figure 12, two kinds of absorp­
tions were observed in mechanical measurements, as Schmieder and Wolf9 
had found. We expected that the high-temperature absorption would 
appear in dielectric measurements when a static field was applied; and, 
in fact, application of a static field to poly (vinyl fluoride) revealed an ab­
sorption at the location corresponding to the high temperature absorption 
in mechanical measurements, as is shown in Figures 13 and 14.

We are grateful to Dr. M. Asahina and Miss II. Kakutani of Kureha Chemical Co., Lid. for supplying the samples and lo Dr. K. Hoashi for the measurement of poly(vinyl fluoride) by the viscoelastometer. We are also indebted to Prof. S. Seki for the use of the DSC and to Prof. H. Tadokoro for the use of the x-ray apparatus. Thanks are due to Prof. K. Yamafuji, Prof. Y. Yokoyama and Mr. N. Kawasaki for valuable discussion.
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Size-Distribution Analysis of Polymer Latex Systems 
by Use of the Extrema in the Angular 

Light-Scattering Pattern: II. The Polarization Ratio

THOMAS P. WALLACE, Department of Chemistry, Rochester Institute 
of Technology, Rochester, New York 1/+623

Synopsis
Previously, the angular positions of the extrema of the polarization ratio have been utilized in light-scattering studies as a method of ¡¡article-size analysis under the assump­tion of monodisperse, spherical particles. Since the consequences of the existing finite polydispersity on this method of analysis was not assessed, the results are questionable. This work is concerned with (1) reporting the quantitative effects of a finite polydis­persity on the method of analysis, (2) pointing out previous misuse of the method, and (3) revising the method of analysis to include polydispersity and the exact Mie calcula­tions. The method will then permit the characterization of a scattering system in terms of a modal diameter and a distribution-width parameter by utilizing prepared diagrams for a particular relative refractive index.

INTRODUCTION
A number of literature reports1-9 outline methods of particle size analysis 

based on the position of the extrema of a particular angular light-scattering 
function. Inherent in all of these methods (except that of Wallace and 
Kratohvil9) is the assumption that the scattering system is “mono­
disperse,” and therefore the finite polydispersity that exists in real systems 
is disregarded. However, the sensitivity of the technique utilized in a 
particular experiment determines the validity of such an assumption. In 
many cases,10 the angular light scattering functions are extremely sensitive 
to small changes in polydispersity. The literature details numerous light- 
scattering studies3'7 of so-called monodisperse polymer latex systems where 
the polydispersity was sufficient to eliminate an extremum, or to shift the 
angular position of the extremum from the position calculated for the 
single-sphere situation. The influence of the polydispersity of these sys­
tems on the particle sizes reported was not quantitatively assessed. We 
have recently reported a study9 on the size-distribution analysis of latex 
systems based on the vertically polarized component of scattered light to 
illustrate this point and to outline a method of analysis which uses the 
exact Mie calculations11'12 and which permits evaluation of the distribution 
of particle sizes. The study reported here has the same basis but was 
designed to determine the feasibility of using the positions of the extrema of
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tlie polarization ratio1 3 -1 6  (i.e., the ratio of the intensities of the horizontal 
and vertical components of scattered light). The intensity of light scat­
tered from an isotropic, spherical particle is dependent on the relative 
refractive index in (i.e., the ratio of the refractive indices of the sphere and 
the medium in which it is immersed) and the optical size a = where
D is the particle diameter and X is the wavelength of light in the medium. 
The Mie angular intensity functions11 ' 12 for either the vertically or hori­
zontally polarized component of scattered light can be calculated for either 
a single sphere of diameter D or for a system of particles with a distribution 
of sizes characterized by an average diameter and a distribution-width 
parameter.

Maron et al.7 utilized the polarization ratio method to evaluate the 
particle size of polymer latex systems, whereas Kerker and La Mer1 studied 
sulfur sols which have a higher relative refractive index titan the latex 
systems. In a prelude to their paper dealing with this method of analysis, 
Maron et al. 17 compared experimental polarization ratios at a scattering 
angle of 90° p80 from their laboratory and from the literature to p90 cal­
culated from Mie theory for zero polydispersity, and m = 1.20 for poly­
styrene and m = 1.17 for 50:50 butadiene-styrene. The resulting lack of 
agreement between experiment and theory was attributed to optical 
anisotropy of polymer latex particles. However, the disagreement is not 
surprising since in = 1 . 2 0  was incorrect ly used for polystyrene at all wave 
lengths of light from 271.1 nm to 519.3 nm (see Dezelic and Kratohvil3 for 
correct m values); and, likewise, the use of m of 1.17 at all wavelengths for 
50:50 butadiene-styrene is of dubious validity. In addition, the latex 
systems possessed sufficient polydispersity for p90 to be appreciably different 
from values calculated for zero polydispersity. Table I illustrates the 
variation of p90 with the polydispersity factor <70 (defined below) and with 
small change (0.01) in the relative refractive index. The size-distribution 
parameters assigned18 to the Dow monodisperse polystyrene latex LS- 
057-A, based on computer analysis16 of p0 for X = 409 nm are am = l.SS 
and oo = 0.07. Note that from Table I (p9o)„„=o.o7/ ( p9o)<,0 = o is 1-32 for in 
= 1 . 2 0  and that there are appreciable difference in p9o with changes in in. 
Therefore, the conclusion of Maron et al. 17 that the latex particles are 
anisotropic because of the disagreement between theoretical (p9o)n = o and 
experimental (p9o)<,„> o (at incorrect or doubtful values of in in some cases) 
is without foundation. A detailed study19 of latexes has subsequently 
demonstrated that the particles are optically isotropic.

Maron et al. 7 attempted to extend tire method of particle size analysis 
based on the positions of the extrema of the vertically polarized component 
of scattered light to the use of the extrema of the polarization ratio pe.

0-2)j _  Hi, ,e
(il)g Vvg (1)

where Vvfi is the Rayleigh ratio for the vertically polarized component 
of the radiant scattered intensity per unit solid angle from an incident
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T A B L E  I

00
m  =  1 .20 ,
a in =  1 .88

Pd X 10*
in  =  1.21, 
a m = 1 . 8 8

0 .0 2 .5 2 0 2 .9 0 0
0.01 2 .7 5 2 3 .1 7 2
0 .0 2 2 .6 7 7 3 .0 8 5
0 .0 3 2 .661 3 .0 6 5
0 .0 4 2 .761 3 .1 8 2
0 .0 5 2 .9 0 3 3 .3 4 6
0.0G 3 .0 8 3 3 .3 5 4
0 .0 7 3 .3 0 4 3 .8 0 9
O.OS 3 .3 5 7 4. 101
0.0!) 3 .8 6 8 4 .4 5 8
0 .1 0 4 .4 2 7 4 .8 7 0
0 .11 4 .6 3 7 5 .3 3 9
0 .1 2 5 .0 7 2 5 .8 3 6
0 .1 3 5 .5 8 8 6 .4 2 3
0 .1 4 6 .1 5 5 7 .0 6 6
0 .1 5 6 .7 7 2 7 .7 6 3

vertically (subscript v) polarized beam of unit irradiance; the definition of 
Hhg follows from that of V,,g. The Mie angular intensity function11' 12 
(iì)g for the vertically polarized component of scattered light from a scatter­
ing system of finite polydispersity is given by

(n)e = f (ii')ep(a)da (2 )Jo
where (ii)e is the intensity function at angle d for a single sphere of optical 
size a, and p(a) is the frequency function for the zeroth-order logarithmic 
distribution. 20 Therefore p(a)da gives the fraction of particles with sizes 
between a and a +  cla. A similar expression exists for the horizontally 
polarized component of scattered light (f2)e. This distribution function has 
a slight positive skew and is expressed as

P(a) = K exp[ -  (In « -  In am)2/(2v02) } (3)
where A is a normalization constant, am is the modal optical size, and <ro 
is a distribution breadth parameter which is related to the standard devia­
tion by

(7 a mCo 1 + 91 + 37 Co4

~3T (4)
A number of other size distribution functions (e.g., Gaussian) would be 
equally suitable. 21 Therefore, pd is considered to be a function of in, d, am, 
and (To whereas the previous treatments1 - 3 ’7 ' 17 of this method considered 
pe to be a function of only to, a, and 6 . In addition, p„ may be expressed as 
either Hu e/Vufi (subscript u denoting unpolarized incident light) or Hhg/-
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Fig. 1. T h eo re tica l values of sin(03/2 )  vs. a  1 for m  =  1.17: (---- )<ro =  0; (------- ) ito =
0.09.

Vvfi since Hu S = (Hhfi +  Hvfi) /2 and F u,e = (Vvfi +  F M)/2  with Hrfi and 
Vhfi both zero for optically isotropic spheres.

Maron et aV used
a sin (St/2 ) = 1/ (5a)

or
(D/X) sin (S,/2) = li (5b)

to evaluate particle size from the location of the position of the minima 8 i 
in the angular p„ scattering pattern while the angular positions of the 
maxima on were related to particle size by

a sin (coi/2 ) = L/  (fia)
or

(D/\) sin (co,/2) = Lt (fib)
In eqs. (5) and (6 ) 1/, lt, Lt' and Lt were considered constant for a given in 
and i and were experimentally evaluated from plots of a - 1  versus sin 
(S(/2) and sin (ut/2) by using electron microscopy to evaluate particle size. 
These constants were also evaluated theoretically from Mie calculations for 
cr0 = 0. The comparison of the experimentally (ao > 0) and theoretically 
(uo = 0 ) determined constants, again on ignoring the change in m with
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Fig. 2. A ngu lar p osition  of th e  ex trem a in pg, i  =  1 to  i  =  7, ca lcu la ted  from  th e  M ie 
th eo ry  for <r0 — 0, m  =  1.21: (-------) m in im a; (-----) m axim a.

variation in X, was reported7 as satisfactory only for the first minimum. It 
was further stated by Maron et al. 7 that the lack of agreement could not be 
due to polydispersity as both monodisperse and polydisperse samples be­
haved in a similar manner and that, therefore, the disagreement must 
be due to anisotropy. For reasons discussed above, the disagreement be­
tween experiment and theory is reasonable and to be expected. Figure 1, 
based on Mie calculations, illustrates that for co3 different slopes and there­
fore different values of L■/ are obtained for <r0 = 0 and <70 = 0.09. In addi­
tion, for an observed a>3 from a sample of finite polydispersity (e.g., o-o =  
0.09), the erroneous assumption of <r0 = 0 results in a diameter larger than 
the true diameter. This same figure illustrates the negligible effect of poly­
dispersity on the angular position of 8 t.

E V A L U A T IO N  O F  S IZ E -D IS T R IB U T IO N  P A R A M E T E R S
The position of the extrema and the corresponding value of pg [i.e., (**)#/- 

(fi)e] were determined by use of an IBM 360/65 computer from Mie cal­
culations for various size distribution parameters [am = 2.0 (0.2) 13.5 and 
o-o = 0 (0.02) 0.15] at angles 1° (1°) 140° for m = 1.21 and 1.17.

At a fixed am, the shifting of the minima with increased polydispersity is 
limited to 3° or less in the forward direction if the angular range is restricted 
to less than 105°, whereas the maxima shift as much as 10° in the forward
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Fig. 3. Angular position of the extreme in pe as in Fig. 2 except that m  =  1.17: (-------)
m inim a, (---- ) maxima; (■  • ■ ) maxim um for i =  1 and <r0 =  0.11.

T A B L E  II
Calculated Diam eters from Eqs. (5) and (6) and the E xtrem a P ositions from M ie Theory

O’o

E xtrem a position  
from M ie theory“

D  from eqs. (5) 
and (6), nm

COl From 5, From an
0.01 46 68 373 373
0 .0 3 46 67 373 378
0 .0 5 46 67 373 378
0 .0 7 46 65 373 388
0 .0 9 45 64 381 394
0 .1 1 44 62 389 405
0 .1 3 44 60 389 417
0 .1 5 43 58 398 430

“ m  =  1.21 (X = 325 nm ), a m =  3.6 (.D m =  373 nm ).
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<T0
Fig. 4. Effect of the distribution-w idth parameter <r0 on the extrem a rho ratio for i  =  1,

m  =  1.21.

Fig. 5. Effect of the distribution width parameter on the extrema rho ratio for i = 2,
m = 1.21.
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Fig. 6. E ffect of the distribution w idth  parameter <r0 on the extrem a rho ratio for i  =
3, m  =  1.21.

Fig. 7. Effect of the distribution width parameter <ro on the extrema rho ratio for i  — 4 and
i = 5, m = 1.21.
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<$*0
Fig. 8. Effect, of the distribution w idth parameter tr0 on the extrem a rho ratio for i  =  1,

m = 1.17.

^ 0
Fig. 9. Effect of the distribution width parameter <r0 on the extrema rho ratio for i =

2, m  =  1.17.
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^ 0

Fig. 10. Effect of the distribution width parameter <r0 on the extrem a rho ratio for i =  3,
m  = 1.17.

direction. The insensitivity to polydispersity of the position of the minima 
in the angular pe pattern may be utilized for particle-size determination in 
an analogous manner to the recently reported method9 based on (•ii)B. 
Figures 2 and 3 are plots of the position of the extrema in pe versus am for 
cro = 0 and m equal to 1.21 and 1.17, respectively. Such plots can be used 
for evaluation of am from observed 5, for systems of low polydispersity. 
The relation 180/(5« + 1 — 5«) ~  am (with angles in degrees) previously sug­
gested9 in the (ii)e method for the estimation of am, and therefore of the 
index i, is also satisfactory for p„. That is, if the angular separation of two 
consecutive minima (A5) is known, am can be estimated and i = ¿¡/A5. 
Since in many cases, the maxima shift appreciably as polydispersity in­
creases, the calculation of particle size based on the observed maxima (i.e., 
oj¡) and eq. (6 ) can lead to erroneous results which can contradict the results 
obtained from 5, and eq. (5). This is illustrated in Table II, which lists the 
diameters calculated from these two equations and the positions of the 
extrema from Mie calculations. Once am is evaluated from the minima, 
Vo can be determined by comparison of the experimental extrema rho ratio 
(pmax/Pmin)i to theoretical curves of the extrema rho ratio versus tro for a given 
am and m (Figs. 4-11). These curves are similar to those used in the 
method9 based on the vertically polarized component of scattered light but 
differ in one respect. The extrema intensity ratio9 was found to decrease



SIZE-DISTRIBUTION ANALYSIS 605

6*0
Fig. 11. Effect of the distribution w idth parameter <r0 on the extreme rho ratio for i = 4

and i = 5, in = J .17.

steadily with increasing a m  at a fixed a 0  while ( p max / p min ) i  may go through a 
minimum and a maximum. An example of this behavior can be found in 
Figure 4 between am = 2 . 8  and am = 3.8. This complicates somewhat the 
use of such curves which must be obtained at close intervals if interpolation 
procedures are to be used.

A P P L IC A T IO N  O F  M E T H O D  

P o ly s ty r e n e  L atex , m  =  1.21 (X =  325  n m )
Dow polystyrene latexes LS-1138-B and LS-449-E were used as model 

scattering systems. The electron microscopy results (EM), obtained by 
the Dow Company, are Dem = 1011 nm («Em = 9.75), (cto)em = 0.005; 
and DEm = 796 nm (aEM = 7.68), ( o o ) e m  = 0.004, respectively.

A Sofica light-scattering photometer was used to measure the polariza­
tion ratio which is experimentally defined as the ratio of the galvanometer 
deflections for the two states of polarization corrected for scattering of the 
water medium. The effects of multiple scattering at the concentrations 
of ca. 1 0 - 7  g/g and the reflection corrections for this instrument were found 
to be negligible. The experimental details are given elsewhere9 and in the 
literature cited. Based on the data and the results of the analyses of the 
three extrema given in Table III for LS-1138-B, the size distribution pararn-
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T A B L E  I I I
S ize -D istrib u tio n  A nalysis

Sam ple i Si dm (Pmax/Pmin)t <7 0
Dow p o ly sty ren e  la tex  L 8-1138-B : 3 50° 9 .5 5 1 .7 0 .0 5

Dum = 1011 nm , C = 5 .1 8  X 10“7g /g 4 68° 1 0 .0 2 .1 0 .0 4
5 90° 9 .7 5 1 .9 0 .0 4

D ow  p o ly sty ren e  la tex  L S-449-E : 2 42° 7 .4 1 .7 0 .0 5
D em = 796 nm , C =  2 .2 6  X 1 0 -7 g /g 3 68° 7 .4 1 .8 0 .0 5 5

4 94° 7 .5 2 .5 0 .0 4 5
50 :5 0  B u ta d ie n e -s ty re n e  la tex “ 2 49° 6 .8 1 .3 0 .0 8

3 79° 6 .7 1 .3 0 .0 7
“ D a ta  from  M aro n  et. a l.7

eters assigned to this sample are am = 9.8 ±  0.2 and <ro = 0.040 ±  0.015.* 
Previous results9 for this sample based on the use of the extrema in (ii)„ 
were reported as am = 9.7 ± 0 . 1  and a0 = 0.05 ±  0 .0 1 . The large dis­
crepancies between these <j0 and (cr0) EM are discussed elsewhere. 22 The 
results for sample LS-449-E indicate size-distribution parameters of am =
7.4 ±  0.10 and a0 = 0.05 ±  0.015. Since the fourth minimum at about 
94° is considerably more shallow than the two minima in the more forward 
direction, there is a larger uncertainty in St and therefore in a,„ based on i =
4.

5 0 :5 0  B u ta d ien e  S ty r en e  L atex
Experimental values of pe were obtained for \  = 271.1 nm from Figure 2 

of reference 7 (Sample 2715). The results from the analysis of the data 
by the extrema method are given in Table III and indicate average size- 
distribution parameters of a,„ = 6.75 ±  0.10 (Dm = 583 nm) and a0 = 
0.075 ±  0.015. Maron et al. , 7 utilizing four wavelengths of light, obtained 
an average diameter of 541 nm based on evaluation of eleven minima and 
ten maxima by eqs. (5) and (6 ). The 21 diameters ranged from 497 nm 
to 590 nm.

Because of the questionable validity of m = 1.17 at X = 271.1 nm, values 
of pe at 19 angles were compared by computer with theoretical values for 
m = 1.15 (0.01) 1.19 and a wide range of am and a0 in order to find the best 
fit of experiment and theory. This fitting procedure is described else­
where, 16 except that the previous procedure was extended to a third variable 
rn to produce a three-dimensional contour error map of am versus ao versus 
m. The best fit of experiment and theory was found at am = 6 .6 ; cr0 = 
0.08 for 1.17 <  m <  1.19 with the agreement improving at higher m; how­
ever, the deviation of experiment from theory even for the best fit (??? = 
1.19) was too high to place confidence in the results. That is, the volume

* The ±  quantities represent subjective estimates of the uncertainty in assigning the
size-distribution parameters.
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of minimum error in the three-dimensional contour error map was so ab­
normally large for this set of data that the uncertainty in the assignment of 
m, am, and <r0 was unacceptably large.

C O N C L U S IO N
Since at least one maximum and one minimum are required for analysis, 

this method is restricted to am >  4 for rn values considered here. The 
limiting value of cr0 decreases with increasing i from about, 0.13 for i = 1 
to 0.07 for 7 = 5 .  A detailed discussion of the strengths and limitations 
of this type of extrema method was given previously. 9

T h is  s tu d y  w as in itia te d  as a re su lt of exposure to  an d  discussions w ith  P ro fesso r J .  P . 
K ra to h v il of C la rk so n  College of T echnology, P o tsd am , N ew  Y ork . T h e  a u th o r  is 
g ra te fu l to  B au sch  an d  L om b for th e  g en e ro sity  in  p rov id ing  th e  Sofica lig h t sca tte rin g  
p h o to m e te r an d  to  th e  U n iv e rs ity  of R o ch este r  for th e  use of th e ir  co m p u ting  facilities.
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Measurement of the Stress-Relaxation Modulus 
in the Primary Transition Region

R. E. KELCHNER and J. J. AKLONIS, Department of Chemistry, 
University of Southern California, Los Angeles, California 90007

S y n o p s is
D ifficulties hav e  been en co u n tered  in ex p erim en ta lly  m easuring  th e  stress-re lax a tio n  

m odulus for system s w ith  steep  slopes in th e  p rim ary  tran s itio n  region. T h e  usu ally  
app lied  “ fac to r-o f-ten ”  ru le  is show n to  ap p ly  in these cases as well as in  cases w here th e  
re lax a tio n  is slow er; w ith  th e  s teep  slope, how ever, th e  rule offers l it tle  help, since th e  
decay  in th e  m odulus is so fa s t  th a t  stresses are  usually  v ery  sm all a t  tim es w hen  d irec t 
m odulus calcu la tions m ay  be m ade. A tech n iq u e  is suggested  w hich allows ca lcu la tion  
of th e  m odulus in th is  d ifficult region. A slow  c o n s ta n t s tra in - ra te  d efo rm atio n  is 
followed by  a co n s ta n t s tra in  period . M o d u lu s values for tim es d u rin g  th e  c o n sta n t 
s tra in  ra te  period  are  ca lcu la ted  using w ell know n relationsh ips. L ong-tim e v alu es  are  
ca lcu la ted  from  th e  defin ition  of th e  m odulus (th e  fac to r-o f-ten  ru le  being  em ployed) 
a n d  a recursion re la tio n  is developed  w hich  is used  fo r m odulus ca lcu la tions d u rin g  th e  
co n s ta n t s tra in  period  a t  re la tiv e ly  sh o rt tim es w here effects of s tra in  ra te  are im p o r ta n t. 
S ta r tin g  va lues for th e  recursion  re la tio n  are  long-tim e m oduli w hich can be ca lcu la ted  
d irectly .

Experimental investigations1 - 4  of the stress-relaxation behavior of 
amorphorus polymers in the primary transition region have demonstrated 
at least one very interesting fact. The maximum value of the negative 
slope of the stress-relaxation master curve in this region is not the same 
for all polymers. For example, when comparing the relaxation behavior 
of polyisobutylene (PIB) with that of polystyrene (PS), one notices that 
maximum slopes on the usual log-log scales are about 1/i for PIB 1 and 3/ 2 
for PS . 2 In experimental time, account having been made for differences 
in glass transition temperatures, PS experiences its giass-to-rubber transi­
tion about 10,000 times as rapidly as PIB. The molecular reasons for 
these very differing behaviors are not yet understood. Thus, it seems 
clear that additional measurements of the behavior of other polymers in 
the primary transition region would be useful although such experiments, 
are usually relatively difficult. We present here a technique which can 
be used to measure the stress relaxation of polymers in the primary transi­
tion region rather easily.

A short discussion of the complications which arise in attempting direct
E(t) = <r(f)/ eo (1)

609
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measurement of tins behavior may be beneficial. The tensile stress- 
relaxation modulus E(t) may be defined by the equation 
where a(t) is the stress at time t and e0 is the strain applied instantaneously 
at zero time. In actual experiments, however, instantaneous strain ap­
plication is impossible. Usually, the strain is applied rapidly and, as a 
rule, one uses eq. (1 ) with data obtained at times greater than the strain 
time by a factor of ten. Thus, for a one-second strain, the first experi­
mental modulus would be calculated at 1 0  sec.

When attempting measurements in the primary transition region, how­
ever, the application of the “factor-of-ten” rule becomes impossible. Con­
sider attempting to measure a modulus value in the range of 1 0 9 dyne/ 
cm2, at a time 10 sec after the initial strain application. In order to do this, 
the strain rate must vanish before one second has elapsed. But, if the 10- 
second modulus is about 1 0 9 dyne/cm2, the modulus at times <  1 sec 
will be correspondingly higher, perhaps in the neighborhood of 1 0 10 dyne/ 
cm2, i.e., approaching a glassy modulus value. Clearly, finite strains ap­
plied to glassy materials are not desirable. Among other drawbacks the 
possibilities of slippage from the clamps or fracture are maximized under 
these conditions, since very high forces must be employed to obtain mea­
surable strains.

Since we are interested in examining the behavior of polymers with dif­
ferent slopes in the primary transition region, the factor-of-ten rule should 
be examined in this light. Perhaps the factor can be decreased for ma­
terials with slopes within certain bounds. One form of the Boltzmann 
superposition principle6 allows the calculation of the time-dependent stress 
from a knowledge of the strain history and the modulus:

<r(t) = f E(t — ii)dp. (2)Jo dfi
A functional form for E(t) which will simplify 1 his analysis is:

E(t) = Edl + (t/r)]~m + E* (3)
where E\ is the glassy modulus, E2 is the rubbery plateau modulus, r is a 
parameter which places the transition on the time axis, and m is the maxi­
mum value of the negative slope in this primary transition region. If m 
has a value of 3/ 2, eq. (2 ) will generate a PS-like master curve, while a 
value of V2 for m will result in a PIB-like response. The solid line in 
Figure 1 was calculated with E\ = 3.0 X 1010 dyne/cm2, E2 = 1.0 X 107 
dyne/cm2, r = 3.0 X 10^2 sec, and m = 3/ 2.

Next, eq. (2) was utilized to calculate the stress for a sample subjected 
to a constant strain rate for 3 sec. This calculated stress was then in­
correctly substituted into eq. (1 ) in an attempt to calculate the modulus 
at times greater than 3 sec. These modulus values we show as the dashed 
line in Figure 1. It is apparent that eq. (1) is useful only at times greater 
than 30 sec, the difference between the true modulus and that calculated
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Fig. 1. E x am in a tio n  of th e  fac to r-o f-ten  ru le: (------ ■ ) calcu la ted  b y  eq. (3) w ith  E \  =
3.0 X 1010 d y n e / cm2, E2 =  1.0 X  107 d y n e /c m 2, r  =  3.0 X 10-2 sec, m  =  s/ 2; (— ) cal­
cu la ted  b y  eqs. (1), (2), an d  (3) for a  0.3 sec c o n s ta n t-s tra in -ra te  experim ent.

via eq. (1) at times shorter than this being in excess of 5%. Similar re­
sults are obtained if values other than 3/ 2 are used for the parameter m 
in eq. (3); thus the factor-of-ten rule holds rather well, irrespective of the 
exact shape of the curve in this area.

It is well known that E(t) may be computed from the slope of a stress- 
strain experiment carried out at constant strain rate. The equation6

E(t) = crd log tr/ed log 6 (4)
represents a particularly suitable expression to use in carrying out this 
calculation. To limit stress so as to avoid the experimental difficulties 
mentioned above, it is clear that very slow strain rates are necessary. Yet 
the extension must result in a measurable stress at short times. A strain 
rate in the region of 1 X 10~2/min is the best compromise to satisfy both 
these considerations. To deal with linear viscoelastic materials, one 
should limit the overall strain as much as possible. In the lower transi­
tion region, for example, strains of the order of 5% appear to be within 
the region of linear viscoelasticity. Thus, to limit overall strain to 5% at 
a strain rate of 10_2/min indicates an experiment of 5 min duration and a 
calculation of a 5-min modulus. Even smaller extensions, i.e., shorter 
experiments, would be necessary in the upper transition region. So al­
though this technique can be used, its inability to measure long-time modu­
lus values is definitely a limitation. Normally, stress relaxation experi­
ments are carried out to yield modulus values at about an hour.

In Figure 2 the results of a constant strain-rate experiment are presented.
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Fig. 2. R e lax la io n  beh av io r of p o ly sty ren e  reduced  to  106°C : See te x t for exp lanationof curves.

A polystyrene sample with Mw = 2.74 X 10r\ furnished by Mr. R. F. Kratz 
of the Ivoppers Company, Inc., Monroeville, Pa., was elongated at the 
constant strain rate of 1.74 X 10~2/min at 106°C. The constant strain 
rate was imposed for 2  min, after which constant strain was maintained. 
Equation (4) was used to calculate the modulus during the constant strain- 
rate portion of the experiment and resulted in the filled circles connected by 
the dashed line at times shorter than two minutes. The data measured at 
constant strain were utilized for modulus calculations by use of eq. (1 ) the 
factor-of-ten rule being ignored. These data are represented by open cir­
cles and the solid line. The previous discussion indicates that modulus 
values calculated for times greater than 2 0  min are within experimental 
error while those calculated for times between 2  and 2 0  min are much too 
high. Clearly, then, a relaxation curve may be measured; but approxi­
mately one decade of time in the central portion of the curve must be dis­
carded. Although the data measured do contain information about the 
E(t) through this region, neither eq. (1) nor eq. (4) is suitable for the calcula­
tion of E(t) from these data.

In the light of this gap, further examination of the Boltzmann principle is 
interesting. Under the condition of a constant strain rate applied for a 
time c, eq. (2 ) becomes

Approximation of the integral by a sum and subsequent rearrangement 
yields:

t >  c (5)

E(t -  c) = ~  — ~ ¿A) t > c (G)
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where nA = c. Thus, if one were to know the n — 1 modulus values at the 
relatively long times t — iA, as well as i and a(t), one could calculate the 
modulus value at the shorter time t — c. Now with a value for E(t — c), 
one could rewrite eq. (0 ) for a still shorter time and again calculate the 
modulus, but now at an even shorter time. Thus one has a recursion rela­
tion for modulus values in terms of moduli which obtain at longer times. 
The starting n — 1 modulus values at long times are calculated where eq. (1) 
is correct, and the recursion relation is then applied over and over to regress 
back to short times where eq. (1) is no longer applicable. Such a regression 
is easily carried out on a computer.

This technique has been applied to synthesized data generated by using 
eqs. (2) and (3) and is essentially exact. Such synthesized data, however, 
are not subject to the scatter inherent in experimental data, and such a test 
is not conclusive proof of the applicability of this technique to real experi­
ments. Still, the complete success of this technique should be contrasted 
with more limited success of previously suggested approximation tech­
niques, 7 even in such an idealized situation.

A critical test of eq. (6 ) may be realized by calculating from the experi­
mental data the modulus values in the interval 2—20 min in Figure 2. 
Equation (6 ) is strictly correct in the limit of infinitely small A. Thus, this 
technique should be most satisfactory for closely spaced data points. 
Rather than introduce roughly a thousand measured data points a(t) into the 
computer for this experimental run, we have introduced about 30 data 
points and used these to calculate the coefficients of a three-term power 
series over small segments of the experimental run:

a{t) = C\ + C2t +  (7)
Ten sets of coefficients were used for the relaxation curve. These functions 
were then used internally to generate the closely spaced data points needed. 
The values of the modulus at long times, which are the necessary input for 
the recursion relation, are obtained by using eq. (1 ) well within its range of 
applicability.

The results of this calculation are presented as the dash-dot line in Figure 
2 . It is reassuring that the modulus values calculated with eq. (6 ) in the 
region of 2  min match so well with the modulus values calculated with eq. 
(4).

As a final examination of the validity of this procedure for calculating the 
stress relaxation modulus, we have measured the modulus directly, using a 
rapid strain application and the factor-of-ten rule. In this experiment the 
temperature was decreased to 104°C to enable modulus values above 107 
dyne/cm 2 to be measured. It should be pointed out, however, that this 
rapid-strain, low-temperature measurement is just the experiment which is 
not feasible when measuring the main portion of the primary transition re­
gion. In this case however, the temperature of the original run was selected 
to be high enough so that a rapid strain experiment could be done as a final 
test. The 1% strain was applied in 0.02 min, and eq. (1) could then be em­
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ployed for times longer than 0.2 min. A horizontal shift factor (aT = 1.81) 
was applied to the 104°C data to reduce them to 106°C. The superposition 
of these two curves over four decades of time is good, indicating the validity 
of the three-part modulus calculation.

This regression is not limited to experiments where e is a constant ; non­
linear strains can be straightforwardly handled within this formalism.

The techniques outlined here enable one to measure the stress relaxation 
modulus well up into the primary transition region; 4 modulus values of ID9 
dyne/cm2 and higher are easily accessible. This measuring capacity exists 
since one is neither forced to attempt rapid finite strain on glassy materials 
(slow constant strain rates are employed) nor to work at temperatures too 
close to the glass transition temperature (in Fig. 2  a 106°C experiment at a 
constant strain rate resulted in modulus values equal in magnitude to those 
measured at rapid strain at a test temperature of 104°C).

A cknow ledgm ent is m ade to  th e  P e tro leu m  R esearch  F u n d , adm in istered  b y  th e  
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of th is  research . W e are  g ra te fu l for th e  services of th e  C o m p u te r Sciences L ab o ra to ry  
of th e  U n iv e rs ity  of S o u th e rn  C alifornia.
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Polymerization Mechanisms and Stereosequence 
Distributions: A Monomer-Dimer Model

CHONG WHA PYUN* and THOMAS G FOX 
Mellon Institute, Carnegie-Mellon University,

Pittsburgh, Pennsylvania 15213

Synopsis
A po ly m eriza tio n  m echan ism  in w hich m onom ers and  dim ers ad d  to  a  grow ing p o ly ­

m er chain w ith  d ifferen t ra te  co n sta n ts  an d  d ifferen t stereospecificity  is considered. 
A frac tion  of th e  d im ers are  in  iso tac tic  p lacem en t in te rn a lly , an d  low conversion to  
po lym er is assum ed. T h e  stereosequence d is tr ib u tio n  genera ted  b y  th is  m o n o m er- 
d im er m odel is ca lcu la ted  an d  fou n d  to  be n o n -M ark o v ian  in general. A m e th o d  of 
d e te rm in ing  k in e tic  p a ram e te rs  of th e  m echan ism  from  experim en ta lly  o b ta in ed  p lace­
m e n t sequence p ro b ab ilitie s  an d  re la ted  ex p e rim en ta l te s ts  for th e  ap p licab ility  of th e  
m echanism  are also described. A few  ram ifica tions of th e  genera l m o n o m er-d im er m odel 
a re  th e n  discussed. A case of special in te re s t is th e  one in w hich all th e  d im ers h av e  a 
single in te rn a l ta c tic ity , a  m odel recen tly  p roposed  b y  B lum stein , et. al., for a po lym eriza­
tio n  invo lv ing  th e  su rface of ce rta in  alum inosilicate  m inerals. F o r  th e  case w here all 
d im ers are  iso tactic , i t  is fou n d  th a t  a lth o u g h  th e  p ro p ag a tio n  of consecutive sy n d io tac tic  
p lacem en ts alone is sim ple M ark o v ian , th e  overall s te reosequence d is tr ib u tio n  is non- 
M ark o v ian . A n o th er special case of in te re s t is th e  lim iting  case w ith  d im ers on ly  in th e  
feed. T h is  case tu rn s  o u t to  correspond to  a  special case of th e  cyc lopolym eriza tion  
m echanism  proposed prev iously  b y  R einm oller an d  F ox . A lth o u g h  th e  ta c tic ity  d is­
tr ib u tio n  of th e  p lacem en ts c rea ted  b y  th e  h ead  (or ta il)  m onom er u n its  a lone of th e  
d im ers is B ernoullian , th e  com posite ste reosequence d is tr ib u tio n  is again  n o n -M ark o v ian .

Introduction
The stereochemical structure of a polymer chain is determined by the 

polymerization mechanism by which it is produced. The polymer chain 
stereoisomerism or configuration is completely described by the stereo­
sequence distribution, that is, by the specification of the probability of 
occurrence of every possible sequence of tacticity placements formed by 
consecutive monomer units. In a polymer chain formed by head-to-tail 
addition polymerization of an unsymmetrical a-olefin (a typical vinyl 
polymer chain), the adjacent monomer units m and in +  1 constitute the 
mth placement, which is called isotactic (I) or syndiotactic (S) accordingly 
as the two monomer units are in the same or opposite relative stereocon­
figurations. 1 ' 2

If the probability of a given placement being I or S depends on the tac-
* Presen t, a d d ress : D e p a r tm e n t of C h e m is try , Low ell T ech n o lo g ica l In s t i tu te ,  

L ow ell, M a ss a c h u se tts  01S.54.
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ticity of a finite number n of immediately preceding placements but is 
independent of the tacticity of any farther placements, the resulting stereo­
sequence is termed Markovian of nth order. A special case of a Markovian 
distribution is given by a simple (i.e., first-order) Markov chain (it = 1), 
in which the tacticity of a given placement is affected only by that of the 
immediately preceding placement. Another special case is the Bernoulli 
trial distribution (i.e., zeroth-order Markovian distribution; n = 0), 
in which the tacticity of a given placement is completely independent of the 
tacticity of all other placements. If a stereosequence distribution is not 
finite-order Markovian, it is called non-Markovian.

At present, the probability of occurrence of relatively short sequences of 
placements can be determined by high-resolution nuclear magnetic reso­
nance spectroscopy. Comparison of experimental placement sequence con­
centrations with those predicted by assumed polymerization mechanisms 
plays a central role in elucidation of polymerization kinetics.

In this paper, we consider a simplified mechanism in which monomers 
and dimers in the feed add to a growing polymer chain with different rate 
constants and different stereospecificity. A given fraction of the dimers 
are in preformed I placements internally. The individual steps are all 
assumed to be Bernoullian. The ratio of the monomer and dimer concen­
trations is taken to be constant by assuming that either concentration is 
much larger than the polymer concentration throughout the polymeriza­
tion.

By the word “dimer” we do not necessarily mean a chemical compound 
formed from two monomer units. Any association of two monomers in the 
feed may be regarded as a dimer for our purpose if the pair behave in the 
following way. A monomer associated in a “dimer” adds to the growing 
polymer chain end with a rate constant and stereospecificity different 
from those for a “free” monomer, and once this addition is completed the 
other monomer in the pair is attached to the chain end without fail with 
its own stereospecificity. Thus, a dimer can be, for example, a pair of 
loosely held monomers adsorbed on a surface, or it can be a divinyl mono­
mer, as discussed below.

We calculate the stereosequence distribution generated by this monomer- 
dimer mechanism and then characterize the distribution using the per­
sistence ratio2 p, the B factors, 3 and the generalized B factors. We also 
describe a meihod of determining the kinetic parameters of the model from 
a few experimentally observed placement sequence probabilities and ex­
perimental tests for physical applicability of the mechanism. Subse­
quently, we discuss some special cases of the general monomer-dimer mech­
anism including two specific mechanisms previously proposed for cyclo- 
polymerization4 and for insertion polymerization. 5

Model and Assumptions
We denote the concentrations of the monomeric and dimeric feed mole­

cules by [Mi] and [M2], respectively. We make the usual low-conversion
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hypothesis and assume that the monomer-dimer concentration ratio is 
substantially constant as the polymerization proceeds. A fraction 5 of the 
internal placements in the dimers is taken to be isotactic and 1  — 5 , syndio- 
tactic. The rate constants for adding species Mi and M2 to the growing- 
polymer chains are denoted by fci and k2, respectively. If we use kni and 
kns (n = 1,2) to denote the rate constants for adding M„ to the polymer 
chain ends to form an I or S placement respectively (in the case of M2, for 
example, we refer to the placement formed by the monomer unit orginally 
at the chain end and the monomer unit in the dimer directly connected to 
it), we have

kni +  kns kn n 1 , 2  (1 )
All these rate constants are assumed to be independent of the length of 
the growing chain, end effects being neglected. In adopting this notation, 
we have also implicitly assumed that kni and km are not affected by the 
tacticity of the chain-end placement, that is, the individual stereoaddition 
steps are taken to be Bernoullian.

If by an we denote the fraction of M , being added to the polymer chain 
ends forming I placements, then the fraction forming S placements is 
1 — <rn. In terms of the rate constants, we write

&n kni/kn
1  &n kns/kn

Further, we introduce the following notation
=  fci[M x] 

h h[Mi] +  k[M ,] 
=  fc2[M 2] =

h  /d [M i]  +  k ,  [ M? ]

n = 1 , 2  (2 )

(3)

for the mole fractions of Mi and M2 consumed, i.e., for the mole fractions 
of monomers and dimers incorporated into the polymer chain. If k, = /c2, 
then/! and/ 2 are also the mole fractions of Mi and M2 in the feed.

We represent, for example, the probability that a randomly picked pair 
of successive placements along the chain form a sequence of X 2Xi, Xi 
followed by X 2 (where X* = I or S; k = 1,2), by p(X2Xi), following the 
convention used previously. 2 -6 It is presumed that the chain is statistically 
stationary, i.e., that the occurrence of any placement sequence of finite 
length is independent of its position along the chain provided the chain is 
sufficiently long to permit neglect of end effects.

S in g le t  an d  P a ir  P la c e m e n ts
Suppose that we pick a monomer unit at random in the polymer chain 

and consider the placement formed by this monomer unit and the succeed­
ing unit. The probability that a randomly chosen monomer unit came
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from the first unit, of a dimer (to be called a unit of type B) is 0b. The prob­
ability that it came from the other sources (monomer or the second unit of 
a dimer; to be collectively called as units of type A) is then

0 a = 1  — <t>b (4)
If the monomer unit picked at random from the polymer chains is of type A, 
then it can be succeeded either by an Mi with the (conditional) probability 
fx or by an M2 with the probability / 2. In case the monomer unit picked is 
of type B, it is certainly succeeded by the second unit of the dimer. There­
fore, the probability of occurrence of either tacticity in the placement 
formed between a randomly picked monomer unit and the succeeding one 
is, respectively,

p(I) = 0 a(/lVl +  / 2O2) +  0b5 (5)
p( S) = 0a[/l(l — °l) +  M l — 0 2 )] +  0b (1 — S) (6 )

The singlet tacticity distribution [eqs. (5) and (6 ) ] satisfies the normaliza­
tion condition

p(  I) +  p{  S) = 1
It can be easily shown that

0 a = 1 / ( 1  +  fl)
0b = h/ (1 +  h)

With eqs. (8 ), we rewrite eqs. (5) and (6 ) as follows
p(I) = (Fi +  F} +  h5)/(1 +  h) 

p(S) = (FI + FI +  / 25')/(l +  h)

(7)

(8)

(9)
(10)

in which we have used the following notation:
Fi — fi<ri

F i '= / i ( l  -  O-l)F2 =  / 2V2
FI =  ./■ >(] ~ <rl), 8 ' = 1 — 8 .

Note that
Fi +  FI = h
Fi +  FI = h

(11)

(12)
In a similar way, we obtain the probability distribution for pairs of place­
ments :

p(H) = [(Fi +  FI)(Fi + / 2S) +  FiS]/( 1 +  fl) (1.3)
p(SS) = [(Fi' + FI) (FI + /25') +  F2 ,<5/]/(] +  fl) (14) 

P(SI) = [(Fi +  ft8 )(F! +  Fl) +  F2<5] / ( 1  +  fl) (15)
p(IS) = [(Fi' + / 25')(Fi +  Fl +  F2'<5]/(1 +  f!) (16)
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As expected for any stationary random sequences, 2 we can easily verify 
with eqs. (15) and (16) that

p(si) = p(is) = v*p(sivis)
where p(SIvIS) =  p(SI) +  p(IS) is the probability that a randomly selected 
pair of consecutive placements is heterotactic (irrespective of the order).

S te r e o se q u e n c e  D istr ib u tio n
The above method of calculating p(Xi) and p(X2X 0 where Xk = I or 

S (k = 1,2) can be extended to the calculation of p(XB. . ,X 2Xi), the prob­
ability that a randomly selected sequence of n consecutive placements is 
such that the first placement is of type Xi, the second of type X 2, etc., 
for any positive integer n. In matrix notation, we have, denoting the 
trace by Tr,

p(X„ . . ,X*Xi) = Tr(X„. . .XsXk»
or alternatively

p(Xn. . .X !X 1) = (1 i , x -  ■ (»;!)(!
If X t. = I, the matrix X,, (A; = 1,2, . . . ,  n) is I

I 1 a\ fi<ri 5
fi<T2 0

I f  X* = S, it becomes S  

S  =

And the matrix is given by

rA '5 '\  / / i( l -  ai) 1 -  5\
p2' 0 /  V/2(l - ffi) 0 1

= U, 4>,\ = 1 (l l \
\<̂ >b 4 > h )  1 -j~ f i  \ / 2 f l )

(17)

(IS)

(19)

(20)

The matrix elements of I and S have simple physical meaning. For ex­
ample, lab, the 1 , 2  element of matrix I, is simply the probability of adding a 
monomer unit of type A in I placement to the immediately preceding mono­
mer unit of type B. This type of matrix notation was first used in a 
study of the two-state mechanism6 for homogeneous ionic polymerization 
and allows compact and convenient manipulation of stereosequence dis­
tributions.

With eqs. (18)-(20), we have
(I +  S)<]> =  «k i  +  s )  =  $ (21)
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With this and the obvious relations
TrA +  TrB = Tr(A +  B)

Tr(AB) = Tr(BA)
we can easily verify that for a given sequence of placements U of any 
length,

P(UI) +  p(US) = p(U) (2 2 )
P(IU) +  p(SU) = p(U) (2.3)

Derivations of eqs. (2 2 ) and (23) follows:
p(UI) +  p( US) = Tr(UI<t>) +  Tr(US<j>)

= Tr[U(I +  S)4 >] = Tr(U<j>) = p(U) 
P(IU) +  p(SU) = Tr[(I +  S)U<H

= Tr[U<KI +  S)] =  Tr(U<i>) = p(U)
Equations (22) and (23) together with eq. (7) verify that the stereosequence 
distribution generated by eqs. (17)-(20) is indeed statistically stationary. 2

Using the matrix formulation of the stereosequence probability distribu­
tion, we can also readily derive a recursion formula for p(I"), the probability 
of finding n consecutive I placements and its counterpart p(S'1) for S place­
ments. Since <|> has identical columns, X<[> has identical rows for any 2 X 
2  matrix X with all different elements. Therefore, we write

I"4»
Then, by multiplying this with I of eq. (18) from the left, we obtain suc­
cessively

I"+2$

P+hj» /  F1A i +  5Ai
V F.Ai

ÎFiiFiAx +  5 Ai) +  Fi5 A i 
\  Fz(FiAi +  5A2)

Ei Ai +  M 2\
FiAi )

Fi(FiA\ +  5A2) +  E25Ai\  
Fi(F\A\ T  8 B2) )

From the above three equalities, we see that
Tr(r,+2<!>) = ATKP+'ct») +  F2m ( I B4>)

Thus, we obtain
p(In+2) = ficnp(ln+1) +  (24)

for any positive integer n. From eqs. (9) and (13), we see that for n = 0
p(II) = / ioip(I) +  MiS (25)

The recursion formula, eq. (24) states that n +  2 consecutive I placements 
may be obtained by adding a monomer in I placement to a sequence of 
n +  1 consecutive I placements or by adding an internally isotactic dimer in



MONOMER-DIMER MODEL 621

I placement to a sequence of n consecutive I placements. A parallel cal­
culation gives

p(Sn+2) = /i( l  -  <n)pOS"+1) +  Ml -  <r*)(l -  S)p(iS-) (26)
p(SS) = / i ( l  -  <n)p(S) +  /*(1 -  *r*)(l -  5) (27)

with analogous implications.
C haracterization  o f  th e  D istr ib u tio n

The probability distributions of the pair and triplet placements may be 
conveniently characterized by the persistence ratio2 p and the Q factors3,7 
(S2i and fis), respectively. The former compares p(X2Xi) = p(X?|X1)p(X1) 
with p(X2)p(Xi), that is, the actual pair distribution versus a hypothetical 
Bernoullian pair distribution with the actual p(Xi) and p(X2). In the 
above, we have used p(X2|Xi) to denote the conditional probability of oc­
currence of placement X 2 given that the placement immediately preceding 
is Xi. The S2 factors contrast p(XXX) = p(X|XX)p(XX) against [p- 
(XX)/p(X)]p(XX) = p(X|X)p(XX), that is, the actual triplet distribu­
tion versus a hypothetical first-order Markovian triplet distribution with 
given p(XX) and p(X). The persistence ratio and the SI factors may be 
expressed as 2 ,3

P
2 p(I)p(S) _  p(I)[l -  pfflj = p(S) [1 -  p(S)] 
p(SIvIS) p(I) -  p(II) p(S) -  p(SS)

Qt =P(III)P(I)
[p(II) ] 2

p(SSS)p(S)
(p(SS) ] 2

(28)

(29)

For the monomer-dimer mechanism under consideration, we find, for 
example, by using the second expression for p in eqs. (28) with eqs. (9) 
and (13).

= ______i -  (Fi +  Ft +  m/( i  +  / 2)___________
P 1 -  [(Fi +  F-2)(F1 +  f2d) -  F25]/(Fi +  F-i +  m  1 j

This indicates that p >  1 or not according to whether
(1 +  MKFi +  F*)(Fi +  / * « )  -  ^ 5 ) ]  >  (Fx +  F2 +  / 25 ) 2

or not. Therefore, except for special cases, we have p ^  1 in general; 
that is, the stereosequence distribution is generally not Bernoullian.

As for the 0  factors, we need p(III) and p(SSS) in addition, which may 
be obtained from eqs. (17)-(20) or from eqs. (24)-(27)

p(III) = [(FF +  F*«)(Fi +  F2 +  f2 5) +  (1 +  / 2)FiF25]/(1 +  / 2) (31)
p(SSS) = [(F/ 2 +  Fi'S)(Fi +  Fi +  / 25') +

( 1  + / 2)F /F 2 '5']/(1 + / 2) (32)
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We find

S2i — 1 d- i 2ô (Fi +  F2 +  f2S)(F2 +  AS ~ ~  t1 +  hW
[Fi(Fi +  Fi +  f2S) +  (1 +  fïjFiô]- (33)

and a similar expression for tis by replacing l\, F2, and <5 in eq. (33) by 
Fj, F2', and S', respectively. It can also be seen that ifi, for example, 
can be larger or smaller than unity according to whether (Fi +  F2 +  f2S) 
(Fi +  fib — Fiji) is larger or smaller than (1 +  f2)2F25, and therefore 
iU 9  ̂ 1 and ty, ^  1, in general. This signifies that the stereosequence dis­
tribution is generally not simple Markovian.

Thus, we have seen that the stereosequence distribution generated 
by the general monomer-dimer mechanism is neither Bernoullian nor sim­
ple Markovian. We now further show that the stereosequence distribution 
does not in fact obey Markovian statistics of any finite order. For this 
purpose, we define the following generalized 0  factors

p(l|P,+1) p(P+ 2)p(P)
p (l|l“) “  [p(P+ 1 ) ] 2

(34)

Since S2i(n) = 1 signifies that p ( l |P +1) = p(l|I”), p = 1 and ih(n) = 1 for 
n — 1 , 2 , ..., k is a necessary but not sufficient condition for the distribu­
tion to be fcth-order Alarkovian, but fid" 1 1 is a sufficient condition that 
the distribution is not nth-order Markovian. Using the recursion formula, 
eq. (24), we have

„ , , ,,, t [p(i”) l2 -  -  W Ip CI"-1)]2
= I  +  W ------------ Wim  +  w n f -----------  <Jo)

for any positive integer n. Since the second term on the right side of eq.
(35) does not vanish except for special cases, we see that the stereosequence 
is non-Markovian. Since F2 = f2a2 [eq. (11)], we see from eq. (35) that 

= 1 if there are no dimers ( / 2 = 0 ), or if the dimers can add to the poly­
mer chains only in S placement (<r2 = 0), or if all the dimers are syndiotac- 
tic internally (5 = 0). Similar conclusions may be drawn by considering 
S2stB).

D eterm in a tio n  o f  th e  P a ra m eters  and  T e s t  o f  th e  M ech a n ism
There are four independent parameters/i (or / 2 = 1 — ft), <n, <r2, and S 

in the general monomer-dimer mechanism and these can be determined at 
least in principle if we have four independent probabilities obtained from 
NMR spectra. Suppose that we are given p(II), p(SS), p(III), and p(SSS). 
The first two give p(SIYlS), p(l), and p(S). From eqs. (24) and (26) for 
n = 1 with eqs. (25) and (27), we obtain
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F  = p(I)p(H) -  p(HI)
1 b(i) ] 2 -  Pdi)

P  =  p(i)p(m) -  b(H)p 
2 bd ) ] 2 -  pdi)

= p(S)p(SS) -  p(SSS)
1 b (S) ] 2 -  p (ss)

= p (S) p (sss) -  b (ss)]2 
2 b(S) ] 2 -  p (s s )

From these relations, we immediately obtain/i, / 2, and ai through
fi = Fi + Fi'

h  =  1 — (Fi +  Fi) 
ai = Fi/(Fi +  Fi)

Furthermore, a-> and 5 may be obtained by solving
<7‘)Ô = BI

and ( 1  — o-2)(l — 5) = B2

where
Bi = F25/(l -  Fx -  Fi')
B2 =  F2'5'/(l -  Fj -  F/)

Solution of eqs. (40) gives
0-2,5 =  y * [ l  +  Bi -  B2 ± V ( 1  +  f t  -  F 2) 2 -  40 ! ]

(36)

(37)

(38)

(39)

(40)

(41)

(42)
which indicates that the roles played by a2 and S are interchangeable, that 
is, interchanging a2 and 5 in all the expressions for the sequence probabilities 
gives back the same expressions. This conclusion is also expected from the 
nature of the model itself. The four parameters thus obtained must of 
course have positive values not exceeding unity.

Suppose that we alter the monomer-dimer composition of the feed 
without changing the various rate constants. If we assume an equilibrium 
between Mi and M2, this condition may be realized by simply changing the 
monomer-feed concentration, since then we have

[M,]/[M!] = K[Ah] (43)
where K is the monomer-dimer equilibrium constant. In the case of in­
sertion polymerization, 6 this is achieved by controlling the concentration 
of exchangeable cations on the mineral surface responsible for the forma­
tion of dimeric sorption complex. Therefore, if the sequence concentra­
tions of the polymer prepared at different monomer-dimer compositions 
yield substantially the same values for the parameters ah <r2, and 5 and
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different values for/i and / 2 = 1 — fi, this will serve as a convincing evi­
dence for the applicability of the monomer-dimer mechanism.

Although the above method by itself provides a decisive test for the 
applicability of the mechanism, we can proceed further under some favor­
able circumstances. From the definition of j\ and / 2 given by eqs. (3), 
it is obvious that these involve only two ratios, k fc2//ci and n == [M2]/
[Mi]:

./1 — 1/(1 4" Kfi)
h = W ( 1 +

(44)

Therefore, in addition to the values of the parameters given by eqs. (38), 
(39), and (42), if we have knowledge of one of the two ratios, say p, from 
an independent source, this will determine the other ratio k.

So far we have concerned ourselves with the general monomer-dimer 
mechanism. In the following, we will consider a few special cases of the 
general model.

M o n o m e r s  O n ly  in  th e  F eed
In the limit with the dimeric species present in the feed in negligible con­

centration, we expect to recover a completely Bernoullian stereosequence 
distribution since the monomers are assumed to add to the polymer chains 
by a Bernoulli trial process. In this almost trivial case with f, = 0 (and 
therefore/i = 1 ), eqs. (18)-(20) reduce to

1 = (o 2)
B- ( V  2)

and we recover indeed a Bernoullian sequence distribution with

and, of course,

P (  1) =  V!
p(S) = 1 -  (71 (4b)

p = fii = S2s = = 1 (47)
As is well known, this mechanism is consistent with free-radical homopolym­
erizations.

In this connection, we also note that even if both monomers and dimers 
are present in the feed, we get a Bernoullian stereosequence distribution
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if tiie highly artificial assumption <n = o2 = 8  is made. If we denote ax = 
o2 = 5 by x, I and S now read

>-*(/: ¿}s - <* - o) w
with <i> as given by eq. (2 0 ), which lead to a Bernoullian stereosequence dis­
tribution with p(I) = x and p(S) = 1  — x, regardless of the value of f2 

(or/i). That this should be so is obvious if we consider the physical sig­
nificance of the assumption.

Dimers Only in the Feed
If all the feed molecules are in the dimeric form, we have the opposite 

extreme. Interestingly, this case corresponds to a special case of a com­
pletely different polymerization mechanism proposed for cyclopolymeriza­
tion. 4 If the intramolecular cyclization step is Bernoullian, it is immate­
rial whether the cyclization step occurs prior to or after the intermolecular 
addition, as far as the resulting stereosequence distribution is concerned. 
When the addition step is also Bernoullian, the cyclopolymerization mech­
anism becomes indistinguishable from the dimers-only case of the mo­
nomer-dimer mechanism. Stereosequence concentration data obtained 
by NMR measurements on the poly(methyl methacrylate) derived by hy­
drolysis of poly(methacrylic anhydride) indicate the consistency of this 
mechanism for the cyclopolymerization of methacrylic anhydride, except 
at low temperatures. 4

In this limit of no monomer in the feed, we set f2 = 1 in eqs. (18)-(20) 
and obtain

« - (
0 5\
02 o)

(  0 1 -
V i- 02 0

1 /I A
4» = 2 ( l J

(49)

Tor any positive integer n, this leads to
p(I2Ti—1) = [p(II)]'1-'p(I), p(FB) = [p(H) ] ’1 (50)

P(I) = V ito  +  8 ) 
p ( I I )  - 02(5

(51)

Relations analogous to eqs. (50) and (51) hold for p(S*) (k = 1, 2, . . . ) ,  
the only difference being replacement of 0 2  and 8  by 1 — 0 2  and 1 — 5, re­
spectively. We have also

p(SI) = p(IS) = ‘A M I  -  5) +  (1 -  0 *)8 ] (52)
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The physical meaning of eqs. (50)-(52) is obvious. For example, p(T) 
may be explained as follows. If we pick a monomer unit in the polymer at 
random, the probability that it belongs to the head or the tail of the dimer 
is V, for each case. The (conditional) probability that a head of the dimer 
is placed in I placement is <r2 and that for the tail is 5. Therefore, p(I) 
is obtained by adding (7 2 ) 0-2 and Q-/%)8 .

The persistence ratio for this special case turns out to be4
_  (o~2 +  8 ) [(1 — gj) +  ( 1  — ¿)] , ,

2 [0-2 ( 1  — 5) +  (1 — 0-2)5 ]
It can be shown4 that

7* < P < 1 (54)
P  = 1 if 0-2 =  5 (55)

p -> Va if 0-2 -> 0, 5 -> 1 or <r2 -> 1, 5 -> 0 (56)
In general,7 the lower bound to p is 4/ 2 and there is no upper bound. In 
this respect, the upper bound of unity obtained for this case is of special 
interest. Suppose that instead of regularly alternating the head and tail 
monomer units of dimers, we generate a hypothetical polymer chain by add­
ing broken-off heads and tails at random with equal numbers of heads and 
tails, but still requiring the heads to connect the chain end with probability 
<ji and the tails with probability 5 for I placement. Then, p(I) for this 
hypothetical chain is the same as that given in eq. (51), but p(II) is no 
longer <r25 but (y 4)(cr2 +  5)2 or [p(I)]2. Thus we have a Bernoullian 
sequence distribution with p(I) = (<r2 +  5)/2. Since the persistence ratio 
is2 the ratio of the actual mean length of closed I (or S) sequences calculated 
on the assumption of the Bernoullian distribution with the same actual 
p(I), eq. (54) indicates that the regular alternation of heads and tails of the 
dimers tends to shorten the mean length of closed sequences.

The 0 factors for this special case are
12 i = (o"2 +  5)2/4cr25 (57)i2s — [(1 — o-2) +  (1 — 5)]2/4 (l — tr2) (1 — 5)

1 <  fli, i2s <  co (58)
O i , Q s =  1 if u2 = 5 (59)

i2i,S2s —> 00 if (72 —> 0, 5 —> 1 or <r2 —» 1, 5 —> 0 (60)
Again, the regular alternation of heads and tails makes the 12 factors larger 
than the corresponding value of unity for Bernoullian distributions. The 
generalized 0 factors defined by eq. (34) reduce to the following for m =  
1 , 2 ,  . . .

G i « " - “  =  ( 0 -2  +  5) 2/4cr25
I2i(2m) = 4<72S/(o-2 +  5)2 (61)
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These generalized SI factors are not equal to unity unless <n = 5. This 
shows that regular alternation of two Bernoullian trials leads to a 11011- 
Markovian distribution. We note that from eqs. (61) we have

S2i<2m-i)S 2 i (2”i) =  S2(2" ',Sli (2,'l+1) =  1 (6 2 )

or
p ( l \ P m+l) / p ( l \ P m- ' )  =  p (l|l2",+2)/p (l|l2'") = 1 (6 d)

which apparently results from the fact that when we consider the stereo­
sequence distribution of placements created by the head (or tail) monomer 
units of the dimers only, it is Bernoullian.

Finally the two parameters and 8  of this special model may be deter­
mined 4 if two independent sequence probabilities such as p(I) and p(II) 
are given:

<X2,5 = p(I) ±  { b (I)]2 -  p(II)}1/! (64)
As noted previously, <n and 8  play interchangeable roles in this model and 
for unique assignment of each, additional information besides the stereo- 
sequence distribution is required.

M o n o m e r s  an d  D im e r s  w ith  S in g le  In tern a l T actic ity
When all the dimers have the same internal tacticity (either 8  = 1 or 

5 = 0), the complete regularity in the internal tacticity of dimer is sharply 
contrasted to the Bernoullian nature of the tacticity propagation resulting 
from the addition step of the monomers and dimers to the growing polymer 
chain. Since the algebra is parallel for 5 = 1  and 5 = 0, we report here only 
the results for the case 5 = 1. Recently, Blumstein, et al. , 6 proposed a 
monomer-dimer model (the BMW model) in which all the dimers are in 
isotactic internal placements for the insertion polymerization of methyl 
methacrylate involving the surface of an aluminosilicate mineral.

Substituting 5 = 1 into eqs. (18) and (19), we have

The matrix c|> is the same as given by eq. (20). The singlet, pair, and trip­
let probability distribut ions are

p (I) =  (F i +  Fi +  fi)/ (1 +  fi) (66)

p(S) = {F\ +  F ,')/(l +  h) (67)
p(II) = Fi{Fi +  F-i +  /*)/( 1 +  fi) +  Fi 

= /> ( ! )  +  Fi ( 6 8 )
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p(SS) = Fi'(Fi +  F ,')/( 1 +  /,)
= Fx'p(S) (69)

p( SI) = p(IS)
= V*p(SITIS)
=  (/'\ +  /OiFi' +  F ,')/(i +  /*)
= (Ft +  St)p( S) (70)

p(III) = (Fx2 +  F2)(Fx +  Ft + ft)/(1 + ft) + FtF,
= Fxpdl) +  F,p(I) (71)

p( SSS) = Fi'2(Fi' +  F / ) / ( l  +  /,)
= Fi'p(SS) = F i,2p(S) (72)

p(SII) = p(IIS)
= v« p (siiv iis)
=  [Fx(Fi +  ft) + FtW f  +  F2') /( l  +  /,)
= [Fi(Fi + / 2) +  F2]p(S) (73)

p(SSI) = p(ISS)
= v-> p(ssuss)
= Ft (Ft +  ft)(Ft +  F ./)/(l +  ft) 
= (F i +  /*)P(SS)
= F /p  (IS) = Fx'tFx +  /j)p(S) (74)

P(ISI) = (F i +  fi)*(Fi + Ft')/(1 +  /,)
= (F x +  /,)p(IS) = (Ft +  / 2)2p (S) (75)

P(SIS) = (FtFt1 +  F /) (F /  +  F ,') /( l +  /*)
= (FxF/ +  F2')p(S) (76)

Further, for any sequence length n, we have (since S" = (Fi,)"-1S) 
p(Sn) = [/x(l -  °i) ]n_Ip(S) n = 1,2, . . .  (77)

which indicates that as far as S-S propagation is concerned, the BMW model 
behaves as a simple Markov process. Equation (77) also conforms to the 
obvious requirement that for the occurrence of n consecutive S placements, 
successive addition of at least n — 1 monomers is necessary. On the other 
hand, for p(I”) we have

p(IB+2) = j\<T1p(ln + 1) +  / 2<72p(In) 
with physical significance analogous to that of eq. (24).

(78)
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The persistence ratio p is found to be
P = (fieri +  f-2 <T2  +  / 2) / ( l  +  f i )  (fieri +  / 2) (79)

and it can be seen that
V* <  P <  2 (80)

P >  1 if (72 >  /l<7l +  f i  (81)
P <  1 if <72 <  flCTl +  f i  (82)

From eq. (79) it can be seen that p is a monotonically decreasing function 
of (ri for fixed <r2 and / 2, and a monotonically increasing function of <72 
for fixed <n and / 2. And, in the limits of:' ai 0 and <72 1, we have p =
2/(1 +  / 2). W hen/2 -*■  0(/2 >5> o-j, 1 — <72), then p approaches its upper 
bound 2. This limiting case may be visualized as an almost continuous 
S sequence arising from the monomer addition occasionally interrupted by 
an II sequence coming from rare dimer additions. Here, we have p; -*■  
2 and ps —►  00, where pi and ps are the mean lengths of closed I and S se­
quences, respectively. Thus, we obtain7

p = PiPs/(pi +  ps) ~  pi ~  2
I t is true that if 0-1 is nonvanishingly small, then p; gets longer than 2. 
However, this is more than compensated by much shortened, finite value 
of p8, together leading to p <  2. For example, if <n = 0.01, we have p ; =
2.01 and p8 = 43.9, yielding the maximum value of p = 1.92 at /> = 0.0218. 
On the other hand, if we consider the limit of f i  —*■ 1, we have p = (1 +  
<72)/2, corresponding to the case of dimers only in the feed [Eq. (53)] 
with 5 = 1. Thus, as <72 —►  0(<72 55> / 2), p approaches its lower bound of 
V2. Here we have almost regularly repeating sequence of SI occasionally 
interrupted by an II sequence. Obviously, we have p; «  ps «  1 and hence 
P ~  V2.

The 0 factors are given as follows

Oi — 1 +  / 2<r2 L/i(l ~  <ri) +  f i (I ~  <ri)][fi(fi<ri ~h f f )  ~  / 2er2 ]
[/i°‘i(/icri +  /s'rs +  f i )  +  (1 +  / 2)/2<r2]2 (83)

Os = 1 (84)
For Oi, we have further

0 <  0; <  °° (85)
Oi > 1 if/l<7! + /* > <72 (86)
Oi <  1 if fieri +  f t  <  <72 (87)

Again, in the limit of 0 1  — 0, m  -*■  1 and / 2 -►  0, we see that although
p(I) cs 0, p(II) «  0, p (l|l) ~  y 2 but p ( l |ll)  f® 0, which lead to Oi «  0.
If f i  -*■ 1, <7 2 -*■  0, then p(I) 1 / 2, p(II) ¡a  0, p (l|l) ~  0, p(l|II) fa  y 2
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which lead to 0, = p ( l |l l) /p ( l |l )  -> As for ils =  1, we note that this
ensures1

p(S|SS) p(l|SS)
P(I|S)

p(S|SI) p(l]si) = 1p(S|S) p(I|S) p(SjS) p(I|S)
The other ratios p(X2|lX i)/p(X 2|l) in terms of if; and p(X2|l) are7 

P(S|II) = P(I|IS) = 1 -  p(l|l)Qj 
P(I|I)p(S|I)

p (S|IS)
p(S|I)

1 — 2p(l[l) +  [p(l|l) ]2S2i
p (s |i ) b ( s |i ) ] 2

The generalized SI factors are, for any positive integer n ,
0s(n) = 1

b ( i K)]2 -  F lP ( n P (p - i )  -  f t h K i - 1)]*fil'*) = 1 +  F» [F ip ( I”) +  F2p( P - 1)]2

(88)

(89)

(90)
(91)

Thus, the BMW mechanism6 generates a stereosequence distribution which 
is partially simple Markovian in the sense of eqs. (84) and (90) but the 
overall distribution is non-Markovian in general, as can be seen from eq. 
(91). Obviously, if S =  0, then we have S2i(n) = 1 and S2s(n) ^  1, in general.

There are three independent parameters /i, <n, and <r2 in the BMW model, 
which can be uniquely determined, at least in principle, if we have three 
independent sequence probabilities such as p(II), p(SS), and p(III). 
Again, p(II) and p(SS) completely determine p(ISvSI), p(I), and p(S). 
If we solve eqs. (68) and (71), we obtain the expressions for F \ and F2 as 
given by eq. (36) with 5 replaced by unity. As for F i ,  eq. (69) gives

F i '  =  p(SS)/p(S)
From these, we obtain

f i  =  F 1 +  F i
f* =  1 -  F t -  F i
ci = F i /  (Fi +  F i )  (94)

<ri = /•’»/( 1 — F i — F i )  (95)
We can also subject the model to a stringent test if we have sequence prob­
ability data for different monomer-dimer concentration ratios, as discussed 
in a previous sections.

(92)

(93)

Concluding Remarks
In the above, we have considered the monomer-dimer mechanism of 

polymerization and the resulting stereosequence distribution (see Appen­
dix). I t  is shown by means of the generalized Ü factors (and by other 
results as well) that although the individual steps involved in the mecha­
nism are all Bernoullian, the composite overall stereosequence distribution is, 
in general, non-Markovian. A similar situation has already been found in
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the two-state mechanism6 for ionic polymerization. We have also shown 
how the four independent kinetic parameters of the monomer-dimer mech­
anism can be determined from four experimentally observed placement se­
quence concentrations. A convincing experimental test for physical ap­
plicability of the mechanism is also described.

We recover a Bernoullian stereosequence distribution, as expected, in the 
limit of monomers only in the feed. Even when the dimer concentration 
is not negligible, we obtain a Bernoullian distribution indistinguishable 
from that generated by the case of monomers only in the feed, if a highly 
artificial assumption is made that all three modes of forming placements 
yield the same fraction of I (or S) placement.

Another special case discussed is the limiting case with dimers only in 
the feed, which is equivalent to a special mechanism for cyclopolymeriza­
tion proposed previously by Reinmoller and Fox.4 Although the tacticity 
distribution of the heads (and tails) alone of the dimers is Bernoullian, the 
overall stereosequence distribution is non-Markovian.

Other cases of special interest arise if all the dimers in the monomer- 
dimer mixture have a single internal tacticity. For the case where the 
preformed dimer tacticity is isotactic as proposed by Blumstein, et al.5 
in connection with the insertion polymerization involving a mineral sur­
face, we have seen that, although the propagation of consecutive syndio- 
tactic placements alone is simple Markovian, the stereosequence distribu­
tion as a whole is non-Markovian.

I t  is seen in the above discussions that the persistence ratio and the 12 
factors sometimes serve as convenient criteria for ruling out certain mech­
anisms. For example if one of the following is found to hold, the limiting 
case of dimers only is ruled out: (1) p >  1, (2) 12; <  1, (3) 12s <  1, (4) 12;(2)
>  1, (5) 12s<2) >  1, (6) 12;12i(2) ^  1, (7) 12s12s(2) ^  1, etc. Similarly, if we find 
experimentally either p >  2 or 12s ^  1, then the BMW model cannot account 
for the stereosequence distribution.

Further generalization of the monomer-dimer model in a few directions 
is conceivable. For example, the individual addition steps might be as­
sumed to be simple Markovian instead of Bernoullian. Effects of rela­
tively slow monomer-dimer equilibration may be required to be taken 
into account in some cases. Perhaps a practically more important ex­
tension would be the removal of the low-conversion hypothesis.

APPENDIX
To illuminate the nature of the statistical processes involved in the 

monomer-dimer mechanism, we present in this Appendix a simple analogue 
in the form of a card game.

The stereosequence distribution resulting from the monomer-dimer 
mechanism may be reproduced by shuffling and drawing cards in four decks 
each containing a large number of cards. Three decks are related to three 
different types of monomer units (or placements formed by adding three 
different types of monomer units) in the polymer chain and each contains
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two kinds of cards labeled I and S. Deck 1 is for the placement coming 
from the addition of monomer molecules in the feed and a fraction <ri of 
these cards are I. Deck 2 is for the placement coming from the addition 
of the head monomer units of the dimers in the feed and fraction <72 of these 
are I. Deck 3 is for the internal placement in the dimer molecules and ac­
cordingly a fraction S are labeled I.

Drawing a card from deck 4 decides which of the two decks (decks 1 and 
2) to use at one time. Naturally, a fraction / t of the cards in deck 4 are 
labeled M and the remainder D. If a card drawn from deck 4 is an M, we 
draw a card from deck 1. If it is I (or S), we add a monomer unit to the 
polymer chain in I (or S) placement. Then we go back to deck 4 and draw 
another card. If it is a D, we draw a card from deck 2. We add a mono­
mer unit in I or S placement according to this outcome. Drawing of a 
card from deck 2 is automatically followed by drawing a card from deck 
3 without consulting deck 4. Again a monomer unit is added to the poly­
mer chain in the tacticity specified by the card drawn from deck 3. Then 
we go back to deck 4 to decide which of the two decks 1 and 2 is to be used 
next. After each drawing of a card from a deck, it is replaced in the deck 
which is then shuffled.

In the special case of no dimers in the feed, deck 4 consists of M cards 
only and only deck 1 is used to decide successive placements produced by the 
addition of monomer units. If decks 1 through 3 have the same I-S composi­
tion, we may use any one of them disregarding all the other decks including 
deck 4 (irrespective of its M-D composition). In the dimers-only case, 
there are no M cards in deck 4 and we draw cards alternately from decks 
2 and 3. Therefore, only two decks are used in this case. In the special 
case of the BMW model, deck 3 contains only I cards. Therefore, in this 
case, after drawing a card from deck 2 and adding a monomer unit accord­
ing to the outcome of the drawing, we automatically add another monomer 
unit always in I placement. Thus we can play the game with these three 
decks eliminating deck 3.

This development was m otivated by the work of Drs. A. Blumstein, S. L. M alhotra 
and A. C. W atterson The present authors are greatly indebted to them  for the op­
portunity  of seeing their m anuscript prior to publication.
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Kinetic Study of Dissolution of Poly (vinyl Chloride)
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Synopsis
The kinetics of dissolution of five fractions of commercial poly(vinyl chloride) in cyclo­

hexanone was studied at tem peratures from 20 to 70°C. Good agreement was observed 
between the experimental results and equations expressing the dependence of the induc­
tion periods and the rates of dissolution on tem perature and molecular weight. I t  was 
found th a t the apparent activation energy for the swelling process lies in the range 9-14 
kcal/m ole and the apparent activation energy for the dissolution diffusion process in the 
range 8-12 kcal/m ole. The apparent dependence of activation energies on number- 
average molecular weight indicates th a t the chain ends are more im portant in determining 
the dissolution rate than the centers of the polymer chains.

Introduction
If a solid macromolecular film is in contact with a liquid solvent, the 

movement of the optical boundary of solvent into the sample and the 
“solid”-liquid interface in the opposite direction can be observed.1 The 
latter movement can be viewed as an intrinsic swelling and is known as 
Kirkendall’s effect.2 The forward velocity of the optical boundary deter­
mines the rate of dissolution.3 The diffusion of solvent molecules into the 
polymer is caused by a gradient of chemical potential which depends on the 
molecular size and chemical composition of the solvent.

The dissolution of macromolecular compounds usually does not take 
place immediately after they come into contact with the solvent, but after 
a definite induction period, ¿q,4 which depends on temperature, molecular 
weight of polymer, kinetic properties of solvent, and also on the method of 
preparation of the film.

Induction Period for Dissolution
After the initial induction period a steady state is reached in which the 

dissolution process becomes stationary. According to Eyring’s transition- 
state theory5 of diffusion processes, the movement of the solvent molecules 
takes place through local density fluctuations or “holes” which are produced 
as a result of polymer segmental mobility. The movement of the optical 
interface between solvent and polymer determines the rate of dissolution.

633
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For the induction period, eq. (1) is valid:6
— r  = 52/4 kD  (1)

where S is the total thickness of the swollen layer on the film surface, k is a 
parameter appearing in the expression for the rate of movement of the 
optical interface, D  is the diffusion coefficient of solvent, and r is the time 
at which diffusion begins, which we set equal to zero. We discuss the 
kinetic phenomena connected with the swelling and dissolution of polymers 
formally in terms of the simple classical model of an activated process.

According to Eyring and co-workers,6 the diffusion coefficient for solvent 
may be expressed as

D  =  K \ 2 e ( k T /h )  exp{ A S t/S  j exp{-A E n / R T }  (2)
where K  is the transition coefficient; X is the average distance between two 
consecutive equilibrium positions of solvent molecules; k , T , e, and R  have 
their usual significance; A7?D is the activation energy and A<S't is the activa­
tion entropy for diffusion.

Ueberreiter and Asmussen,4 studying the dissolution of polystyrene in 
various solvents, have found that the effective thickness of the swollen 
surface laver is temperature-dependent according to the empirical equation
(3):

8 =  S0 exp{ - A s/ T }  (3)
where 5o is the thickness of the total swollen surface layer at infinite tem­
perature and A;, is an empirical constant.

The thickness of the swollen surface layer plays a larger role in the dis­
solution and fractional dissolution of polymers. Assuming that eq. (3) 
is valid for our case and taking account of Eyring’s transition state theory 
of diffusion, we may rewrite eq. (1) in the form

h  = 1q° exp{ k E s/ R T }  (4)
where ¿q° is given by

tQn = S02 exp{ -  A S t / R }/ [ 4 x K \2 e ( lc T /h )  ] (5)
and AE s is the apparent activation energy of swelling defined as

A/is = AA’d.s -  2 R A 5,s (6)
Here A7?D,s and As,s are, respectively, the apparent activation energy of 
diffusion connected with swelling and an empirical constant. The physical 
meaning of A5,s was explained in our previous work.7

The dependence of swelling time /q on molecular weight can be derived 
from eq. (1) on the assumption that the total thickness of the swollen sur­
face layer can be represented by a uniform layer4 of polymer coils of effective 
mean-square radius of gyration (s2)I/2. Then, we have

S ~  2?;.(s2) ‘/2 « (7)
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where n  is the effective number of polymer coils across of the swollen surface 
layer and yef< is the effective diameter of a coil.

For randomly coiled linear polymer molecules, the mean square radius of 
gyration is directly proportional to the molecular weight. In good solvents 
this proportionality is lost. This is due to expansion of the coils resulting 
from strong solvent-solute interactions. Then, the relation between the 
mean-square radius of gyration and molecular weight can be expressed by8

<s2) = k ' M 1+e (8)
where e is a measure of the deviation from random coil sta t:stics.

I t  can be supposed that the number of polymer coils included in the 
swollen surface layer increases with increasing molecular weight as a con­
sequence of entanglement and then that

<5 «  = k " M a/2 (9)
where k " ,  a , and 0  are constants independent of molecular weight.

By substituting eqs. (7), (8), and (9) in eq. (1) the expression (10) for the 
dependence of the induction period on molecular weight is obtained:

tQ =  [ ( k " Y / ± x D ] M a (10)
Rate of Dissolution

The rate of dissolution of macromolecular substances is determined pri­
marily by the diffusion of solvent molecules inside the polymer sample. 
The diffusion rate depends on the molecular volume and the chemical struc­
ture of the solvent.

In the following, a polymer solution is considered as a binary system in 
which the first component consists of macromolecular coils solvated to dif­
ferent degrees and the second component is the solvent. Throughout, J  
denotes the local flow of solvent (expressed as grams per square centimeter 
per second) crossing a plane parallel to the film surface, and c denotes the 
local concentration of this component (in grams per cubic centimeter). 
The flux density of solvent molecules in the laboratory coordinate system 
( J ) c  is related to the flux density (J)o referred to the optical plane, which is 
defined by the maximum value of the refractive index gradient a t the 
boundary between the gel and infiltration layers, by eq. (11) :9

( J )  c = ( J ) o  +  u o c c  (11)
Here, u o c  is the velocity of frame 0  with respect to frame C, and c is the 
concentration of solvent molecules at the position and time considered. 
For the steady state, the net flux density through the optical plane is zero; 
i.e. ( J ) o  =  0, and the equation for the rate of dissolution can be obtained as

uoc = (J)c /c( (c =  c{; x =  £) (12)
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With the assumption that the system does not change volume during 
mixing, the flux density can be expressed as

(•/) c — ( j ) V — — D y (d c /d x ) (13)
where ( J ) v  and D y  are the flux density and the mutual diffusion coefficient 
with respect to the fixed frame. By continuity ( J ) c  must now be inde­
pendent of x ;  thus eq. (13) may be immediately integrated:

Woe = D y ( Cl — Cs)/5eCf (14)
or

Woe = D y(ip i — (p))/5e<Pi (15)
where

D y  = 5  = [1 /(cj -  c2) ] f  D v (c)dcJ  Cl
(16)

8e is the effective value of the thickness of the swollen surface layer, c and 
<p are concentrations and volume fractions of solvent molecules, and the 
subscripts 1 and 2 refer to the outer and inner boundaries of the surface 
layer, respectively. In the case of polymer dissolution with high polymer 
concentration in the swollen surface layer we can further assume <pi =  1 
and <ps =  0, and obtain from eqs. (15) and (16)

Uoc — D /8 e<Pt (17)
which is identical with the equation derived by Ueberreiter and Asmus- 
sen.10

The rate of dissolution obtained from the application of the absolute 
rate theory and eq. (3) can be expressed as

woe = woe0 e x V { - A E d/ R T }  (18)
where A E d is the activation energy for dissolution and w0c° is the pre-ex­
ponential factor defined by11

woe0 = K \ 2e (kT /h 8 o )  exp{ AiSt/ff} (19)
where 5o is the thickness of swollen surface layer at infinite temperature and 
the other symbols have their usual significance.

Equation (17) can be rewritten by means of eq. (7) in the form
woe = j0 /2 w(s2)vV5 (20)

provided that D  and <p( are independent of the molecular weight of the 
polymer. With eq. (9), eq. (20) can be written

woe = 0 / k " < p () M ~ a/2 (21)
which expresses the dependence of the rate of dissolution at a given tem­
perature on the molecular weight.
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Experimental
For an investigation of the dissolution process it is necessary to follow 

continuously the increase in concentration of dissolved macromolecules in 
the solvent without disturbing the process. As Ueberreiter and Asmus- 
sen3 ' 4 pointed out, this seems to be best done by measuring the increase in 
refractive index of the solution. It is possible to measure changes in con­
centration so small that one can regard the solution as a pure solvent.

The apparatus used in this work is shown in Figure 1. The solvent is 
supplied from a buret into the thermostatted vessel (A) and at the same 
time the polymer sample is fixed in the dissolution chamber (B). The im­
mersion refractometer (D) is sealed in the measuring chamber (C). After 
1 hr all the internal parts of the apparatus have come into thermal equilib­
rium and the kinetic measurement can be begun.

The solvent is supplied from vessel (A) to the dissolution chamber and is 
circulated by means of a stirring device.

Kinetic studies were made on five fractions of PVC prepared by fractional 
precipitation of a Czechoslovak commercial product. The samples studied 
were rectangular in shape (1.0 cm X 5.0 cm) and about I mm thick. The 
samples were cut from films cast from tetrahydrofuran. The PVC films 
were baked for several weeks (in a vacuum thermostat) at 50°C to remove 
residual solvent.

The limiting viscosity numbers for individual fractions and correspond­
ing values of M n computed from the Mark-Houwink equation , 12 [77] =
2.4 X 10- 5  ili0 -77 (cyclohexanone, 25.0°C), are listed in Table I.

TABLL I
Intrinsic Viscosities and Number-Average Molecular Weights of PVC Fractions

Fraction
Intrinsic viscosity 

[17], d l/g M n
1 1.50 85,000
2 1.16 60,000
0 0.93 47,000
4 0.80 38,000
5 0.60 31,000

The velocity of movement of the optical boundary was calculated from 
eq. (2 2 ):

u o c  = (1 /p S ) (d m /d t)  (2 2 )
where d m /d t  is the rate of dissolution expressed as a quantity of material 
dissolved in grams per second from a surface of area S .  The density p of 
the polymer and the surface area are temperature-independent in this 
narrow temperature interval. For dilute polymer solutions (our case) one 
can write:

dm /dt =  kn(drio/dt) (23)
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Fig. 1. Schematic drawing of equipment: (A) therm ostatted vessel; (B) dissolution 
chamber; (C) measuring chamber; (D) immersion refractom eter; (E) stirring device; 
(F) polymeric sample; (G) rubber ring.

where d n ^ /d t  is the rate of change of the refractive index of the solution 
(NaD line). The numerical value of the constant k n was determined from 
experimental measurements.

Freshly distilled cyclohexanone (Lachema, analytical grade) was used.
Results and Discussion

Relatively little information is available from the literature about 
swelling and dissolution of PVC, especially with respect to the influence of 
molecular weight and molecular weight distribution. Corbiere et al.13 
studied the kinetics of dissolution of PVC in several solvents, but only 
from a qualitative point of view. The first quantitative kinetic study of 
dissolution of PVC was described in 19(56.11

Swelling and dissolution of polymers are likely to be controlled by the 
diffusion of solvent molecules. Hence knowledge of the dependence of in­
duction periods and dissolution rates on temperature, molecular weight, 
and molecular structure of solvent and polymer will be valuable in pro­
moting understanding of the swelling and dissolution mechanism. The 
appearance of an induction period and the apparent dependence of the 
dissolution rate on the swelling of a polymer film both imply that the rate­
determining process is the movement of segments of the polymer chain. 
The rate of diffusion is slow until polymer molecules on the surface have 
been solvated by the solvent.

Plots of the dissolution data, obtained as the change of refractive index 
of the solution with time, gave the results illustrated in Figures 2 and 3. 
After an initial induction period, which is dependent on molecular weight, 
solvent activity, and temperature, linear plots were obtained. These are
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Fig. 2. K inetic curves of dissolution of PVC in cyclohexanone (fraction 1).

Fig. 3. K inetic curves of dissolution of PVC in cyclohexanone (fraction 2).

in good agreement with results obtained by Ueberreiter and Asmussen4 for 
the dissolution of polystyrene in amylacetate.

During the induction period the change of the end-to-end distances of 
macromolecular coils becomes large enough for macromolecular coils to 
leave the rubberlike layer of amorphous polymer and go through the 
polymer-solvent interface into the solution. In order to understand swell­
ing and dissolution of polymers, it is important to distinguish between 
molecular vibrations and rotations. Since many modes of oscillation exist, 
there are many types of vibrational energy governed by the force constants 
and mass concentrations in the system. In accordance with Bueche14 we 
shall assume that a polymer segment will be able to jump or rotate when­
ever the density of segments becomes smaller than a certain critical value. 
A rotational reorientation process of macromolecular segments during 
swelling includes local lattice expansion against the internal pressure. The 
work associated with the activation volume is included in the activation 
enthalpy of swelling or dissolution of the polymer.7 The activation 
enthalpy includes the energy differences between the original and activated 
states due to very many bonds in the molecule.

The induction period can be expected to disappear at a temperature 
somewhere near the glass transition temperature of the polymer, i.e., above
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Fig. 4. Induction period of dissolution of PVC in cyclohexanone as a function of tem pera­
ture: (O) fraction 1; ( • )  fraction 2; (®) fraction 3; (3 ) fraction 4; (O) fraction 5.

Fig. 5. R ate  of dissolution of PVC in cyclohexanone as a function of tem perature: (O) 
fraction 1; ( • )  fraction 2; (® ) fraction 3; ( 3 )  fraction 4; (O) fraction 5.

82°C for PVC. This trend can also be observed from the data in Figures 
2 and 3.

The experimentally determined dependence of the induction period Iq 
for dissolution on temperature (Fig. 4) is in good agreement with eq. (4). 
The calculated apparent activation energies of swelling for PVC in cyclo­
hexanone for the given ranges of molecular weight and temperature are 
between 9 and 14 kcal/mole.

Comparatively good agreement of experimental results for the depen-
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Fig. 6. Apparent activation energy of swelling of PVC in cyclohexanone as a function
of molecular weight.

Fig. 7. Apparent activation energy of dissolution of PVC in cyclohexanone as a function
of molecular weight.

dence of the rate of dissolution on temperature is evident from Figure 5. 
The calculated apparent activation energies of dissolution of PVC in cyclo­
hexanone are between 8 and 12 kcal/mole.

The dependence of apparent activation energies AE s and A E d  on the 
number-average molecular weight of PVC (Figs. 6 and 7) indicates that 
the chain ends make a greater contribution to the swelling and dissolution 
than the interior of the polymer chains.

TABLE II
The Param eter a  as a Function of Tem perature

a
Tem perature, °C Calcd from tq = tq (.M ) Calcd from Moc =

30.0 2.2 3 .8
40.0 1.9 3 .0
50.0 1.8 2 .8
00.0 1.8 2 .6
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From the comparison of apparent activation energies of swelling and 
dissolution of polymers, it follows that the latter are smaller by about 0.8 
kcal/mole. The initial arrangement of the macromolecular coils in the 
surface of a sample may have a considerable effect on these quantities as 
different values are sometimes obtained for the interior part of the sample. 
The dissolution of PYC, especially in poor solvents, varies with the method 
of film preparation. In going from poor solvents to good solvents, the 
polymer coil in solution expands. The deformation of the polymer chain 
network produces changes in chain conformations with a concomitant 
change in the potential energy of this network. The magnitude of the ap­
parent activation energies of swelling and of dissolution, according to the 
current viewpoint, are connected with the transition of polymer chain seg­
ments from a low-energy to a high-energy state. In the swelling of the 
polymer many segments of the polymer chain are displaced from their 
original positions in the lattice by the solvent molecules. In the course of 
this process, some of the displaced segments or their neighbors will be forced 
to assume conformationally higher energy states. This effect influences the 
magnitude of the apparent activation energies of swelling and dissolution. 
From Figures 6 and 7 it follows that the activation energy is constant or 
independent of the molecular weight for M n >  100,000.

Values of log tQ and log u o c  are plotted against log M n in Figures 8 and 
9, respectively. However, the slope of the straight line through the data 
points represents a . The temperature dependence of a  is given in Table II.

We would like to thank Professor Vojteeh Kelld for his interest in this work and for the 
facilities placed a t  our disposal. We wish to express our deep gratitude to Professor
H. Odani, Dr. L.-O. Sundelof and I )r. T. E. G unter from the Institu te  of Physical Chem­
istry University of Uppsala for critical discussion of this paper.
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Analysis of Small-Angle X-Ray Diffraction 
from Polymers

D. R, BUCHANAN,*
P h il l ip s  P e tro leum  C o m p a n y , B artlesv ille , O klahom a 74003

Synopsis
The Fourier transform  method of Vonk and Kortleve for the analysis of small-angle 

x-ray diffraction (SAXRD) from semicrystalline polymers has been compared with a 
modified direct method, originally due to Tsvankin. SAXRD da ta for three melt-crys­
tallized polyethylene samples have been analyzed in terms of the mean true periodicity, 
mean crystal length, and mean length of amorphous segments. The two methods of 
analysis yield substantially equivalent results for all three samples. Calibration curves 
for the Tsvankin analysis are tabulated, and the relative merits of the two methods of 
analysis are discussed. W ith either method, information about the diffracting structure 
m ay be deduced th a t is not available from a simple measurement of the position of the 
SAXRD maximum. In fact, direct application of the Bragg law to any bu t the sharpest 
maximum yields a spacing (the long period) th a t lacks direct physical significance.

INTRODUCTION
The small-angle x-ray diffraction (SAXRD) pattern of a semicrystalline 

polymer is usually characterized by the appearance of one, and sometimes 
several, intensity maxima at angles 26 between ca. 0.05 and 2.0°. Straight­
forward application of Bragg’s equation to the angular positions of these 
maxima leads to the conclusion that the periodicities in electron density 
that are responsible for the scattering correspond to units of size ca. 1500- 
50 A. Difficulties with this simple approach fall into two classes: first, the 
sizes calculated do not agree with those inferred from other experiments, es­
pecially electron microscopy, and often the same size cannot be calculated 
from what appear to be first-order and second-order diffraction maxima;1 
second, utilization of only the position of the SAXRD maximum wastes the 
other information inherent in the experiment, particularly that about the 
distribution of intensity within the scattering pattern.

These points were first, treated by Rheinhold et al.,2 who showed that a 
model based on the linear paracrystal3 was able to predict SAXRD patterns 
in which the scattering maxima were shifted out of the positions given by the 
Bragg equation. With the use of an asymmetric distribution function for 
the lamellar thickness, scattering curves were calculated in which the posi­
tions of the first-order and second-order maxima differed by factors of other

* Present address: Phillips Fibers Corporation, Greenville, South Carolina 29602.
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than two. These results encouraged the expectation that physically realis­
tic sizes might be obtained from experimental SAXRD data that were an­
alyzed properly.

A procedure for more complete analysis of experimental SAXRD inten­
sity distributions was developed by Tsvankin,4 in which the scattering to be 
expected from a variety of related supermolecular structures was calcu­
lated. The theoretical curves were analyzed with respect to the positions 
and widths of the first-order maxima, and “calibration” curves were con­
structed. These curves were used in conjunction with the same data from 
experimental scattering curves to compute average values of the true pe­
riodicity of a superlattice composed of alternating “crystalline” and “amor­
phous” segments, average lengths of the segments, and a one-dimensional 
linear “crystallinity” for the superlattice. Crystal lengths calculated in 
this manner have been found to correspond quite closely with those esti­
mated from wide-angle x-ray diffraction profile broadening in oriented nylon 
665 and also with step heights measured from electron micrographs of poly­
ethylene single-crystal mats.r’ Such an analysis also has been applied to 
other studies.7-9

An alternative treatment of SAXRD data involves calculation of the 
Fourier transform of the experimental scattering curve to yield a correlation 
function proportional to the self-convolution of the electron density fluctua­
tion within the sample. Such a procedure has been investigated by Vonk 
and Kortleve,10'11 who suggested that differences between experimental cor­
relation functions and those calculated from a model could be more readily 
interpreted in terms of the model than if the scattering curve itself were 
used. The Vonk-Ivortleve method differs from that of Tsvankin principally 
in the way in which the observed scattering curve is compared with the 
theoretical scattering curve for an assumed model.

It is the purpose of this paper to present calibration curves for the full 
analysis of SAXRD data by a modified Tsvankin technique and to compare 
the results obtained by this method with those obtained by the Vonk-Ivort- 
leve technique with the same data. The relative merits of the two methods 
are discussed.

ANALYSIS OF THE DIRECTLY OBSERVED DIFFRACTION : 
TSVANKIN METHOD

Tsvankin4 assumed the following model of the superlattice in oriented 
polymer fibers.

A fiber is composed of parallel fibrils with the regions of higher and lower 
electron density alternating regularly along the fibril. The regions of lower 
electron density correspond to amorphous segments of the fibril, while those 
of higher electron density correspond to crystals. Scattering from such an 
assembly may be calculated from the projection of the electron density 
within the fibril onto the fiber axis.

The distribution of crystal sizes (as projected onto the fiber axis) is ree-
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tangular, with mean size (or length) a  and limits of (a — A) and (a  +  A). 
A long period c is defined as Ihe mean projected distance between crystal 
centers, while a mean length of noncrystalline material (amorphous length) 
is given by c — a.

In general, the diffracted intensity from a system of N  crystals of different 
lengths (i.e., with different structure amplitudes F , where F  is the Fourier 
transform of the electron density distribution within a crystal) is given by

7 -  N (\F * \ -  |F |2) +  \F\* ( n  +  E E  exp{is-z«}) (1)

Here [s| = 4x sin0/A is the diffraction vector, and z ik is the vector from the 
center of the 7th crystal to that of the 7th. In eq. (1) the first, term arises 
from differences in scattering power among the individual crystals and was 
assumed to be constant by Tsvankin. The second term of eq. (1) describes 
scattering from the lattice of crystalline and amorphous regions, and is re­
sponsible for the occurrence of maxima in the scattering pattern at scatter­
ing angles other than zero. Tsvankin showed that this second term can be 
represented by

\F \%  = \F \2 (^N  +  E E  exp{is-zf*A (2)

where
7i = ( P Y  +  , 8 Y  ~  sin2/3?y)/(sin2/3?/ +  P Y  +  P Y

— 2 p y  c o sa y  sin Py +  2 p y -  sin a y  sin Py) (3) 
The following substitutions have been made in the derivation of (3):

y  =  si = 2 it/ sin20/A
a  = a / l  (3a)
P =  A//,
/ = c — a

where the mean long period is represented by c, the mean crystal length by 
a , the mean amorphous length by Z = c — a, and the dispersion of crystal 
lengths about the mean value by 2A.

In order to evaluate eq. (2), the scattering amplitude F  must be obtained. 
Tsvankin assumed that the projection onto the fiber axis of the electron 
density within a crystal could be represented by a trapezoidal function such 
as that shown in Figure 1. If t  = 5 /x ,

r*tx /» ( l  — e)x
F  = I (?/5) exp\ i y z / l } d z  +  I expji y z / l } d zJ o  J  ex

+  f  [(a -  z ) / 8 ] e x v { i y z / l } d z  (4) J  (l-f)z
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Fig. 1. Relative electron density p, within a crystal of length £ .4

Since

and
F  =  (1/2 A)

O a  +  A

J  a  —  A
F (x)c lx

F F • \F*\

(4a)

(4b)
the result was obtained that
i -i a2 /  (sin/3y r , ) 2/' 2 = —— -  I — [cos(l -  e )a y  -  COSai/J +  COSt a y  -  1 > t \ a y Y  V { /3y )

+  [sin(l — e )a y]  +  sint a y } > (•rt)

Theoretical scattering curves can thus be computed from eqs. (3) and (5) 
as functions of y  = 2irl sin0/X for variations of the parameters a  = a / l ,  
¡3 =  A / l ,  and e. I t  is, however, more convenient to vary /3/a, a , and e, 
as these parameters may be interpreted more easily in terms of the model. 
Thus, a is a measure of the crystal packing density along the fiber axis, 
/3/a = A/ a  characterizes the dispersion of crystallite lengths about the 
mean value, and e is a measure of the sharpness of the transition between 
crystalline and amorphous regions (cf. Fig. 1). Moreover, it is convenient 
to choose c(sin20)/A = (1 +  a ) y /2 ir  as the independent variable in order to 
facilitate comparisons of the mean long-period c with the position of the 
primary maximum.

Scattering curves calculated in this manner indicate that (1) for constant 
¡3/a , large values of a  lead to the sharpest intensity maxima and also to sec­
ond-order maxima, while smaller values of a  are associated with scattering 
curves that show single, very broad, poorly defined maxima; (2) for con­
stant a , the sharpest maxima occur for low values of ¡3/a . In general, the 
position of the primary maximum does not correspond to c(sin20)/A = 1, 
but is displaced to c(sin20)/A >  1 for most values of (3 /a . For sufficiently 
large ¡3/a , the primary maximum is displaced to c(sin20)/A <  1. For those 
cases in which two maxima are observed, their positions usually are related 
by factors other than exactly two.
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In order to establish relations between the calculated scattering curves 
and experimental SAXRD data, it, is necessary to establish “calibration 
curves” based on the calculated scattering. Tsvankin did this for ¡3 /a  = 
0.2 and for several values of e. He noted that the shape of the scattering 
curve was relatively insensitive to the value of e chosen; a nonzero value, 
however, seems necessary for consistency with morphological evidence that 
sharp boundaries between crystalline and amorphous regions are unlikely.

The peak positions and widths based on the calculated scattering curves 
are expressed in terms of a c(sin20)/X scale for the diffraction vector. 
Equivalent quantities may be obtained from experimental SAXRD data 
which, however, are referred to a (sin20)/X scale for the diffraction vector. 
For consistency, a linear background, defined similarly to that for the calcu­
lated curves, i.e., from the points of tangency on either side of the maximum, 
should be subtracted from the experimental data. In Tsvankin’s notation, 
the calculated and experimental peak positions are Arm and cl, respectively, 
while the calculated and experimental half-widths are p  and q, respectively. 
They are related by

p  = eg
X m = c/cl

and
p / X m =  dq = \p(p)

Thus, the quantity i/dp) relates the calculated and experimental curves. 
This relation is accomplished through calibration curves which relate (1) p  
to ip ( p ) ; (2) p  to k  = a / ( l  +  a ) ; and (3) p  to Xm. Note that k  is a crystal­
linity-like quantity, expressing the linear crystallinity along the fibril axis. 
There will be a set of calibration curves for every value of the parameter, 
P /c t. If values of d  and q are known from experiment and a value for ¡3/a  
is assumed, then \p{p) is known, and p , X m, and k  may be obtained from the 
calibration curves. From these parameters the mean long period c, the 
mean crystallite length a, and the mean amorphous length l may be ob­
tained from

c = X md  
a = A'c

l = c — a
I t  is evident that, in order to analyze an experimental scattering curve in 

this manner, it is necessary to choose a p r io r i a value for /?/a, corresponding 
to the expected dispersion of crystal lengths about the mean value. In 
some cases, information necessary for this choice may be available from 
other sources, such as wide-angle x-ray diffraction (WAXRD) estimates of 
size-average crystal length in the direction of the fiber axis,5’12 or from elec­
tron microscopy.6* In general, however, it is necessary to choose values for
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f3 /a  arbitrarily. Reasonable choices appear to lie in the range 0.2 lo 0.5, 
corresponding to size dispersions of 20-50% about the mean size.

ANALYSIS OF THE DIRECTLY OBSERVED DIFFRACTION :

In the Tsvankin treatment of diffraction from the crystalline-amorphous 
superlattice, the first term of eq. (1) was neglected on the basis of the as­
sumption that it was essentially constant throughout the angular interval in 
the vicinity of the primary diffraction maximum, and, therefore, would have 
no effect on the position or the shape of the maximum. In the course of as­
sessing the validity of this assumption, it has been found that a somewhat 
different expression for | i ’[2 from that, derived by Tsvankin was appropriate 
for the calculation. Therefore, new expressions for |F2| and \F \2 and an 
evaluation of the continuous scattering from the assembly of crystals, pro­
portional to |F2| — |F \2, are presented below.

Calculation of | F |2
For the distribution of electron density within a crystal shown in Figure 1, 

F  is given by eq. (4), F  by eq. (4a), and \F \2 by eq. (4b). On substitution 
of eqs. (3a) into eq. (4) and with the additional relations

1 /  5s2 = a / e ( a y ) 2

exp{ ik ( A  +  B ) }  — e x p { ik ( A  — B ) } = 2  s in k B ( i  cosfcA — sinfcA) 
eq. (4b) becomes

This result clearly differs from that obtained by Tsvankin [eq. (5)]. The 
extent of the difference is shown in Figure 2, in which |F |2, calculated from 
eqs. (5) and (6), is plotted as a function of c(sin 20)/X for selected values of 
the parameters a  and ¡3/a  (e = 0.2 throughout). The discrepancy is larg­
est for large /3/ a  and for small a , i.e., for large dispersions of crystal length 
about the mean and/or for small crystal packing densities in the direction of 
the fibril axis. *

* The size-average crystal length and the mean (number-average) crystal length to­
gether define the breadth of an assumed unimodal distribution function. I t  is shown 
below th a t the mean crystal length is relatively insensitive to changes in /?/« for a rec­
tangular distribution function.

MODIFIED TSVANKIN METHOD

and

sineat/

(6)
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Fig. 2. |F |2 as a function of c (sin 29 ) / \  calculated from eq. (5), the original Tsvankin4 
expression, and from eq. (6), a modified expression.

Calculation of F-\
Again, F  is given by eq. (4). Integration and formation of the product 

F  -F *  yields the result:
F 2 = {4 +  2 cos[t/.t(1 — 2e)/7] — 4 cos(y x e / l)  — 4 cos[y.r(l — t ) / l ]S2s*

+  2 cos( y x / l )  I (7)
For \F 2\ we have

|F 2| = (1/2A) r  F \ x ) d xJ a - A (7a)
and the same substitutions used in the derivation of eq. (6) transform eq. 
(7a) to:

\F 2\ = a-
7 [c n jy

, , „ sm(l -  2e)ßy n sm(l -  e)ßy4 +  2 — ----- cos(l -  2e)ocy -  4 — --------------- ——(1 -  2e)ßy  (1 -  e)ßy
sin eßy sinj8y ~]X COs(l — e )a y  — 4 —-— cost a y  +  2 —— cosa y  (0 )

tßV ß!J
Evaluation of the Continuous Scattering

The first term of eq. (1), \F 2\ — |Ê |2, is obtained from eqs. (6) and (8). 
I t represents the continuous scattering from the assembly of crystals. In
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Fig. 3. Two components of the theoretical SAXRD curve, |F |2/ i  and |,F2| — |F |2, cal­
culated as functions of c (sin 2 0 )/\ from eqs. (3), (6), and (8).

Figure 3, the contribution to the total scattering from this term is compared 
with that from the second term of eq. (1), the diffraction from the crystal­
line-amorphous superlattice obtained through eqs. (3) and (6). I t  can be 
observed that, especially for large 0 /  a , the continuous scattering represents 
a significant fraction of the total scattering, even for large a. Since the 
continuous scattering varies quite significantly in the region of the primary 
diffraction maximum, it will also contribute to the shape of the maximum 
and should be included in the calculations which lead to the calibration 
curves. Data for the construction of calibration curves with ¡3/a  =  0.1, 
0.2, 0.3, 0.4, and 0.5, all for e = 0.2, are presented in Table I. They are 
based on the complete form of eq. (1) and were calculated with eqs. (3), (6), 
and (8).

ANALYSIS OF THE FOURIER TRANSFORM OF THE 
OBSERVED DIFFRACTION : VONK-KORTLEVE METHOD

Vonk and Kortleve (VIv) assumed a model of crystal-amorphous super- 
molecular structure that is substantially identical with that assumed by 
Tsvankin, i.e., a structure consisting of alternating layers of “crystalline” 
(high electron density) and “amorphous” (low electron density) material, 
and considered small-angle scattering in the direction perpendicular to the 
layers. In place of a rectangular crystal-length distribution, however, VK 
assumed a log normal distribution. (In both instances, the choice of dis­
tribution function apparently was made to facilitate computation, rather 
than to express a fundamental preference for a particular form.)
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Although the fundamental concepts are similar, the VK technique differs 
markedly in execution from that of Tsvankin. VK proposed that the Fou­
rier transform of an experimental SAXRD curve would be more readily in­
terpretable, when analyzed in terms of a model, than would the directly ob­
served curve. As a result, they compared the Fourier transform of the 
observed scattering curve with a calculated correlation function given by 
[eq. (14) of VK10]:

In eq. (9), C  is the mean thickness of crystalline layers, A  is the mean thick­
ness of amorphous layers, and F = C /{ C  +  A ) is a crystallinity-like param­
eter. The quantities, P c a c , P c a c a c , etc., are functions of convolution 
products of the distribution functions, P c  and P A, for the distribution of 
the thickness of crystalline layers and of amorphous layers, respectively, 
about their mean values. There are four adjustable parameters implicit 
in eq. (9): C  and AC, which describe the log-normal distribution of crystal­
line layer thicknesses; and A  and A A ,  which describe the log-normal dis­
tribution of amorphous layer thicknesses. In practice, VK found that a 
good fit with the experimental correlation function could be obtained if 
A A / A  was assumed to be equal to A C /C . In this case, the number of ad­
justable parameters implicit in eq. (9) is reduced to three. Also, the aver­
age periodicity, B  = C +  A ,  may be obtained directly from the position of 
the first maximum in the experimental correlation function.

Data (Fig. 4) for three Marlex 6050 polyethylene samples (Phillips Pe­
troleum Company) reported by Vonk and Kortleve11 have been analyzed by 
the modified Tsvankin technique and compared with the Fourier trans­
form analysis of VK. The SAXRD data were corrected for the effects of 
slit-smearing.13 A comparison of results is shown in Table II.

In general, the agreement between the two methods is quite good, es­
pecially if the difference in assumed crystal length distribution functions is 
taken into account. The mean crystal lengths derived by the Tsvankin 
analysis are effectively independent of the value assumed for 13/a , and differ 
from those deduced by VK by 13, 6, and 3% for samples 1A, IB, and 1C, re­
spectively. The values for the other parameters, mean long period and 
mean amorphous length, depend significantly on /3 /a  in the Tsvankin 
analysis. The values of A C /C  from the VK analysis suggest that values for 
13/a  between 0.3 and 0.4 are most appropriate for these samples. With this 
assumption, fair agreement between the two methods is also observed for 
the mean long periods and mean amorphous lengths, with best agreement

CAC

(9)

COMPARISON OF METHODS
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Fig. 4. Experim ental SAXRU curves from melt-crystallized polyethylene, corrected
for slit-smearing effects.11

for sample 1C. Naturally this agreement also implies agreement for the 
linear crystallinities derived by the two methods.

It should be noted that the two methods of analysis produce best agree­
ment for sample 1C, for which the broadest SAXRD maximum was ob­
served, and agree least well for sample 1A, for which the sharpest SAXRD 
maximum was found. At least part of the discrepancy in results for sample 
1A may be attributed to the difficulty of fitting the observed correlation 
function for a sharp SAXRD maximum in terms of the VK model, as was 
illustrated by VK in their Figure 5.11 That the Tsvankin method can pro­
vide accurate crystal lengths from a sharp SAXRD maximum has been 
demonstrated for solution-grown polyethylene single crystals.6 However, 
the mean crystal length in this case was significantly smaller (110 A) than 
that for sample 1A (335 A), so that the effects of both a narrow maximum 
and a long period as large as that for sample 1A have not been evaluated for 
the Tsvankin analysis.

DISCUSSION AND CONCLUSIONS
The two methods of analysis of SAXRD data discussed here differ not 

only in execution, but also in a significant detail of the assumed model, the 
shape of the distribution of crystal lengths. While the choice of direct or 
Fourier analysis of the diffraction profile would not be expected to affect the 
results of such an analysis, at least in principle, it is indeed surprising that
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the choice of crystal-length distribution (rectangular versus log-normal) 
should have so little influence on the values of the parameters.

There seems to be no fundamental reason to prefer one analysis over the 
other. The Tsvankin technique is usable with or without a computer, in 
the latter case with calibration curves constructed from the data of Table I. 
However, it suffers from the serious disadvantage that prior knowledge of 
¡3/a , the breadth of the crystal length distribution, is required for its full 
utilization. On the other hand, reliable mean crystal lengths, which do not 
vary appreciably with (3/a  in the range 0.1 to 0.5, may be obtained without 
such an assumption. On the basis of this and previous work,6 it seems rea­
sonable to expect /3/a to lie between 0.3 and 0.4 for most melt-crystallized 
polymer samples. However, direct est imation of 0/ a  from a combination 
of SAXRD and WAXRD data or from SAXRD and electron microscope 
data is still desirable, if possible.

A significant advantage of the VK technique is that the equivalent of the 
Tsvankin 13/a , i.e., AC /C , is estimated independently in this analysis. The 
VIv technique does require the use of a computer and, more importantly, 
appears to be less reliable for sharp diffraction maxima than for broader max­
ima. For many melt-crystallized polymers, however, sufficiently broad 
maxima may be observed for the VK technique to be used without difficulty. 
In such cases, the direct estimation of the breadth of the crystal-length dis­
tribution that can be obtained makes this a very powerful technique.

With either the Tsvankin or the VK analysis, information about the dif­
fracting structure may be deduced that is not available from a simple mea­
surement of the position of the SAXRD maximum. In fact, direct applica­
tion of the Bragg law to any but the sharpest maximum yields a spacing 
(the long period) that lacks direct physical significance. While the Tsvan­
kin and VK methods of analysis are not sensitive enough to distinguish be­
tween different crystal-length distributions, the agreement between struc­
tural parameters deduced from them, and the agreement previously noted 
between parameters deduced from the Tsvankin analysis and from 
WAXRD or electron microscopy, support the assertion that these param­
eters do have physical significance, and, therefore, have real value in the 
characterization of semicrystalline polymers.

A portion of this work was done while I  was employed by Chem strand Research Cen­
ter, Inc. I wish to thank them, and also Phillips Petroleum  Company, for permission 
to publish this paper.
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Adhesion of Viscoelastic Materials to Rigid Substrates. 
III. Energy Criterion for Failure

A. N. GENT* and A. J. KINLOCH,
D e p a r tm en t o f  M a te r ia ls , Q ueen  M a r y  College, 

U n ivers ity  o f  L o n d o n , E n g la n d

Synopsis
M easurem ents are described of the strength of a model adhesive joint subjected to 

(1) tensile rupture, w ith the interface containing a small unbonded region of varying size, 
and (2) pure shear deformation, in the form of a partly  unbonded sheet. These, and 
previous measurements of resistance to peeling separation, are all shown to be consistent 
with an energy criterion for adhesive failure. The characteristic failure energy per unit 
area of interface has been determined for the model adhesive m aterial as a function of the 
effective rate of detachm ent, over a wide range covering alm ost the entire spectrum  
of viscoelastic response. The values obtained are found to increase from levels only 
slightly higher than  therm odynam ic considerations would predict, i.e., 102-1 0 3 ergs/ 
cm2, a t  low rates of crack propagation, up to a value of about 106 ergs/cm 2 a t high rates 
when the m aterial responds in a glasslike manner. These results suggest th a t the failure 
energy has two components: the (reversible) work of adsorption and the (irreversible)
work of deformation of the adhesive in effecting separation.

INTRODUCTION
The resistance to separation by peeling and the breaking stress in tension 

have recently been determined for a simple viscoelastic adhesive spread on 
a rigid substrate.1'2 Both measures of adhesion have been shown to vary 
with rate of deformation of the adhesive and with temperature in accor­
dance with the Williams, Landel, and Ferry rate-temperature equivalence, 
indicating that the observed strength reflects a viscoelastic property of the 
adhesive rather than a thermodynamic one, such as heat of wetting the 
substrate. However, the two measures show striking differences at equiva­
lent rates of deformation of the adhesive. The peel resistance is greater for 
thicker adhesive layers, whereas the tensile strength is lower. Also, the 
peel strength is enhanced by high extensibility or ductile flow of the ad­
hesive but the tensile strength is much less influenced. These differences 
have been shown to be qualitatively in accord with a single failure criterion, 
that a critical strain energy density is needed locally to cause bond failure.2 
This criterion is a special case of Griffith’s criterion for the fracture of 
solids,3 which may be expressed as follows: fracture occurs when suffi-
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cient energy is released by growth of the fracture plane to supply the energy 
requirements of the new fracture surfaces.

The energy released comes from stored elastic or potential energy of the 
loading system and can in principle be calculated for any type of testpiece. 
The energy required for fracture, per unit area of new surface, is found to 
be largely independent of the type of testpiece and the way in which stresses 
are applied to it, and may thus be regarded as a characteristic measure of 
strength. I t  is not usually equal to the thermodynamic surface energy, 
as Griffith originally supposed, but is found to be some orders of magnitude 
larger due to additional energy consumed in irreversible processes around 
the fracture front.4-8 Indeed, for viscoelastic solids the fracture energy 
depends strongly on the speed at which fracture propagates and upon tem­
perature, in the same way that the mechanical energy absorption of these 
materials depends upon rate of deformation and temperature.7'9

We now examine the applicability of a similar energy criterion to the 
failure of adhesive joints, using the same combination of a simple visco­
elastic adhesive and an inert rigid substrate as before, as a model adhesive 
system. Three types of testpiece have been employed: (1) simple ex­
tension, with a small non-adhering region of length 2c present initially as a 
model flaw (Fig. 1); (2) pure shear, as shown schematically in Figure 2;
(3) peeling separation (Fig. 3). (The results obtained previously are used 
in this case.) These test arrangements have been chosen because although 
the applied forces to cause bond failure are quite different it is a relatively 
simple matter to deduce the fracture energy from them in each case. They 
are, in fact, virtually the same as those employed by Itivlin and Thomas5 to 
establish the validity of a fracture energy criterion for the rupture of 
vulcanized rubber. Indeed, the relations derived by Rivlin and Thomas 
for the fracture energy T  per unit area of growth of a fracture plane need 
little if any alteration to apply to the failure energy 6 of a soft adhesive 
adhering to a rigid substrate:

simple extension:
6 =  kc W b  (1)

pure shear:
6 = hoW b (2)

peeling:
0 = P / to  (3)

Here W b is the strain energy per unit volume at rupture; k  is a numerical 
factor given to good approximation by where Xb is the extension
ratio at rupture; h0(to) is the unstrained height (thickness) of the adhesive, 
and P  is the peel force per unit width of the adhesive layer. These rela­
tions do not require that the adhesive be linearly elastic. They are there­
fore more generally applicable than others (for example, Griffith’s original 
relation3 for cohesive rupture in simple extension) which assume linearly 
elastic behavior.
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That an energy criterion applies to the failure of adhesive joints is not in 
itself a novel proposal; it is implicit in Rivlin’s discussion of the work of 
peeling11 and has been stated explicitly by Williams in a treatment of stress 
singularities at interfaces.12'13 Experimental measurements of the failure 
energy for epoxy adhesives have been reported by Ripling et al.,1416 
Malyshev and Salganik,16 and Jemain and Ventrice.17 It is particularly 
noteworthy that Malyshev and Salganik obtained similar values for the 
failure energy with the use of three different test arrangements, because 
this strongly supports the proposed energy criterion for adhesive failure. 
Apart from this, however, no critical examination of an energy criterion is 
known to the present authors. Also, these earlier measurements were all 
carried out under relatively uniform conditions so that the failure energy 
itself was substantially constant. Correlation with other properties of the 
adhesive and substrate was therefore not feasible.

In  contrast, by suitably varying the rate of separation and the tempera­
ture of test, the strength of adhesion of the model viscoelastic substance 
used in the previous investigations in this series can be altered by orders of 
magnitude.1'2 I t  is therefore in principle possible to test the applicability 
of an energy criterion for failure over the entire experimentally accessible 
range. Aloreover, the variation observed in the characteristic failure 
energy with rate of separation and temperature should throw light on the 
basic mechanisms of adhesion. The experiments described below were 
carried out with these aims in view.
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tV /  /  /  /  /  A  
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Mylar-coated 
steel block

Fig. 2. Sketch of pure shear test,piece.

I

Fig. 3. Sketch of peel testpieee.
E X P E R IM E N T A L

The material employed as a model viscoelastic adhesive was a rubbery 
copolymer of butadiene and styrene (GO:40, Ameripol 1513, Goodrich- 
Gulf Chemicals, Inc.), with a glass transition temperature Tg of —40°C. 
In order to crosslink the material later, 0.5 wt-% of dicumyl peroxide (Di- 
Cup R, Hercules Powder Company) and 1 wt-% of phenyl-/3-naphthyl- 
amine were added to it initially on an open mill. It was then pressed into a 
flat sheet in contact at one edge with the chosen substrate, a layer of poly­
ethylene terephthalate) film (Type A Mylar, 0.0075 cm thick, E. I. du 
Pont de Nemours and Co.), and lightly crosslinked in this position by heat­
ing the assembly for 10 min at 100°C followed by 15 min at 150°C.

The .Mylar film was supported rigidly by a steel backing plate to which it 
was firmly cemented by a thin layer of a mixture of 75% of a polyester 
adhesive (46970) and 25% of a modified isocyanate curing agent (RC- 
805), both supplied by E. I. du Pont de Nemours and Co. Satisfactory 
bonding was obtained by heating the combination for S h at 130°C.

S im p le  E x ten s io n
In some preliminary experiments with straight interfaces and small 

central cracks having a length 2c of less than 1 cm, failure was found to occur 
at the edges of the interface rather than at the crack. These edge failures 
were due to high stress concentrations set up at the corner of the adhesive 
sheet. They were eliminated by rounding the edges of the Mylar-coated 
steel endpieces to a radius of 0.32 cm and carrying the adhesive sheet past 
them in the form of two thin extensions, 0.15 cm wide, as shown in Figure 1. 
For simplicity, the other end of the adhesive sheet was gripped in a metal 
clamp.
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Fig. 4. Representative relation between strain energy density W and fractional ex­
tension e. Rate of strain, 1.6 X 10-4 sec-1; temperature, 20°C. Note: ordinate 
should read (ergs/em3).

The adhesive sheets were 10.5 cm long, 5.1 cm wide, and 0.3 cm thick. 
An initial separation zone was created in the center of the adhering face by 
levering the sheet away from the substrate with a sharp tool. Cracks were 
inserted in this way with lengths 2c ranging from about 0.3 cm to 1.5 cm, a 
value of about 1 cm being employed for most of the experiments. These 
crack lengths were found to be sufficiently small to make no significant 
difference to the elastic properties of the sheet. A master curve for the 
strain energy W per unit volume as a function of the degree of extension e 
was therefore obtained for a sheet with no crack, by integrating the experi­
mental relation between tensile force and extension, and used subsequently 
to deduce approximate values of Wb at which failure occurred from mea­
surements of the extension eb at failure for sheets containing cracks. A 
typical experimental relation between W and e is shown in Figure 4.

P u re  S h ea r
A thin sheet of the model adhesive material was prepared in the same way 

as for the simple extension t.estpiece, but sandwiched between two parallel 
Mylar-coated metal strips (Fig. 2). The sheet was 10 cm wide, 1 cm high, 
and about 0.3 cm thick. The initial separation zone had a length c between 
2 and 5 cm long. Values of the strain energy density Wb at which failure 
occurred were obtained from the experimental relation between applied 
force and displacement up to the point at which the separation zone started 
to grow. The corresponding volume of material was assumed to be bounded 
by the adhering region in Figure 2, i.e., the nonadhering region of length c 
was assumed to be completely unstrained.

Care was taken to keep the metal endpieces parallel to each other as they 
were pulled apart.
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C on stan t-L oa d  an d  C o n sta n t-S tra in  E x p er im en ts
Although most of the experiments were carried out at a constant rate of 

strain, some measurements were made in simple extension under a constant 
load and in pure shear under a constant displacement. A predetermined 
load or displacement was applied rapidly to the testpiece and then the rate 
at which the initial crack grew was measured. These constant load and 
constant displacement measurements are represented in the figures by 
crosses to distinguish them from the results obtained at constant rate of 
strain, although no significant difference was noticed between the results 
from these different test procedures.

R E S U L T S
S im p le  E x te n s io n ; E ffect o f  C rack L en gth

Testpieces containing cracks of various lengths were stretched at a con­
stant rate of strain, 1.6 X 10-4 sec-1, until the initial crack was seen to grow 
by a distance of about 5 X 10~3 cm. The strain energy density Wb at. this 
point was determined from the corresponding extension eb, as described in 
the preceding section. The values obtained were found to decrease sharply 
as the length 2c of the initial zone of separation increased. When they were 
plotted against the reciprocal of c, reasonably satisfactory linear relations 
were obtained, passing through the origin (Fig. 5). This variation of Wb 
with crack length indicates that the adhesion failure energy 6 is independent 
of crack length, eq. (1); it is given by k times the slope of linear relations 
like those of Figure 5, where k is approximately ir at the low strains (<0.1)

C ' (cm ' )
Fig. 5. Experim ental relations between strain energy density Wb a t the s ta rt of crack

propagation and the crack half-length c for simple extension testpieces. Rate of strain,
1.6 X ICR4sec-1.
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employed in these experiments. Thus, the linear relations shown in Figure 
5 give strong support to the hypothesis that adhesive failure is governed by 
an energy criterion. Values of the characteristic energy were obtained from 
them of 1.9 X 104 ergs/cm2 at 20°C, 1.4 X 104 ergs/cm2 at 50°C, and 1.0 X 
104 ergs/cm2 at 100°C.

S im p le  E x te n s io n ; E ffect o f  R a te  and  T em p era tu re
Clearly the characteristic failure energy varies with temperature, de­

creasing as the temperature is increased. Other experiments showed that 
d varied with the rate of extension e, increasing with increasing rate. These 
observations point to a viscoelastic effect. The appropriate variable to 
characterize the rate of failure propagation should be the rate c at which the 
tip of the separation zone propagates, rather than the rate e at which the 
testpiece is extended. Indeed, some measurements were carried out under 
constant strain conditions, e = 0, as described above. Measurements 
were therefore made in all cases of the rate c of crack tip propagation in the 
early stages of growth, as soon as the strain energy density, Wb was suffi­
ciently large to cause observable growth. Corresponding values of failure 
energy 6 were calculated from TTb and the initial crack half-length c by 
means of eq. (1).

Fig. 6. Adhesive failure energy 6 vs. effective rate of crack propagation at Te for cross- 
linked Ameripol 1513 against a Mylar substrate: (A) simple extension testpieces, 
stretched at constant rate; (X ) simple extension testpieces, under constant load; (□ ) 
pure shear testpieces, stretched at constant rate; (+ )  pure shear testpieces, under con­
stant straii i ; (O) peel testpieces; (upper curve) tear energy vs. rate of tear.9.21
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Measurements were made over a wide range of temperature, from — 40°C 
to +100°C. The observed rate of propagation c was reduced to an 
equivalent rate caT at a reference temperature Ts by the Williams, Landel, 
and Ferry rate-temperature equivalence for simple viscoelastic materials,18 
where the reduction factor aT is given by

log aT = —Ci(T -  Tg)/(Ct + T  -  Tg)
Ci and Ci being constants. For simplicity, the glass transition tempera­
ture T„ of the polymer is employed here as a reference temperature, so that 
Ci, Ci take the values 17.5 and 52°C.18

Experimentally determined values of 9 are plotted in Figure 6 against the 
reduced rate of crack propagation caT. They have been multiplied by the 
temperature ratio TQ/T, in accordance with previous work18’19 on other 
failure processes in viscoelastic materials, although the physical significance 
of this factor is obscure. Its effect is small, however, and none of the con­
clusions would have been altered if this correction had been omitted.

All the measurements are seen to lie on a single curve, although they 
correspond to widely differing rates and temperatures. Thus the failure 
energy 9 appears to depend strongly upon the rate of crack propagation c 
and upon temperature, but only as a result of viscoelastic processes within 
the polymer. The success of the Williams, Landel, and Ferry reduction 
scheme provides conclusive evidence for this.

P u re  S h e a r ; E ffect o f  R a te  and  T em p era tu re
Similar measurements were made by using pure shear testpieces (Fig. 2), 

both at constant rate of strain and also by rapidly extending them to a 
fixed strain. The values obtained for the failure energy 6, calculated by 
means of eq. (2), are plotted in Figure 6 against the reduced rate of crack 
propagation caT. Again, the measurements at different rates and tempera­
tures were found to be successfully combined into a single relation by means 
of the Williams, Landel, and Ferry rate-temperature equivalence for simple 
viscoelastic materials. Moreover, the present results from testpieces of 
quite different elastic characteristics are in good agreement with those ob­
tained previously using simple extension testpieces, confirming the ap­
plicability of an energy criterion to the failure of an adhesive joint.

P e e lin g  S e p a r a tio n ; E ffect o f  R a te  and  T em p era tu re
Results were obtained previously1 for the peel force P per unit width re­

quired to separate the same material (although crosslinked to a somewhat 
higher degree) from a Mylar substrate. They have been recalculated in 
terms of the failure energy 9, by means of eq. (3) and are also plotted in 
Figure 6 against the reduced rate of propagation of the peel front, caT. 
They are seen to agree fairly well with the results from simple extension and 
pure shear experiments, except for the lowest values which correspond to 
extremely small peel forces of the order of 1 g and are probably rather in­
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accurate. The way in which forces are applied to cause peeling separation 
are, of course, quite different from the two previous test methods, so that 
the general agreement obtained again between the values of failure energy 
6 at equivalent rates of crack propagation gives further support to the 
energy criterion for adhesion failure.

D IS C U S S IO N  A N D  C O N C L U S IO N S
The agreement between quite different methods of measurement indi­

cates that the failure of adhesion between lightly crosslinked Ameripol 1513 
and Mylar film is indeed governed by an energy criterion. A characteristic 
amount of energy 6 per unit area of interface is required to bring about 
separation, whatever the form of the testpiece. However, previous work 
has shown that the failure energy is much smaller if the adhesive is pre­
vented from deforming.1 The failure energy criterion thus applies only to 
test methods which involve a similar degree of local deformation of the 
adhesive in the vicinity of the separation zone. This is likely to be the case 
when the substrate is rigid and the adhesive layer is thick, but it will require 
careful examination under other circumstances.

The importance of the viscoelastic response of the adhesive is shown by 
the dependence of failure energy upon rate of propagation of the failure 
zone and temperature, in close agreement with the Williams, Landel, and 
Ferry relationship for simple viscoelastic materials. A similar result has 
been demonstrated for the dependence of sliding friction upon speed of 
sliding and temperature;20 in this case the energy expended in deforming a 
viscoelastic material up to the point at which adhesive bonds break appears 
to be the dominant, term in the observed frictional work. Similarly, it may 
be concluded that deformation energy is the dominant term in the ob­
served failure energy for an adhesive joint. Indeed, this conclusion is 
probably valid for all adhesives, irrespective of the mode of deformation 
and energy dissipation within them.

The way in which the failure energy 6 depends upon the effective rate of 
propagation of the failure zone, Figure 6, is of particular interest. On 
thermodynamic grounds one would expect the work of separation to be of 
the same order as simple surface energies, i.e., about 10-100 ergs/em2. The 
experimental results are seen to decrease with decreasing rate of propaga­
tion, reaching a value of only 300 ergs/cm2 at the lowest effective rate em­
ployed in the present experiments, 10-20 cm/sec. This dependence on 
rate is clearly consistent with a lower limit for 0 of the thermodynamically 
predicted amount at still lower rates of propagation, although further mea­
surements are necessary to establish whether such a lower limit does exist 
and what its magnitude might be.

For comparison, the upper full curve in Figure 6 represents the tear 
energy for a similar polymer to the present adhesive plotted against the rate 
of tear propagation at Tff.9’21 The tear energy is also seen to decrease 
with decreasing rate, approaching a value only about 10 times the theo­
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retical value for breaking carbon-carbon chain molecules in a typical rub­
bery polymer, about 104 ergs/cm2, at the lowest rate.22

Thus, both for cohesive rupture and adhesive failure, the failure energy 
at extremely low rates of failure is not much larger than would be expected 
on equilibrium thermodynamic grounds. As the rate of failure is increased, 
the measured failure energy in both cases increases by orders of magnitude, 
presumably reflecting energy dissipation when deformations take place 
under nonequilibrium conditions.
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S y n o p s is
Dynamic mechanical and dielectric properties of various kinds of polystyrene, includ­

ing bulk-polymerized, monodisperse, isotactic, and thermally degraded samples, have 
been measured below the glass temperature to 4°K. Five relaxation processes are found, 
designated p ,  y ,  y ' ,  5 , and e in order of descending temperature. The p  peak (350°K 
at 10 kHz) is attributed to the local oscillation mode of backbone chains and the y  peak 
(180°K at 10 kHz) to rotation of phenyl groups. The y '  peak (100°K at 10 kHz) is 
observed only in dielectric properties of the bulk-polymerized sample and is assigned to 
weak polar bonds, such as oxygen bonds in the chain. The 5 peak (55°K at 10 kHz) 
which is prominent in dynamic mechanical properties is interpreted in terms of lattice 
defects due to a syndiotactic diad inserted between isotactic sequences in a chain or 
vice versa. The e peak (ca. 25°K at 10 kHz) is first reported in the present work, but 
the mechanism involved is not yet clear.

In trod u ction
Relaxation processes in amorphous polymers in the glassy state have been 

widely studied for a number of polymers by dynamic mechanical, dielectric, 
and NMR techniques. Below the glass transition temperature where seg­
mental motion is frozen, a considerable amount of local motion in the form 
of rotation or rotational oscillation may be present, each mode correspond­
ing to a relaxation process at characteristic temperature and frequency.

A local relaxation mode, or anharmonic rotational oscillation of parts of 
backbone chains, is the most general among various mechanisms,1'2 and the 
associated loss peak appears just below the glass temperature in most poly­
mers without side chains; in addition, side-chain relaxations appear in poly­
mers with side chains,3 poly (methyl methacrylate) for example. For long 
side chains with multiple degrees of freedom, this relaxation is often sep­
arated into two peaks.4

At lower temperatures, the relaxations due to methyl-group rotation are 
observed in dynamic mechanical measurements as well as in NMR absorp­
tion. The methyl-group relaxation has been theoretically analyzed by 
Tanabe et ah,6 and satisfactory agreement has been attained between theory 
and experiment with respect to relaxation strength and relaxation time.

In addition to these typical relaxation processes, polymers in the glassy 
state exhibit a variety of relaxations originating from defects in chemical

©  1971 by John Wiley & Sons, Lie.
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structure such as those associated witli chain ends, branches, imperfect tac- 
ticity, and also from low molecular weight impurities, including absorbed 
water.

Polystyrene can be obtained in atactic and isotactic forms. The molecu­
lar weight distribution is easily found by gel-permeation chromatography, 
and narrow-distribution samples of any molecular weight may be prepared 
by living polymerization. For these reasons, polystyrene is particularly 
suitable for the investigation of effects of tacticity, molecular weight, hetero­
junctions, and other molecular factors on the relaxation behavior.

Relaxation processes in polystyrene have been investigated by dynamic 
mechanical,6-20 dielectric,21“25 and NMR techniques.26-33 According to 
previous studies, at least three relaxations appear below the glass tempera­
ture.

According to Schmieder and Wolf,6 a mechanical loss peak is found at 
32o°K for 8 Hz, which seemingly corresponds to the NMR narrowing at 
around 350°Iv observed by Odajima.26 This peak will be designated the (8 
peak in the following. The /3 peak is separated from the a peak (the pri­
mary relaxation above the glass temperature) only at low frequencies and 
merges into the a peak at high frequencies.

The 7 peak was observed at 132°K for 1 Hz in dynamic-mechanical data 
by Illers8 and Baccaredda15 on polystyrene and para-substituted halogen 
derivatives. The peak seems to correspond to the gradual narrowing of 
NMR absorption spectra in the vicinity of 200°K.31

At temperatures below 70°Iv, a prominent loss peak (designated as the 8 
peak in this paper) has been observed in dynamic mechanical measurements 
b}7 Sinnott13 and by Woodward and co-workers.17 ■20 This peak was found 
in both atactic and isotactic samples.

Other authors34 have indicated the existence of small peaks which have 
not been definitely assigned to any of the above classifications. The data 
of the various authors are often scattered, probably because of variations in 
sample preparation.

In the present study, dynamic-mechanical and dielectric measurements 
have been made over a wide range of temperature from 4°K to the glass 
temperature on three kinds of polystyrene, namely, a bulk-polymerized 
atactic sample, a monodisperse atactic one, and an isotactic one. The ob­
served relaxation processes, as well as results in the literature, are classified 
into five groups, the ¡5, y, y ', 8, and e peaks in order of descending temperature. 
Molecular mechanisms involved with each process will be proposed. The 
third peaks is denoted y' because it is observed only for bulk-polymerized 
samples in dielectric measurements and seems, as will be described in detail 
in a later section, to come from weak polar bonds in backbone chain.

E x p erim en ta l T e ch n iq u e s
The composite oscillator method at 34 and 152 kHz was used in dynamic- 

mechanical measurements. This method proved to be very suitable for 
low-temperature measurements because of the small size of specimen re­
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quired. The method consists essentially of measuring the resonant fre­
quency and the width of the resonant curve of the composite oscillator made 
by cementing the circular-rod specimen to a quartz torsional resonator of the 
the same diameter as the specimen. Details of principles and practice have 
been described in a previous paper.35

Two quartz resonators were used, 6 mm and 5 mm in diameter for 34 and 
152 kHz, respectively. Epoxy resin and silicone of 108 centistokes vis­
cosity were used as adhesives above and below 100°K, respectively. The 
length of the specimen was adjusted so as to make the resonance frequency 
of the composite oscillator coincide with that of the quartz resonator within 
5%. All the measurements were performed in the fundamental mode of 
the specimen rod.

A block diagram of the electronic circuit for the composite oscillator 
method is shown in Figure 1. To balance out the clamped admittance of 
the resonator, a bridge-circuit was used in which the capacitor Ci and the 
conductance shifter G could be so adjusted as to eliminate the resonator ad­
mittance or the admittance at off-resonance frequency.36 Only the mo­
tional current, which is a maximum at the mechanical resonant frequency/, 
was indicated on the voltmeter. The value of /  and the half-value width A / 
of the resonant curve were measured by the electronic counter.

The values of /  and A/  of the rod specimen were calculated by using the 
equations:

/  = U ~  (/i -  h (1)
A/  =  [1 +  (m-i/m) ] A/2

where rn is the mass, subscripts 1 and 2 stand for the quartz resonator and 
the composite oscillator, respectively, and quantities without a subscript 
represent values for the specimen alone. The complex shear modulus of 
the specimen is then calculated from the equations :

G' = (2 If/nY-p (2)
G" = (Af/f)G'

where l is the length of the specimen, n the mode number (n = 1 through the 
present study), and p the density of the specimen. The density at low- 
temperatures was estimated from the value at room temperature and the 
thermal expansion coefficient reported by Zakin et al.37

Dielectric constant and loss at frequencies from 30 Hz to 100 kHz were 
measured with a transformer bridge36 (Ando Denki TR-10). The specimen 
film was 150-250p in thickness and silver electrodes, 5.3 cm2 in area, were 
vacuum-deposited on both surfaces.

The structure of the cell used for dielectric measurements above 200°K 
has been described elsewhere.38 The cell was immersed in a liquid bath, 
and the temperature of the specimen was measured by a Cu-Constantan 
thermocouple near the specimen. Water and methanol-Dry Ice mixture
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LEAD OUTLETS

Fig. 2. Schematic drawing of the cryostat: (A) specimen; (B) quartz resonator; (C) 
thermocouple; (D) copper block with heater winding; (E) Teflon plate.

were used as the bath media above and below room temperature, respec­
tively.

Below 250°K, the cryostat illustrated in Figure 2 was used for both me­
chanical and dielectric measurements. In Figure 2, the arrangement for 
the composite oscillator method is illustrated. The jacket surrounding the 
specimen was sealed with Wood’s metal and helium gas was introduced into 
it to insure good thermal contact. Tire temperature of the specimen was 
measured with a Cu-constantan thermocouple.

Mechanical and dielectric measurements were carried out with tempera­
ture increasing, the heating rate being about 1°C per 3-10 min.



S a m p le s
Samples as listed in Table I were used in this study. Sample APS was 

prepared from Styron 666 (Asahi Dow Chem. Co.) by precipitating the 
polymer several times with methanol from a benzene solution and then 
thoroughly drying the precipitate in vacuo at 100°C.

TABLE I
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Polystyrene Samples

Symbol Type
Molecular 
weight M v

Density, 
g/cm 3 (25°C)

APS Atactic 2.4 X 105 1.050
MPS Monodisper.se 4.1 X 105 1.051
IPS Isotactic 9.2 X 105 1.071
APpfS Atactic poly-p-fluorostyrene
DPS-1 Thermally degraded at

280°C for 0.5 hr
DPS-2 Thermally degraded at

280°C for 3.5 hr

Sample IMPS obtained from Pressure Chemical Co. was characterized by 
a weight-average to number-average molecular weight ratio Mw/M n < 
1.06, indicating a relatively narrow distribution.

Isotactic polystyrene was polymerized from monomer dissolved in «.-hex­
ane with Al(C2H5)3-TiCl3 as a catalyst. The polymer thus obtained was 
purified, and the fraction insoluble in MEK but soluble in toluene was used 
as sample IPS. The sample was proved to be isotactic by infrared spec­
troscopy. The crystallinity of IPS was estimated from density to be 
28%.

Poly-p-fluorostyrene was bulk-polymerized at 80°C without initiator. 
A fractionated polymer was used as sample APpfS.

Thermally degraded polystyrenes, samples DPS-1 and DPS-2, were pre­
pared by heating APS samples at 280°C for 0.5 and 3.5 hours, respectively.

Fig. 3. M olecular weight distribution of atactic polystyrene (APS) and therm ally
degraded polystyrenes (DPS-1 and DPS-2).
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The heat treatment was effected in a glass tube in which air had been re­
placed by nitrogen gas. The tube was steadily evacuated to 10~3 mm Hg 
diming heat treatment to avoid the effect of humidity and oxygen. In the 
upper part of the tube outside the furnace, a trace of volatile material was 
deposited. In the case of heat treatment for 3.5 hr, the deposit was a highly 
viscous liquid. The residue was used as the sample. The molecular weight 
distribution of samples APS, DPS-1, and DPS-2, as measured by the gel- 
permeation chromatography is shown in Figure 3.

The samples were molded in vacuo into circular rods or pressed into film 
at 50°C above the glass temperature. The IPS sample was molded or 
pressed just above the melting point and then slowly cooled.

O v era ll B eh av ior
Figure 4 represents the relaxation map of polystyrene, in which fre­

quencies corresponding to temperatures of mechanical and dielectric loss 
peaks, NMR narrowing, and minimum of the spin-lattice relaxation time 
are plotted against reciprocal absolute temperature. Six relaxations called 
a, 0, y, y', 5, and e, in the order of descending temperature, are clearly indi­
cated. Activation energies obtained from the slopes of the lines in Figure 
4 are 30, 9, 2.7, and 1.6 kcal/mole for the 0, y, y ’, and d processes, respec­
tively.

Above the glass temperature, the a relaxation is the primary relaxation 
due to segmental motion, and the temperature dependence of the relaxation 
time is of the WLF type.39 In Figure 5, in which the dielectric constant 
and loss at high temperatures are shown, the primary relaxation is observed 
above 350°K. The peak in sample MPS is at a higher temperature than in 
sample APS, in which the low molecular weight component acts as a plasti­
cizer. A dielectric loss peak due to sorbed water was observed between the 
0 and 7 peaks by Okamoto et al.,34 but this peak was not found in the pres­
ent study.

Fig. 4. Relaxation map of polystyrene: (O, • )  mechanical loss peaks, (□ ,■ ) dielectric 
loss peaks, and (A,A) NMR narrowing and 2'i-minima, for (0,D,A) atactic and ( • jHjA) 
isotactic polymers. Numbers refer to references. Points without numbers are from 
the present work.
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Fig. 5. Dielectric constant and dielectric loss of samples: (O) APS, 110 Hz; (O) MPS,
110 Hz; (•) IPS 300 Hz.

T h e  f3 R e la x a tio n
Polystyrene has a /3 relaxation immediately below the primary relaxation- 

The (3 relaxation appears in both dynamic mechanical and dielectric loss. 
The NMR narrowing around 350°Kmay be attributed to the /3 process. The 
/3 peak merges into the a peak when measured at high frequencies.

Some authors have assigned the process to the rotation of phenyl 
groups. Piers and Jenckel,7 among others, suggested that the molecular 
motion responsible for the 13 relaxation is the rotation of some phenyl 
groups possessing less steric hindrance than the majority. Vol’kenshtein 
and his co-workers,40-41 who measured the NMR narrowing of spectra of 
fluorine nuclei in polyfluorostyrenes, observed the narrowing for orf/io-sub- 
stituted and iwela-substituted polymers but no narrowing for the para-sub­
stituted polymer in the temperature range of the ¡3 relaxation. This result 
favors the interpretation by Illers and Jenckel.

However, there is evidence indicating that rotational vibration of back­
bone chains occurs in the /3 relaxation region. As is readily seen in Figure 5, 
the (3 relaxation appears in dielectric loss at 340°K for MPS and around 
320°K for APS as a shoulder on the a peak. Rotation of phenyl groups 
would result in no change in polarization and hence no dielectric relaxation.
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On the contrary, the rotation of a segment of the backbone chain results in a 
change of polarization if the vector sum of dipoles of phenyl groups in the 
segment does not vanish. This assumption is consistent with the fact that, 
in isotactic PS, the /? relaxation is not pronounced, as Figure 5 shows. A 
perfect 3i helix in isotactic PS might exhibit no resultant dipole.

The amount of narrowing of the second moment of NMR absorption spec­
tra in the 16 relaxation region is about 2-3 gauss2,26 which is reasonable for 
the rotation of the backbone chain. According to Tanaka et al.,42 the /3 
narrowing was observed in the NMR spectra of fluorine nuclei in poly-p- 
fluorostyrene, in contrast to the data of Vol’kenshtein.

As has been mentioned above, many polymers without long side-chains 
exhibit in general a relaxation due to the rotation of backbone segments, 
which was called by Okano1 the “local relaxation mode.” Large-amplitude 
rotational vibrations of backbone segments become incoherent among 
neighboring chains. When the polymer is strained, the distance between 
chains is changed, and the distribution of rotational displacement goes to a 
new equilibrium with a corresponding relaxation time. The ¡3 relaxation of 
polystyrene, the local mode relaxation, is therefore attributed to the anhar- 
monic character of the interchain potential for rotational motion of back­
bone chain.

According to Moraglio and Danusso,43 a peculiar variation is observed in 
the thermal expansion of polystyrene around 50°C. Bianchi and Rossi44 
found an irregularity in the internal pressure in the temperature interval 
from 47 to 55°C. Wunderlich and Bodily45 also found small peaks of spe­
cific heat for polystyrene at 29° and 52°C. These results seem, however, to 
have no direct relation to the /3 relaxation, because, when it is measured at 
low frequency, the relaxation is observed below these anomalous tempera­
tures.

T h e  7 R e la x a tio n
Figures 6-8 illustrate the real and imaginary parts of the complex shear 

modulus at 34 kHz for samples APS, MPS, and IPS. The peak around 
200°K corresponds to the 7 relaxation. The 7 peak has been found by 
Schmieder and Wolf8 at 133°K (11.3 Hz) for atactic PS and by Illers and 
Jenckel8 at 132°K (1 Hz).

The 7 peak does not appear in dielectric measurements as can be seen in 
Figure 9, which includes the temperature range of the 7 peak. The mini­
mum in the spin-lattice relaxation time at 260°Iv observed by Hunt et al.32 
corresponds to the 7 peak.

Illers and Jenckel8 have attributed this peak to the torsional motion of 
methylene sequences formed in the backbone chain by head-to-head or tail- 
to-tail coupling on the basis of the fact that this peak does not exist in iso­
tactic PS. The present result reveals, however, that sample MPS, which 
was prepared by anionic polymerization and hence is expected to have no 
heterojunctions, exhibits tire 7 peak clearly.

The fact that the 7 peak does not appear in dielectric loss suggests the
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Fig. 6. Complex shear modulus vs. temperature for sample APS at 34 kHz.

Fig. 7. Complex shear modulus vs. temperature for sample MPS at 34 kHz.

Fig. 8. Complex shear modulus vs. temperature for sample IPS at 34 kHz.
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Fig. 9. Dielectric constant and dielectric loss vs. temperature for sample APS at various
frequencies,

peak may be attributed to the rotation of phenyl groups around the bond to 
the backbone chain. Even sample APpfS does not show the y peak in di­
electric loss (Figure 10).

The NMR narrowing of PS in the y region amounts to about 1 gauss2'31 
which is reasonable for phenyl rotation. According to Odajima et ah,31 
the narrowing occurs in para-substituted polystyrene but does not in the 
ortho- and meta-substituted polymers, probably because of a hindering effect 
in the latter cases.

The mechanism of the mechanical relaxation due to phenyl group rota­
tion may be similar to that due to methyl group rotation described by 
Tanabe et ah5 The amplitude of fluctuation of a phenyl group should de­
pend on strain, but this process is characterized by a relaxation time be­
cause the energy must be exchanged between the phenyl group and the 
backbone chain. The peak height is smaller in isotactic than atactic PS, 
probably because phenyl groups in an atactic chain exert strong interactions 
with other phenyl groups or backbone chains. This is also supported by the 
fact that the loss-maximum in isotactic PS shifts to lower temperature.
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Fig. 10. Dielectric loss at 10 kHz for samples: ( © )  APS; ( • )  IPS; ( G)  MPS; (O)
APpfS.

The temperature for the y peak in PS is higher than that for methyl group 
relaxations in various other polymers because the phenyl group is more 
bulky than the methyl group.

The 7 ' Relaxation
Figure 9 represents the dielectric constant and dielectric loss at various 

frequencies as a function of temperature for sample APS, and Figure 10 
gives the dielectric loss at 10 kHz for APS, MPS, IPS, and APpfS. Only 
sample APS exhibits a prominent loss peak around 97 °K, which is desig­
nated here as the 7 ' peak. Results in Figure 11, which gives the loss for 
thermally degraded PS, indicate that the 7 ' peak almost disappears with 
heat treatment at 280°C for 30 min, during which, as is shown in Figure 3, 
the molecular weight distribution shifts only slightly to lower values. The 
y' peak was not observed in dynamic mechanical measurement even for 
APS, as can be seen in Figure 6.

These facts suggest that the y' relaxation may originate from polar groups 
introduced into molecules during bulk polymerization. As is well known,46 
polystyrene which has been thermally polymerized in bulk has various types 
of weak bonds: heterojunctions or head-to-head (t-ail-to-tail) junctions, 
oxygen bonds such as (—C—O—O—C—), polar chain ends and so on.

In general, such a defect may have a dipole moment and result in a dielec­
tric relaxation. The strength of the relaxation

Ae =  to — «=»
is given according to the two-state model as47

4ttAm2 (ri1 +  2 \ 2 /  3e0 \  K
Ae ~ 3A-T \  3 )  \2e0 +  e„/ (1 +  K)2 (3)
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Fig. 11. Dielectric loss at 10 kHz for samples: (• )  DPS-1; (O) DPS-2.

where e0 and are the dielectric constants at sufficiently low and high fre­
quencies, respectively, N  is the number of defects per unit volume, u is the 
dipole moment difference between the two states (expressed as the moment 
in vacuo), and n is the refractive index. The equilibrium constant K be­
tween the two states is expressed by

K = exp {-A G°/RT\ (4)
where AG'° is the standard free energy difference between the two states. 
The value of Ae was estimated from the experimental curve of e" versus \ /T  
by the approximate equation,38

Ae « (2Aií/•7̂ 7?)emax,, (5)

where AH is the activation energy and and T2 are temperatures at which 
e" falls to half emax".

If heterojunctions were the cause of the y' relaxation, N would have to be 
very large because the dipole moment of phenyl group and hence u may be 
small for a hetero junction. This contradicts the observation that the y' 
peak disappears after slight degradation by heat treatment.

To interpret the observed strength of the y' peak of APS, u must be taken 
to be fairly large. If u is assumed to be 2.3 D, which is reasonable for oxy­
gen bonds, the density of defects is calculated from eq. (3) as one per 200 
monomer units, which may be a reasonable estimate. In this calculation, 
AG° is estimated as 350 cal/mol from the dependence of Ae on T observed in 
Figure 9, and hence K  as 0.2 at 97°K from eq. (4). In fact, infrared spec­
troscopy of the volatile components from the thermal degradation revealed 
the existence of carbonyl groups.

The <5 Relaxation
As illustrated in Figures 6-S, polystyrene exhibits a prominent me­

chanical loss peak, designated the 5 peak at 70°Iv. The existence of this 
relaxation was first pointed out by Sinnott.13 He reported a small loss 
maximum for atactic PS by using free oscillation of a torsion pendulum 
(5.59 Hz, 38°K). Crissman and McCammon14 have found the 8 peak with
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a longitudinal vibration apparatus (6294 Hz, 48°K). The spin-lattice re­
laxation time T\ of polystyrene has been measured by Hunt et al.32 as a 
function of temperature. The T\ versus temperature curve exhibits a min­
imum around 130°K, which probably corresponds to the 8 peak as illus­
trated in the relaxation map in Figure 4. McCammon et al.25 found that 
the 5 peak in dielectric loss was very slight.

The effect of tacticity on the mechanical 5 peak is not so appreciable but, 
as can be seen in Figures 6- 8, the peak is narrow and the peak height is low 
in the isotactic sample. Similar results have been obtained by Crissman, 
Woodward, and Sauer.17

In Figure 12, the shear modulus and loss modulus of sample APS at 152 
kHz are shown. It can be seen, by comparison with Figure 6, that the peak 
shifts to higher temperature with increasing frequency and the peak height 
increases with increasing temperature.

In Figure 13, the observed G" value as a function of 1/T is compared with 
the theoretical curve for a single relaxation time which was calculated by 
the equations,

where r0 was determined so that cor = 1 at the temperature of the loss max­
imum and AH was taken as 1.6 kcal/mol. The results indicate that the 8 
peak of atactic sample has a broad distribution of relaxation times but the 
distribution is narrowed in the isotactic sample.

Mechanical relaxations are in general classified into thermal relaxations 
and volume relaxations.48 The term “volume” has a broad meaning here 
and includes volume change and other types of strain such as shear.

G" = GmJ '[  2cor/(l +  coV)] 
t  =  t o  exp [aTI/RT]

(6)

I— ......................... ‘ 00 50 100 150TEMPERATURE <°K )
Fig. 12. Complex shear modulus of sample APS vs. temperature at 152 kHz.
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Fig. 13. Shape of the S peak for samples: (----- ) APS and (- ■ -)  IPS compared with
(- -) theoretical curve for a single relaxation.

The thermal relaxation is caused by the relaxation of specific heat of a 
degree or degrees of freedom in the system. If we consider a vibrational 
degree of freedom of polystyrene with frequency v, the specific heat due to 
this mode is given by

SC = R ( h— Y  expjfcr/fcTj\k T j  [exp {hv/kT) -  l ]2
(7)

where h is Planck’s constant and k is Boltzmann’s constant. At low tem­
peratures where the S peak occurs, however, SC is usually very small. In 
order to account for the observed peak height of the S peak on the basis 
of thermal relaxation of a vibrational mode, the frequency v would have to 
be assumed as low as 10 cm-1, which is an order of magnitude too low to be 
realized. Furthermore, the fact that the 8 peak occurs in shear deformation 
in which temperature is kept constant is evidence that the relaxation is not 
thermal.

In the following we consider a volume relaxation caused by motion of de­
fects between two states, 1 and 2 (the two-state model). The general 
theory of volume relaxation48 gives the relaxation strength r as

r = (<?„ -  G0)/G,
= (NGa/kT){Avy[K/(\ +  K)-] (S)

where G„ and G0 are instantaneous and equilibrium moduli, respectively, N 
is the number of defects per unit volume, and Av is the deformation of the 
system when a defect moves from state 1 to state 2, and K has the same sig­
nificance as in eq. (4).

For evaluation of r, the following approximation, similar to that of eq. 
(5), was used38

AG = G. — Go « (2Aff/xfl)Gm« '[(l/2 ’1) -  (l/T’o) ] (9)
From the data in Figures 6 and 12 , values of r for sample APS at two tem­

peratures can be obtained by eq. (9) as r = 0.037 at 70°K and r = 0.041 at 
80°K. Since Av and N are independent of temperature, AG° and conse­
quently K are obtained as AG° = 300 cal/mole and K = 0.1 at 70°K.
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Fig. 14. Schematic representation of disorder in the vicinity of a syndiotact.ic diad 
in the isotactic chain. Numbers 1 and 2 represent states 1 and 2, respectively.

The problem of the defect entity responsible for the 5 relaxation is still 
open. A speculative model of the defect is presented in the following.

In the case of perfectly isotactic polystyrene, for example, molecules in 
the crystal take on a 3i helical conformation and each helix is surrounded by 
three neighbors.49 Phenyl groups are successively arranged, and a strong 
intermolecular interaction exists through van der Waals force between 
phenyl groups. In the glassy phase, the arrangement may be locally simi­
lar to that in the crystal but, when a defect of tacticity such as ( .. .  dddlll. . . ) 
is introduced into a chain in the process of polymerization, the helical con­
formation of the chain in the glassy phase must change sense at the defect 
point, with a resulting misfit of phenyl groups with the surrounding chains. 
The phenyl group in the disordered region may be in a complicated poten­
tial field and have, therefore, one or more metastable states which corre­
spond to state 2 in the above two-state model. The transition of a phenyl 
group between the states 1 and 2 accompanies the deformation of the back­
bone helix and hence the strain of the bulk system. Figure 14 represents 
schematically the disordered region; the phenyl group is assumed to be most 
stable at the position 1 where the intrachain potential is at a minimum and 
have a metastable state 2 where the interchain potential is at a minimum.

We cannot say anything quantitative about the molecular arrangement of 
the disordered region but, on the basis of this model, Av in eq. (8) should be a 
fraction of the volume of a phenyl group. If we assume one defect per 20 
monomer units, N  is 3.12 X 1020 cm-3. This leads with the observed val­
ues of r and K to Ay = 26 X 10-24 cm3 from eq. (8), which corresponds to 
one-sixth of the volume of a phenyl group. According to Flory, Mark, and 
Abe,60 an isotactic vinyl polymer has such defects in 5-10% concentration.

The tacticity defect model presented above for the 8 relaxation can ex­
plain qualitatively the observed facts as follows: (1) the peak height is 
small in the isotactic sample, in which the defect density may be small; (2)
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the 8 peak is specific to polystyrene and its derivatives because the relaxa­
tion is brought about by strong interaction between phenyl groups; (3) 
only a small relaxation is observed in dielectric loss because the phenyl 
group has a small dipole moment; (4) according to Frosini and Woodward,20 
uniaxially stretched polystyrene shows a smaller 5 peak when twisted 
around the stretching axis. This appears reasonable because, in the pres­
ent model, the transition of the phenyl group results in a deformation of 
the chain axis (Fig. 14) and hence torsion around the chain axis is less ef­
fectively coupled with the motion in the defect region.

Crissman et al.17 have observed mechanical loss peaks similar to the 8 
peak of polystyrene in polystyrene derivatives: at 50°K for poly-o-methyl- 
styrene, 35°K for polyvinyltoluene rich in the meta-substituent, and at 
20°K for poly-a-methylstyrene. The peak height is greatest for polysty­
rene and decreases in the above order. According to our model for the y' 
and 5 peaks, however, the relaxations are related to defects of chemical 
structure introduced in the course of polymerization; and hence, a direct 
correlation between monomer structure and peak height or peak position 
would hardly be expected.

In general, defects or disorder in chemical structure of polymers may re­
sult in low-temperature relaxations. If the molecular mechanism is es­
tablished, the study of relaxation may afford a new tool for physical analysis 
of the defects.

TABLE II
Relaxation processes in polystyrene

Symbol

Tem­
perature 

at 10 kHz, 
°K

Activation
energy,

kcal/mole NMR
Me­

chanical
Dielec­

tric Mechanism
a 400 WLF-type + + + Segmental 

motion of 
backbone 
chain

p 350 30 + + + Local
oscillation 
mode of 
backbone 
chain

7 180 9 + + 0 Rotation 
of phenyl 
group

y ' 97 2.7 0 0 + Polar 
defects 
such as 
oxygen 
bonds

Ô
6

55
(25)

1.6 + +
+

0 Defects in 
tacticity
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A recent study of for monodisperse polystyrenes by Connor33 revealed 
that a minimum of T\ appears near the S relaxation region and the strength 
is inversely proportional to the degree of polymerization. In a mechanism 
that he proposed, the butyl endgroup of monodisperse polystyrene is re­
sponsible for the T\ minimum. This may not be, however, related to the 
S peak in the present study because the 5 peak appears in samples APS and 
IPS which have no butyl groups at chain ends.

The e Relaxation
The curves in Figures 6-8 indicate a new peak, the e peak, which appears 

as a shoulder on the low temperature side of the <5 peak. The existence of 
this peak is also confirmed from the asymmetry of the 5 peak observed by 
Crissman et al.,17 when the loss modulus is replotted against l/T . As is 
seen in Figure 12, the t peak shifts to high temperature with increasing fre­
quency and merges into the 5 peak. The molecular motion giving rise to 
the e peak is not yet clear.

Conclusions
Conclusions of the present work are listed in Table II. A plus sign in the 

table indicates that the relaxation is distinct and the zero that the relaxa­
tion is weak or missing.

The authors wish to express their thanks to Y. Kawamura of this laboratory for his 
assistance in obtaining some of the data and to Dr. K. Iimura of the Science University of 
Tokyo for providing us with the Zielger-Natta catalyst.
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Thermodynamic and Conformational Properties of 
Polystyrene. III. Dilute Solution Studies on 

Branched Polymers

G. C. BERRY, Mellon Institute, Carnegie-Mellon University, Pittsburgh,
Pennsylvania 15213

S y n o p sis
Light-scattering and viscometrie measurements on dilute solutions of five branched 

polystyrene polymers are reported. The data include studies in decalin as a function of 
temperature, including the theta temperature, and in toluene. The results for the radius 
of gyration and the second virial coefficient are not in accord with the two parameter 
random-flight model. Possible causes of this descrepancy are considered. I t is shown 
that the intrinsic viscosity of branched chains is not uniquely determined by the radius 
of gyration.

IN T R O D U C T IO N
Investigations on branched polymers afford a degree of freedom lacking 

in studies on linear polymers: the average segment density of the polymer
coil can be altered independently of its radius of gyration by variation of 
the structural parameters of the branched macromolecules. This addi­
tional degree of freedom can complicate the analysis of experimental data, 
but it can also offer an additional probe for the investigation of the funda­
mental properties of macromolecules. Despite the undeniable importance 
of chain branching on polymer properties, relatively few experimental data 
can be found on the dilute solution properties of well characterized, model, 
branched polymers.1-6 Comparatively, more examples of attempts to 
characterize branched polymers of unknown structure by the use of 
theories on dilute solution properties can be found. In this investigation, 
parts of which were discussed in an earlier preliminary report,6 we seek to 
extend our previous studies (Parts I and II of this series7) on the dilute 
solution properties of polystyrene prepared by anionic polymerization to 
include data on two types of branched polymers: (1) two different regular- 
star branched chains comprising several arms of equal length, each with 
one end connected to a common branch node; and (2) two different 
random-comb branched chains, each with branches of equal length at­
tached at random intervals to a much longer backbone molecule. Light 
scattering data on the radius of gyration (s2) at the Flory temperature 0 
and on the temperature coefficient of the second virial coefficient A-i for

687
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temperatures near 9 will be presented. In addition, light scattering data 
on (s2) and A 2 at temperatures greater than 0 will be given. The intrinsic 
viscosity [17] of the branched polymers will also be considered at 9 and at 
temperatures greater than 9.

For convenience, we have gathered in the following sections certain 
theoretical considerations pertinent to the analysis of data to be considered. 
However, these sections are not intended to serve as an exhaustive review 
of the material. The random-flight chain model has been used to calculate 
properties of unperturbed branched chains including the mean square 
radius of gyration (s2)0,1,8-15 the intrinsic viscosity [17 ]o,16 the translational 
friction factor Ho,9,13,17 and certain light scattering properties.15,18,19 Here 
and in the following, the subscript zero denotes properties of the unper­
turbed chain, i.e., under conditions such that the second virial coefficient 
A -2 is zero (cf. seq.). The first-order perturbation theory20,21 has been used 
to calculate A2 and (s2)/(s2)025-26 in terms of the two parameters n.2/3 and 
nb02, where n is the number of effective statistical chain-segments charac­
terized by a mean-square length &02 and pairwise mutually excluded volume 
/3. In addition to the parameter nb02, the calculation of h ]0 and Ho involves 
a segmental friction factor

Presently available theories have not related ft, n, b02 or f0 in any satisfac­
tory way to molecular parameters of the real chain. It is assumed that 
interchain and intrachain interactions are characterized by the same 
parameter f3. The excluded volume integral ¡3 is given formally in terms of 
a potential u(r) for the pairwise interactions of the random-flight segments 
by the integral

Although ß is sometimes thought of only in terms of polymer-polymer inter­
actions, the function u(r), representing the mean potential of average force 
between two segments separated by the vector distance r, includes polymer- 
solvent and solvent-solvent interactions as well, and may not even be 
centrosymmetric.27

The use of an arbitrary centrosymmetric function for the potential u(r) 
with a hard core volume ß0 = 4irr03/3 (e.g., infinite u for r < r0), and a 
weak attraction such that |w(r)| «  kT for r > r0 yields

T H E O R E T IC A L  B A C K G R O U N D

R a n d o m -F lig h t C hain  P a ra m eters

13 = 1  [1 — exp {—u(r)/kT}]dr (1)

ß = A(i -  e/T) ( 2 )
with
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where
x = r/r0

Attempts to use a more precise formulation for u(r) to deduce 9 or do in 
terms of molecular parameters, or to assess the temperature dependence of 
d for T »  0 are beyond the scope of the random-flight model.27 The 
simple temperature dependence of d given by eq. (2) can be obtained from 
phenomenological considerations certainly valid when T is very near 0. 
The conclusion7 that eq. (2) was, in fact valid for data on linear polystyrene 
in decalin for temperatures up to 0 +  100°K has recently been chal­
lenged,28 and the revised relation

d = do[(l -  Q/T) +  2.5 In (e/T)] (3)
suggested as a substitute for that system on the consideration that there 
must be a lower critical solution temperature at T > 0 somewhere in the 
vicinity of the critical temperature of decalin. Definitive discrimination 
between eqs. (2) and (3) on the basis of the data on linear polystyrene in 
decalin does not appear possible.

There is nothing in the definition of d that indicates that d should depend 
on chain branching. To be sure, in principle the function u(r) could vary 
with some parameter such as the segment density of the chain, and so de­
pend on chain branching. This possibility, which is usually ignored, will be 
considered further in the following. Similarly, n and &o2 are usually taken 
as invariants of the chain configuration.

Radius of Gyration
Random-flight chain statistics predict that for a branched chain with n 

segments of mean-square length b02
(Sbr2) o = (j(si2) o (4)

where, as usual,
(Si2)o = VeU&o2

and where g is a numerical constant that depends on chain geometry.1'8-15 
Here, and in the following, the subscripts br and l will denote branched 
and linear chains, respectively. Subscripts will be suppressed where no 
confusion is possible. For regular-star and random-comb branched poly­
mers, it has been shown15 that

g = X +  2X(1 -  X2)/-1  +  (1 -  X)3(3/ -  2) /-2 (5)
with /  the number of branches per molecule, and 1 — X the fraction of ma­
terial in the branches of the molecule (X = 0 for regular stars). Since eq. 
(5) obtains for combs with exactly /  randomly spaced branches on each 
molecule, in principle it should be modified to account for the random 
number of branches placed on the backbone chains during the actual cou­
pling step; but this modification12'15 has negligible effect on the estimate for
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cj for the samples of interest here. Equation (5) can be approximated to 
within 1% for /  > 4 (and to within 4% for all /) by the simpler expression

g =  x +  (1 -  X)V,(3/  -  2)/~ 2 (6)
Here, and in the following, we will reserve the symbol g to denote the 
parameter calculated by random-flight statistics, as opposed to a ratio of 
experimentally determined radii of gyration. Inasmuch as n\ is the num­
ber of segments in the chain backbone, Eqs. (4), (5) and (6) show that 
(sM2)o can be given in an alternate form useful for the analysis of data on 
comb polymers:

(s&r2)o = <sr2)o[l +  X-Kl -  x)1/s(3/ -  2)/-2] (7a)
where the subscript r refers to the backbone polymer. Thus, if X is near 
unity, this relation predicts a radius for the branched chain essentially the 
same as that of the backbone polymer used in the grafting step in the prepa­
ration of the branched molecule, even though the molecular weight of the 
molecule is increased by grafting on the branches. This can provide a use­
ful internal check on the effect of branching on (sir2)0 since, if (sr2)0 is mea­
sured separately (before the grafting step), the expected value of (s6r2)0 can 
be calculated without recourse to molecular weight measurements and use 
of the relation between (si2)0 and M. Moreover, any effects of molecular 
weight polydispersity of the backbone polymer on (s2) as determined by 
light scattering are suppressed by comparison of (s6r2)0 with (sr2)0. - 

In a similar way, for star polymers, we can write
<V>0 = <s/)„[(3/ -  2)//] (7b)

where (s/)0 is the radius of gyration of a single branch determined before 
the coupling reaction.

The first-order perturbation theory21 has been used to calculate the effect 
of small excluded volume /3 on (s2) with a result analogous to that for linear 
chains26,26

(s2) = <s2)0(l +  eqz +  . . . ) (8)
where

2 = (3/27m&02)!'V|8 (9)
The constant cu depends on the branched chain structure but is not a 
single-valued function of g. Thus, approximate relations of the type129'30

<s2) = (s2)o§ (g,z) (10)
where S is some function unspecified here, cannot be expected to be gener­
ally valid. Since aiM > au , it follows that chain dimensions ought to ex­
pand more rapidly with increasing z for branched chains than for linear 
molecules, at least for small z. The approximate relation for a- =  (s2)/(s2)0 
established experimentally31 and theoretically32

a2 = 1 +  ai(z/a3)h(z/a3) (1 1 )
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with
h(z/a3) = 0.508{l +  0.969[1 +  7.84ai(^/«3) ]_ Vs}

should not necessarily be expected to hold for branched chains with 
h(z/a3) unchanged. The conformation averaged value of the radius of 
gyration given by eq. (1 1 ) was calculated from the relation

= f s2F(s2) exp { - E(s2)/kT}ds2 
S’ fF(s-) exp { -E (s2)/kT} ds2

with
E(s2) = 2ttIcTp f  P2(r\s)dr

where p(r|s) is the segment distribution about the center of mass, averaged 
over all conformations with a given s, and F(s2) is the distribution of s for 
the unperturbed chain. An approximate function F(s2) designed to re­
produce the first few averages (s2m)0 was used in calculations of (s2) for the 
linear chain. The weighting function was taken to be

E(s2) = <raikTz(s2)03/2s~i
where <r_1 = (s2)03/2(s_3)0 — (s2)o'/2(s_I)0 can be calculated from the approxi­
mate function F(s2) to give a the value 1.185 for linear chains. To the first 
approximation in the calculation of (sbr2) one might try to use the same 
function F(s2) as that employed for linear chains, but use the values of ai 
appropriate to the branched chain in the assessment of the weighting func­
tion E(s2). In essence, this means that, to this approximation, a should be 
given by eq. (1 1 ) provided the correct value of ai is used.

S e co n d  V irial C oefficien t
The second virial coefficient can be given in terms of the two parameters 

in the random-flight model by31

A2 = {Napn2/2M2)F'(z) (12)

F'{z) = 1 - b lZ+ ... (13)
where 6i is a constant that depends on chain structure (e.g., linear or 
branched). The parameter bi has been calculated for certain star and 
comb-branched chains with the general result that b1M > blit, but that 
bi,„r is not a single-valued function of (/A22- 24 This result indicates that 
A2m will be less than A?.,i at least for small z.

Equation (13) is limited to small values of z but can be used as an aid in 
determining the temperature dependence of the excluded volume integral 
¡3 for (3 near zero, that is, for T near the Flory temperature 0. In this limit, 
we can assume with generality that

0 = 0o(l -  e/T)
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where /30 and 0 are independent of temperature and molecular weight. 
Thus for Q/T near unity, we write

lim ^ , 
T-+e> 0(1

£>A2
Q/T)

where, for convenience, we have defined the parameter B0 for later use. 
Estimates of B0 determined in this way can be used to calculate values of z 
for each temperature of measurement and finally values of F'(z) by means 
of a suitable approximate theory. These data can then be used to obtain 
a refined estimate of ¡30 by use of the relation

àlAt/F'Çz)] tJim -—--------7— = 47tr-»-e £>(1 — Q/T) WaB0 (14)

This procedure, which helps to remove some of the curvature from the 
plots in the vicinity of (1 — Q/T) near zero, has been used previously in the 
analysis of data on linear polystyrene in czs-decalin.7 First and final esti­
mates of Bo determined in this way may differ by 10-30%, depending on 
the molecular weight and type of branching.

Approximate theories must be used to correlate A2 if biz exceeds ca. 0.1 , 
since the series F'(z) is very poorly convergent, and exact calculation of its 
higher-order terms presents unsurmountable difficulties. These theories 
generally lead to a relation of the type

A2M V r V’ = 47rVWa(2/ a 3)F(2/ a 3) (15a)
Of these, the expression

(z/a3)F(z/a3) = OA&ipfir'7’) (1 -  exp {-2&ip(z/a3)} ] (15b)
where p = (a/a2)3 with a5 — a3 = (ai/fci)(a25 — a23) is a relation that has 
been found useful in the correlation of data on linear polymers,31 (of course, 
with g equal to unity). Here, a2 is the average expansion factor of the 
dimension of a chain in a bimolecular cluster, m and 61 are the coefficients 
introduced above, and k\ is a coefficient that depends on chain configura­
tion.

I11 the limit of large 3 (very good solvent) eqs. (15) reduce to the result: 
lim A2M2<s2) ~ V2 =  ¥  = 4 r /,Na/2pb1gt,t (lb)
Z— »-co

where p = (ai//ci)3/t in the limit of large z. A value of 4.0 X 1024 has been 
found for linear polystyrene, giving p the value 2.43.7 To a first approxi­
mation, one might suspect that is independent of molecular structure. 
Detailed calculations of bh however, show that

biM <
where the equality holds only in the limit for certain lightly branched 
structures,23 so that in general 4r depends on the branched structure.
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Moreover, T cannot be a single-valued function of g, since bi is not. These 
considerations mean that correlations of the type

AiM/A tll = ((s6r2)/(s,2))3/2

sometimes suggested 1'30 (the ratios taken at constant molecular weight) 
cannot be generally valid.

Hydrodynamic Properties
The hydrodynamics of the random-flight branched chains have been 

explored less exhaustively than have the thermodynamics. The steady- 
flow intrinsic viscosity of nondraining random-flight star-branched chains 
is given by16

= 31/2T3/Wa (s,VA 1 
2 M ^  \ k' (17)

where the X/ are eigenvalues different for each branched polymer. Numer­
ical calculation of S(l/X*7) has been carried out for four branched struc­
tures: one unsymmetrical and three symmetrical star-branched molecules 
(as well as for linear chains, of course). If these numerical results are ex­
pressed in terms of the theoretical parameter g as

e.g. such that
S(l/X*') = 0.586^

hsr]o/hi]o =  gy (18)
then y is approximately 0.44 for the symmetrical star polymers and 0.54 
for the one unsymmetrical case investigated. The numerical results were 
given in terms of g with the hope that the exponent y might be invariant 
with branched structure, and it was suggested that y = 1/% might be the 
best choice for use with all branched structures,16 or that

[r?6r]o =  [vi]t>g1/l (19)

By contrast, subsequent calculations of the translational friction coef­
ficient Eo for the nondraining random-flight chain show that Eo6r/Eoz is not 
proportional to g11 with a value of n invariant to the branch structure.13,17 
In fact, yu tends toward V2 for comb-branched polymers as the ratio of the 
branch length to the backbone length tends toward zero (ji = V2 being 
equivalent to m = 3/ 2), but no constant value of y could correlate the data 
on all symmetrical star-branched polymers.

It seems likely that a similar situation will exist for the ratio h6r]o/h:]o, 
with this ratio (1) tending toward g3/l in the limit of comb molecules with 
short branches and long backbones, (2) about equal to f//! for star-branched 
polymers, and (3) somewhere between these limits for other structures, 
with a value sensitive to details of the chain configuration.
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First-order perturbation calculations of branched random-flight chains 
have not been carried out, but one can anticipate that these will yield the 
type of relation found for linear chains34

b?] = fo]o[l +  p (h ) z  +  • • • ] (2 0 )
with p  (h) dependent on branching and the hydrodynamic interaction 
parameter

h  = (s/67rr?o)(27r(s2)o)-I/W (21)
We must assume that p (h ) , like a x, will not be a unique function of g. As 
with linear chains, 7 we can eliminate z  between expressions for b?l/b?]o 
and a 3 =  (<s2)/(s2)o) V 2 to obtain the result

(M/folo -  1 = [2p(/i)/3ffli ] ( a 3  -  1 ) (2 2 )
where terms of order (a 3 — l ) 2 are suppressed. Of course, one hopes that 
eq. (2 2 ) will be adequate for a wider range in z than either eq. (8 ) or (2 0 ). 
The random-flight model yields 0.81 for 2 p(/i)/3 di in the limit of large h. 
Data on linear polystyrene suggest that 2p(77)/3oi increases with increas­
ing M  to a value near unity at high M ?

E x clu sio n  C hrom atography
I t  is generally accepted that the separation mechanism in exclusion 

chromatography depends on the size of the pores in the porous substrate 
relative to some dimension of the macromolecule. It has been suggested35 

on the basis of empirical evidence that the product [y]M  will characterize 
data on the elution volume V  to give a [?? )M  versus V  function for a given 
chromatographic column that is independent of molecular weight, chain 
branching, or the chemical nature of the polymer or solvent. Data to sup­
port this conclusion are available for a variety of linear polymers and some 
branched polymers in thermodynamically good solvents. In a theoretical 
treatment of star-shaped random-flight chains, it was found that the parti­
tion function K ,  and hence the elution volume, could not be precisely repre­
sented as any simple relation involving g, but that the quantity ( s i2)0gl/l 
appeared to correlate the data as well as any such function . 36 Since 
b?&7-]o ~  [ v i W ^  for random-flight star-branched molecules, this prediction 
agrees well with the observed correlation of V  with M  [j? ] (albeit the empiri­
cal correlation was made in good solvents). In particular, the parame­
ter (s„ r 2) 0 was not found to correlate with K  for the diverse star-branched 
structures investigated theoretically.

E X P E R IM E N T A L
M a te r ia ls

Solvents were prepared as described in Part I .7 The A branched poly­
mers were prepared by Mr. T. Altares, utilizing the synthesis procedure 
outlined elsewhere. 37 In this method, preparation of the star and comb
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polymers is accomplished by coupling polystyryllithium to a previously 
prepared multiply chloromethylated molecule. Thus, star-branched poly­
mers were prepared by coupling polystyryllithium to chloromethylated 
benzene. An anionically prepared polystyrene was lightly chloromethyl­
ated to make the backbone molecule of the comb polymer. An excess of 
the polystyryllithium was used in all preparations to ensure complete con­
version of the chloromethylated groups. In consequence, the final product 
was always contaminated with uncoupled linear polymer with the molecu­
lar weight of the branches on the branched polymer. The linear polymer 
was separated from the branched polymer by a fractional precipitation 
using benzene as the solvent and methanol as the nonsolvent. The branched 
polymer was then further fractionated to remove the high and low molecu­
lar weight “tails” from its distribution, the middle fraction being used for 
these studies. The molecular weights of the component molecules of the 
branched chain and other parameters determined in dilute solution are 
given in Table I. The sedimentation velocity profile of the chloromethyl­
ated backbone precursor molecule was compared with that of the unfrac- 
t.ionated polymer to be certain that no degradation occurred during the 
chloromethylation reaction. In addition, the sedimentation velocity pro­
file was very useful in showing that sample A-48; 2  was not contaminated 
by molecules with 2, 3, 5, or more arms as the presence of these is easily 
distinguished in the ultracentrifuge.

TABLE ILinear Polymers Used in Preparation of Branched Species
Pre­cursorpolymer

Used in branched polymer M w X 10- 4 <s2)o X 10-2, cm2 0 Wo,dl/g" W, dl/gb
M v XIQ-40

A-18 A-53; 2 
A-68; 4

133 9.90d 0.98 (2.85p —
A-48-C A-48; 2 39.4 3.05 — — —
A-51-C A-51 — — 0.308 5.6
A-68-C A-68; 4 — — — 0.54 1 2 . 0

A-53-C A-53; 2 — — — 0.175 4.60
“ Measured at the Flory theta temperature in cyclohexane.
b Measured at 25°C in toluene.0 Deduced from [7 7 ] in toluene and the correlations in Part II.d A value of 1012(s2) = 23.3 cm2 would be expected in toluene according to the data in Part I.* Deduced from M w and the correlation in Part II.

L ight S ca tter in g
Light-scattering measurements were carried out with the apparatus and 

methods described in Part I .7 Calculations with the random-flight chain 
model16 show- that in cases of interest here the simple Debye expression from 
the reciprocal scattering function P ~ l (u ) for linear chains is an adequate 
approximation to the more complicated relation for P ~ l (u ), provided that
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<S(,r2) is used in place of n b ~ /6  in the definition of u . Thus, P  '(u )  can be 
approximated by

P ~ l {u ) = ( 2 / u 2)[ u  —  1 +  exp {— w} ] (23)
where

u  =  ( 4 7 m / \ y ( s br-) sin2 (0 / 2 )
The form of eq. (23) suggests that plots of [ c /R {u ,c )}1/- versus u  and con­
centration c be extrapolated to u  = 0 and c = 0, as first proposed in Part I 
of this series, to aid in the calculation of the derivatives d[c/i2 (0 ,c)]1/2/dc 
and d[c/.ft(w,0)]1/ydw that yield the second virial coefficient T2 = A->M  
and the mean-square radius of gyration (s2), respectively.

The effect of the heterogeneity in molecular weight caused by the varia­
tion in the number of branches per molecule on the comb-branched chains 
does not seriously affect ( s 2) l s  in this case, although

2  M tW ( M t)
(24)

is usually very sensitive to heterogeneity. We have
(s2)i «  k M /

where M ' is the molecular weight of the backbone molecule of the fth 
species. Since the backbone polymers are narrowly distributed anionic 
polymers, ( s 2) l s  is approximately given by

( s 2) l s  «  k M '
irrespective of the polydispersity in the number of branches per molecule.

In tr in sic  V isco sity
Viscometric measurements were carried out with the apparatus de­

scribed in Part II. The concentric cylinder viscometer was used with 
samples A-53; 2  and A-6 8 ; 4. The suspended-level Ubbelohde viscometer 
was used with sample A-48; 2 . The double extrapolation of rjsv/ c  and In 
Tjrei/c described in Part II was used to analyze these data.

E x clu sio n  C hrom atograph y
The Waters gel-permeation chromatograph was used with columns with 

3 X 106, 1.5 X 10“, 104, and 103 A ratings. The columns were placed in 
the order given, with the 3 X 106 A column at the efHux end. The elution 
volume Ppeak corresponding to the maximum in the refractive index was 
determined from the recorder output and correlated with log [r) }M  for 
linear polystyrenes in both toluene and 2 -butanone (the latter being only 
a moderately good solvent31). In  all cases, 0.1 ml injections of a 0.5 g/dl 
solution were used with a 1  ml/min flow rate. Measurements were made 
on the 4X attenuation scale and peak height averaged 2 0 % of full scale.
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Repeated injections over the time period used for these studies gave re­
producible elution volumes to within ± 0 . 1 2  ml or better for some of the 
samples. All elution volumes represent averages of at least three sepa­
rate injections, and sometimes more. One sample was injected at intervals 
to be certain the column did not change. No appreciable effect on F p e a k  
was noted when the flow rate was reduced to 0.5 ml/min.

R E S U L T S
D a ta  a t th e  F lory  T em p era tu re

Molecular parameters of the various precursor molecules used to synthe­
size the branched chains are collected in Table I. The structural parame­
ters of the various polymers studied are given in Table II, together with 
some theoretical parameters specific to each structure. Unless stated other­
wise, all molecular weights were determined from light scattering studies 
at the Flory temperature. As with linear polymers, we define the Flory 
temperature operationally as the temperature at which A 2 vanishes. 
Values of 9, [p]0, and (s2) 0 are recorded in Table III, together with the 
parameters measured in toluene. (Here the subscripts zero denote values 
at T  = 9.) Values of B 0 in cfs-decalin are also included in Table III.

The experimental values of (s6 r2) 0 are compared with values calculated 
with the theoretical parameter g in Table IV. Equation (7b), the measured 
value of (ss2)0, and the number of branches per molecule, /  = M / M s, were 
used to compute (s„r2)o for the star polymer A-48; 2 . Equation (7a), the 
measured values of (sr2)0, X = M r/ M ,  and

/  = ( M  -  M t) / M s

were used to compute (s6 r2) 0 for the comb polymers.
The exponents m  calculated from experimental molecular size data ac­

cording to the relation
[>?6r]o/hi]o = (('V2)o/(s i2)o)m (25)

for three comb polymers and one star polymer are given in Table IV. We 
remark that the value of 7  from eq. (18) and experimental intrinsic viscosi­
ties is smaller than m  and close to 1/ 2 in those cases where (s6r2)0/ g  is found 
to exceed (s / ) 0 for chains with the same molecular weight. We do not 
regard this as of fundamental significance, however, since in most cases the 
proximity of 7  to 1/ 2 appears to be the result of compensating deviations 
from the prediction of the random-flight theory. Since m  appears to be 
sensitive to the detailed molecular structure, it appears that a correlation 
of the type of eq. (25) should be used only as a rough approximation.

D a ta  in G ood  S o lv e n ts
The dependence of T2, (s2)/(s2)0, and [77] of the branched polymers in 

m-decalin on temperature is illustrated in Figures 1, 2, and 3. As with 
linear polymers, the rate of increase of T2, (s2), and [97 ] with T  decreases as
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Fig. 1. Second virial coefficient I ’ , (cc/g) as a function of temperature for branched polystyrenes in «s-decalin: (6) A-53;2; (Q) A-68;4; (®) A-48;2; (®) A-51.

TABLE IVComparison of Dilute Solution Parameters of Branched and Linear Chains
Bo.br (sbr2) 0 [%r]oPolymer Structure ®br ~  Si Boti ?(si2>o M o m

OW Star 0 0.62 -- - 0.85 _
A-48; 2 Star 0 1.00 1.08 0.75 0.60
A-51 Star - 2 0.90 — ---- —
A-53; 2 Comb 0 0.59 1.33 0.73 1.06
A-68; 4 Comb +  2 0.36 1.55 0.60 1.03
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To 20 30 40 50 60 70 80 90 100 110
Temperature ( C°)

Fig. 2. Expansion factor (s2)/{s2}0 as a function of temperature for branched poly styrenes in cts-decalin. Symbols are defined in the caption for Figure 1.

Fig. 3. Intrinsic viscosity [77] as a function of temperature for branched polystyrene in cis-decalin. Symbols are defined in the caption for Figure 1.
T  increases, but in some cases the temperature coefficient did not become 
as small at 100°C as that for linear polystyrene in this solvent. Further 
increase in T  would not appreciably increase the factor (1 — 9 ¡ T )  impor­
tant in determining the interaction parameter 2 . As in Part I , 7 we have ex-
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plicitly neglected any temperature dependence of the unperturbed radius 
of gyration (s2)0, and set (s2) 0 equal to the value of (s2) at T  = 0  for all T . 
Similarly, [77 ] 0 is set equal to h] at T  =  9 for all T .

Values of r 2, (s2), and [17] for solutions of the branched polymers in 
toluene are given in Table III. As with linear polystyrene, 7 we expect 
these parameters to be independent of temperature since 9 for polystyrene 
in toluene is far below our range of measurement.

D IS C U S S IO N
R a n d om -F lig h t P a ra m eters  an d  th e  U n p ertu rb ed  D im en sio n

Values of B 0 listed in Table III  were computed with eq. (14) by using 
the relation given in eq. (16) and the values of 61 appropriate for the 
branched structure2 2 - 2 4  to calculate F '( z ) .  The values of B 0 are unexpect­
edly different from each other, and most are smaller than the value 2.03 
X 10- 2 8  cm3-mole2/g 2 found for linear polystyrene in m-decalin. The 
experimental values of (sbT2)0 are generally not in accord with estimates 
calculated with the random-flight model; in only one instance in Table IV 
are the calculated and experimental values of (s6 r2) 0 identical within experi­
mental error. Moreover, the values of 9 and B 0 found for this polymer 
are also equal to values found for linear chains. In all other instances, 
.Bo,¡>r is less than B 0,i, (s6 r2) 0 is greater than that calculated, and for two 
polymers the 9 is slightly different from that for linear polymers. I t  will 
be noted in Table IV that although 9 is relatively unaffected by branching, 
B 0 is markedly lower than the value for linear chains for some of the 
branched chains. Similar behavior has been reported previously for a 
star-branched polystyrene polymer. 3 By contrast, studies38 on some comb- 
branched poly(methyl methacrylate) gave a 10°C depression of 9. In 
another study5 of comb-branched polystyrene , 6 9 was found to increase 
monotonically from a value 10°C below 9* for linear chains to a value near 
9 1 as the molecular weight of the branches increased. In the latter two 
cases the frequency of branching was much greater than in our work. 
Values of B 0 were not given for the comb polymers, but the data on the 
polystyrene suggest that B 0 is decreased by branching.

I t  appears that the correlation between calculated and measured values 
of (s6r2)o and, to some extent, between B 0M and B 0,i bears a close relation to 
the fraction of segments near branch nodes in the molecule. That is, 
(s2) 0 and Bo are within experimental error of their “expected” value for the 
star-branched sample A-48; 2 , w'hich has long branches, whereas B 0 is 
larger than expected for the star-branched polymers A-51 and OW , 3 which 
have relatively short branches. The values of B 0 and (s2) 0 for the polymers 
appear to approach the expected values as the length of the branches is 
decreased, with other structural parameters of the chain held (nearly) con­
stant. As we have seen, in terms of the random-flight model, the observed 
decrease in B u can be traced to one, or both, of the parameters n  and /So of 
the equivalent random-flight chain. I t  appears probable that the en­
hanced segment density of the branched structures relative to their linear
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homologs is the source of the observed effect. The responsible structural 
feature of branched chains may be the concentration of segments in the 
vicinity of branch nodes that cannot be “diluted” to a value characteristic 
of linear chains. The data suggest that in the cases examined here at least, 
this enhanced segment concentration may not appreciably affect the 
longer-range features of the intersegmental potential u ( r) inasmuch as 9 
is not affected strongly by the kind of branching studied here (although 9 
apparently is affected by branched structures with still greater segment 
concentrations about branch nodes5'38).

I t  is of interest at this point to note that d might, in principle, be de­
pendent on details of the chain conformation not usually considered. Thus, 
u  (r) could depend on the instantaneous density of segments in the neigh­
borhood of the segment pair under consideration. This raises the specter 
of an average d for intramolecular interactions (affecting, say, the radius 
of gyration) that differs in magnitude from the average d for intermolecular 
interactions. We note that data on a linear homopolymer in a binary 
solvent have been interpreted to mean that d for intrachain and interchain 
interactions differ, presumably owing to preferential solvent absorption . 39

The deviation between measured and calculated values of (sbr2)0 might 
also be understood on the basis of the increased segment density of the 
branched molecules in the vicinity of the branch node. We do not believe 
that (s4,2)o is augmented by short-range interference effects on the potential 
for rotational isomers of groups in the immediate vicinity of the branch 
node, but rather that the augmented segment density in a fairly large 
(say, 30 A radius) volume about each branch node causes a chain expan­
sion. The Flory temperature, after all, represents the temperature for 
which a delicate balance between repulsive and attractive interchain inter­
actions has been achieved. There is no a p r io r i  reason to believe that the 
chain dimensions must necessarily be independent of chain structure at 
this temperature (even though this is a consequence for the two parameter 
random-flight model).

Although the effects on B 0 and on (s6 r2) 0 appear to be related to details 
of the segment density, we do not know how to correlate this relation in a 
general way. In the following, we will assume that a random-flight model 
still obtains for the branched chain, but that the segment length b0 is al­
tered by the augmented segment density. We will also assume that do is 
unaltered by chain expansion in response to an increase in temperature, 
although there is no reason to believe this must be the case. I t  might even 
be more reasonable to suppose that b0,tr and do,&r should tend toward 
b0,i and do,i, respectively, as the chain expands and relieves some, if not all, 
of the effects of the augmented segment density.

The Kuhn equivalent chain40 is sometimes used to evaluate the individual 
parameters n , f30, and b0 from the observable parameters ?i2do and nb02. 
In this model, the length nb0 is made to correspond to the actual “stretched- 
out” molecular length. This condition can be restated as

bbrbo.tr =  nibo.l
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for branched and linear chains of the same mass chains. With this con­
straint, it is easy to show that

ho ,br  ̂l 1 0

bo, l >hr 9 (Si2) 0

where ( s r ) 0 is the radius of a linear chain with the same molecular weight 
as the branched chains. Thus, in this interpretation the equivalent 
branched chain must have fewer, but longer, segments than its linear homo­
log with the same molecular weight if the last term on the right is experi­
mentally greater than unity. According to this model, the phenomenologi­
cal parameter B 0 « n 2/30 must be decreased by branching if (sS r2) 0 is in­
creased, and by the factor (n ¡ / n bT)'2 if do is unaffected by branching. The 
data in Table IV are in partial agreement with this prediction, suggesting 
that the hard-core excluded volume do itself may indeed be little affected 
by branching.

B eh a v io r  o f  A-> and  ( s 2)
Analysis of the data in m-decalin for T  >  0  is complicated by the uncer­

tainties in the evaluation of n 2/3 and nh02 appropriate at these temperatures. 
This problem is more severe than the similar one encountered in studies 
on linear polystyrene, since here there is no comparable way to assess the 
assumed temperature dependence of d- Data for A 2M 1/2 versus — 
Q /T )  could be tested for uniqueness for a range of M  and T  with linear 
samples without regard to the functional form of the correlation. For 
branched chains, however, the relation between these two variables de­
pends on chain structure. In the following, two of the methods by which 
we shall examine the data minimize the importance of the assignments 
of n2d and who2. This analysis is meant to show that branching does indeed 
augment the chain expansion and depress the second virial coefficient as 
predicted theoretically for the random-flight chain.

Elimination of 2  between eqs. (8 ) and (12) yields a relation that is found 
to apply farther from theta conditions than does either relation alone for 
linear chains and which avoids the need to know ?i2/3 (but not nb02) :

(s2)
<s2)o =  1 + ill

4irVWa((S¡2)o/d/)3 A i M ¥* (26)

Here the only parameter in the coefficient of A J S i 1' 2 formally dependent 
on the branched structure is a-i. Values of cq have been calculated for 
symmetrical combs (comb polymers with /  branches of equal length 
spaced equidistantly along the backbone) and for star molecules. 25 ' 26 We 
assume that the calculation of cq can be used with negligible error here. 
Plots of measured values of (s6r2)/(s6r2)(i versus are shown in Figure
4. Values of cq and hi calculated for symmetrical branched structures are 
given in Table II.

The data lie approximately on straight lines, and show that (sbr2) / ( s br'2)0 
is larger than the corresponding ratio for linear chains at given A J \ 1 ^ 2, in



PROPERTIES OF POLYSTYRENE. I l l 705

a2m: /z
Fig. 4. Expansion factor (s2)/<s2)o vs. A A l '^  for various branched polystyrenes in 

cis-decalin. S\'mbols are defined in the caption for Figure 1. The light line is the ex­perimental correlation found for linear polystyrene in efs-decaliii.7

accord with theory. Quantitative agreement of the data with the linear 
relation between (s2)/(s 2) 0 and A 2M ' , v using theoretical values of ai is not 
quite achieved, however, in contrast with the behavior of linear poly­
styrene7 (cf. Table V). For example, estimates of ((s2)/(s2)0) — 1 from 

by use of eq. (26) are respectively ca. 15% and 5% less than experi­
mental determinations for samples A-53; 2 , and A-6 S; 4, whereas the calcu­
lated and experimental values for sample A-48; 2 are in reasonable agree­
ment. I t  is not clear whether these deviations are caused by the neglect of 
higher-order terms in eq. (26) or by other effects related to the deviation 
of (st,r2)o/g  and B 0M from their anticipated values. We remark that the 
closest agreement between observed and calculated values of the slope 
in Figure 4 is achieved if ( s i2)0/ M  is taken as the value found in Part I for 
linear chains, rather than as (st,r2)0/ ( jM .  This suggests that the unexpected 
chain expansion encountered at the Flory temperature may be compen­
sated as the temperature is increased; but it is not altogether consistent 
to use ( s i2)0/ M  in computing the slope on the right-hand side of eq. (26) 
and (6'(,r2)o on the left-hand side in computing (s2)/(s2)0.

The data on A 2 and (s2) as functions of temperature for temperatures 
above the Flory temperature can be used to estimate B 0((s2)0/ M ) ^ 3/2 if (1) 
a temperature dependence for B  is assumed, and (2) relations between 
(s2)/(s2) 0 and 2  and between A 2 and z  are used. In the following analysis, 
we will assume that the simple relation B  = B o {\ — 0 /7 ’) can be used 
for our analysis, and that eqs. (11) and (15) can be used to correlate (s2)
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TABLE V
Comparison of Observed and Calculated Constants in Equation (26)

Polymer Structure Obs.
Oi/[4 t V 'N A W W M ) '/ ’] 

Calcda Calcdb
A-48; 2 Star 5.16 4.76 4.26A-53; 2 Star 6.90 7.65 5.00A-68; 4 Star 10.25 9.64 4.98Linear 4.45 4.54 —

a Calculated with (s,!)0/Ai from Part I. b Calculated from (sbr2)0 with {sftu /M  = (s6i.2)otgM .

and A 2  with z. Clearly, such an analysis is not definitive, since we have no 
certain procedure to assess either assumption. Our purpose will be satisfied 
if the analysis confirms the peculiar behavior of B 0 found by analysis of 
the temperature dependence of A 2 near 9.

In the analysis of (s2)/(s2)0, one need only determine the proportionality 
constant between 2  and M V2(1 — 9 / T )  to achieve a “best” fit of eq. (11) 
with the data. The values of ax given in Table II were used in this correla­
tion. This is a trial-and-error procedure, but the result converges rapidly. 
The proportionality constant so determined is the interaction parameter 
B 0((s i2}0/ A I ) -a/a sought. The curves in Figure 5 were computed in this 
way with the interaction parameters listed in column 3 of Table VI.

TABLE VI
Comparison of Thermodynamic Interaction Parameters Determined by Different Methods

103z
_  e / J ' )  ^ 0 ,6 r ( ( S !2) o /  B o,br(.(Sbr2) o /

Polymer Structure Fromeq. (11) Fromeq. (27) 103a IQS“
A-48; 2 Star 10.3 9.5 9.8 8.6A-51 Star — 8.8 8.8 ---
A-53; 2 Comb 12.2 5.5 5.7 3.7A-68; 4 Comb 5.8 3.0 4.6 1.8

a B0,br from Table III.

Similarly, a trial-and-error numerical analysis with eqs. (15) together with 
the experimental values of a  can be used to analyze the data on A 2 to de­
termine the interaction parameter. [Equation (1 1 ) was used to calculate 
values of a  for sample A-51, since none could be determined directly by 
light scattering.] Thus, recasting in a form more suitable for analysis, 
eq. (15) is

A 2M 'a 4ttVW a((SlW M ) v W 1 — exp J — 2 b1z / a 2 3}
~ T b 7 ~ (27a)
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F Fig. 5. Expansion factor (s2)/(s2)0 versus 1 — Q /T ) for various branched polystyrenes in cfs-decalin. The curves were calculated with eq. (11) and the proportionality factors between z and M (1 — Q /T ) listed in Table VI.

where a 2 is determined from the experimental values of a  according to the 
relation

a -2 — a 23 = ( k \ /ai) (a5 — a 3) (27b)
Values of b\ and m given in Table II  were used in the analysis, together 
with (si2}0/d /  = 7.6 X 10~ 16 given in Part I. Here, h / a x  is treated as an 
adjustable parameter. Its value can be estimated from the data in the 
good solvent toluene, since at large 2  the relation for reduces to

lim A M xh = 4 7 rVWa« si2)0/M )v,a 3(fc1/a 1) 3/V2 h1 (28)
Z— ► co

and so allows an estimate of k i /a \ .  The value k  = 3.10 was found for linear 
polystyrene in Part I. The curves in Figure 6  were computed with the 
interaction parameters listed in Table VI (column 4), together with the 
values of Aq/ai listed in Table VII.

TABLE VIIMolecular Parameters Used in the Analysis of A% with Equation (27)
Polymer Structure bx h h /a i g V  X IO-24
A-48; 2 Star 3.86 3.98 2.92 0.625 7.5A-51 Star 5.39 7.25 5.00 0.444 10.7
A-53; 2 Comb 5.19 7.32 3.40 0.561 6.4
A-68; 4 Comb 7.22 13.45 5.00 0.395 9.8Linear 2.865 3.10 2.43 1 4.0
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Fig. 6. Plots of the function vs. (1 — Q /T ) for various branched polystyrenesin cis-decalin. The curves were calculated with eq. (27) using the proportionality factors 
between z and M '^ {  1 — Q /T ) and the parameters ki listed in Tables VI (column 4) and 
VII, respectively.

The data on the interaction parameter deduced from eqs. (11) and (27) 
given in column 3 and 4 of Table VI are in qualitative agreement with the 
results obtained from the analysis of the temperature dependence of A 2 
near the Flory temperature given in columns 5 and 0 of Table VI. For 
example, all three methods show that the interaction parameter for sample 
A-6 S; 4 is considerably less than the value for linear polystyrene. The over­
all results suggest that the interaction parameter of the branched polymers 
may tend to the value observed for linear chains as the temperature in­
creases. Thus, the values deduced from eq. (11) tend to be the largest 
values determined, and the use of eq. ( 1 1 ) tends to emphasize the values 
of (s2)/(s2)o at temperatures above 0 .

Values of k \, k \ /a \ ,  and 'P [see eq. (16)] deduced by the analysis of the 
data on A 2 are gathered in Table VII. I t  is seen that both k i and the ratio 
k i /a i  depend on chain structure according to our analysis. That is, the
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expansion of the molecular dimensions of chains in a bimolecular cluster is 
enhanced more by branching than is the expansion due only to intra­
molecular interaction. Like cq, k i  is not a unique function of g, although 
the ratio h / a i  might nearly be so. The data in Table YU can be corre­
lated by k i /a i  = 2.43 g -° -70 to give ka to within ±  10%. The deviation of 
T from its value 4.0 X 1024 for linear polymers is, in part,, a consequence of 
the deviation of /q/fli from 2.43.

I t  is of interest to examine the use of eqs. (11) and (15) with data in very 
good solvents, such as toluene. Values of a  can be calculated from eq.
(26) by using measured values of A 2, and from eq. (1 1 ) by using the pro­
portionality constant z / M v 2 = 5.3 X 10- 3  found for linear polystyrene. 
Values of a  so determined agree with experimental values within 3% for 
samples A-48; 2 and A-53; 2, and within 7% for sample A-6 8 ; 4. I t  may be 
that the proportionality constant 5.3 X 10- 3  is too large in the latter case. 
For large z, the function h ( z / a 3) attains its limiting value 0.508 for both 
branched and linear chains, so, according to eq. (1 1 ), a  should be given by

Experimental values of a bT/ a i  in toluene agree reasonably with those cal­
culated with eq. (29), with the largest deviation (10%) again found for 
sample A-6 8 ; 4. Similarly, use of eq. (28) in the limit of large z  yields

Even this approximate relation will not have general utility, since is
not a unique function of g and is only known for a limited class of branched 
structures.

The data in Table IV show that the exponent m  in eq. (25) is not invari­
ant with the branched-chain structure. This result does not disagree with 
calculations of [?j ] 0 based on the random-flight chain model since the exist­
ing calculations all pertain to one class of structure. The data seem to be 
in accord with the suggestion made above that m should tend toward 1/ 2 
for star-branched structures, and toward 3/ 2 for comb-branched structures 
with very short branches. Further, it seems that an appropriate m  might 
well be nearer unity than 1/ 2 for randomly branched polymers such as those 
prepared by high conversion of free radically polymerized polymers.

The data in m-decalin with T  >  0  are plotted in Figure 7 according to 
Eq. (2 2 ). Reasonably linear plots are obtained, giving values of 2 p ( h ) /a \  
listed in Table VIII, which are all less than the value 1.0 found for linear 
polystyrene and 0.81 predicted by first-order perturbation calculations for 
the random-flight model. Values of p ( h ) calculated with a\ given in Table 
II are also listed in Table VIII. According to these estimates, chain 
branching never increases p  (h ) as much as it does cq, and can actually cause

(29)

lim ( A 2thr/ A 2,i) = 1.17 a i /s/b ig 0A2.

In tr in sic  V isco sity
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Fig. 7. Plots of the function (M/folo) — 1 vs. ((s2)/<s2)0 — 1 for various branched polystyrenes in cis-decalin. Symbols are defined in the caption for Figure 1.

a decrease in p (h ) . In other words, insofar as the excluded volume is con­
cerned, the hydrodynamic radius is not augmented as much by branching 
as is the radius of gyration.

Values of [r?]/ L1?Jo in toluene can be computed with eq. (2 2 ), the experi­
mental values of a , and the values of p ( h ) /a i  deduced from the data in cis- 
d eca lin . These results are compared with the measured values of b ]/h ]o  
in Table VIII. The reason for the large (25%) discrepancy between mea­
sured and calculated values of fr]/h]o for sample A-53; 2 is unknown.

A correlation of [q] with A J \ 1 1/s has been suggested as an element in a 
method of estimating chain branching . 30 This correlation is obtained by

TABLE VIII
Viscometric Parameters of Branched Polystyrene

(M/Mo)
2?>Wa Caled with

Polymer Structure 3ai p(h)b eq. (22)“ Measured0
A-48; 2 Star 0.69 1.39 2.84 3.04
A-53; 2 Comb 0.55 1.78 2.98 3.72
A-68; 4 Comb 0.66 2.67 3.77 3.79

a From Figure 8 and Eq. (22).b 2p(/i)/3ai was found to be 1.0 for high molecular weight linear polystyrene in dec­
alm, so that p(h) = 1.91, cf. Part II.

0 [?j] in toluene.
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Fig. 8. Plots of the function ( [17] /  [17] 0) — 1 vs. AzM '/* for various branched polystyrenes in c/s-decalin. Symbols are defined in the caption for Figure 1.

the elimination of z between series expansions of [v]/[v]o and A ïM i{sï)0~v 
to give

M / .M o  -  1 = { p ( h ) / [ ^ 3/W a( ( s ^ 0/ M r ^ ] } A 2M ^  (31)
where higher order terms in A 2M 1/s are suppressed. Figure 8 shows that 
such a plot is not linear, rendering it unsatisfactory for purposes of ex­
trapolation. The light lines give the initial tangents calculated with the 
values of p (h )  listed in Table V III and (s i)0/ M  = 7.6 X 10~18.7 
Curiously, (h]/b]o) — 1 does seem to be linear in A z M 1/! for values of 
A J \ 1 1/2 greater than ca. 0.1. However, extrapolation of these data to 
A z M lh  =  0 would yield low values of [?? ]0-

Another type of correlation is of interest for the data in toluene. We 
assume that in this (nearly) athermal solvent, a  varies only slowly with z, 
so that any deviation between a  for branched and linear chains can be 
neglected, to allow a direct comparison to be made of [i)br] and (sbr2) with 
the respective parameters for linear chains. If we represent this correlation 
as

W /fo i]  = ( M / ( s r ) Y  (32)
v should be greater than m , inasmuch as (s2)/(s2)0 is augmented more by 
branching than is [17 ]/ [17 ]o- Further, v should be greater for those branch 
structures that give larger a x. In effect, v combines diverse, and perhaps, 
opposing, effects in to one parameter. Values of v are of the order 1.1-1.4
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for the polymers investigated here, compared to values of m  between 0.6 
and 1.1 (cf. Table IV). Examples of studies on model branched structures, 
for which both and (s6r2)/(sr) are determined in good solvents,
are sparse. Data on some comb-branched poly (vinyl acetate) polymers 
are displayed in Figure 9, together with the data obtained in this study and 
curves calculated with v =  l/%, 1, and 3/ 2. Lack of correlation with any

Fig. 9. Firl/bil as a function of (s2r)/(s2) for various branched polymers: (•) poly­styrenes in toluene examined in this study; (O) various comb-branched poly(vinyl acetates) in a good solvent; ( )  v [eq. (32)] = 1/ o ; (- -) v — 1 ; (-----)v =

single value of v is evident, and it is also evident that v =  1/ 2 would provide 
a very poor fit to the data. By contrast, correlation of [rU r ] / [ v i ]  with cf1 is 
best made with ^ = 0.67 for the data on poly(vinyl acetate) (data on 
(Sbr2W ( s i 2)o are not available for this system). These results perhaps illus­
trate the futility of attempts to correlate b?6r] /[v i]  with (st>r2) / { s i i) alone. 
Apparently considerably more information on the detailed chain structure 
is required than is afforded by the radius of gyration.
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E x clu sio n  C hrom atography
Plots of log [q]M  versus F peak and log ( s 2) l s  versus F peak for branched 

and linear polystyrenes are given in Figure 10. I t  is clear that no choice 
can be made between M  [q ] and (s2) as correlating parameters with F peak 
based on these data. This implies that M  [jj] is a function of (s2) for these 
data, which is verified in Figure 11. Data on M [q ]  versus (s2) on linear and 
comb-branched poly (vinyl acetates) are also shown in Figure 11. Since 
log M [q ]  is linear in log (s2) for both the polystyrene and the poly (vinyl

Fig. 10. Plots of log M [ tj] and log (s2)ls v s . the peak elution volume F Peak for linear and branched polystyrenes in decalin.

acetate) samples, it is tempting to assume that such a relation might be 
generally valid in good solvents. (Such a correlation does not obtain at 
the Flory temperature.) However, data of Chiang6 on branched poly­
styrene do not exhibit this behavior: these polymers generally contain 
many more branches per molecule than is characteristic of the samples 
used in Figure 11. In addition, for these highly branched polymers, log 
M [q ]  could be correlated with F peak by the relation used for linear poly­
styrene.42
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lo g  M [ 77 ]

Fig. 11. Plots of log MW vs. log (s2) for linear and branched polymers: (a) polystyrene; 
(b) poly (vinyl acetate) from reference 1.

C O N C L U S IO N S
This investigation on a relatively few branched polymers lias not led to 

definitive, general correlations. I t  has been shown that the parameters 
Bo and nb02 are not necessarily independent of chain branching for a 
homologous series, but may depend in some unspecified way on the segment 
density of the coil. The theoretical prediction that excluded volume effects 
cause greater expansion of branched chains than of linear chains at equiva­
lent thermodynamic conditions, appears to be qualitatively, and nearly 
quantitatively, corroborated. Similarly, the predicted decrease in A 2 
caused by branching is in reasonable accord with experiment. I t  appears 
that in both of these correlations the effect depends on more details of the 
chain structure than are held in the single parameter g.

Similarly, the reduction of [77 ]0 caused by chain branching does not 
correlate simply with g, contrary to many attempts to find such a correla­
tion. Moreover, it appears that effects of chain expansion do not affect 
M / M o  as much as they affect (str2) / ( s tT2)o. A correlation between these 
parameters is discussed. In toluene solution M [rj] is a single-valued func­
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tion of (s2) for the samples studied, so that no discrimination can be made 
71/ [y ] or (s2) as controlling parameters in exclusion chromatography.

This study was supported in part by the Air Force Materials Laboratory, Research and Technologj' Division, Wright-Patterson Air Force Base, under Contract No. AF 33(615)-3884.
References

1. G. C. Berry, L. M. Hobbs, and V. C. Long, Polymer, 5,31 (1964).
2. G. C. Berry and T. G Fox, J . Amer. Chem. Soc., 86,3540 (1964).
3. T. A. Orofino and F. Wenger, J . Phys. Chem., 67, 566 (1963).4. G. V. Schulz, Z.  Physik. Chem., B43, 25 (1939).5. R. Chiang, J . Polym. Sci., 36,91 (1959).
6. G. C. Berry, paper presented at IUPAC International Symposium on Macrmolec- ular Chemistry, Tokyo-Kyoto, 1966, Preprint XI-144.7. G. C. Berry, J . Chem. Phys., 44,4550 (1966); ibid., 46,1338 (1967).8. B. H. Zimm and W. H. Stockmayer, J . Chem. Phys., 17,1302 (1949).9. W. H. Stockmayer and M. Fixman, A nn. N . Y. Acad. Sci., 57, 334 (1953).

10. M. Wales, P. A. Marshall, and S.-G. Weissberg, J . Polym. Sci., 10, 229 (1953).11. J. S. Ham, J . Chem. Phys., 26, 625 (1957).12. T. A. Orofino, Polymer, 2, 295, 305 (1961).13. M. Kurata and M. Fukatsu, J . Chem. Phys., 41,2934 (1964).
14. G. R. Dobson and M. Gordon, J . Chem. Phys., 41,2389 (1964).15. E. F. Casassa and G. C. Berry, J . Polym. Sci. A-Z, 4, 881 (1966).
16. B. H. Zimm and R. W. Kilb, J . Polym. Sci., 37,19 (1959).17. G. C. Berry, J . Polym. Sci. A-Z, 6,1551 (1968).18. H. Benoit, J . Polym. Sci., 11,507 (1953).19. Yu. Ya. Kolbovskii, Vysokomol. Soedin., 2,1375 (1960).
20. B. H. Zimm, J . Phys. Chem. 14, 164 (1946).21. M. Fixman, J . Chem. Phys., 23,1656 (1955).22. E. F. Casassa, J . Chem. Phys., 37, 2176 (1962).23. E. F. Casassa, J . Chem. Phys., 41,3213 (1964).24. E. F. Casassa and Y. Tagami, J . Polym. Sci. A-Z, 6, 63 (1968).25. G. C. Berry and T. A. Orofino, J . Chem. Phys., 40,1614 (1964).
26. G. Tanaka and H. Yamakawa,J . Chem. Phys., 46, 3689 (1967).27. W. H. Stockmayer, Makromol. Chem., 35,54 (1960).
28. B. E. Eichinger, / .  Chem. Phys., 53,561 (1970).29. O. B. Ptitsyn and Y. E. Ëizner, Zh. Fiz. Khitn., 32, 2464 (1950).
30. W. R. Krigbaum and Q. A. Trementozzi, J . Polym. Sci., 28, 295 (1958).31. G. C. Berry and E. F. Casassa,J . Polym. Sci., Part D, 4, 1 (1970).32. P. J. Flory and S. Fisk, J . Chem. Phys., 44,2243 (1966).33. C. D. Thurmond and B. H. Zimm, J . Polym. Sci., 22, 495 (1956).
34. M. Kurata and H. Yamakawa, J . Chem. Phys., 29, 311 (1958).35. Z. Grubisic, P. Rempp, and H. Benoit,./. Polym. Sci. B, 5, 753 (1967).36. E. F. Casassa and Y. Tagami, Macromolecules, 2, 14 (1969).37. T. Altares, Jr., D. P. Wyman, V. R. Allen, and K. Meyersen, J . Polym. Sci. A-Z, 

3,4131 (1965).38. M. Wales and H. Coll, A nn. N . Y . Acad. Sci., 164, 102 (1969).39. A. Dondos and H. Benoit, Europ. P o l y m . , 4,561 (1968).40. W. Kuhn. K olloid-Z ., 68,2 (1934).41. P. J. Flory, Principles o f Polymer Chemistry, Cornell Univ. Press, Ithaca, N. Y. 
1953.42. D. D. Freyss, Ph.D. Thesis, University of Strasbourg, France, 1968.
Received September 16, 1970 
Revised October 14, 1970



JOURNAL OF POLYMER SCIENCE: PART A-2 VOL. 9, 717-729 (1971)
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C h l o r i d e  C o p o ly m e r s

1VI. MEEKS, D o w  C hem ica l C o m p a n y , M id la n d , M ic h ig a n  486A0  
and J. L. KOENIG, D iv is io n  o f  M acrornolecu lar Sc ience , 

C ase W es te rn  R eserve U n ivers ity , C leveland, O hio 44-106

S y n o p s is
Several copolymers as well as homopolymers of vinylidene chloride and vinyl chloride have been examined by Raman spectroscopy. Probabilities of concentrations of mono­mer sequences have been calculated from known reactivity ratios. Surface scattering 

intensities at some frequencies were found to be linearly proportional to specific micro- structure concentrations. Normalization of scattering intensities was accomplished using the intensity of the CH2 asymmetric stretching mode at 2926 cm-1, which is com­mon to all samples examined. Good correlation was found for the concentrations of comonomer sequences {B}, {BB}, {BBBj, {AAj and {AAAAj in which A denotes vinylidene chloride and B vinyl chloride.

In trod u ction
Laser-excited Raman spectrometers have recently been used in the study 

of problems in the vibrational spectroscopy of a number of polymers. Of 
the chlorine containing polymers, both poly (vinyl chloride) (PVC) and 
poly(vinylidene chloride) (PVDC) studies have been reported. Koenig 
and Druesedow1 have obtained Raman spectra and have observed polarized 
lines in PYC consistent with its extended syndiotactic conformation. 
Raman scattering of PVDC has been studied by Hendra and Mackenzie2 
and they have confirmed the structure of this polymer as proposed by Miya- 
zawa and Ideguchi.3 The infrared spectra of several of these copolymers 
have been published by Narita et al.,4 who found good correlation between 
the absorbance at 1206 cm-1 and the vinyl chloride content of the copoly­
mers below 25%. The CH deformation mode of the vinyl chloride in the 
infrared has been found by Enomoto5 to appear at various frequencies de­
pending upon the combination of monomer units on either side of the vinyl 
chloride unit.

Raman scattering patterns of these copolymers have not hitherto been ob­
tained nor lias a study of the relation between concentrations of monomer 
sequences and scattering intensities been undertaken. I t  is the purpose of 
this paper to present laser-Raman scattering spectra of PVC, PVDC, and 
several copolymers of the monomer pair and show the existence of linear re­
lations between concentrations of monomer sequences in these copolymers 
and scattering intensities at certain frequencies.

717
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E x p erim en ta l
The Raman patterns were excited with the 4880 A line of an argon ion 

laser by using a filter of bandwidth 30 A. Frequency scanning was done by a 
Spex 1400 double monochromator. A pulse counting system with thermo- 
electrically cooled photomultiplier tube served as a detection system. In­
tensities of scattering were recorded on a strip-chart recorder. The peak 
heights at particular frequencies were measured under the following condi­
tions: source, 0.168 (±10% ) W; scan speed, 45 cm_1/m in; slit, 0.110^ 
(mechanical), 5.4 cm-1 (spectral, 5145 A ); time constant, 4 sec.

Amplifier gain was set as a compromise between excess noise level and 
peak height acceptable for accurate measurement. These settings, while 
not the same for each sample examined, were the same for pairs of peaks 
whose intensity ratios were used in the correlation. The scattering ratios 
were found to be independent of amplifier gain for the above conditions. 
The greatest difficulty in making accurate peak height measurements was 
the instability of the laser beam intensity. The scatter of data points ob­
tained in the following correlations is believed due primarily to this factor.

Both homopolymers and all copolymers used in this study were prepared 
by free-radical initiation with isopropyl peroxydicarbonate and monomers 
suspended in water at 52°C in a small batch reactor. The resulting powder 
was screened through a 100-mesh sieve and pressed into an opaque disk at
40,000 psi at room temperature. Front-surface scattering patterns were 
obtained with a defocused laser beam. Since fluorescence was not a prob­
lem in these measurements, no other sample preparation or treatment was 
necessary. Any fluorescence which did occur could be eliminated by ex­
posure for a short period of time to the laser beam. No heat stabilizers 
were used to prevent thermal degradation.

C alcu la tion  o f  C opolym er M icro stru c tu res
A theory for the prediction of comonomer sequence distributions from 

copolymerization kinetics has been developed by Ito and Yamashita.6 This 
method was used by Yamashita et al.7 to calculate probabilities of oc­
currence (concentration) of various dyad and tetrad sequences in copoly­
mers of vinylidene chloride and vinyl chloride. They found good correla­
tion between the calculated values of dyad and tetrad sequences and values 
obtained by NMR. These investigators found no evidence for a copoly­
merization mechanism involving the penultimate group in the chain end. 
For the terminal model, they have calculated, using the NMR data, reac­
tivity ratios of 4.5 ±  0.5 for vinylidene chloride and 0.16 ± 0.03 for vinyl 
chloride. These ratios are in excellent agreement with reactivity ratios ob­
tained8 by an independent method. Therefore, the values 4.0 for vinyli­
dene chloride and 0.20 for vinyl chloride will be used in our calculations.

In another paper, Yamashita et al.9 also report good agreement between 
calculated and NMR results on dyads and tetrads in vinylidene chloride- 
vinyl acetate polymers. Their method will therefore be considered suffi­
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ciently accurate for our calculations and will be used in the following dis­
cussions. While these authors report no calculations for triads, because 
NM R is not sensitive to these sequences for these polymers, the concentra­
tion of triads will be calculated here and a relation shown with Raman scat­
tering intensities.

The method of Meyer and Lowry10 gives the relation between mole frac­
tion of total monomers converted to polymer at a given time to the instan­
taneous mole-fraction composition, / A (vinylidene chloride) and / b  (vinyl 
chloride) of unreacted monomer. A plot of this relation for / b is shown in 
Figure 1. The value of X  defined by

*  =  / a / / b  ( 1 )

can be readily obtained at any degree of conversion. The probability of 
occurrence c f the sequence BA is

P sÎBA} = P{B}P{A/B}
where P { A / B ]  denotes the probability that an A follows a B and P { B} is 
the instantaneous vinyl chloride content of the copolymer being formed for 
the terminal model. The conditional probabilities are given by

P { k / B \  =  1 -  P{A /A | = 1/(1 +  rAX) (2)
P{B/A} =  1 -  P{B/B} =  1/[1 +  (vb/ X ) ]  (3)

where monomer unit rA and r B are the reactivity coefficients for chain end­
ing in A and B respectively. The instantaneous copolymer composition is 
easily determined by use of the familiar copolymerization equation from 
the known monomer composition. However the terminal model requires 
that P{A /xB |, P{A /xA}, P{B/xA j, P {B /xB} all be independent of

Fig. i. Calculated mole fraction converted, instantaneous copolymer composition and average copolymer composition as a function of mole fraction of vinyl chloride in 
unreacted monomer. Initial monomer feed composition, 22% vinyl chloride.
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Fig. 2. Instantaneous dyad concentration as a function of mole fraction converted (/u° =0.22).

Fig. 3. Instantaneous dyad concentration as a function of mole fraction converted
(/d° = 0.61).

whether x represents A or B. Thus in the case of triads the probability of 
the triad AAA becomes

I \ { A A A }  = P{A}P{ A/A}2
In a similar manner, the instantaneous probability or concentration of any 
sequence can be calculated. A plot of the instantaneous concentration of

Fig. 4. Instantaneous dyad concentration as a function of mole fraction converted
(/b° = 0.825).
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the sequence versus mole fraction conversion, when integrated over the en­
tire course of reaction and divided by the total mole fraction of monomer 
converted, will give the total sequence concentration at any degree of con­
version for the copolymer. The total mole fraction will be distinguished 
from the instantaneous concentrations by a horizontal bar (F n{ ...} ) .  
Three such curves for various initial monomer compositions are shown in 
Figures 2-4 in which the total concentrations are also indicated. At low 
initial concentration of vinyl chloride (22 mole-%) the curve rises sharply 
at high conversions for the BB dyad. The high initial concentration of 
vinylidene chloride prevents formation of long vinyl chloride sequences in-

TABLE I
Calculated Comonomer Sequence Concentrations and Initial Vinyl Chloride Monomer Content

/ b° Conv.
00.22 0.830.46 0.590.61 0.750.74 0.850.83 0.870.90 0.911.00

Pi|B} /MBB!
0 0
0.13 0.015-0.26 0.0062
0.49 0.27
0.69 0.51
0.80 0.66
0.89 0.801.00 1.00

p3jbbb} p 2{ba |
0 0
0.0035 0.22
0.016 0.39
0.16 0.470.41 0.36
0.56 0.280.72 0.19
1.00 0

P2{AA) p 4{aaaa}
1.00 1.00
0.77 0.60
0.55 0.31
0.27 0.10
0.13 0.028
0.057 0.020
0.024 0.010
0 0
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Fig. 6. Raman spectra of poly(vinyl chloride) and copolymers containing 89, 69, 49,
26, and 13% vinyl chloride.

itially. However, at higher initial vinyl chloride concentration (82.5%), 
the vinylidene chloride is consumed early in the polymerization so that the 
vinyl chloride dyad concentration approaches unity at 80% conversion. 
The calculated total sequence concentrations of the various copolymers dis­
cussed in this paper are summarized in Table I. For any given initial mon­
omer concentration the total sequence concentrations are dependent upon 
the totalmole fraction of monomers converted to polymer. The conversion 
for each copolymerization is therefore noted in the table.

The dyad probability P[BA} shows an interesting trend. The probabil­
ity of its formation increases as the second monomer is added to the poly-
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PVDC

Fig. 7. Raman spectrum of poly(vinylidene chloride), carbon-hydrogen stretchingregion.

merization and a maximum in concentration would be expected. This is 
seen to occur at about 0.5 mole fraction of vinyl chloride in the copolymer.

R am an  S p ectra  o f  V D C -V C  C opolym ers
The scattering pattern of the homopolymer, vinylidene chloride, is shown 

in Figure 5. Those for poly(vinyl chloride) and some copolymers studied 
are shown in Figure 6, in which are plotted scattering intensities against 
Raman shifts. Some of the stronger lines observed in all of these patterns 
are the C—Cl stretch frequencies (600-700 cm-1)- Of great importance in 
this study is the CH2 stretching region (2900-3000 cm-1), of which three 
examples are shown in Figures 7-9.

We cannot determine the number of scattering units by thickness mea­
surements as in conventional infrared spectroscopy, since in this work Ra­
man scattering is measured from the surface of the samples. The number 
of scattering units must be known if quantitative relationships are to be 
studied by this method. An internal standard in the scattering material 
would serve as a reference for the normalization of scattering intensities of 
peaks used in this quantitative study. Fortunately, the materials ex­
amined contain such reference in the CH2 group which is present in the same 
molar ratio in vinyl chloride, vinylidene chloride and all the copolymers. 
The CH2 deformation mode is seen at 1404 cm-1 in PVDC but increases by 
about 20 cm-1 in some of the copolymers, its position being apparently in­
fluenced by the number of chlorine atoms on adjacent carbon atoms. This 
shift has also been observed by Enomoto and Satoh in the infrared.11 The 
CH2 asymmetric stretching frequency is seen at 2926 cm-1 and remains at 
that frequency in all the homopolymers and copolymers examined. I t  is
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2926

Fig. 8. Raman spectrum of copolymer containing 49% vinyl chloride, carbon-hydrogenstretching region.
2906

Fig. 9. Raman spectrum of poly(vinyl chloride), carbon-hydrogen stretching region
therefore the frequency of choice as a scattering reference in these observa­
tions.^ That is, the scattering intensity S at each analytical frequency was 
divided by the intensity S r  at 2926 cm-1 for the particular scan of each
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sample. The method of measuring the reference intensity S r  is shown in 
Figure 7. Scattering intensities at other frequencies are measured by using 
a baseline method in a similar manner!

R e su lts  and  D isc u ss io n
I t  is expected from theory that the scattering intensity will be linear with 

respect to concentration of the specific scattering comonomer sequences. 
Careful examination of the patterns obtained revealed several such relations 
with the calculated comonomer sequence concentration.

The first of the correlations to be discussed is that with the total vinyl 
chloride content of the polymers. I t  is shown in Figure 10 for the peak at 
2906 cm-1 in the carbon-hydrogen stretching region. This line is not ob­
served in the infrared, but the infrared absorption at 1205 cm-1 has been 
found to correlate with vinyl chloride content of the copolymers only up to 
25%.4 Figure 10 clearly shows a linear relation to 100% vinyl chloride 
content. All of the points shown on this and following curves are averages 
of four measurements, the uncertainty for the ratios was calculated from the 
expression

± ( S / S r ) [ ( A S / S )  +  (A S r / S r )] (5)
where A S  and ASr denote the total ranges of the sets of four measurements. 
I t  is noteworthy that the point indicated by the triangle falls on the line. 
Polymerization of this sample was accomplished at constant monomer com­
position throughout the polymerization by continuous addition of monomer. 
Integration of the instantaneous concentration of the sequences in this sam­
ple is thus avoided. No peaks in the spectra could be observed with inten­
sity proportional to the vinylidene chloride content of the polymers. This 
is of no consequence, given the vinyl chloride content.

The dyad concentration P 2 {BB} deduced from kinetics was also found to 
be proportional to scattering, as is shown in Figure 11 for the 1320 c n r 1 
peak, which results from the CH2 wagging motion. This line has not been 
observed in the infrared but does show good correlation in the Raman.

The Raman peak at a frequency of 1167 cm-1 is due to the C—C stretch­
ing mode. In some papers on the infrared absorption of PVC this mode is 
not reported, in others it is observed as very weak. Its intensity in Raman 
scattering is proportional to the calculated P 3{BBB} in these copolymers, as 
is readily seen in Figure 12. NM R does not have sufficient resolution to 
permit observation of this triad.

In all of the spectra examined no correlation was found with sequences 
containing both A and B in any combination. It has been pointed out in 
Table I that the dyad concentration P{BA} increases from zero in each 
homopolymer to a maximum in the copolymer containing equal mole frac­
tions of the two. No scattering peak was found to respond in this manner. 
However, a carbon-chlorine stretching line at 687 cm-1 goes through a min­
imum at this copolymer composition. This rather trivial relation is shown
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Fig. 10. Raman scattering intensity as a function of total vinyl chloride content of thecopolymer, P 1 j B ).

Fig. 11. Total vinyl chloride dyad concentration (P2BBj vs. Raman scattering intensity.

Fig. 12. Total vinyl chloride triad concentration as a function of Ralan scatteringintensity, P;||BBB].

in Figure 13, where the scattering ratios are plotted against 1 — P 2{AB}. 
In PVDC (P{A| = 1), the ratio is high (here plotted as circles) and de­
creases with increased P{B} to about 50%, at which point the ratio in­
creases (here plotted as squares) to a maximum in PVC (P{Bj = 0 ) .  The 
significance of 1 — P 2{ AB} is obvious from the relation

K { a a |  +  p 2{b b } +  p 4 a b |  +  p 2{b a } = 1 (6)
in which P 2{AB} = P 2{BA}. In spite of the rather poor quantitative as­
pect of this plot, values for 2P2{ AB} can be readily obtained from the total 
of P 2{AA} and P 2{BB}. Apparently, the scattering coefficients for the 
P 2{AA} and P 2 )BB} are sufficiently different for this mode to reflect the 
combination of the dimer.
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Fig. 13. The function l-2P2iABj vs. intensity of Raman line at 687 cm“1.

Linear plots for some vinylidene chloride sequences have been observed, 
as shown in Figure 14 for P2{AA} and the carbon-hydrogen stretch fre­
quency at 2979 cm-1. This appears to be the peak observed in the Raman 
spectrum by Hendra and Mackenzie2 and reported at 2984 cm“1. From 
this curve and the one for P2{BB}, values for 2P2{AB}, can be obtained. 
The constant-composition sample is also shown.

No correlation could be found for the vinylidene chloride triad AAA, but 
a good relationship for the tetrad concentration PqAAAA} is shown in 
Figure 15. Here again the constant-composition copolymer falls on the 
line. Three of the copolymers examined have so little of these tetrad se­
quences that they do not appear on the curve. This scattering has a fre­
quency of 887 cm“ 1, characteristic of the homonuclear carbon-carbon 
stretching for which the Raman effect is so well suited.

The scattering ratios are specific for a given sequence, as is illustrated in 
Figure 16 in which PqA}, P2{AA}, and PsfAAA} are all plotted against 
scattering at 2979 cm '1. The dyad concentration is seen to be linear, 
whereas the other two plots deviate greatly from linearity.

An effort to describe the precision of the measurements of the various se­
quences in this study is illustrated in Table II. The slopes of the P„{. ..} 
versus S curves are denoted as Kn. The errors in S are the averages of all 
points on the curve and based on the average deviation from the average of 
four measurements. The errors in S are multiplied by Kn to determine 
the sensitivity APn{.. .} of the meaurements of Pn{. . .}.

TABLE II
Calculated Errors of Measurement for Various Microstructures

K „ AP„{ ■ ■ ■}

P i { B } 1.36 ± 0 .0 2

p 2{ b b } 0.56 ± 0 .1 2

p 3{b b b } 0.46 ± 0 .1 0

p 2{a a } 0.52 ± 0 .0 5

p 4{a a a a } 1.24 ± 0 .0 6
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Fig. 14. Raman scattering intensity as a function of the vinylidene chloride dyad con­
centration P2 {A A ).

Fig. 15. P4|AAAA) v s . Raman scattering intensity.

Fig. 16. Vinylidene chloride sequence concentrations PjfAJ, P2{AA) and P3{AAAj. 
plotted against Raman scattering at 2979 cm-1.

C o n clu sio n s
The first study of copolymers by Raman scattering has shown that quan­

titative correlations exist between certain scattering intensities and calcu­
lated concentrations of microstructures in copolymers. Theory predicts 
these relations to be linear and experiment shows this is indeed the case. 
Some of the frequencies used for analysis are not observed in the infrared. 
Triad concentrations are detected which cannot be measured by NMR. 
This suggests that Raman spectroscopy may generally be applicable to the 
study of the microstructure of copolymers.
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S y n o p sis
General expressions for determining the pressure coefficient and axial distribution of 

the viscosity and pressure in capillary flow are derived for Newtonian and shear-thinning 
fluids. The pressure-dependent viscosity model is obtained from the WLF equation 
as derived from Doolittle’s free volume theory. The model has also been derived from 
Eyring’s hole theory for viscosity. Poiseuille’s equation is modified to correct for the 
pressure effect on viscosity. A Newtonian, low-molecular-weight polystyrene and a 
shear-thinning, high-molecular-weight polystyrene were tested in an Instron capillary 
rheometer. The axial velocity distribution was found to be negligibly affected by pres­
sure whereas the viscosity was shown to increase markedly with a decrease in volume. 
The resulting pressure effects on the viscosity of both samples were analyzed by using 
the derived expressions.

IN T R O D U C T IO N

Several investigators have recently suggested that under certain condi­
tions, pressure can effectively influence the capillary flow of amorphous 
polymers.1-8 The phenomenon generally appears as an unexpected in­
crease in pressure or stress with increasing shear rate. The effect becomes 
more pronounced with the use of longer capillaries and lower melt tempera­
tures. In particular, the increase in apparent viscosity with increasing 
capillary shear rate for a Newtonian fluid and for a shear-thinning polysty­
rene has been attributed to the effect of pressure in decreasing the free vol­
ume available for flow.1'2

A form of the WLF equation derivable from Doolittle’s free volume ex­
pression has been used to determine the pressure dependence of viscosity.2 
At a particular shear rate and temperature, an average viscosity based on 
an average pressure can be calculated. To determine the average pres­
sure, a linear pressure drop down the capillary was assumed.1'2 However, 
if the viscosity is pressure-dependent, the axial pressure distribution is ex­
pected to be nonlinear.8-10 The calculated average pressure would then de­
pend on the nonlinearity of the pressure drop over the capillary length.

731
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The present work is an attempt to calculate the effect of pressure in cap­
illary flow and to apply the results to the capillary flow of polystyrene of low 
and high molecular weight. Initially, a pressure-dependent, model for the 
viscosity is chosen which can be obtained from the WLF equation and 
Eyring hole theory11-12 and which, when combined with the momentum 
equation, provides a reasonable solution to the problem. A general method 
for determining the pressure coefficient in the model is given. It is thus 
possible to calculate the pressure and viscosity at any axial position in a 
capillary and the average pressure and viscosity at each shear rate. This 
has been done for both a low (Newtonian) and a (shear-thinning) high 
molecular weight polystyrene. A pressure-corrected version of Poiseuille’s 
equation is also presented and compared with experimental data.

E X P E R IM E N T A L
S a m p le s

The narrow distribution polystyrene samples used in the tests were ob­
tained fi-om the Pressure Chemical Company, Pittsburgh, Pennsylvania. 
The sample of 20,400 molecular weight (sample 20.4Iv) has Mw/M n <
1.06 and the sample of 670,000 molecular weight (670K) has Mw/M n <
1.10.

C apillary M e a su r e m e n ts
For the study on the low-molecular-weight polystyrene, a tungsten car­

bide capillary, 0.030 in. in diameter and 1.007 in. long, was used in an In- 
stron capillary rheometer. A capillary 0.050 in. in diameter and 1.964 
in. long was used for the high molecular weight sample. The test tempera­
tures were 140°C for the 20.4K polystyrene and 165°C for the 670 K poly­
styrene. Pressure losses in the barrel and the kinetic energy correction 
were negligible for these tests.2 An end correction based on data taken with 
other capillaries was applied to the data of the high molecular weight- 
sample.2

C o n e -a n d -P la te  M e a su r e m e n ts
A Weissenberg rheogoniometer (Model No. 17) was used to measure the 

apparent viscosity as a function of shear rate for the two polystyrenes at at­
mospheric pressure. Measurements were made by using a 5.0 cm plate 
and a 2° cone angle. The samples were inserted into the rheogoniometer at 
their respective test temperatures. Therefore, the time required for ther­
mal equilibration had little effect on degradation.13

D IS C U S S IO N
It has been previously suggested and illustrated that pressure can in­

fluence the flow of amorphous polymers in capillary viscometry.1-8-14-15 
If the test temperature is in a region where the flow is determined by the
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probability of sufficient free volume being available, then the glass transi­
tion can be significantly shifted at high pressures.16-20 The WLF equa­
tion has been used successfully to predict an average viscosity increase with 
pressure by insertion of the shift in the glass transition temperature, Ta.2 
The shift in T„ has been calculated by using an average pressure of an as­
sumed linear pressure drop in the capillary.2 Since the viscosity is pressure- 
dependent, this may have been a limiting assumption. One possible way of 
determining the variation in the average pressure is to select a pressure-de­
pendent viscosity model and solve the appropriate component of the mo­
mentum equation.

M o d e l for a  P r e s s u r e -D e p e n d e n t V isco sity
The model selected for the pressure-dependent viscosity should be the 

simplest possible for the realistic solution of the problem. The WLF 
equation has been used previously to calculate the pressure dependence of 
apparent viscosity. It is :

log V/ Ve = —Ci(T -  T , ) m  + T -T g )  (1)
where T„ is the glass transition temperature, T is the test or reference tem­
perature, rig is the viscosity at Tg, and C1 and C2 are usually considered con­
stants for a given material.

By using the following equation for the pressure dependence of T0, an 
increase in the apparent viscosity can be calculated with increasing pres­
sure ;

Tg = Tg0 +  AJP (2)
where T00 is the glass transition at atmospheric pressure, A\ = òTg/òP, 
and P is the pressure.

Inserting eq. (2) into eq. (1) gives:
77 = Vg exP {2.303[(̂ 4.2 +  A3P)/(A4 — AiP)} (3)

where A2 = -C X(T -  7’J ,  A3 = GVE, and A« = C2 +  T — T„. At low 
pressures (P < 200 bars), AiP will be a small percentage of A4 and as a first 
approximation can be ignored. Equation (3) then simplifies to the form

V =  VoeiP ( I )

where 770 = rigP'WAl,Ai and b = 2.303 A3A4. To obtain an estimate of y0 
and b, consider the following values for low-molecular-weight polystyrene at 
140°C:2 rig «  1013 poise, Tga = 90°C, Ci = 14.4, C\ = 30.2, and Ai = 
0.028.18 The values of and b are found to be 4.36 X 104 poise and 1.07 X 
10-2 bars-1, respectively. The zero shear viscosity of this sample at 140°C 
is 4.0 X 104 poise, which is in good agreement with the value calculated for
770.2 Since C2 is pressure-dependent, the expression for b indicates that it 
will decrease in value with increasing temperature and pressure.

A relation equivalent to eq. (4) has been previously and independently 
derived through considerations of the Eyring hole theory for viscosity.11,12
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The parameter b in eq. (4) is equal to vh/RT  where vh equals the volume of 
the holes. Using the compressibility data for polystyrene of Maxwell and 
Matsuoka,21 Hirai and Eyring evaluated iv 12 With their value for vh, b 
is found to be 4.43 X 10-3 bars--1 at 140°C, which should be considered 
only an estimate.

Equation 4 should thus be a reasonable approximation describing the pres­
sure dependence of viscosity. Indeed this empirical form has been used 
previously for this purpose.3'7'8'22'2211 At extreme pressures, it would be ex­
pected to fail owing to its derivation from the WLF equation and from the 
assumptions made in the Eyring hole theory.11'12 For high pressures, eq.
(3) could possibly be used, it being noted that A4 may also vary with increas­
ing pressure.

C on tin u ity  C o n stitu tiv e  and  M o m en tu m  E q u a tio n s
Equation (4) has been established as a reasonable model for pressure-de­

pendent viscosity. It can therefore be used for problems] of isothermal, 
compressible, Newtonian, and shear-thinning capillary flows. Heat gen­
eration and its effect on the temperature and velocity profiles in both the 
radial and axial directions of a capillary have been well discussed for both 
Newtonian and non-Newtonian liquids.23-29 Considering these previous 
results and the conditions of the present tests, the assumption of an isother­
mal problem appears acceptable.

Gerrard et al.28'29 have discussed the adiabatic and isothermal flow of a 
Newtonian fluid. They used a fluid with a previously determined pressure- 
temperature relation. One consequence of their numerical solution was the 
calculated, nonlinear pressure drop down the capillary. Duvdevani and 
Klein have studied the pressure effect in the capillary flow of polyethylene 
by using the pressure-viscosity relation of eq. (4).3 Expressions were de­
rived for the shear stress at the entrance and exit which were subsequently 
used to determine the pressure coefficient. As the pressure coefficient of 
viscosity for polyethylene is much less than that for polystyrene, they were 
able to incorporate a limiting series expansion (assuming bAP < 1) into 
their solution involving regression analysis. Brenschede and Klein also 
used eq. (4) in their determination of the pressure coefficient and of the error 
involved by neglecting the pressure dependence of viscosity.7 An iterative 
technique was used as one means of determining the pressure coefficient. 
They found that the volume change due to the compressibility of the melt is 
insignificant when considering a possible pressure effect on the flow rate.

The present discussion is an attempt to determine general expressions for 
the pressure-dependent flow behavior of Newtonian and shear-thinning 
polymers whose viscosities are given by eq. (4) and for which the following 
assumptions apply: steady-state flow; no gravitational effects; no slip at 
the boundary; ve = t,.6 = rze = 0 in terms of cylindrical coordinates 
(r,6,z) (from considerations of the symmetry) ; and vr = 0 (fully developed 
flow).
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The equation of continuity is represented by;
Dp/Dt = — p(V-v) (5)

where D/Dt is the material derivative, p the density, and v the velocity field. 
With the given assumptions, eq. (5) reduces to

à(pvz)/àz = 0 (6)
By rearranging eq. (6), the following equivalent form is obtained:

d(In p) = d(ln vz) (6a)
This states that the relative axial change of vz is equal to the relative change 
in density. For polystyrene, the expected change in density with pressure 
would be approximately 1%.Z Therefore, the axial velocity distribution 
will be negligibly dependent on pressure and the assumption of incompres­
sible flow in the calculation of the velocity field for polystyrene is reasonable. 
To determine the relative effect of pressure on viscosity a similar procedure 
can be applied to eq. (4). With V = V0 +  /3P, where ¡3 is the compressibil­
ity coefficient, the relative change in viscosity with density is;

d(In y) = (-b//3p)d(ln p) (7)
Inserting average values for the parameters of polystyrene into eq. (7) 

indicates that the relative change in viscosity would be approximately SO 
times the relative change in density.

The momentum equation is represented by;
pDy/Dt = -  Vp -  [V-t] -pg  (8)

where t  is the stress tensor, g is the gravitational field, and the other param­
eters are as defined previously. The z component of eq. (8) reduces to

0 = - ÒP 1 ò , s+  _ (rr„) 
02 r òr (9)

The constitutive equation for a Newtonian fluid is
* = 2t70(1/2Vv +  y 2VvT) _  ( -* /Wo +  k) (V • v)8 (10)

where -q0 is the zero shear viscosity, k  is the bulk viscosity and the other pa­
rameters are as defined previously. In cylindrical coordinates, eq. (10) 
gives

ttz = vo(dvz/dr) (11)
when the given assumptions are applied.

The substitution of eqs. (4) and (11) into eq. (9) and separation of the 
variables gives;

t]o oz r or \  or J (12)



736 PENWELL, PORTER, AND MIDDLEMAN

With atmospheric pressure as a reference, C is given by 
C = - ( l /b V0L)(l -  e~bAP) (13)

From eqs. (12) and (Id), the velocity distribution is found to be
v = 1 ~ ebAP

APR2[l -  (r2//?2) ] 
4ï7o L (14)

The velocity distribution is modified from the classical result by the pres­
sure correction term (1 — e~bAp)/bAP, which is also applicable to 
Poiseuille’s law as given below:

Vo = (irAPR4/8LQ) [(1 -  e~bAP)/bAP] (15)
With eqs. (12) and (13) the following expression for the axial pressure 

distribution is obtained.
jP= In [e~bAP +  (1 -  e~bAP)z/L /—b (16)

From this, the pressure gradient is given as
dP/dz = - (1  -  e~lAP)/{bL[e~bAP +  (1 -  e~bAP)z/L]) (17) 

The average pressure is given by

Substituting eq. (16) for P and defining £ = z/L and 8 = ebAP — 1 gives
1 f 1P = AP — - I In [1 +  5£]rf{ (19)o Jo

By expansion of the logarithm and integration, eq. (IS) becomes
1 71P = AP +  £0 i = 1

5^-1 Y 
i(i + 1) (20)

Equation (20) is valid only when bAP < 1 and the number of terms included 
in the series depends on how much less than unity bAP is. If bAP > 1, 
then P must be found by numerical integration of the P versus z curve.

The average flow rate, can be calculated and compared to either the mea­
sured flow rate or the flow rate calculated from the plunger motion.

Q = ttR^I -  e -bAP)/Sbr,0L (21)
D eter m in a tio n  o f  th e  P r e s su r e  C oeffic ien t b

To determine the parameter b in eq. (4), the actual Newtonian viscosity 
770, given by eq. (15), and the uncorrected viscosity rj° are used. The un­
corrected viscosity tj° is given by Poiseuille’s law as ??0 = irAPRi/8LQ. 
The volume flow rate can be calculated from the plunger speed Vv and the 
cross section wRp2, so that

170 =  A P R S / Z L J i / V , (22)
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where the subscripts c and p refer respectively to the capillary and reservoir 
dimensions. Functions 0 and 6 can be defined as

0 = Vo/v° (23)
0 =  0 l / 0 2

where the subscripts refer to capillaries and reservoirs of different sizes. 
Combining eqs. (22) and (23) give s

d = 01/02
Of O=  Vl /V2

AP-2 Lci Vn RPlz Rcf
“  A Pi L„ VP2 Rpf  Rcf  U
=  KCiV B

where K = AP2/APi, 
the ratio of plunger speeds is

= V J V V2
and

=  L n R„f  Rcf  
1 LclR pf R cf

is a geometrical factor.
Combining eqs. (15) and (23) yields

6 =  K [ (  1 -  e ~ bAPl) / { l  -  e~bKAPl)\ 
and equating eqs. (24) and (25) gives

1 -  e~bAPl C\VR — ” _  e-6A'APi

(25)

(26)
Equation (26) is a general expression for determining the pressure coeffi­

cient of a Newtonian fluid. If one capillary is used in fhe same rheometer 
Ci is unity and b can be determined in the following manner. For conve­
nience, the pressure required for flow at the lowest shear rate can be used as 
the reference pressure Al\. From earlier calculations, an estimate of b is 
available. Therefore, a suitable range of values for bAPi can be selected. 
The range of K  values can also be determined from the experimental data 
by using APi as the reference pressure. For different values of K, VR 
can be calculated as a function of bAP\. Since the velocity ratios are pre­
determined, it is convenient to plot this information with K and bAP as 
variables, as shown in Figure 1. From experimental values of K and V R 
(n = 1), bAPi and therefore b can be determined. Although one curve is 
sufficient to determine b, several can be used to calculate any possible
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change in b with increasing pressure. For low molecular weight polystyrene 
at 140°C, b was found to be 5.51 X 10-3 bars-1. The variation in b over 
t he pressure range studied was approximately 10%. A second means of de­
termining b is to calculate ?;° by using eq. (22) and then eq. (4):

b = In (v°/vo)/P (27)
M o d ifica tio n s  for a  S h ea r-T h in n in g  P o ly m er

By a separation of the pressure and shear rate dependence of the apparent 
viscosity, the problem becomes similar to the Newtonian case. The power 
law expression

t = K 'y” (28)
is assumed applicable at atmospheric pressure. The corrected shear rate y 
is obtained from the measured shear rate times a factor of (3n +  l)/4n.'i0 
Equation (4) now becomes

V = i?,tme4P = K'y"~'ebP (29)
By following the same procedure as before, eq. (9) can be solved and eq. 
(13) now becomes

C = (e~bAP -  1 )/bK'L (30)
For a single capillary, the expression for determining b is

IV  = (1 -  e~bAPl) / (1 -  e~bKAP') (31)
where VR is the ratio of the plunger speeds and K = AP-,/Al\. The expres­
sions for P, dP/dz, and P remain the same.

The procedure for determining the pressure coefficient b is identical to 
that for the Newtonian case. The Weissenberg rlieogoniometer was used 
to obtain the data at atmospheric pressure required to calculate the power- 
law exponent n. Figure 1 was used to calculate a value of 2.90 X 10-3 for 
the pressure coefficient of the high molecular weight polystyrene.

R E S U L T S
A study of the low molecular weight polystyrene at 140°C was per­

formed in an Instron rheometer with a capillary 0.030 in. in diameter and 
0.922 in.-long. At this temperature and in the shear rate range studied, a 
negligible capillary end correction and extrudate expansion have been re­
ported.'2

For the low molecular weight polystyrene, the pressure coefficient had 
values of 5.51 X 10-3 and 5.54 X 10~3 bars-1 as calculated by eqs. (20) 
and (27), respectively. Figure 2 represents the axial pressure distribution, 
given by eq. (16), at various shear rates. The deviation from a linear pres­
sure drop increases with increasing shear rate. The greater the non-linear­
ity in the pressure drop, the greater is the deviation of the average pressure
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Fig. 1. General curve for the determination of the pressure coefficient of Newtonian
and shear-thinning fluids.

R E iJu 'C E L ' ._rG-iGTH, Z /i_

Fdg. 2. Axial pressure distribution of the low molecular weight (20,400) polystyrene 
(20.4K) for sevedal shear rates at 140°C; capillary length =  0.922 in., diameter 0.030 
in.

from AP/2. The magnitude will affect the value of the average viscosity 
calculated by using eq. (3). The variation in the average pressure with the 
total pressure is illustrated in Figure 3. At low pressure, the average is
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06r

TOTAL PRESSURE, AP |bars|

Fig. 3. Average pressure as a function of the total pressure drop for the 20.4K poly­
styrene at 140°C.

adequately represented by AP/2 but decreases significantly from this value 
at higher pressures.

With a pressure-dependent viscosity, an appreciable change in viscosity 
with total pressure and axial position can be anticipated. The magnitude 
of this variation is illustrated in Figure 4, in which the apparent viscosity is 
plotted as a function of the axial distance at various shear rates. These 
curves may be integrated to obtain an average viscosity which can be com­
pared to the viscosity calculated by eq. (4) by using an average pressure. 
This comparison is made in Table I which also includes the viscosity calcu­
lated as the stress/shear rate.

TABLE I
Pressure-Dependent. Viscosity for Low Molecular Weight 

Polystyrene at 140°O

7, sec 1 AFTotal» bars AP Avéra»-, bars

V»
Caled from 

T l ì

, X 10 4, poises 

From Fig. From eq. 
(4)

1.34 6.71 3.34 3.95 4.02 4.02
2.68 13.86 6.84 4.08 4.10 4.10
5.36 28.57 13.91 4.20 4.27 4.27

13.4 82.57 38.1S 4.86 4,90 4.88
26. ,8 205.7 83.95 6.05 6.47 6.29

" Capillary diameter =  0.030 in., length =  0.922 in. 
11 Numerically integrated.

The corrected version of Poiseuille’s equation presented in eq. (15) 
predicts the Newtonian behavior of a polymer with a pressure-dependent
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Fig. 4. Axial variation in viscosity at several shear rates for the 20.4K polystyrene at 

140°C; capillary length =  0.022 in., diameter =  0.030 in.
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Fig. 5. Comparison of (A) Instron and (O) Weissenberg data with (------ ) data calculated
from the pressure-corrected Poiseuille equation; 20.4K polystyrene at 140°C.

viscosity. Figure 5 is a comparison of the viscosity calculated from eq.
(15) and the viscosity obtained from measurements in the Instron and Weis­
senberg rheometers. The Weissenberg data, taken at atmospheric pres­
sure, are Newtonian within the range studied. The capillary data deviate 
from Newtonian behavior with increasing shear rate, reflecting the pressure 
dependence of the viscosity. The calculated curve is Newtonian with a
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Fig. 6. Comparison of (.he flow rate (------) calculated from the plunger motion and (- -)
the pressure-corrected flow rate equation: 20.4K polystyrene at. I40°C.

slight, increase in viscosity at the highest shear rates. The deviation of eq.
(15) at higher shear rates is possibly a consequence of the limitations stated 
in deriving the pressure-dependent viscosity model from eq. (3).

Figure 6 is a comparison of the pressure-corrected flow rate [eq. (21)] 
and the flow rate calculated from the plunger motion of the Instron rheom­
eter. It has been previously observed that no appreciable difference exists 
between measured flow rates and those calculated from the plunger motion.2 
The flow rate calculated with eq. (21) begins to deviate at higher shear rates, 
again indicating that the limits of the model have been exceeded.

It. may be reasonably assumed that, the pressure effect is independent of 
shear-thinning. Thus flow data on the high molecular weight polystyrene 
may be treated by the approach used for the Newtonian case. Data from 
the Weissenberg rheogoniometer were used to evaluate the power-law ex­
ponent, n having a value of 0.19. Figure 1, a graphical representation of 
eq. (31), was used to evaluate the pressure coefficient, b having a value of 
2.90 X 10-3 bars.-1 An appropriate end correction had been previously 
applied to the capillary data.2

The axial pressure distribution is given in Figure 7 for several shear rates 
at 165°C. The deviation from a linear pressure drop is not, as great as for 
the low molecular weight polystyrene. This is a consequence of the lower 
value of the pressure coefficient obtained for the high molecular weight poly­
styrene. The value of AP/2, used previously in calculations involving an 
average pressure, does not appear to cause serious error.

Figure 8 represents the axial variation of viscosity at shear rates of 1, 40, 
and 150 sec.-1 As with the low molecular weight polystyrene, the vis­
cosity varies considerably with the axial position and total pressure. 
Average values of the viscosity obtained from Figure 8 are within 1% of the 
values calculated with eq. 4 and the calculated average pressure.
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Fig. 7. Axial pressure distribution of the high molecular weight (670,000) polystyrene 
(670K) at 165°C for various shear rates; capillary length = 1.964 in., diameter =  0.050 
in.

Fig. 8. Axial variation in viscosity at several shear rates for the 670K polystyrene at
165o0; capillary length = 1.964 in., diameter = 0.050 in.
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SUMMARY
The influence of pressure on the viscosity in capillary flow has been dis­

cussed for Newtonian and shear-thinning fluids. A model for pressure-de­
pendent viscosity, derivable from Doolittle’s free volume equation and the 
Eyring hole theory for viscosity, was combined with the momentum equa­
tion to derive general expressions for determining the pressure coefficient 
and the axial pressure and viscosity distributions. From these, an average 
pressure and viscosity can be determined.

The resulting expressions were applied to a Newtonian, low molecular 
weight polystyrene and a shear-thinning, high molecular weight polysty­
rene. From a consideration of the continuity equation, the axial veloiety 
was found to be negligibly affected by pressure for the test conditions used. 
The axial pressure distributions for both the low and high molecular weight 
samples were nonlinear at moderate shear rates, resulting in average capil­
lary pressures less than AP/2. The viscosities averaged over several inter­
vals of the capillary agreed well with the viscosities calculated by using an 
average pressure representing the entire capillary. Values calculated by 
using the pressure-corrected flow rate and Poiseuille equations agreed well 
with the experimental data.
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A. H. BEGG and D. PUGH, Department of Pure and Applied Chemistry, 
University of Strathclyde, Glasgow, Cl, Scotland

Synopsis
The electronic states localized at defects in a polyene chain with alternating bond 

lengths have been investigated in the Hiickel approximation by direct computation on 
large rings. The defects considered include substitutional impurities and bond dis­
tortions. None of the cases treated seem likely to be thermally activated donor or ac­
ceptor centers, but several examples of deep or shallow traps for electrons in the conduc­
tion band are found.

INTRODUCTION
The system (—CH =CH—)„ exhibits behavior which is probably char­

acteristic of a wide class of polymers.1 As a consequence of the alternation 
of the bond lengths the electronic energy states of the ir-electrons are 
grouped into two energy bands separated by an energy gap, the lower band 
being full and the upper one empty. The states therefore resemble those 
found in solid-state semiconductors. This similarity is probably less 
superficial than that of an infinite system of apparently equal bonds to a 
metal. The possibilities of distortion of a linear system when empty 
states lie immediately above filled ones are obviously considerable2'3 and 
probably invalidate the analogy between such a system and a metal. In 
the case of alternating bond lengths, however, no difficulties arise near the 
Fermi surface, and it seems to be acceptable to apply to the system concepts 
derived from the theory of semiconductors.

One such concept is that of an electron state localized at a defect in the 
chain with energy lying in the region of the gap in the energy spectrum of 
the perfectly periodic structure. The importance of such states, especially 
in relation to electronic transport along the chain, is clear, and the effects 
to be expected can again be seen from analogies with conventional semi­
conductor theory.

A simple case of such defect states was treated by Pople and Walmsley,4 
and more recently an application of the Green’s function method of Slater 
and Ivoster,5 has been made to the polyene chain in the Hiickel approxi­
mation by Ivventsel and Ivruglyak.6 The last named authors derive 
various conditions for the existence of localized states but restrict their 
treatment to cases where only the resonance integral or the Coulomb inte­
gral (but not both) changes at a defect. The method of Ivventsel and 
Kruglyak8 could no doubt be extended to more complicated cases, but

717
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Schematic representation of polyene chain. The limits of a unit cell are shown by the 
broken line. X and Y  denote the C and H positions at which substitutions are made and 
the labels 1+ etc. are used to denote nearby atoms.

only at the expense of a difficult mathematical analysis of each particular 
case.

lit the present work we give an account of some computer calculations 
based on the Hiickel method which attempts to represent the defects in 
accordance with the normal usage of Hiickel theory for substituents and 
heteroatoms. It is then necessary to change both Coulomb and resonance 
integrals simultaneously, and it is also found that the inclusion of an auxil­
iary inductive parameter makes a considerable difference to the results. 
Even so, as with most Hiickel calculations, the results can only be claimed 
to be semiquantitative, but it is hoped that they will serve to illustrate the 
types of state which can arise as a consequence of the presence of various 
defects.
P E R F E C T  L IN E A R  C H A IN  W IT H  A L T E R N A T IN G  B O N D  L E N G T H S

Several treatments of this system in terms of the Hiickel approximation 
have already been published.6'7 Here, we shall simply outline the results 
for the case of the infinite molecule and define the terminology to be used. 
We have slightly modified the usual treatment by introducing a lattice 
constant a, which is the length of a repeat unit along the chain. This 
enables us to define the wave vector k and the first Brillouin zone in a 
manner exactly analogous to solid-state theory.

The limits of the unit cells are defined as the midpoints of the longer bonds 
(Fig. 1). The long and short bonds have resonance integrals ft and ft, 
respectively. Then it can be shown7 that the Hiickel energy levels of the 
perfect chain are given by

e(*0 = a ± (ft2 +  ft2 +  2ftft cos ka)'h (1)
where k is the parameter which specifies the irreducible representation of 
the translation group to which the particular eigenfunction belongs. In 
solid-state theory k is the wave vector and hk the crystal momentum which 
is closely related to the linear momentum of an electron. It is found that 
the eigenfunction obtained when k is changed by a positive or negative
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multiple of 2ir/a is identical with that for k; it is therefore sufficient to 
consider only solutions in the range, —rr/a < k < ir/a. This region of 
“fc-space” is the first Brillouin zone of the chain.

LOCALIZED STATES
Localized states can exist only if there is some defect in the perfect 

translational periodicity at which they can be localized. Such a defect will 
not necessarily produce a localized state but may do so if the perturbation 
of the potential is sufficiently great. If the change in the potential is 
appreciable only over a few atoms, the wave function of the localized state 
will extend into a region where the chain has reverted to its translational 
symmetry. In this region the localized state eigenfunction must satisfy the 
equations determining the solution in the pefectly periodic chain. How­
ever, solutions corresponding to complex k can now be admitted in such a 
way that the exponential variation involved is always a decay away from 
the defect. In the general case, k can lie anywhere in the complex plane, 
but it can be shown that, in the particular case where only nearest-neighbor 
interactions are included, the localized states in the energy gap will always 
have k of the form,

k = {it/ a) +  i\ (2)
and those above or below the entire band system will have k = X.

The parameter X determines the rate of decay of the localized wave- 
function at large distances from the defect. This is given by e-x', where 
r is the distance from the defect.

The energy function outside the bands can be written in terms of X as, 
e(X) = a ± (ft2 T ft2 ± 2/3id? cosh Xa) 2 (3)

giving-
cosh Xa = T (t — a)2 ± (/3i2 +  ft2)/2/3i/32 (4)

where the upper sign refers to states in the gap and the lower to states 
below the lower band or above the upper band.

In the gap (/3i — ft) < « < (ft — ft) and over this range of t, cosh X a 
has its maximum value when e = a. Therefore, X is greatest and the 
state localized over the smallest region at the center of the gap. The 
localization gets less towards the edges of the gap, until X = 0 at the band 
edges. At the center of the gap

cosh Xa = (ft2 +  ft2)/2ftft
and the value of X determined by this equation gives the greatest degree of 
localization for any state in the gap irrespective of the nature of the defect.

The particular X and e values in a given case are determined in principle 
by solving the Schrodinger equation over the defect region in such a way 
that the “boundary conditions” when the solution extends into the un­
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disturbed region are satisfied. Pople and Walmsley4 have solved the 
problem in this way for the case where the defect consists of a pair of equal 
bonds. In more general cases, when the region of perturbation becomes a 
little larger and the symmetry is not as simple, the equations involved in 
the direct approach become rather complicated. The simplicity of the 
matrix elements in the Hiickel method is lost, and a transcendental equation 
for e in terms of X is obtained. Similar difficulties occur in the Green’s 
function method.6

We have made a direct computation on finite rings of 40 to 56 atoms 
containing various types of defects. The specification of the parameters 
at the defects can then be made in accordance with the usual rules of 
Hiickel theory without regard to the extent of the perturbation from 
perfect translational symmetry.

C H O IC E  O F P A R A M E T E R S  F O R  T H E  P E R F E C T  C H A IN
An average value of 0 appropriate for use in calculations of excited 

states can be obtained from data for the lowest t- tt* transitions of the first 
few members of the polyene series. Streitwieser8 recommends a value of 
2.62 eV. The gap width, 2 (ft — ft) is related to the limiting value of the 
first rr—ir* transition for infinite chain length, and Salem7 has estimated a 
value of 2.19 eV for this quantity. To obtain ft and ft separately requires 
one more equation. Evidently, 0 must lie between ft and ft, and it 
therefore seems reasonable to relate 0 to some kind of average of ft and fa­
ll the arithmetic mean

is used, we obtain

If the geometric mean

is used, we get

0 = (fa +  ft)/2

ft = -3.17 
ft = -2.07

fa = ftft

ft = -3.23 
ft = -2.13

The particular kind of average used does not therefore seem to be 
critical. The reason is that the difference, ft — ft, is fairly small (< y2) 
compared to the average value. We have chosen to use the geometric 
mean, since this implies a stronger dependence of 0 on bond length. In the 
perfect chain therefore the upper and lower limits of the full band are —1.1 
and —5.36 eV, respectively, and those of the empty band 5.36 and 1.1 eV. 
The computer program was checked by using it to calculate the energy 
levels in the undisturbed rings when all the eigenvalues were found to lie 
within the limits of the bands as given alone.
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T Y P E S  O F  D E F E C T  A N D  C H O IC E  O F P A R A M E T E R S
We are concerned mainly with situations where the polyene chains are in 

some kind of solid matrix, either crystalline or noncrystalline. In this type 
of situation we should expect that the introduction of well separated 
“point” defects into the system would have no long-range effects on the 
structure of the chain. We have therefore thought it reasonable to as­
sume in all cases that changes in parameters are confined to the immediate 
vicinity of the defect.

We have considered three types of defect: (1) substitution for a hydro­
gen (substituents: Cl); (2) substitution for a carbon (substituents: N, 0, 
B); (3) “misfits” in the alternating system (three short or three long bonds 
in sequence and two equal bonds).

In cases (1) and (2) we adopt the scheme summarized by Streitwieser8 
for including a heteroatom X in a Hiickel calculation. The Coulomb 
integral on the heteroatom is given by eq. (5):

= «o 4~ hxPo (5)
We take do = 2.62 eV.

On atoms close to the heteroatom we make corrections to the Coulomb 
integrals via an auxiliary inductive parameter, i.e.

h„ = Snhx (6)
where n is the number of bonds between X and the atom in question. 
Following Streitwieser we take 5 = 0.1. Only the correction for the case 
n = 1 is found to have an appreciable effect, but it has been included in 
the calculation for n = 1, 2.

The resonance integrals for the bonds ending on the heteroatom are 
modified by the equation,

d' = fcexd
where d is di or da for a substitution in the chain and do for an H substitution 
The parameters h and k are taken from Streitwieser.

In case (2) the assumption that the overall system of bond alternations 
along the chain is not interrupted by the substitution is dependent on the 
chain being embedded in a solid matrix and therefore subject to external

TABLE I
Hiickel Parameters for Substituents“

X ft ft* ol' ft' ft' ft y
Substitutedfor C N 0.5 0.8 -1.31 OO■M1 -1.70 —O 2.0 0.9 -5.24 -2.91 -1.92 —B -1.0 0.7 2.62 -2.26 -1.49 —Substitutedfor H Cl 2.0 0.4 -5.24 -3.23 -2.13 -1.05
“ a ' is the Coulomb integral on the substituent X and ft' and ft/ are the modified values 

of the resonance integrals for the bonds ending on X. The last line refers to a substitu­
tion in the Y  position, when X = C. The a ' value then refers to the Y position.
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constraints which maintain the overall conformation. Under these cir­
cumstances we can regard the heteroatom as a simple substitution for a 
carbon atom without any large-scale rearrangement of the bonding in the 
chain.

The values of the parameters used are shown in Table I, the energy levels 
and the corresponding X value obtained with the maximum ring size in 
Table II, and the electron-density distributions in Table III. Some com­
ments on the results are made in the next section. The case of the oxygen 
substitution is described in more detail as a typical example.

TABLE II
Energy and Extension of States Localized at Substituents“

States below the full band States in the gap
Substituent 6 Xa e \ a

N — — 1.02 0.16
0 -7.35 1 .7 0.47 0.36
B — — -0.63 0.34
Cl — 5.86 0.88 — —

0 Xa is calculated from eq. (4).

TABLE III
7r-Eleetron Densities near Substituents

Atom“

uent Y X U  2+ 3+ 1_ 2_ 3_

N — 1 .25 0.82 1.00 0.94 1.02 0.98 1.00
0 — 1 .72 0.83 1.02 1.00 1 .05 1.00 1.00
B — -0.33 0.98 0.97 0.97 0.98 0.98 1.00
Cl 1.99 0.86 0.94 0.97 0.99 0.69 0.85 0.92

• The atoms are specified in the notation illustrated in Fig. 1.

RESULTS
Oxygen

Two localized states are found, one in the gap at 0.47 eV and the other 
below the lower band at —7.35 eV. The convergence of these energies on 
the values quoted as the ring size is increased from 42 to 56 atoms leads to a 
value of ±0.01 as an estimate of the accuracy with which the results for an 
infinite chain are being reproduced.

By counting the number of states found in the various regions of the 
spectrum we are lead to the conclusion that the state at —7.35 eV can be 
regarded as split off the lower band by the perturbation and that the state 
at 0.47 eV is split off the upper band; i.e., both bands contain one fewer 
state. Since oxygen contributes one extra x-clectron to the conjugated 
system the state in the gap will contain one electron. The gap state is too 
far removed from either of the band edge's to act as a donor or acceptor 
state. However, if we are interested in the common case where electronic 
transport properties are studied by injecting electrons into the condition 
band of the polymer from a metal cathode, then the half-filled gap state
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could have an important role as a low-lying trap for conduction electrons. 
This state might therefore be classified in solid state terminology as a deep 
trap.

The electron density is asymmetric about the 0  atom as a consequence of 
the preservation in the calculation, of the fundamental asymmetry of the 
alternating chain. It should be noted that to calculate the electron dis­
tribution it is necessary to know the wave function of the full localized state 
below the lower band.

N itro g en
A localized state is produced in the gap near the bottom of the upper 

band. The decay of the atomic orbital coefficients and the variation of the 
eigenvalue with ring size have been investigated closely in this case to con­
firm that this is a genuine localized state and does not belong to the upper 
band. The state is empty and therefore provides a shallow trap.

C h lorin e
One x-orbital from the chlorine atom replacing an Id atom is included in 

the conjugated system. It is found that a localized state is produced 
below the lower band which is in this case an additional state and accommo­
dates the two extra x-electrons. No state appears in the gap. According 
to Ivoster and Stater,5 this behavior can be found only when Coulomb and 
resonance integrals near the defect are simultaneously changed. It might 
have been expected that an electrophilic substituent like Cl might also 
have split a state off the bottom of the upper band to give a gap state. 
The absence of such a state indicates that an isolated chlorine impurity has 
little effect on the electronic behavior along the chain. The same con­
clusion should apply a fortiori to Br and I.

B on d  D isto r t io n s
Pople and Walmsley4 dealt with the case where one of the shorter bonds 

is omitted. There are then two long bonds in sequence, and the whole 
chain is symmetric about the atom on which the two adjacent long bonds 
meet. In this case they deduced that a localized level is found in the gap.

Kventsel and Kruglyak6 have deduced formulae which give the energy 
levels when the resonance integral for one bond is varied. Of three cases 
described here, the second and third are covered by their formulae, and 
the computer results in these cases merely confirm their analysis.

There is a certain arbitrariness about introducing bond distortions which
TABLE IV 

Bond Distortions

Type of distortion1» Energies of localized states, eV

1 1.003,-1.003
2 1.026, -1.026
3 -0.956, 0.956

“ Type 1, t wo equal bonds with resonance integral do! type 2, three equal short bonds;
type 3, three equal long bonds.
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might arise as a result of external influences on the chain, and we have 
therefore chosen what we consider to be three extreme examples of altered 
bonds to examine the maximum effects which might be observed.

In the first case we have taken two successive equal bonds with a reso­
nance integral equal to 2.62 eV. In the second case we assume that there 
are three equal short bonds in sequence; in the third case we assume that 
there are three equal long bonds.

The results are shown in Table IV. In each case a pair of localized states 
is produced in the gap symmetrically placed in energy about e = a each 
one being ca. 0.1 eV from one of the band edges. These energy differences 
between localized state and band edge are of the same order as those found 
by Pople and Walmsley4 for the case of a mismatch. However, it seems 
likely that bond distortions would normally be much smaller than those we 
have considered. This is because the defects considered here are strictly 
localized and do not necessitate a displacement of the whole chain as in the 
case of Pople and Walmsley. We therefore suggest that variations in the 
bond lengths to which linear chains (as opposed to three-dimensional 
crystals) are subject will produce a spectrum of localized states in the 
energy gap extending from the band edges to an energy of about 0.1 eV into 
the gap.

CONCLUSION
We have examined, sometimes admittedly in a heuristic manner, a 

variety of possible defects in an infinite linear chain with alternating bond 
lengths. None of the structures considered has produced states suitably 
occupied and suitably placed in energy to act as thermally activated donors 
and acceptors. In a number of cases, traps close to the band edges are 
likely to exist, and in the case of oxygen, a deep trap near the middle of the 
gap. The maximum degree of localization of any state in the gap is 
determined by the factor exp{—0.42} which gives the rate of decay at the 
center of the gap. It is hoped that these computations will serve as a guide 
for more accurate self-consistent calculations on polymer molecules with 
alternating bond lengths.
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G e n e ra liz a tio n s  o f  th e  D iffu sion  E q u a tio n

P. P. LESSE, C.S.I.R.O. Division of Forest Products, 
Melbourne, Victoria, Australia 3205

Synopsis
The mass flux entering the Pick’s diffusion equation is considered as an arbitrary 

analytical function of concentration, concentration gradient, and of the gradient of 
concentration gradient. The restrictions imposed on the flux by the principle of ma­
terial objectivity are stated and briefly discussed.

INTRODUCTION
The transport of small organic molecules in polymers appears to depend 

very strongly on temperature and the activity of the penetrant. It has 
been suggested that, for low penetrant activities and high temperatures, 
concentration-independent (Fickean) diffusion usually takes place, whereas 
for high activities and low temperatures (below the glass temperature) case 
II diffusion is observed.1,2 These regions are separated by domains of 
anomalous (time-dependent) diffusion and concentration-dependent dif­
fusion (i.e. diffusion which can be described by Pick’s ecjuation with dif- 
fusivity dependent on time or concentration). To describe the charac­
teristic features of case II diffusion there has been proposed a generalization 
of Pick’s diffusion equation3 which was solved4 and the solution was found 
to be in agreement with experimental investigations.5 The generalization 
consisted of adding a term dependent on concentration to Pickean mass 
fluxJ  so that the new flux J ' is

J' = ~D(c) ^  + B(c)Se ox
where c is concentration of penetrant D(c), B(c) are functions of concen- 
tration, and S is constant.

In this paper I try to find the restrictions imposed by the principle of 
material objectivity6!l,7a,Sa or material indifference on a mass flux which is 
concerned to be an arbitrary analytical function of concentration, con­
centration gradient and of the gradient of concentration gradient.

General Form of Objective Flux of Mass
Pick’s diffusion equation is obtained by combining the equation of con­

servation of mass with an assumption
paua = — D grad pa 
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where pa is the density of the diffusing component a, ua is its diffusion 
velocity and D(pa) is the diffusivity.6b

The quantity J a = paua is called the flux of mass of component a.
The equation of conservation of mass subject to the usual assumptions 

of the diffusion theory (uniform total density and negligible mean velocity 
of the mixture60 can be written:

(dca/dt) +  div Ja = 0
where ca = (pa/2 0pa) is the concentration of component a.

From the definition of the flux J a it follows that it is an objective quantity 
which is invariant with respect to changes of the frame of reference or ob­
server. The requirements of invariance with respect to the frame of 
reference was formulated as a principle of material objectivity or material 
frame indifference.6d,8a

Let us assume that the flux J„ in a very general theory of diffusion is a 
function of concentration, concentration gradient, and of the gradient of 
concentration gradient:

Ja = J a ( c a , grad c a , grad grad c a ) (1)
The principle of material frame indifference requires that the equation

QJa = Ja(ca, Q grad ca, Q grad grad caQT)
be valid for any orthogonal tensor Q and its transpose QT. Vector-valued 
functions having this property are called isotropic.7b,8b

Any isotropic function of the type (1) can be represented in the form80
Ja = (4>J +  <t>i grad grad ca +  fa- [grad grad ca]2) grad ca (2)

where /  is the unit tensor and fa, fa, fa are the functions of concentration, 
of the three invariants of the tensor grad grad ca and of invariants grad 
ca ■ grad ca, grad ca ■ grad grad ca ■ grad ca, grad ca ■ (grad grad ca)2 • grad ca.

We have thus arrived at the following conclusion:
Any objective function Ja given by equation (1) can be represented by 

eq. (2).
Discussion

Let us consider a special case
J = J (c, grad c) (3)

From eq. (2) it follows:
J = fa (c, grad c • grad c) • grad c 

If fa can be developed in power series in grade-grad c we obt ain : 
j  = [’Ao(c) +  fa (c) grade-grade

+  fa(c) (grad c-grad c)2 +  .. . ] grad c (4)
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If ca is a function of only one coordinate x, say,
Jx = io(c)(àc/àx) +  i/'i(c)(ôc/ô.r)3 +  ^»(^(àc/ô.r)5 +  . . . (4a)

The first term obviously corresponds to Fickean diffusion; on the other 
hand, the assumptions of the type

Jx = if/(c)(àc/àx)n n = 2,3... (4b)
can also be found in the literature, and the corresponding process was 
named n-diffusion.9

It follows from eq. (4a) that only odd n are compatible with material 
objectivity.

The generalizations of Fick’s equation based on equations of the type (3) 
thus lead to polynomial «-diffusion (with odd n).

On the other hand, a flux J' of the type
J ' = Me) grad c + Me)

cannot be obtained from eq. (2), and hence it should be incompatible with 
the requirement of material objectivity.

Let us consider the more general case including the dependence on grad 
grad c.

By developing the functions vo, <pi, V2 in eq. (2) in power series in the 
above-mentioned invariants we obtain:
J = Wi(c) grad c +  w2(c) grad grad c-grad c

+  /r3(c) tr (grad grad c) • grad c +  . . . (more complicated terms) (5)
where the tr ( ) term denotes the trace (sum of diagonal components) of a
tensor.

This becomes in the one dimensional case

Jx = îî'i(c) ~  +  [ic2(c) +  m’s(c)] ^ 4  T  +  ox ox- ox
(more complicated terms) (5a)

which is a different type of generalization.
Both eqs. (4a) and (5a) appear to lead to nonlinear generalizations of 

Fick’s diffusion equations even if \p0) \pi. . .ivh w2. . .do not depend on con­
centration. We have therefore to conclude that the only objective flux 
which can lead to linear diffusion equations is the “classical” J = —D 
grad c and the simple generalizations based on equations of the type (1) are 
hence not very advantageous. On the other hand, there are exact general­
izations of the Fick’s equation derived by using the laws of rational me­
chanics and thermodynamics to be found in the literature.10“13
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N O T E S
C a l c u l a t i o n  o f  L o n g - C h a i n  B r a n c h i n g  D i s t r i b u t i o n  

r o m  C o m b i n e d  C P C ,  S e d i m e n t a t i o n ,  a n d  
I n t r i n s i c  V i s c o s i t y  E x p e r i m e n t s

We have presented a method1 for the determination of long-chain branching distribu­
tion from concurrent gel-permeation chromatography (GPC) and sedimentation velocity 
experiments. In the method, a two-dimensional distribution function is used; the 
calculation is therefore cumbersome and tedious. For a special class of branched samples 
this long method can be avoided. We describe in the following a simplified calculation 
scheme.

In sedimentation velocity experiments the relation among sedimentation constant 
S , hydrodynamic radius at theta temperature R , and molecular weight M ,  is given by

S  = K M / R  (1)

where K ,  is a constant. For linear molecules at the theta temperature, M  is proportional 
to b r­

and hence

nr = Kjr- (2)

S  = A.AV'AIT 5 (3)

Equation (3) is the relation used for correlating molecular weight and sedimentation 
constant of linear molecules. If the polymer contains branches we may only obtain an 
apparent molecular weight M s from this relation, thus:

M s = SVAYA'r (4)

In GPC experiments the retention volume is a measure of the hydrodynamic volume2 of 
the chains in solution. We shall assume as we did before1 that there is a one-to-one 
correspondence between the hydrodynamic volume in a good solvent and that in a theta 
solvent regardless of the degree of branching. Using the calibration curve for linear 
molecules, if the chains are branched, we may obtain from GPC another apparent 
molecular weight M ,:

M r = K rR - (5)

The hydrodynamic radius in eq. (5) now is the hydrodynamic radius for the branched 
chain in a theta solvent. If the sample is monodisperse, we may thus obtain from sedi­
mentation velocity and GPC experiments two distinct apparent molecular weights. 
Substituting eqs. (4) and (5) in eq. (1) we obtain the true molecular weight M , for the 
sample

M  =  (.M , M , f -s (6)

For linear samples we have t he identities

M r = M  = M ,
and for branched samples

M r < M  < M s
759
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A parameter h used by Stockmayer and Fixman3 to relate experimental results to 
branched-chain statistics is the ratio

h = R/Ri, (7)

where Rl is the hydrodynamic radius of a linear chain having the same molecular 
weight as the branched chain. From eqs. (2) and (6) we find that

Ri* =  (M,M,Y*/K, (8)

By combining eqs. (5), (7), and (8) we obtain

IF = (Mr/Ma)°-5 (9)
For a polydisperse sample we obtain from GPC a distribution of apparent molecular 

weight Mt. Let F(Mr) denote such a distribution function. Similarly from sedimenta­
tion velocity measurement we obtain a distribution G(Ms) of the apparent molecular 
weight Afs. For linear polydisperse samples these two distribution functions are the 
same and identical with the true molecular weight distribution W(M). For branched 
samples these three distribution functions are different.

We may construct two integral distributions, Fi(M,) and Gi(Ms), for the apparent 
molecular weigh! s Mr and Ms:

F l(M  r) = f F (M r)clM  P 
J o

(10)

G i(M ,») = f G (M s)d M s 
J o C D

As the distribution functions F(M,) and G(Ma) are normalized, F\(Mr) and G'i(Ms) both 
vary from 0 to 1. Let subscript 1 and 2 represent two incremental amounts of material 
in the sample. If we have for any two incremental amounts when

(Mr), > (Mi),
the relation

(Ms), > (M ^

then each and every point on Fi(Mr) will represent the same increment of material as that 
represented by the corresponding point on Gi(M3). This condition is likely to be satisfied 
for samples in which the degree of branching increases monotonically with molecular 
weight. If branching does not increase monotonically with molecular weight then we 
will definitely find in the sample incremental amounts of material for which the order of 
the apparent molecular weights is reversed.

If the above condition is satisfied then we may compute, using eqs. (6) and (9), the 
corresponding true molecular weight M and the parameter h2 for every point on the 
integral distribution curves. The relation between h2 and M  is thus obtained. From 
the chain statistics provided by Stockmayer and Fixman we may obtain the distribution 
of branching as a function of M . An integral distribution of true molecular weight can 
also be easily constructed as illustrated in Figure 1. The distribution of t rue molecular 
weight W(M)  can be obtained by differentiation.

Recently, GPC units equipped with automatic viscometers have been reported by 
Meyerhoff4 and by Goedhard and Opschoor.5 The formulation given above can be used 
to calculate branching distribution from concurrent intrinsic viscosity and GPC experi­
ments. For linear chains the relationship between molecular weight and intrinsic viscos­
ity is given by the Mark-Houwink relation

hi = KM' (12)
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Fig. 1. M ethod of constructing the integral molecular weight distribution 
function W i{M ).

An apparent molecular weight il/0 can be computed from eq. (12) for monodisperse 
branched samples,

M* =  ( M /A ) 1'“ (13)
In GPC experiments Grubisic, llem pp, and Benoit2 have shown th a t the product d/[rj] is 
a function of the retention volume. For linear chains this product can be expressed as 
K M a+1. For branched samples the relation between the apparent GPC molecular 
weight M ,  and the true molecular weight is thus

M  = K M ra+1/ M  (14)
From  eqs. (13) and (14) we obtain

M  = M r(M r/ M e)a (15)
For linear chains we have now the identities

and for branched chains
M  = M r = M e

M  > M r >  M e
For the present da ta  system it  is more convenient to use the param eter g to  relate 

experimental da ta  with branched chain statistics. The param eter g is defined as the 
ratio of the unperturbed mean square radii of the branched and linear chains of identical 
molecular weight. Zimm and Kilb6 have derived the relation between g and intrinsic 
viscosity as

g 'h  =  M / M l (16)
where [ i j ] l  is the intrinsic viscosity of a linear chain having the same molecular weight as 
the branched chain. Combining eqs. (12), (13), and (15), we obtain

g 1/2 = (ilie /M r)<“ +»“ (17)
F o r  the  po lyd isp e rse  sam p les we m a y  co n stru c t the  in te g ra l d is tr ib u tio n s  of th e  G P C
ap p a re n t m o le cu la r w e ig h t Mr and  the v is c o s ity  ap p a re n t m o le cu la r w e ig h t Me. I f  the
degree of b ran ch in g  in  th e  sam p le  increases m o n o to n ica lly  w ith  m o le cu la r w e ig h t wre m a y
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again have the one-to-one correspondence between the two integral distributions. 
Equations (15) and (17) can now be used to construct the distribution of branching and 
the true molecular weight distribution function.

The condition required for a branched sample to be treated  by this simplified method 
is not a very restrictive one. M any chain-branching mechanisms do promote more 
branches for chains of higher molecular weight in the sample. Low-density polyethylene 
is an excellent example.
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U ltra s o n ic  P r o p a g a t io n  in  t h e  V ic in i t y  o f  t h e  C la s s  
T r a n s i t io n  o f  a  P o ly (C a r b o r a n e  S ilo x a n e )

M easurem ents were made of ultrasonic propagation in a poly(m etacarborane silox­
ane) as a function of tem perature and frequency. The polymer used in these measure­
ments had the structure:

r c H 3 c h 3 g h 3 iI I I-  -Si—CB,oH,oC—Si—O—Si—O- -I I ILCH3 GTE OF la J
T he polymer was crosslinked b u t had no fillers.

Two specimens were used, one 5 X 5 X 1.34 cm in size and the other 5 X 5 X 2.67 
cm. Ultrasonic measurements were m ade by using the liquid-immersion technique.1 
The specimen was held between two transducers, all immersed in an ethylene glycol- 
water mixture. Pulses of ultrasound were sent from one transducer to the other and 
measurements were made of the tim e of flight and am plitude of the pulses with and with­
out the specimen in the path  of the sound beam. From  a knowledge of the speed of 
sound in the immersion liquid, the longitudinal speed of sound and absorption in the 
specimen were calculated.

Results of these measurements as a  function of tem perature a t 650 kHz are shown in 
Figure 1. Two changes in slope of the speed of sound curve are observed. The lower 
tem perature change is observed a t — 38°C, close to the reported2 dilatom etric glass 
transition tem perature. The position of this change in slope did not vary  w ith fre­
quency. The higher tem perature change in Figure 1 occurs a t 2°C and shift.s to — 1°C 
a t 240 kHz and to —9°C a t 92 kHz. Using these values on an Arrhenius plot of log- 
frequency versus reciprocal tem perature yields an activation energy of 25 kcal/m ole. 
While the result is not as accurate, a similar p lot using the absorption peak yields an 
activation energy of 20 kcal/mole.

The lower tem perature change in slope is related to the change in therm al expansion 
coefficient a t  the  glass transition tem perature, as pointed out by W ork.3 I t  has been 
shown3,4 th a t the tem perature a t  which the slope changes is the glass transition tem pera­
ture and is independent of frequency.

As clearly pointed out for liquids,6 the bulk modulus is made up of two parts: a lattice
spacing pa rt and a structural rearrangem ent part. Structural rearrangem ents take a 
finite am ount of tim e (the relaxation tim e) to occur, and therefore this p a rt of the mod­
ulus is frequency dependent. Furtherm ore, the structural relaxation tim e depends on 
the tem perature of the m aterial. The higher tem perature change in slope is the point 
a t which the structural relaxation tim e becomes small compared to the period of the 
sound wave. Thus, the frequency dependence of this point is related to the  tem perature 
dependence of the relaxation time. Assuming the relationship is of the Arrhenius type, 
our measurements above yield the activation energy for structural rearrangements.

Although the da ta  below the glass transition is scarce (because the immersion liquid 
solidified in this region), we can estim ate the slope of the sound speed below —38°C. 
Below the glass transition, the slope of the sound speed is approxim ately —4.3 m /sec 
°C, while above 2°C the slope is —6.95 m /sec °C. We define p, the tem perature 
coefficient of the sound speed u , as

P =  — (l/w X du/dT7), (1)
W e recall that. Rao15 found a simple relation between p and the therm al expansion coeffi­
cient, a . Rao found empirically th a t for many liquids

n  =  p / a  =  3 (2)
In applying Rao’s rule to polymers, W ada4 found th a t while n  might, be greater than 10, 
©  1971 by John Wiley & Sons, Inc.
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Fig. 1. Ultrasonic properties of a poly(carborane siloxane) a t 650 kH z: (O) 1.34 era
thick specimen; (□ ) 2.67 cm thick specimen.

it had the same value just above the glass transition, n +, and just below, n ~ . W ada’s 
rule is therefore

n ~  =  n + (3)
Table I  illustrates W ada’s rule. D a ta  for the first four polymers were taken from W ada’s 
paper. The n  values are approximately the same above and below the glass transition 
even though they vary  by a  factor of three from polymer to polymer. [Sehuyer7 has 
suggested th a t high values of n  result from using the longitudinal speed of sound in eq. 
(1) rather than the bulk speed of sound, as Kao used. These considerations do not af­
fect the results here, as we are not interested in the m agnitude of n, only in the compari­
son of n  above and below the glass transition.] Also in Table I  are our 0 values obtained 
from measurements on isotactic polypropylene, which measurements were made to check

TABLE I
Values of n  for Various Polymers“

Polymer ß  X IO4, deg :1 a  X 104, deg 1 n  = ß / a
Polystyrene 9.4 2.2 4 .3

23.8 5.3 4.5
Poly (methyl m ethacrylate) 14.5 3 .4 4 .3

24.2 5.1 4 .7
Nylon 6 32 2 .6 12.5

49 3 .9 12.5
Poly(vinyl chloride) 28 3 .4 8.3

5 7 f) .7 10.0
Polypropylene 26 2.4 10.8

58 6 .8 8 .5
Carborane 18 4 .3 4 .2

30 8 .3 3 .6
“ For each polymer, the upper row gives the values below the glass transition and the 

lower row the values above the glass transition.
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oar experimental technique. The glass transition tem perature we determined for poly­
propylene was 15°C, in good agreement with the value of approxim ately 20°C deter­
mined8 for the noncrystallized isotactic chains in polypropylene. Also, the measured 
sound speed as a function of tem perature for polypropylene is in satisfactory agreement 
with measurements m ade by W ada8 and by E by .9 The a  values for polypropylene in 
Table I are literature10 values for atactic polypropylene. The values of n  are fairly 
close, showing th a t polypropylene is another polymer which obeys W ada’s rule.

Our measured values of 0 for the Carborane are given in the last line of Table I, along 
with literature values2 for a. The 0  values were calculated by using the sound speed a t 
the glass transition tem perature, 2350 m /sec, and the slopes below —38°C and above 
2°C. As can be seen, the carborane polymer also obeys W ada’s rule.

The specimens used were supplied by the Olin M athieson Chemical Corporation, New 
Haven, Connecticut. This work was sponsored by the Office of Naval Research.
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The Second Edition of the Most 
Comprehensive Book in the 
Field of Polymer Science
TEXTBOOK OF POLYMER SCIEN CE
Second Edition

By FRED W. BILLMEYER, JR., Rensselaer Polytechnic Institu te
In the last 50 years, the field of polymer science has developed into 

a discipline essential to most aspects of our modern technology. Be­
cause this development has been so rapid, it has been difficult for edu­
cational systems and texts to keep pace. Textbook o f Polymer Science 
was originally published in 1962 to help fill this gap, and this new 
Second Edition continues to supply up-to-date information on the field.

To up-date the original treatment of the theory and practice of all 
major phases of polymer science, engineering, and technology, the 
author has made extensive revisions and additions throughout the 
entire work.
P a r t  I:
An introduction to concepts and characteristics of macromolecules, Part 
I now includes material on solubility parameters, free-volume theories 
of polymer solution thermodynamics, gel-permeation chromatography, 
vapor-phase osometry, and scanning electron microscopy.
P a r t  II:
The advances gained from new data on the crystalline nature of poly­
mers are now treated in a thorough discussion of the structure and 
properties of bulk polymers.
P a r t  I I I :
The format and content of Part III, concerned with polymerization 
kinetics, have been revised to include recent advances and new refer­
ences, as well as further data and explanations of recently discovered 
processes.
P a r t  IV :
The material on commercially important polymers has been rearranged, 
and now includes information on aromatic heterochain, heterocyclic, 
ladder, and inorganic polymers.
P a r t  V :
The comprehensive discussion of polymer processing in Part V now 
includes many new references for plastics, fiber, and elastomer tech­
nology. 1971 In Press
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